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1. INTRODUCTION

Real boundary value problems (bvps for short) on the half line arise in many physical applications
such as the modeling of gas flow through semi-infinite porous media, electrical potential in isolated atom
of some materials, propagation of laminar flames in long tubes; see, e.g., [1] and references therein.
Due to some physical laws such that Newton’s laws, a large class of such problems are governed by
second-order differential equations. This justifies the large amount of research work for second-order
bvps that are available in the very recent literature; see, e.g., [2, 3, 4, 5, 6] and references therein. For
basic mathematical methods to deal with such problems, we refer the reader to [1, 7].

In the last couple of years, some authors investigated the existence of positive solutions for higher
order differential equations on finite intervals as well as on infinite intervals of the real line; see, e.g.,
[8,9, 10, 11] and the references therein. Notice that positive solutions may refer physically to a posi-
tion, a temperature, density,... Another interesting direction of the mathematical extension is the natural
generalization to problems associated to the p-Laplacian operator s|s|?~2 (p > 1) and more generally
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to the s — ¢-Laplacian operator; see [3, 4, 5, 6, 8, 12, 13, 14] and the references. We also mention

that many dynamical processes in physics, population dynamics, mechanics, and natural sciences may
change state abruptly or be subject to short-term perturbations. Physically, these perturbations may be
seen as impulses. Milman and Myshkis [16] investigated basic model of problems involving differential

equations with impulses; see [15, 16].

This paper is concerned with the following boundary value problem posed on J = (0, 4o0):

(W' (@) = —q()f(t,ult),u'(t),u"(t), tel,
u(0) = A,
W'(0) = B,
wW'(+e) = C,
Au(ty) = Li(u(t),u' (%)), k=1,2,3,...
Au’(tk) = ng(u(tk),u’(tk),u”(tk)), k=1,2,3,...
AN (1) = Dlu(te),u (1), u" (1)), k=1,2,3,...,

(1.1

where A > 0,B>0,C>0,0=19 <t; <+ <t <+, — +oo, as k — ~+oo, Auld) (1) = ul) (1,) —

u(i)(t,:), for i=0,1,2,and J' = [0,4o0) \ {1, k =1,2,3,...}. We set Jy = (tx,fx+1], k=1,2,3,....

The nonlinearity f : (0,00) x [0,00) X [0,00) X [0,00) — [0, 00) is continuous, ¢ is an increasing home-
omorphism satisfying ¢(0) = 0 and ¢ ' (uv) > ¢~ (u)¢ ' (v),Yu,v € R. g € L' ((0,0),[0,0)), I} €

C(R?,]0,)), and I € C(R?,[0,0)), fori=2,3and k=1,2,3,...
We suppose that the following conditions hold, for k =1,2,3,...
[ £(t,(1+1*)u, (1 +1)v,w) is bounded when u,v,w are bounded,
L (u,v) < aygu+ by +cig, Yu,v >0,
D (u,v,w) < agt + bogv + copw + dog, Yu,v,w > 0,
I3k(u, v, W) < aziu~+ b3y +cyw +ds, Yu,v,w >0,

ai=Y ag(l+1) <eo (i=1,2,3),
k=1
b; = Z b,‘k(l —|—lk) < o0 (l: 1,2,3),
k=1
Ci = Zcik<°° (1217273)7
k=1

5]

di= Y dy <o (i=2,3).
k=1

For R > 0, we set
Mg = sup{f(t,(1+1>)u, (1 +1)v,w) : t €J, u,v,w € [0,R]}.

Consider the functional spaces:

PCJ,R] = u:J — R_continuousJr for t.;«é Iy, 7
u(ty) = u(t, ), and u(t,") exists for k = 1,2,...
u € PC[J,R] : u/(t) exists for 1 # 1,
PCI[‘LR]: / (4 (4t ; _ ’
u'(t) =u'(t, ), and ' (z, ) exists fork =1,2,...

and

PC*[J,R] = { u € PC'[J,R] : u (1) exists for t # 1, }

" (t) = u"(t;), and u” (1) exists for k= 1,2, ...

(1.2)

(1.3)
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Here u/(t;") = lim, e u'(t) (i =0,1,2). However, the adequate solution space for problem (1.1) is:

E= {u € PC*|J,R]: tliIJIrl u"(t)exists}.
—> o0

The following lemma is easy to prove.

wit) oy ult)
Lemma 1.1. Foru € E, hrllw I ,ETOOM '(t) and IEIJPM 2 Z,Erfmu '(2).

Thus E is a Banach space with the norm

[l ul| = max{[[ullo, [uflr, [|ull2},

where ||uljo = sup |1”J(:z)2‘, ully = sup |’i(+t)‘, and ||u|, = sup |u”(t)|. Let P C E be the positive cone
teR* teR teR*
defined by
P={u€kE:u(t)>0andd(t)>0,1>0}. (1.4)

The basic tool to be used in this work is a fixed point theorem in cones.

Lemma 1.2. [17] Let X be a Banach space and P C X a cone. Assume that € and ;) are open subsets
of X with 8 € Q1, Q| C Q,, where 0 is the zero elementin X. Let T : PN (Q\ Q1) — P be a completely

continuous operator such that

(@) ||Tul| < ||ull, VuePnoQy,
(b) there exists a ¥ € P such thatu # Tu+A¥Y,Vu € PNIQ;,VA > 0.

Then T has a fixed point in PN (Q, \ Q).

To show the compactness of an operator, we need the following compactness criterion on unbounded
intervals of the real line which can be easily derived from Corduneanu’s Compactness Criterion [18]:

Lemma 1.3. Let W be a bounded subset of E. Then W is relatively compact if the following two condi-
tions hold:

(a) the sets {1+t2 ,VEWY, { T ) ve W}, and {V'(t),v € W} are equicontinuous on any finite subinterval
JkN[0,T], (k=1,2,...) forany T >0, i.e, Vk=1,2,..,Ve > 0,36 > 0,Yt1,t, € JN[0,T],

1 —n|<d= ) u(t2) ‘ <e, W) _ u/(tz)‘ <
1+t1 I 1+1n ’
and |u" (1)) —u" ()| <€, Yuew,
(b)V € >0,3T =T(€) > 0 such that, Vt > T,
u(t) u'(1)
1412 tfﬁouﬂ‘ R g H+w1+z‘ <&

and |u” (1) —tliT W'(1)| <&, Yuew.
—> o0

Definition 1.4. A function u € E such that ¢ (u”) € PC'(J',R) is called a positive solution if u € P and
u satisfies problem (1.1).
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2. FIXED POINT FORMULATIONS

Lemma 2.1. Letv € L'([0,40), (0, +00)). Then the following problem

(@(u"(1)) +v(t) = 0, t>0, t# t,
u(0) = A,
u'(0) = B,
(+°°) = C, 2.1
Au(ty) = hi(u(t),u' (%)), k=1,2,3,...
AU () = Dy(u(ty),u (i), u”" (%)), k=1,2,3,...
D¢ () = Bi(u(te),u' (t),u" (1)),  k=1,2,3,...

has a unique solution:

u(t)=A+ ¥ I(u(te), u' (1)) + <B+ ) IZk(u(tk)a”/(tk)au”(tk))>t

09071 (C) 7D+ L () 0 0) ) .
Proof. Fort € (0,1,], integrating (2.1) from O to ¢ yields that
O(1) = 0" (0)) = [ v(5)ds 2
and, for ¢ € [r1,1],
o’ (1) =o' (1) — /t v(s)ds. (2.3)

Adding (2.2) and (2.3) gives

O (1) + 0 (1)) = 9 (0) + 9 (1))~ [ vis)as:

Hence
o'(1)) = o) —o" (1)) +9(u"(0)) — Jov(s)ds
= —Li(u(t),u (n),u" (1)) + ¢ (u"(0)) — Jyv(s)ds.

Repeating this process for every positive ¢, we find

0" (1) = 0" 0) ~ [ is)ds— X Tl ' (1),

<t

Passing to the limit, as ¢t — oo, we obtain

0(C) = 0" (0) — Y. Felue) 1), () — [ v(s)as
k=1
It follows that

00+ [ ﬁ+2@ o (1)1 (1).

Hence

o'(1)) = 9(C)+ [T v(s)ds— L B (u(t),u'(tx),u” (1))

+ X Ialag) o (1) (1)

Equivalently, one has

+/ s)ds+ Zl3k u' (1), u” (1))

1>t
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This implies that

< )+ / s)ds+ Y By (u(t),u (), u (zk))> . (2.4)

>t

Integrating (2.4) gives

u' (1)) :B—F/Otl ¢! ( / T)dt+ Y By (u(i), Ml(&);””@k))) ds

and
— () + /¢< / D7 ¥ eluln) ol (1), <rk>>>ds.
Hence

W(t) = u'(t))+hi(ult)d(n)u"(t))
07 (90 + 7 HET L Bululi) ()l 0) )
For all positive ¢, one has
W(t) = B+bhi(u(n),u(t),u (1))
#0507 (9(0)+ 7D+ E Bulala)al ). 0) ) s

I >s

= B+ ¥ Iy(u(n),u (1), u" (1)) @5

<t

s <¢<c> LT X 13k<u<rk>,u’(tw,u"(rk))) ds

ty>s
Integrating (2.5), we get successively

u(ty) = A+B+ ¥ Di(uty),u'(t),u" (1))

n<th

e (¢<c>+1; WO+ T It il (1), <>>)dsdr

tr>s

and

u(t) = u(rr>+(3+z12k<u<rk>,u’(rkw(tk))) (t—n)

n<t

+L/;tl f()rq)_l <¢(C) +j::°v(f)d’l'+ Z I3k(u(lk),M/(tk),u//(tk))> dsdr.

tkr>s

Since u(t;") —u(t; ) = Ly (u(t1),u’ (1)), one has

u(r) = A+(B+z12k<u<rk>,u'<rk>,u“(rk»)t

+ o foe! ((b(C) —l—f;ov(’L’)dT+tk§y13k(u(tk),u’(tk),u”(tk))> dsdr
—I—I“(u(tl),u’(tl)).

By repeating the same process as above, we arrive at

u(t) = A+ Z Ilk(u(tk),u’(tk))—i- <B+ Z Izk(u(tk),u'(tk),u”(tk))>t

<t <t

i —s)p~! (¢<c> W X 13k<u<rk>,u’(to,u"(rk))) ds

t>s
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3. EXISTENCE RESULTS

Define the operator T : P — E by

Tu(t) = A—i—tgtllk(u(tk),u’(tk))—l-(B-i—tgtlzk(u(tk),u’(tk),u”(tk))>t

+ ot =$)¢ 1 (@(C) + [ q() f(z,u(z),u(7),4"(1))dT 3.1)
+ Y I3k(u(tk),u’(tk),u”(tk))> ds

t>s

and let D C E be a bounded set. We start with a technical lemma and an important compactness result.

Lemma 3.1. Suppose that Hypothesis (.74)) holds. Then, for all u € PN D, the integrals

f[+°°q(’c)f(f,u(r),u'(r),u”(f))dr, Z Ilk(l’t(tk)?u/(tk))a
Y Di(u(te),u (1), u” (), and YL 13k( (1), o' (1), u”" (1))

<t >t

converge.

Proof. For u € PN D, there exists ro > 0 such that ||u|| < ry. By (%), we have the estimates:

Y Du(u(te),u' () < X Du(ulte), u' (1))
n<t k=1
—+oo
< k§1 (alku(l‘k) -l-blku/(tk) —l—clk)
4»_00
< P (are(1+12) + bic(L+1)) [|ul + cix (3-2)
1o 2
< / 1(alk(l+fk)+b1k(1+lk))ro+clk
< oo
By the same way, we can prove that
Y b(u ' (1)) <ooand Y Dy(u(t),u (1), u” (1)) < eo.
<t >t
Also
T a(0) f(z,u(e),u (7), 4" (7)) de
= f q(0)f(7,(1+72) {25, (1+ 1) 12w (v))de 33)
< My Jy "q(r)de
< oo,
where M,, is defined by (1.3). ]

Lemma 3.2. Operator T is completely continuous.

Proof.
Claim 1. T : PND — P is well defined. Indeed, for u € PN D,
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(T'(@) = 61 (0(C)+ [ g(x) f(z.u(t).ul (v).4// ()T
+ X el ). <rk>>)
o 1<¢<c> mf,*wqmdr+tkz>t13k<u<zk>,u’(tk>,u"<zk>>)

o1 (9(C)+M,, [ q(t)dT
+ ¥ ((ask(1+17) + b3 (1 + 1) + c3e)ro +d3k)> ,

>t

IN

IN

which converges to C, as t — +co. One can easily verify that (7u)(z) > 0 and

TN CE WA ANTARTAY
+ 1507 (0(0) + £ a0/ (5.u(), (2)
+ Y ng(u(tk),u’(tk),u”(tk))) ds > 0.

t>s
This shows that T(PND) C P.

Claim 2. T is continuous. Let (u,) be a sequence in PN D and u € PN D be such that |lu, —ul|g — 0, as
n — —+oo. Then there exists 7 > 0 such that ||u,|| < 7. We have

10 ((Tun)") (1) = 9 ((Tu)") ()]
= ff‘”q(s)f(s,un(s),u;(s),ug(s))ds+ Y I3k(un(tk)a”;l(tk)vug(tk»

t >t

= I a(s)f(s,uls), (), (5))ds — ¥ By(u(n),u (1) ,u” (1))

>t

177 q() | £ (s un(s), ey (5),uy(5)) = f (s, u(s),u (s),u" (s)
+ Z | B (un (1) tyy (1) sty (1)) — Lo (w(tie) ' (1), u” (1))
)
)

(

)
fo " q(s) 1S (5,un(s), 1y (5),1(5)) = f (5,u(s), ' (s),u" (s
+k§0|13k(un(tk) (1) 4y (1)) — e (ue (o) ' (1) (1)) | -

IN

IN

Since
| (81 (0), 03, (0) 14 (1)) = f (1, (e) 0 (1), (1)) ] < 2M
one has
"7 q($) £ (s,un(s), 1, (5), 15 () — f(s,u(s),1d (s),u” (s)) | ds
< 2M; [ q(T)dT < oo,

Lebesgue’s dominated convergence theorem guarantees that

+o0
/O q(s) | £ (s,un(s), 0, (5), 1y (5)) = f (5, u(s),u'(s),u” (5)) | ds
converges to 0, as n — 0. Moreover, since
| i (1t (1) 14, (1)t (1)) — Do (e te) o (1) " (1)) |
< 2F(ask(1+17) 4+ bar(1 + 1) + c3x) + 23, = m(1)

and
~+o0

Z m(tk) < o9,

k=0
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the dominated convergence theorem for series implies that

~+oo
Y Baic(n (1) 1, (1) 4y (1)) — B (we(te) ' (1), (fk))]

k=0
converges to 0, as n — —+oo. Also

(Tun)'(t) _ (Tw)'(t)
1+¢ 1+¢

m(z&WMM,mmnm» 25mw>wmwmm0
b (0 (0(C)+ [ a0 (%, (), (1), ()
+ Zl3k(unlk, ), (1), 1y (1))
e <<o+¢**< )£ (2, u()
+ ¥ Biu(te), ' (), u”" (1)) >ds>

t>s

n (zewmw,mm%m» £ Faui) 101 0) )
o1 (60) L a0 (5ot B

L B0 00)04()

0 (B(C) 1 [ () (5 u(1) ol (1), (2)) T
a1 ) ) s

t>s

(7),u"(7))d7

IN

Since ¢! is continuous, we find that

01 (0(0) ™ O (e ()b () (O + o) 1))
comerges 0

o (00 + O ()l (" (D)5 + I ). 1) ).

as n — +oo, Moreover

07 (9C)+ I gl (0 (5), 1, (51 2
B0 00).04)
97 (6(C) + [ g(0)(ul2).d(2) (D)
+ . Bululn) ol (1).00) )

< 2071(9(C)+ My, [ g(T)dT+ (a3 + b3+ c3)ro + d3)

for

/0[2¢1 ((])(C) +M,, /()+wq(r)d7+ (a3 + b3 +03)r0+d3> ds < +oo.
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Again Lebesgue’s dominated convergence theorem implies that

J1071 (0(C) + L7 a(1) £ (Toun(1) (7).t (7))t
&mwm»mmAmQ

LO(C)+ £ q(x) £ (. u(2) il (2) ()
+zmw><>uw0%

tx>s

converges to 0, as n — +oo. Hence ||Tu,, — Tu||; — 0. By the same way, we can prove that || Tu,, — Tu|lo —
0. Hence || Tu, — Tul|g — 0, showing that T is continuous on PN D.

Claim 3. T'(D) is uniformly bounded. For u € PN D, arguing as in (3.3), we have

ﬂwziﬁﬂﬁzmmwm»

+mﬂ@+zmu>wmmwm)
o (=)0~ (9(C) 7 g(2) f(au(z) il (2), ' (2))dx
© Y It ol (1) me)

t>s
< A+(a1 +b1)r0+6‘1 + (B-l— (a2+b2+cz)r0+d2)
+071 (¢(C)+ My, [y q(T)dT + (a3 + b3 +c3)ro+d3) -
Then sup (1 Jr)t(z) < +oo. Likewise sup (T )() . Indeed
teR* teRT

Hx—;(+zm )W%WWO

n<t

+ir (Jo @' (8(C) + [ q(0)f(z,u(c), /(7). u" (7))dT
)

+g§u<,<><»yﬁ
< (B+(a2+b2+c2)r0+d2)
+0~" (9(C) + My, [y q(T)dT+ (a3 + b3 +c3)ro +ds) .

Also sup |[(Tu)"(t)] < 4o for
teR*

(Tw)" ()] < ¢~ (9(C)+ My, [ q(1)dT

+tz>t13k(u(tk),u'(tk),u”(tk))>

¢*k1 (9(C)+M,, " gq(7)dT (3.4)
+:§°;(a3k(1 +12) + by (1 + 1) + c31) r0+d3k> :

< oo,

IN
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Claim 4. T is equicontinuous. For some positive Tj € (0,+e0), let t1,1, € J;, N[0, T1] be such that #; < 1.
The following estimates hold:

Tu(r)  Tu(t1)
1+13 1412

< 1 1
= ‘A(m; 1+ +1+t2 1+t2

L Tu(u(n),u' (i)

1 <ty

+ (BJFI; Izk(u(tk%u/(fk)a””(fk))> 1t+2z§ - 11:12
+Jo' B i o1 (O(C) + [, " q(2) f(z,u(z),u(7),u"(7))dT

+ X Iulut), '<rk>,u"<tk>>) ds
I |Ea |97 (60 + [ q(0) f(t,u(z),d (t),u" (7))dT

+ X I3k(u(tk),u’(tk),u”(tk))> ds

tr>s

< |a(- N (g (1 2) 4 b (1
= 1+3 1+t1 1+t2 1442 kz (alk( +tk>+ 1k ( +lk))ro+
1+z2 1+t2 <B+ Y (@ak(1+17) + b (1 +1) +c21) r0+dzk>
+f iz+t;_1+z; ¢71( #(C)+ rofom (T ))

+ kgl (aze(1+12) +bs(1+ 1) +c3) ro +d3k)> ds

. _ o0 oo
+t12+—:221 ll12¢ 1<¢(C)+MVOJO q(’E)dT-l—kgl (agk(l—i-t,f))

+b3i(1+1) +c3x) ro + d3k>) ds

which tends to 0, as |t} — ;| — 0. Regarding the first derivatives, we have

‘ (Tu)'(n) _ (Tw)' (1)
1+t 141

i (B4 X Bulatu) a0 0) )

2<tk

R 67 (9(C) 4 L a0 F (T ()l (1) ()T
O Bl () >>) ds

t>s

i (B4 X a0 )

N <t

—ﬁ,l 3OO + [ q(0) f(t,u(T),u (1),u"(7))dT
O Bl () >>>ds]

(B4 ¥ mututaw.aa))

1 <ty
1

+ ‘ mn — | Jo 07 (0O + [ q(0) f(T,u(T), i (7),u" (T))dT
X It il (1) >>) ds

Z‘k>S

RREl A (6(C)+ [;F q(z) f(z,u(t),u'(7),u"(7))dT
- Y Bt (5 u <k>>ds)

t>s

1

1+t 1+[1

IN
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Hence

}(TM)'(&) _ (Tu) (1)
1+, 1+

1 1

S 1+, 1+

<B+l§ (a2(1+12) + bo (1 + 1) + o) 7o +a’2k>
0 07 (9(C)+M,, Jy"g(r)dT

- :):i (aze(1+17) + b3 (1 + 1) + c3¢) r0+d3k> ds

L 1207 (0(C) + My [ a(0)de

+:§ (ask(1+12) + b3 (1 + 1) + c3¢) r0+d3k> ds,

1 1
+ ’ 1+1 - 1+1

which tends to 0, as |f; — ;| — 0. Also, for all u € PN D,

0((Tu)")(22) — ¢ ((Tu)") (11))]
= f;wq(s)f(s,u(s),u’(s),u”(s))ds+ Y Li(u(t), o (), u” ()

>t

— i q(s) f(s,uls),u (s),u" (s))ds — ¥ Dye(ulte),u (te),u” (1))

i >1

< ttlz q(S)f(S, u(s),u’(s), M/,(S))ds + Z I3k(u(tk)7 u/(tk)a u//(tk))v
1 <t <t
which tends to 0, as |ty — 12| — 0. So |(Tu)" (t2) — (Tu)"(t;)| — 0, as |t; — ;| — 0.

Claim 5. T is equiconvergent at infinity. For all u € PN D, we have liril (Tu)"(t) = C. By Lemma
t——+o0

L1, lim 20 = Cand lim 40 = §. In addition,
— o0 —r+oo

(0=l = [0 (6(C)+ ™o (wu(e)d (2)./ () v
b .0 1)) ]
< |97 (9(C) + My [ g(t)dz
+tk2>t13k(u(tk),u’(tk),u"(tk))> —C‘

071 (9(C) +My, [, g(v)dT
+ ¥ (asc(1+27) + ba(1+1) +c3) ro+d3k> —C'-

>t

(3.5)

IN

It follows that

sup|(Tu)"(t)=C| < |9~ (9(C)+M,, [[7q(r)dT

ueD

+ Y (agk(l+l‘,§)+b3k(1+tk)+C3k) ro+d3k> —C‘.

4>t



12 Z. BENBAZIZ, S. DJEBALI

Hence sup|(Tu)"(t) — C| — 0, as t — +oo. Similarly
ueD

(Tw)'(t)

‘1”7“ -C ’ =

(B+ Y I(u(ty). u’(rk>,u"<tk>>)

—i—1+, oo~ ( (©)+ [ q(t) f(z,u(T),u (),u"(1))dT

+ Z I3k(l/t(l‘k),u/(tk),u//(l‘k))> dS—C‘

IN

%r (B—i— Y (as(1+17) 4+ bor (14 1) + cax) ro + dox

1+t fo (¢(C)+M,0f+°° (v)dt
+ Y (a3k(1+l‘k)+b3k(1+tk)+03k)r0+d3k> C‘

>s

Since
lim 1+t fO (‘P(C) +Mr0 fsfooQ(T)dT

f—+o0

+ Y (agk(l -l-l,%) +b3k(1 +lk) —|—C3k) ) +d3k>

t>s

= lim ¢~ (9(C)+M,, ;" g(t)dt

—Foo

+ ¥ (as(1+13) +bar(1 4+ 1) +c3x) l’o+d3k>7

>t

we have
Tu) (t
sy 700
ueD 1+1¢
as t — +oo. By the same way, for allu € PN D,

—C|—0,

— 0,

sup
ueD 1+ tz

as t — 4-oo. This completes the proof of Lemma 3.2.

O

We are now in position to prove our main existence result. For the sake of convenience, we use the

following notation. For b > a > 0, let

Ft, T+ 2)u, (1+1)v,w)
=1 f .
fo= liminf min o)

Theorem 3.3. Further to Hypothesis (), assume that, for some b > a > 0,

2(1+b%)

a2y~ (%fahQ(f)dT)

(A4) fo>9¢

There exists R > 0 such that

(#8) R > A+(ai+b)R+ci+i(B+(ax+br+c)R+dy)
+0~1(9(C) +Mpllgll 1 + (a3 + b3 +c3)R+ds),

where Mg is defined by (1.3). Then problem (1.1) has at least one positive solution.

Proof. By the definition of fy, for every € > 0, there exists r; > 0 such that

ft,(14+1)u, (1+1)v,w) > (1 —€) fod (u), Yu,v,w <ri, Vt € [a,b].

(3.6)
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Let 0 < € < 5 and define the open sets Qg = % (O,R) and Q, = B(0,r), where 0 < r < min (R, ).
We check that

u#Tu+ Ay, Vue PNIQ,, VA > 0.

If not, then there would exist ug € PN d, and Ay > 0 such that uy = Tup + Apy. Let 4 = min uy(7).

t€la,b
For any ¢ € [a,b], we have the estimates

u()(t) = (Tu())(t)-i-%
= A+ Y I(uo(t),ug(te)) + (B+ X D (uo(t), ug (1), ug ()t

+ Iyt =)0 (9(C) + I a(®) (7, 0(%), (), (1)) T
+ E Iae(o(10), (1) 45 (1)) ) ds + Ao

J§a=5)9" (7 a(=)f (v, o).y (1), i (7))de ) ds+ Ao
> [ia=9)07" (7 a(0)(1- )00 (185H)dT) ds+o.

Indeed, taking into account (3.6), we have

F(T,u0(1),up(7),u5 (7))

v

Flr,(1+12) 20 (14 0% (1))

> (1-e)fo0 (149) = (1-2)fod (4:).
for | 145 < fluo|| < r < ri. |5 <r<ry, and [ug(7)| < [[uo|| < r < ry. Hence
w(t) = fia—0" ([2a(x)(1—e)fo0 (5 ) de ) ds+ 4o
> [ia=967" (0 () 1 —e)fo [} a(e)dr) ds+ A
> 1 fola—s)¢~! ((1 —E)foffq(r)df) ds+ 2o
> 0 (o) i a =007 (317 a(0)dz) ds + Ao
> 507 ()0 (S a(0dx) ba? + Ao
> U+

Passing to the infimum over ¢ € [a,b], we get i > [ + Ay, which is a contradiction. For all u € PN JQg,
we deduce the estimates:

T
11(2 = ﬁT‘FﬁZIlk(”(tk)’”/(tk))

+Hﬂ@+25m<>mewm)

i ot =597 (9(C) + [ q(7) f (7, u(t), (7),u" (v))d7

+ Bl ()0 (1) ) s
tk>ﬁ°° o0 (3.7
A +k§1 T (u(i) ' (1)) + 5 <B+k§1 IZk(”(tk)aM,(tk),bt”(fk))>
+ i 507 (9(C) + Mg Jy= q(x)dT + (a3 + b3+ ¢3)R+d3)) ds
A+ (a1 +b1)R+cy +%<B+(az+bz+C2)R—|—d2)
+1f12¢71 (¢(C)+Mg Jy" q(t)dT+ (a3 + b3 +c3)R+ d3)
= [|ul].

IN

IN

IA
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So ||Tullo <R, Vu € PNJQg. Arguing in a similar way, we get

@w>=lﬂ@+zmu>wmwmw
L [0 (0(C) + L g(2) F(z () il (), (1)) d
+zaawmwmwmm0ds 68

t>s
< Y(B+(ama+br+c)R+dy)
+15071 (9(C)+ Mg [y q(1)dT+ (a3 + b3+ c3)R+d3)
< R=|ul,

that is, || Tul|; < R,Yu € PN JQg. We can also prove that ||Tul[z < R. Thus ||Tu|| < ||u|| = R. Finally
v =1 € P. Using Lemma 1.2 and Lemma 3.2, we conclude that problem (1.1) has at least one solution
in PN (Qr\Q,). 0

Example 3.4. Consider the boundary value problem:

( (WD)} = —e (|smt\+1n(1+1+I2)+1L+’,+(u"+1)%), >0, 1% 2
u(0) = 0,
W' (0) = 0,
U (+o0) 0, (3.9)
Au(t) = (14 4y <))“i*7, k=123,...
A () = e(L4u(t)+u'(s )) 4, k=1,2,3,...
~00W (1) = E(uln) +u (@) +u(1)¥, k=123,
We have
to=25 q(t) = e, I(u,v) = & (14 % +v) =
Dy (u,v,w) = (1+u+v) %‘4 , Bre(u,v,w) = (1—|—u+v—|—w)ik
and
f(t,u,v,w):|sint|+ln<l—|—1jt2)+l+t+(w+1);
¢ (u) =1, sothat ¢ ' (uv) = (u)3vi = ¢ (u)o ' (v).
Clearly

/ gq(t)dt =1 and ¢! </ q(r)dr) ds =3.
0 0 K

(I+u)*<1+owu, forall u>0, and 0 < ¢ < 1,

Using the inequality

we get
1 w oot 1 10% 107
]1](—?(14—?4-\7) 2 _?4‘723]( u-+ 22k V.

Hence

L <apu+bpyv+cik
with

1074 1074 1

by =

ay = 23]( ) 22/( y Clk = ?
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Then

ar=10"*Lay(1+) = &0 4,

by =10"*L by (1+1) = 30 ,

cr=Y cu=1,
Ly = l(1+Lt+V) i < T 1074u+ 1074\/.
3k 3k 32k 32k
It follows that
by < ayu+ by + doy

with

10~ 1
aZk:bZk:W7d2k:?-
ay =104 Lay (1412 = ”;04,
by =104 Ly (1+1) = 2002 ) =0,dy = Y.dyy =

Bi= (b ut v w)F < oot vtw).
* = ox uvw_5 s (utvtw

It follows that
I3k S azpu+ b3kV “+ 3w+ d3k

with . |
asg = by = c3 = 52 d3 = 5
Hence
Za3k(1+tk) 56’ Zb3k(1 +l‘k) 652’
=Ycu= 2*14, dy=1.
Finally

1
ft,(1+1)u (1+t)vw)_ysmt|+ln(1+u)+v+(w+1) 2+u—|—v+3w

Hence f(t,(1+t*)u, (1 +t)v,w) is bounded whenever u,v,w are bounded, so that (#4) holds. Also
% > l“(H”) — oo, as u — 0 implies that fy = +oo. Thus (7]) is satisfied in the super-linear case.
Moreover we get by computations the values R = 3.33, Mg = 1 +In(1+R)+ R+ (R+1)'/3 =7.4255, and
3.33 > 3.3275, which make validation of (.7%3). Therefore all hypotheses of Theorem 3.3 are fulfilled.

We conclude that problem (3.9) admits at least one positive solution u in P.

Next, we construct iterative solutions for the particular case of (1.1) when ' (+e0) =0 and ¢ ! (uv) =
o' (u)¢~'(v), Yu,v € R, for example, the usual p-Laplacian operator ¢ (s) = |s|"~s.

Theorem 3.5. In addition to Hypothesis (), assume that there exists a > 3A such that

() flt.x1,y1,21) < f(t,x2,)2,22),

0<t<e, 0<xi<m<a,yi<ym<azun<zn<a

() ft,(1+)a,(1+1)a,a) < ¢(55), f(£,0,0,0) #0,0 <t < eo.

(#6)  Li(x,y1) < Iig(x2,y2), 0<x1 <xp<a,y1 <y <a,
Li(x1,y1,21) < Iig(x2,¥2,22),

0<xi<xx<a,y1<y<a,z1<2<a,i=23.

(ﬁiﬁ) I3k((1—|—t2)a,(l+t)a,a) < ¢(3LM)63](, 0<1t<oo,

e3= Y ez < oo,
k=1

(3.10)
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B+d A te
A:max{] e . ta }, M=¢! (/ q(s)ds+e3>.
s—ay—by—cy 5—a;—b 0
3 2 2 2 3 1 1

Then there exist two iterate sequences (vy) and (wy) such that v* = lim v, and w* = lim w,, are positive
n—oo Nn—soo

where

nondecreasing solutions of problem (1.1) with 0 < ||v*||,||w*|| < a.

Proof. By Lemma 3.2, operator T : P — P is completely continuous. From (3.1), we can easily check that
Tx; < Tx, forany xy,x € P withx; <xp,x} <xb,x] <. Let B, = PN %L (0,a). Then P, = PN.HA(0,a).
Next, we prove T : P, — P, . If x € P, then ||x|| < a and
(Tw)"(t) = ¢~ (7" q(0)f(z,u(r),u'(7),u"(1))dt
X Bl (). 1)
>t

o1 (¢(3ﬁ4)f,+°°q<f)df+ y 13k<u<tk>,u’(rk>,u"<rk>>)

4>t

0t (08 [ a(dT+9() ¥ en
0! (ﬁ;)(ft dT+Z€3k>>

! ( 0 q(t)dt+ Z €3k>

%%¢“Ub dr+eg
<a

INININ A

ININ

wI ¢

Also

e o (B+212k< () )4 0) )
+r7 (oo (™ q(e)f(zu(z),u(7),d"())dT
+ Iz>t13k(u(tk),u/(tk),u”(tk))>) ds
(B+ (a2 +ba+c2)a+dy)
a p—1 0 pay
+37 ¢ <fo Q(T)d7+k§.1€3k>

2a
3

IN

IN

and

T = et e L () 1)

i (B+tkz<t12k< ()l 1) 1))
s (= )0 (1 q(e) £ (5. u(0),u(2), ()T
+ . Belutt)al ()0 0) ) ) s
A+@n+bﬁa+q%%B+%@%Ju+6ﬁw+@)
+ﬁ¢71 (fo mq(r)dr+k§1 e3k>

a a __
< 3t3ti=a

IN
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Thus || Tul| < a. Let wo(r) = $(1+1+ ), > 0. Then wo(r) € Pq. Let wi (1) = Two(t). Then w (1) € P,
Inductively, we define the sequence

Wn+1:TWn:TnW07n:1727"" (311)

Since T : P, — P,, we have w,,(t) € T(P,) C P,, n=1,2,.... Since T is completely continuous, we find
that {w, }>_, has a convergent subsequence {wy, }7-_, and there exists w* € P, such that w,, — w*, as
k — +oo. By () — (63), we have

Wl(l) = TW()([)
= A+t§;hk(wo(tk)7w6(tk) + <B+ ) Izk(WO(tk),Wé)(l‘k),Wg(tk))>t

n<t

=)0~ (™ (2) £ (2wole), wh(2) wi(1))d T
+zmwwm%mwwm0m

t>s
wo(t)

IN

and
wi(t) = (Two)'(t)
= (B+ Y IZk(WO(tk),W6 tk WO tk )

<t

6L (7 g(2) (2 wo() i (2),wl(2))de
+zmwmwmm%wﬁw

>s

(wo)'(2),

IN

wi(t) = (Two)"(r)
= ¢~ (" a(0)f(z.wo(7), wh(1), Wi (1))dT

+zmwwm%mmwmﬁ

B>t
wi(1).

IA

Hence, for positive ¢,
= TW]( )
wy(t) = (Tw1)'(z)

By induction we have for n =0,1,2,... and positive ¢

wa (1)

<
<

wa(t),
W1 (£) wi (1),
Wor1 (1) w, (1)-

We claim that w, — w* as n — co. By the continuity of 7" and the fact that w,, 1 (t) = Tw,(t), we obtain

that Tw* = w*. Let vo(t) = 0, t > 0. Then vo(t) € P,. Letting vi = Tvg,v2 = T?vy, we have v; € P, and

V2 € P,. Denote

Wn+1 (t)

VANRVANVAY

Vpr1 =Tv, = T, n=0,1,2,---

Since T : P, — P,, we have v, € P,, n =1,2,3,... Since T is completely continuous, we find that
{vn};_, is a sequentially compact set. So it has a convergent subsequence {v,, };, and there exists
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v* € P, such that Vy, — V. Since vi =Ty € P,, we have, for positive ¢,

vi(t) = (Tw)(t)=T0(t) >0,
vVi(t) = (Tvo)' (1) = (T0)'(1) = 0 =vg (1),
Vi) = (Tw)"(t) = (T0)"(t) = 0 =v;(1).
By () — (#), we have fort > 0
v(t)=(Tv)t) > TO0()=vi(1),
Vy(t) = (Tv1)'(t) = (Two)'(t) = v (),
V(1) = (Tv)"(t) = (T0)"(r) > 0=v{(z).

By induction, we finally obtain for n = 1,2,3,... and positive ¢

Vitl = Vn,
v /
Vit > Vi
V! 7
Vi+1 = V-

Hence v, — v* as n — oo. By the continuity of T and the fact that v, | = T'v,, we get v* = Tv*. Thus v*
is a positive solution. O

Remark 3.6. Theorem 3.3 extends the existence results in [5, 10, 12], where problem (1.1) was stud-
ied without impulse points and in [11], where the ¢-Laplacian problem was investigated on a bounded
interval. In [14], the existence results for an impulsive ¢-Laplacian problem were obtained for a second-
order differential operator set on a bounded interval of the real line. Theorem 3.5 provides a concrete
construction of approximate solutions to a third-order impulsive ¢-Laplacian BVP. We refer to [19],
where iterative solutions were obtained for a third-order ¢-Laplacian BVP without impulses and set on
[0,1].
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