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Abstract. This paper deals with the existence and energy estimates of solutions for a class of impulsive fractional advection
dispersion equations in anomalous diffusions, while the nonlinear part of the problem admits some hypotheses on the behavior
at origin or perturbation property. In particular, for a precise localization of the parameter, the existence of a non-zero solution
is established requiring the sublinearity of nonlinear part at origin and infinity. We also consider the existence of solutions for
our problem under algebraic conditions with the classical Ambrosetti-Rabinowitz. By combining two algebraic conditions on
the nonlinear term which guarantees the existence of two solutions as well as applying the mountain pass theorem given by
Pucci and Serrin, we establish the existence of the third solution for our problem. Moreover, concrete examples of applications
are also provided.
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1. INTRODUCTION

In [1], Risken introduced an advection-dispersion equation to describe the Brownian motion of parti-

cles

dC(x,1) [ d 9?
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where C(x,t) is a concentration field of space variable x at time 7, D > 0 is the diffusion coefficient
and v > 0 is the drift coefficient. Many laboratory data [2, 3] and numerical experiments [4] indicate
that solutes moving through a highly heterogeneous aquifer violate the basic assumptions of the local
second order theories because of the large deviations due to the stochastic process of Brownian motion.
According to [2], an anomalous dispersion process should be described by the following advection-
dispersion equation containing the left and the right fractional differential operators
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where C is the expected concentration field of space variable x at time ¢, v is a constant mean velocity,
x is the distance in the direction of the mean velocity, D is a constant dispersion coefficient, 0 < j <1
describes the skewness of the transport process, and 7 is the order of left and right fractional differential
operators (see [2, Appendix] for details about left and right fractional differential operators). Especially,
if y = 2, the dispersion operator reduces to the classical advection-dispersion operator and (1.1) becomes
the classical advection-dispersion equation. On the other hand, if j = %, (1.1) describes symmetric
transitions. Define an equivalent Riesz potential symmetric operator [5]

VY =D% + DY,

which gives the mass balance equation for the symmetric fractional advection dispersion

dC(x,t)
ot

= —vVC(x,t) + DV'C(x,1).

Fractional differential equations (FDESs) is a simplification of ordinary differential equations and in-
tegration into arbitrary non-integer orders. FDEs have recently established themselves as precious tools
in modeling many events in different fields of science and engineering. We can also observe plentiful
applications in such fields as electrochemistry, chemistry, electromagnetic, mechanics, biology, electric-
ity, economics, polymer rheology, control theory, regular variation in thermodynamics, signal and image
processing, wave propagation, aerodynamics, electrodynamics of complex medium, blood flow phenom-
ena, biophysics, viscoelasticity and damping, etc. (see [5, 6, 7, 8, 9]). There has also been important
advances in theory of fractional calculus and fractional ordinary and partial differential equations recent-
ly; see [10, 11] as an example. Many researchers have explored the existence of solutions for nonlinear
FDEs with various tools such as fixed-point theorems, the method of upper and lower solutions, critical
point theory, the topological degree theory, and variational methods; see, for instance, [12, 13, 14, 15, 16]
and the references therein. This type of equations can be used to simulate anomalous diffusion in fractal
media. They established the existence and uniqueness of local and global mild solutions and proved the
existence and regularity of classical solutions.

On the other hand, impulsive differential equations have become important in recent years as math-
ematical models of phenomena in both the physical and social sciences. For example, many biological
phenomena involving thresholds, bursting rhythm models in medicine and biology, optimal control mod-
els in economics and frequency modulated systems, do exhibit impulsive effects. For the background and
applications of the theory of impulsive differential equations to different areas, we refer the reader to the
classical monograph [17]. For the general aspects of impulsive differential equations, we refer the reader
to [18, 19, 20]. The existence of multiple solutions of impulsive problems has been studied also using the
variational methods and critical point theory (see [21]). Both FDEs and impulsive differential equations
have drawn intense attention from researchers in the last decades due to the numerous applications. The
idea that combining these two classes of differential equations may yield an interesting and promising
object of investigation, viz., impulsive FDEs, prompted numerous papers. For the recent developments
in theory and applications of impulsive FDEs, we refer the reader to the papers [22, 23] and the refer-
ences therein. Impulsive problems for fractional equations have been treated by topological methods in
[24, 25, 26, 27]. In [21, 28], based on variational methods and critical point theory the authors studied
the existence and multiplicity of solutions for the problem (D) ), in the case h(x) = 0 for all x € R.
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We also cite the papers [29, 30, 31, 32, 33] in which fractional systems have been studied. In [32, 33],
through variational methods and critical point theory the existence of multiple solutions for coupled
systems of nonlinear fractional differential equations was analyzed. In [31], using Ricceri’s Variational
Principle, the existence of one weak solution for a class of fractional differential systems was argued. In
[30], employing Ricceri’s Variational Principle, the existence of an infinite number of weak solutions for
a class of impulsive fractional differential systems was guaranteed. In [29], using variational methods
and critical point theory, the multiplicity results of solutions for a class of impulsive fractional differential
systems was established.

In this paper, due to the researches above, we are interested in the existence results and energy esti-
mates of solutions for for the following impulsive nonlinear fractional boundary value problem

DS (SDFu(t)) +a()u(t) = Af(t,u(t)), 141, ae. 1€ [0,T],
A (ID%_I (E)D;xu)) (tJ) = )LIJ(M(IJ))7 ] = 17 -1, (Dl)
u(0) =u(T) =0,
where o € (1/2,1], a € C(]0,T]) such that there are aj,a, > 0 such that 0 < a; < a(r) <ax, A >0, f:
[0,T] xR — R is an L!-Carathéodory function, 0 =tg < t; < ... <t, <ty 1=T,A (,D%_1 (§D%u)) (1)) =
DF 1 (ED%u) () — DE (6D u) (tj)and I;: R — R, j=1,...,n are Lipschitz continuous functions
with the Lipschitz constants L; > 0, i.e.,

11 (x1) —1;(x2)| < Lj|x1 —x2|

for every x1,x, € Rand 1;(0) = 0.

The main result of this paper ensures the existence of exact values of the parameter A for which
problem (D, ) admits at least one/two/three non-zero weak solutions. Several special cases of the main
results and examples are also given. We also refer the reader to [34, 35] for some related results in this
subject.

2. PRELIMINARIES

In this section, we will introduce several basic definitions, notations, lemmas, and propositions
used all over this paper.

Definition 2.1 ([7]). For a function f defined on [a,b] and o > 0, the left and right Riemann-Liouville
fractional integrals of order & for the function f are defined by

D <f>—r(1a) [t 5)as, 1€lap

b
D0 = Fg [ 6= b, 1 €lat],

while the right-hand sides are point-wise defined on [a,b], where I'( ) is the gamma function.

Definition 2.2 ([7]). Let a,b € R and AC([a,b]) be the space of absolutely continuous functions on
[a,b]. For 0 < a <1, f € AC([a,b]) left and right Riemann-Liouville and Caputo fractional derivatives

are defined by:

d
DEF(0) = D (1) =

1 d u
o [ =5,
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DES) =~ 3 D80 = s [ =0 sy
D) = D)1= oD 10) = gy [ =9 s

and . .
DR = DEf0) = =D ) =~ | s=072r s

where I'() is the gamma function. Note that when & = 1, D/} f(t) = f/(t) and D} f(t) = — f'(¢)
We have the following property of fractional integration.

Proposition 2.3 ([5, 7]).

b b
[ D r@sar = [Cup"swirow, y>o,

provided that f € LP([a,b],RY), g € L4([a,b],RN)and p > 1,q>1,1/p+1/g<1+vyorp#1,q#1,
I/p+1/g=1+Y.

To create suitable function spaces and apply critical point theory to explore the existence of solu-
tions for problem (D, ), we require the following essential notations and findings which will be used in
establishing our main results.

Let0 < o < land 1 < p <. Let E;P(0,T) be a Banach space, which is closure of C([0,T]) with
respect to the norm

||”H§g-ﬂ(oj) = HZD;X“(I)pr(o,T) + HquP(QT)'
It is an established fact that Eg ?(0,T) is a reflexive and separable Banach space (see [36, Proposition
3.1]). In short Eg’Tz =E%, and by ||.|| and ||. |- the norms in L?(0,7") and C([0, T]):

T
JulP = [ u()Par, wel?(0.7),
0
~ max |u(t)|, ueC(|0,T)).
e max ue)], € C([0.7)
E% is a Hilbert space with inner product

(v)a= [ GDFDEY0) +u(r)ve))
and the norm ,
lulle = /0 (I6DFu(®)]? + u(r)|)dr.
If a € C([0,T]) and there are two positive constants a; and ay, so that 0 < a; < a(t) < ap, an equivalent
norm in E% is

T -
HI"HZ,a:/O (16D7u(r)*dt +a(t) u(r)*)dr.

Proposition 2.4 ([36]). Let 0 < a < 1. For u € E%, we have
o

lull < & 607wl 2.1

(a+1)

In addition, for% <a<l,
TOC—]/Z

[l <
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By (2.1), we can take E* with the norm
g cHo 2 172 cHo a
o= ( [ ls0Fu(Par) ™ = [5Dful, vue B

By Proposition 2.4, when o > 1/2, for every u € E%, we have

T 1/2
Jallo <k( [ 16DFu()Par) " = Ko < Klulc 22)
where
T% 2
CD(a)V2a—1

Now, by setting L := Y\ L;, we put

Ci:=5(1-LTK?),
b §< 2) (2.3)
Cy:=5(1+LTK?).

We suppose that the Lipschitz constant L > 0 of the function 4 satisfies the condition LTk* < 1.
Here we give the definition of weak and classical solutions for problem (D)) as below.

Definition 2.5. A function u € E¥ is said to be a weak solution of (D)), if for every v € E%,

[ 1608 GDE0)-+ ety o)+ 23 1t oty

—2 /0 " ) v,
Definition 2.6. A function
ue {u e AC([0,T]) : /tt’“ (ISD%u(r) P+ |u(t)[2) dr < oo, j = On}
is said to be a classical solution of proble;n (Dy) if
DT ((DFu(t)) +a(t)u(t) = Af(t,u(t)) +h(u(t)), ae.re€[0,T\{t,...,t.},

the limits ,Df " (D) () and D§ " (5D u) (¢7 ) exist, A ((DF " (§Dfu)) (1) = ulj(u(z;)) and u(0) =
u(T)=0.

Lemma 2.7 ([21, Lemma 2.1]). A function u € E® is a weak solution of (D) if and only if it is a classical
solution of (D).

We refer the reader to [37, 38] for the following notations and results. Let X be a real Banach s-
pace. We say that a continuously Gateaux differentiable functional J : X — R satisfies the Palais-Smale
condition (in short (PS)-condition) if any sequence {u,} such that

(1) {/(un)} is bounded,
. . /
(12) lim [}J7un) |
has a convergent subsequence.
Let ®, ¥ : X — R be two continuously Gateaux differentiable functions. Set

x» =0,

J=d—,

and fix ry,ry € [—oo, +oo] with r| < rp. We say that J satisfies the Palais-Smale condition cut off lower at
r1 and upper at ry (in short "] (PS)"2l_condition) if any sequence {u,} satisfying (j,), (j,) and
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(3) 11 <P(up) <rp, VREN,
has a convergent subsequence.

Clearly, if r| = —oo and rp = +o0, it coincides with the classical (PS)-condition. Moreover, if rj = —oo
and r, € R, it is denoted by (PS)!", while if | € R and r, = +oo, it is denoted by [!/(PS). Furthermore,
if J satisfies ["'J(PS)2)-condition, it satisfies [P1(PS)[P2)-condition for all p;,p, € [—oo,+o0] such that
ri<pr<p2<n.

In particular, we deduce that if J satisfies the classical (PS)-condition, then it satisfies [°1](PS)P2)-
condition for all pj,ps € [—eo, +-o0] with p; < pp. For r € R and ry,r, € R with r] < rp, we set

lP(v) — SUPy e (—co r] \P(l/t)

p(r)=  sup : (2.4)
) B0) 1
sup  P(u)—¥(v)
. ued1(ry,r)
NI f , 2.5
B (rl VZ) vECD}ll’l(rhrz) ry — q)(V) ( )
and
Y(v)— sup (u)
MGCI)*l (—007}"]]
pa(r,m) = sup (2.6)
( ) ved~1(r,r) CI)(V) —-n

In the proof of our main results, we will apply the following two Theorems.

Theorem 2.8. [39, Theorem 5.1] (see also [37, 38]) Let X be a real Banach space and let ®,¥ :
X — R be two continuously Gdteaux differentiable functions. Assume that there exist ri, r, € R with
r1 < ry, such thatB(ri,rn) < p2(ri,r2), where B and p, are given by (2.5) and (2.6), and for each A €
(7p2(r117r2) , 7[3(”1_]2) ), the function J, := ® — AV satisfies ['! (PS)[FZ]—condition. Then, VA € <7p2(r11’r2) , 713(;}2))
there exists ug 5 € ©~'(r1,r2) such that Jy (ug ) < J5 (u) for all u € @' (ry,r2) and J; (ug ) = 0.

Theorem 2.9. [39, Corolary 5.1] Let X be a real Banach space and let ,%¥ : X — R be two continuously
Gateaux differentiable function. Put

B* i liming Pree ! o) ¥ (1)

r—r—+oo r

and assume that there is ¥ € R such that p(7) > B* where p is given by (2.4). Moreover, assume that

for each A € (ﬁ, Bi) the function J; := ® — AV satisfies "/(PS)!-condition for all r > F. Then there
is rp > F such that for each A € (ﬁ, ﬁ) there is ugy 5 € @ (F,r2) such that Jy (ug ) < J (u) for all

u€ @ (7, r) and J (ug 1) = 0.

Corresponding to the functions f, hand I;, j=1...,n, we introduce the functions F : [0,7] xR — R
and J;: [0,T] xR — R, j=1,...,n, respectively, as follows

S
F(t,6) = / F(t,x)dx, forall & € R
0
and .
Jj(x) :/ 1;(§)d¢, j=1,...,n foreveryxeR.
0

Throughout this paper, we consider the following conditions on impulsive terms

() letl; >0forall j=1,...,n.

We need the following proposition for existence our main results.
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Proposition 2.10. Ler S : E* — (E%)* be the operator defined by

T
S(u)(v) = /0 (6D u(t)) (6D v (1)) +a(t)u(t)v(r)]dr
for every u,v € E*. Then, S admits a continuous inverse on (E*)*.

Proof. 1t is obvious that

T
S(u)(u) :/o (1607 u(t) P +a(0)]u(r)*) dr > ullZ o-

It follows that S is coercive. Hence,

(S(u) =S(v),u—v) = /OT (1607 (u(r) = v(e))[* +a(t) u(r) = v(r)[?) dr
> Jlu—v|zq >0

for every u,v € E%, which means that S is strictly monotone. Moreover, since E* is reflexive, for u, — u
strongly in E* as n — 4o, one has S(u, ) — S(u) weakly in (E*)* as n — 0. Hence, S is demicontinuous.
By [40, Theorem 26.A(d)], the inverse operator S—1 of § exists and it is continuous. Indeed, let e, be a
sequence of (E*)* such that e, — e strongly in (E*)* as n — 0. Let u,, and u in E* such that S~!(e,,) = u,,
and S~!(e) = u. Taking into account that S is coercive, one has that the sequence u, is bounded in the
reflexive space E*. For a suitable subsequence, we have u, — /i weakly in E* as n — oo, which concludes

(S(un) —S(u),up — i) = (e, — e,u, — i) = 0.

If u, — @ weakly in E* as n — +o0 and S(u,) — S(it) strongly in (E%)* as n — +oo, one has u, — il
strongly in E* as n — +oo. Since S is continuous, one has u, — @ weakly in E* as n — 4o and
S(uy) — S(@) = S(u) strongly in (E*)* as n — +oo. Hence, taking into account that S is an injection, we
have u = i. U

3. MAIN RESULTS

In this section, we formulate our main results. Put

60%— 190+ 16
(- a22-a)(3-20)

1 T

(-4

= k\/g‘; (A(a) + ZT’;”“’).

Moreover, for every two nonnegative constants ¥ and ¢ with y # o/, we set

Ala) = )i-2

and

3T
Jo supjgj<y F(t,&)dt — Jit F(t,0)dr

bY(G) ,}/2 —R2g2

3.1

We denote by .# the class of all continuous functions f : R — R satisfy in the following condition:

o there exist two non-negative constants aj, a such that

1£(t,x)] < ar +ax|P7!, VxeR. (3.2)
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Theorem 3.1. Assume that f € .% and there exist three real constants 7,7, and G, with

0<n<kol <y, 3.3)
such that
by, (0) < by (0). (3.4
Ci Cy

Then, for each parameter A € ( ), problem (D)) possesses at least one non-zero

@by, (6)’ Kby (o)
classical solution uy ; € E* such that %‘2 <|ug 2 || < Cﬁl

Proof. We will apply Theorem 2.8. Let X := E% and consider the functionals ®,¥ : X — R defined by
1 n
D(u) = S llulq+ Y I (), (35)
j=1
and

W(u) = /O " F(t,u(e))dr. (3.6)

From the facts —L;|&| < I;(§) < Lj|&| for every { € R, j=1,...,n, and taking (2.2) and (2.3) into
account, for every u € X, we have

Cillullf o < ®(u) < Colul? - (3.7)

Thus, the functional @ : X — R is coercive. On the other hand, ® and W are continuously Gateaux
differentiable. More precisely, we have

@0 = [ [(0fut)E0v0) + aleyuto()]ar + ilz,(u(rj))v(tj)

and ,
V()= [ feu@)od

for every u,v € X. Fix A > 0. A critical point of the functional J; := ® — AW is a function u € X such
that

' (u)(v) —A¥' (u)(v) =0, YveX.
Hence, the critical points of the functional J) are weak solutions (and by Lemma 2.7 classical solutions)

of the problem (D,). At this point, let us observe that (0) = ¥(0) = 0. Moreover, choose r; = %ylz
and r; = 493, Letting u € &' (—oo, ry), we find from (3.7) that

Q! (—oo,r) ={u e X;®u) <r} C{ueX;lu <n}. (3.8)
By same argument as above, one sees that
(I)_l(—oo,rz) - {l/t EX;|M| < ’}/2}

Hence, due to the condition (.77),

T T
sup  W(u)=  sup / F(t,u(t))dt S/ sup F(,&)dt
uEP~ ! (—oo,ry) ued~!(—oo,ry) /0 0 [&l<n
and
T T
sup  Y(u)=  sup / F(t,u(t))dr < / sup F(1,&)de.
ued=1(—o0,ry) ued=1(—o0,ry) /0 0 E<p
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Now, we define wgs by

oy, ifr €0, 1),
we(t)={ o, ifr e [L,3L],
(T —1), ifte(3L,T).

W:j(t) fd 0’ lfIE (%77)7
o ifre 3L,T),
and
C YO 1 r o,
507w (1) = F /0 (1 =) %wo(s)ds
1-a 3
4ot ifr€0,%),
B 1 46(%)1—11 £ T 3T
[(l-a)| T 1-a relo )
(' == (), e (7],
so that

2 2 r 2 27 ||al[w 2
IWeollz.e =A(a)o”+ A a(t)wa(t)["dt < {A(a) + ——— | 0~
Using (3.7), we obtain that
2T ||al|e
¢wd§@mﬂ-!ﬂ)qﬁ.

On the other hand, based on non-positivity of J;, j =1,...,n, we see that
%
W(we) > / Ft,0)dr.
T
Taking (3.3) into account, by a direct computation, one has r; < ®(ws) < 2. On the other hand,

sup  Y(u)—¥(v) sup  W(u) —¥(wg)

ued1(ry,r) UED 1 (—o0,r7)

ri,rp) = inf <
Bri,r) ved\ (1) ry—®(v) r—®(ws)

3r
e Jo supig <y F(1,6)de — [ F(r, 0)de
B 1% — (A(a) + Zldl=) 20, 52

)

and
Yv)— sup W(u) Pws)— sup P(u)

uEd)*l(—oo’r]] uEd)’l(—oo’rl]

p2(ri,rm) = sup >
ved-1(ry r2) Dd(v)—r D(wg) — 1)

3r
N szOT SUp|¢|<y, F(t,'g’)dt—f%“ F(t,0)dt
T ar - (A(e) + =) rcye

(3.9)

(3.10)

Hence, by using the notation (3.1), from (3.8) and (3.9) together with (3.10), it follows that B(ry,r;) <
k*by, (o) andp,(r1,72) > k*by, (o). Finally, assumption (3.4) yields B(ry,r2) < pa(r1,r2). Now, from
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above the functional @ is continuously Gateaux differentiable while by Proposition 2.10 admits a contin-
uous inverse on X*, the functional ® is continuously Gateaux differentiable whose Gateaux derivative is
compact and since g € ¢ the functional ® — ¥ is coercive. Thus, from [39, Proposition 1], the functional
J;, satisfies the [ (PS)[’Z}—condition for all r; and r, with | < r, < +oo. Therefore, by Theorem 2.8, for

Ci Ci . .
each A € , , J5, possesses at least one critical point such that r; < P <r,
(kzby1 (o) k2b7,2(o)) AP point io 2 1 (o2) <r2
that is, le < |ug 2|l < Cﬁl This completes the proof. O

Remark 3.2. The results of Theorem 3.1 hold if condition (3.2) is replaced by
o limy e % =0, i.e., f is sublinear at infinity.

Now, we point out a particular case of Theorem 3.1.

Theorem 3.3. Assume that f € .% and there exist two positive constants Yy and & with y > o{ such that

a7 a7
Jo supgj<, F(t,E)dt — [,* F(t,0)dt [, F(t,0)dt
— i i

72— (252 ST 252

Then, for each parameter
C] 6262 Cl 7/2 —6202
f%“ F(t,o)dt * [y sup‘é‘SyF(t,é)dt—f%“ F(t,0)dr

problem (D)) possesses at least one non-zero classical solution ug ; € E* such that ||ug ;|| < Cll

Proof. Taking ¥ = 0 and p» = 7y and bearing (3.1) in mind, we obtain

3r 3r
Jo supje<, F(t,€)dt — [,* F(t,0)dt [, F(t,0)dt
— - 4 < 4

,},2 — /202 262

by(0) =by(0).
Hence, Theorem 3.1 ensures the conclusion. O

Now, we give an application of Theorem 2.9 which will be used later to obtain multiple solutions for
the problem (D).

Theorem 3.4. Assume that f € . and there exist two positive constants ¥ and & with ¥ < 6/ such that
00G(G) < ||| G(¥) Then, for each A > A, where

3

Ci ¥ — 1262

K27 T -
Jo supmg—,F(t,ﬁ)dt—f% F(t,6)dt

)

problem (D)) possesses at least one non-trivial classical solution ity ; € E* such that ||i || > C—Z

Proof. Take X = E% and put I;, = ® — AP, where ® and W are given as in (3.5) and (3.6), respectively.
The functionals ® and W satisfy all assumptions requested in Theorem 2.9. Put 7 := %}72. From [39,
Proposition 1], the functional J, satisfies 7 (PS)[’]—condition for all r with » > 7. Arguing as in the proof
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of Theorem 3.1, we obtain that

o=  sup W (V) — Supeqp1 (—eo ) ¥(10)
VED! (7 +o0) P(v) -7

Wiwe)—  swp ()
> Ued 1 (—oo 7|

- d(wg)—TF
3T
2 Iy supje|<; F (t,€)dt — [,* F(1,6)dt
> . :
- Cl /}72 75252

Hence, from our assumption, it follows that p(7) > 0. Therefore, it follows from Theorem 2.9 with * =

0, for each A > A, the functional J; admits at least one local minimum iy ) € E¥ such that ®(iz ;) > 7,
which is just || 5 || > C—Yz Thus the conclusion is obtained. O

The following result is a straight consequence of Theorem 3.3.

Theorem 3.5. Assume that f € ¥ and

. F(t,8)
Jim =552 = oo G.11)
Furthermore, let 'y > 0 and set A} := % ﬁ. Then, for every A € (0,A5), problem (D) admits
0 SUPg|<y Iy

at least one non-zero classical solution uy 5 € E* such that ||lug ;|| < Cll
Proof. Fix A € (0,4;). From (3.11), there exists a constant ¢ > 0 with ¥ > ¢/ such that
Cc  (Po? C —(*0?
f?‘ F(t,0)dt I sup|§|§yF(t7§)dt—f%4 F(t,0)dt

Hence, by Theorem 3.3, problem (D ) possesses at least one non-zero classical solution u ;5 such that
luoall < &- m

Example 3.6. Consider the problem

] (507u0) +u() = ey (u(o). 1 #3.5, ae.r€[0.1]

3.12)

u(0)=u(1)=0
with
e, X € (—oeo,—1],
f(x): esin(%x)’ X € (_171)7
e—cos(ﬂx)’ xe [1700)‘
Direct calculations show that k = ﬂ? D and C| = % and
sin(%£€&) —cos(7é)
im %) im0 e him L) o € g

E—0t 5 E—0t 5 E—too 5 E—+too 6
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Choosing v = 1, we clearly see that all assumptions of Theorem 3.5 are satisfied. Hence, applying

Theorem 3.5 and Remark 3.2 for every A € (0, z?ge FZ( )), we see that problem (3.12) possesses at least

one non-zero classical solution g ; € E* such that [|ug ; || < 73

Theorem 3.7. Suppose that g € . Then the mapping A — Jy(ug ») is negative and strictly decreasing
in (O,l; ).

Proof. The restriction of the functional J; to ®~'(0,r) admits a global minimum, which is a critical

point (local minimum) of J; in E*. Moreover, since ws € ®~!(0,7) and

P(ws) _ (Al@) + )00
¥wo) = [ P4 0)d

we have
Ja(up ) < I (we) = P(ws) —A¥(ws) < 0.

Next, we observe that J; (u) = 4 <¥ —‘I—‘(u)) for every u € E and fix 0 <41 < Ay < AJ. Set

= (2 ) ) = ine (B ).

ucd-! Orz

my, = <q)(”;’f2)—w<u%)) = inf (q’/g) —‘P(u)).

ued=1(0,rp)

and

Clearly, as claimed before, m;, < 0 (for i = 1,2), and my, < m,, thanks to A; < A,. Hence, A — J) (1 3)
is strictly decreasing in (0,A;) since the fact

I, (o 2,) = Aamy, < domy, < Aymy, = Jy, (ug 4, )-
O

Remark 3.8. Generally, Theorem 3.5 ensures that if g € ¢ satisﬁes (3.11), then for every parameter A
2

belonging to the real interval Ag := (0,A%), where A* := k2 SUPy~0 717 L (77> (D1) possesses at least one

non-zero solution u, 3 € E%.

Remark 3.9. We note that, in particular, if f is sublinear at infinity with respect to the second variable,
then Theorem 3.5 ensures that problem (D;) admits at least one non-zero classical solution for every
positive parameter A. Moreover, in our case, the obtained solution is non-zero, while the classical direct
method approach, that can be accept in this context, ensures the existence of at least one solution that
may be zero.

Remark 3.10. A careful analysis of the proof of Theorem 3.5 ensures that the result still remains true if

condition (3.11) is replaced by the more general assumption limsupe_,q+ F(é,zé) = 400, Moreover, the
previous asymptotic condition at zero can be replaced by the following form
t
limsup ft8) = oo, (3.13)
E—0* é

Therefore, it is natural to obtain the following result.
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Theorem 3.11. Let limg_o+ i (gé) = foeoand limg_, ., f(tTé) = 0. Then there exists A* > 0 such that, for
every A € (0,A%), (D;) possesses at least one non-zero classical solution u, 5 € E*. Moreover, we have

1

([ et o a0

as A — 0" and the mapping

Ao ( /0 T(|6D,°‘u(t)|2dt+a(t)|u(t)|2)dt)

is negative and strictly decreasing in (0, 1*).

1

(S]]

—/OT (/Ouo'lf(t,x)dz)dx

Below, we show how the former analysis can be used to pass from the existence of at least one
nontrivial solution to that of at least two nontrivial solutions. Accordingly, we start with the following
theorem, where the celebrated Ambrosetti-Rabinowitz condition is necessary.

Theorem 3.12. Let g be a continuous function such that g(0) # 0 and assumption (3.13) holds. Further-

more, assume that

(AR) there are constants v > 2 and p > 0 such that, for all & > p, one has

0 < VF(1,E) <Ef(t,E). (3.14)

Then, for each A € Ag, problem (D)) admits at least two non-trivial classical solutions in the space E*.

Proof. Fix A € Ag. In view of the assumption (3.13), Theorem 3.5 ensures that problem (D;) admits
at least one weak non-zero solution u; in E%, which is a local minimum of the functional J;, as defined
in the proof of Theorem 3.1. Now, we prove the existence of the second local minimum distinct from
the first one. To this end, we verify the hypotheses of the mountain-pass theorem for J,. Clearly, J, is
of class C! and J; (0) = 0. The first part of proof guarantees that u; € E% is a nontrivial local minimum
for J, in E®. We can assume that u; is a strict local minimum for J; in E*. Therefore, there is p > 0
such that infj,_,, —p I (u) > I) (u1). So condition [38, (I;), Theorem 2.2] is verified. By integrating
the condition (3.14), there exist constants aj,a, > 0 such that F(¢,x) > a;|x|” — a, for all x € R. Now,
choosing any u € E%, one find that

Jn(tu) = (© =A%) (tu) < G| 7u]|% g — A /RF(t,m(x))dx

T
§C212||u|]27a—7wva1/0 u(x)|"dx + Aas||; = —o0, T — 4o,

Thus condition [38, (), Theorem 2.2] is satisfied. Therefore, J; satisfies the geometry of mountain
pass. Moreover, J, satisfies the (PS)-condition. Indeed, assume that {u, },eny C X such that {J; () tnen
is bounded and J; (u,) — 0 as n — +oo. Then, there exists a positive constant cq such that

|5 (un)| < co, |J5 (un)| < co foralln € N.
Therefore, we infer to deduce from the definition of J; and the assumption (AR) that

\%
cotciunll = Vi (un) = 3 () () > (5 = 1) atal G

—A/Q(VF(t,un(t))—f(t,un(t))(un(t)))dt2 (%—1)|lunllﬁ,a,



14 N. BIRANVAND, A. SALARI

for some ¢; > 0. Since v > 2, we find that (u,) is bounded. This implies that {u, } converges strongly
to u in E%. Consequently, J; satisfies (PS)-condition. Hence, by the classical theorem of Ambrosetti and
Rabinowitz [41, Theorem 5.8], we establish a critical point u, of J, such that J) (uz) > J; (u1). Since
g(0) # 0, u; and u, are two distinct non-trivial classical solutions of (D;)) . The proof is completed. [J

Remark 3.13. The non-triviality of the second solution ensured by Theorem 3.12 can be achieved also
in the case g(0) = 0 requiring the extra conditions at zero

F(t F(t
lim sup ( ’f) =+4oo and liminf ( ’f) > —oo, (3.15)
g0t 1S g0t [g]
Indeed, let 0 < A < A*, where A* = % SuUpy~ % Then there exists ¥ > 0 such that Ckl—zl < % Let

® and W be as given in (3.5) and (3.6), respectively. Due to Theorem 3.12, for every A € (0,1), there
exists a critical point of J; = ® — AW such that u; € ®~!(—oo,ry), where ry := 77?. In particular, u), is a
global minimum of the restriction of J; to ®~!(—co,r; ). We will prove that u; cannot be trivial. Let us
show that

limsup 2 — oo, (3.16)
lul—0+ P(u)

In view of (3.15), we can consider a sequence {&,} C R converging to zero and two constants 1,k
(with 1 > 0) such that lim,,_, F‘g’ﬁ;’) = +tooand F(1,8) > k|&|*P, for every & € [0,1]. We consider a set
F C B of positive measure and a function v € E* such that

(k1) v(r) € [0,1] forevery r € [0,T];
(k2) v(t) =1foreveryt € 7.

Hence, fix N > 0 and consider a real positive number 1 with

2nmeas(F) + 2K [p\ 7 [v(1) |2dr

V1.0

Then there is ng € N such that &, < 1 and F(¢,&,) > n|&,|?, for every n > ngy. Now, for every n > ng, by
the properties of the function v (that is, 0 < &,v(¢) < 1 for n large enough), one has

lI"(én\/) :ffF(tvén)dt+f[O,T]\ﬁF(t7§nv(t))dt

D(Suv) D ()
2nmeas(.F) + 2K [p\ 5 [v(7) |2dr

V7.0

N <

Since N could be arbitrarily large, we get lim;,_,c % = oo, from which (3.16) clearly follows. So,

there exists a sequence {w,} C X strongly converging to zero such that, for n large enough, @, €
® ! (—o0,r;) and

I(w,) =P(w,) — A¥(w,) <O0.

Since u;, is a global minimum of the restriction of J; to ®~!(—oo,r; ), we obtain J; (u; ) < 0, so that u;,
is not trivial.

Below, we present one application of Theorem 3.12 as follows.
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2(3

Example 3.14. Letn=1, a =3, T =7, a(t) = ¢ forall t € [0,71], I (x) = a g“) In(1 +x?) for all

x €R, f(t,x) =t(1+x5) for all (¢,x) € [ ] x R. Thus L; = ( ) k= \@3(3) and Cy = . Moreover,
I
f(0) =10, limg_,p+ gﬁ—?% = limg_p+ 12—56 = 40 and taking into account that

7

m SO E4E
gt F(E)  Iglrtm &+ 587

by choosing v =7 > 3 = p, there exist p > 1 such that the assumption (AR) in Theorem 3.12 is fulfilled

=7>3=p,

for all |£| > p. Hence, by applying Theorem 3.12 and Remark 3.2, for every A > 0, (D;) in this case
possesses at least two nontrivial classical solutions.

Finally, as a consequence of Theorems 3.3 and 3.4, we can obtain the following existence result of
three solutions.

Theorem 3.15. Assume that g(0) #0 and there exist four positive constants v, O, }/ and G withy< &l <
G < ysuch that [} Supg|<y F (2, 6)dr < fT (t,0)dt and [ supjg| <y F (t,6)dt < fT F(t,6)dt hold, and

3T
fOT Sup|§|§yF(t,§)dl fO Sup|g|<y ( é)dtif/‘ F(t?G)dt
e 7 - o2
is satisfied. Then, for each

(3.17)

AEA= (max A Y -0’ } s >
’fT o " [T supige, F(t,E)dt/’
0 SUPlg|<y F(1,6)dr — [;7 F(1,0)dr” Jo SUPig<y T

problem (D)) possesses at least three classical solutions u y, ity 5 and iy such that ||lug 5| < Cll and
= Y
ol > 25

Proof. First, in view of (3.17), we have A # 0. Next, we fix A € A. Employing Theorem 3.3, there
is a positive classical solution u 3 such that [|ug ;|| < Cl] which is a local minimum for the associated
functional J, while Theorem 3.4 ensures a weak solution i, 5 such that ||iz ;|| > C—YZ, which is a local
minimum for J,. Arguing as in the proof of Theorem 3.1, we observe that J), is coercive. Then it satisfies
the (PS)-condition. Hence, the conclusion follows from the mountain pass theorem as given by Pucci
and Serrin [42]. O
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