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Abstract. In this paper, a model structured in vaccination and infection ages with a general class of nonlinear incidence
is introduced and investigated. The resulting model is a system of two age-structured PDEs and an ODE with a non local
term. We give a necessary and sufficient condition for global asymptotic stability of the free-equilibrium related to the basic
reproduction number. Further, by constructing a new Lyapunov functional, we show the global asymptotic stability of the
endemic equilibrium whenever it exists. Finally, a discussion about controlling the spread of the disease is provided.
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1. INTRODUCTION

There is a vast and a growing literature on the analysis of the dynamics of the well-known Susceptible-
Vaccinated-Infected-Removed (SVIR) ODE model, see [1, 2, 3, 4] and the references therein. The huge
number of existing papers on the subject can easily threw the non-specialist reader off balance, so we
begin by highlighting our main contribution. Indeed, an important aspect in disease modeling is the
incidence rate, that is, newly infected individuals per unit of time. A bilinear form of incidence rate
(action mass type) such as, SI or SJ, where J = [;” B(a)i(t,a)da, (B(a) being the transmission rate with
respect to the age of infection and i being the density of infection individuals) is frequently used. This
is often considered to characterize the fact that the contact number between susceptible and infective is
proportional to the product of both sub populations, see [5, 6, 7, 8, 9]. Nevertheless, several authors
suggested that the disease transmission process may have a non linear incidence to ensure a good de-
scription of the disease dynamics [10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25]. Our
main contribution consists in considering a nonlinear incidence function in its most general form that is
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f(8,J), which generalizes most of usual forms of incidence rates. This generalization has an obvious
biological interest, but it also has a purely mathematical interest, as it requires the introduction of some
new ideas to construct a suitable Lyapunov function and by the sequel the study of the global dynamics
of our model.

The evolution of the disease is linked to a threshold quantity Ry (basic reproduction number) being
smaller or larger than one. These models do not make distinction between individuals. Thus, its assume
constant per capita rates in a living class. However, an individual varies from others according to some
particular aspects, such as, the infection age, that corresponds to the time since the infection began.
Moreover, when vaccination is considered, the duration of immunity of an individual vaccine, (which is
the definition of age of vaccination) vary also between individuals. So, the introduction of these types
of age into the model may provide more realistic prediction for persistence and extinction of a disease
under investigation. In the context of age infection model, Thieme and Castillo-Chavez [26] developed
and analyzed a model of the infection age-dependent infectivity. This work has been followed by many
age structured models [8, 9, 21, 27, 28, 29, 30, 31]. On the other hand, many works have been devoted
to study the age vaccination model, see [5, 8, 9, 21, 24, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42] and the
references therein.

In this paper, we will consider a nonlinear incidence function in its very general form f(S,J) and
under suitable hypotheses on f and present the global stability of the free-disease equilibrium provided
that R(‘)’I < 1 and of the endemic equilibrium whenever it exists, under the condition R(l)’/ > 1.

2. MODEL FORMULATION

In this paper, we deal with the following model
S(t)y=A—u+w)S(t)— £(S(1),J(1)) + [y a(a)v(t,a)da, t>0,

ve(t,0) +vp(t,b) = —(u+a(b))v(t,b), t>0, b>0,

(2.1)
if(1,a) +ia(1,0) = —(0+ v(a))i(t,a), >0, a>0,
L J(t) = [y B(a)i(t,a)da, t >0,
associated to the following boundary and initial conditions
v(t,0) = yS(t), t>0,
i(t,0) = f(S(r),J (1)), t>0,
S(0) =Sp >0, 2.2

v(0,.) =wo(.) € LL(RY),

[ (0,.) =ip(.) e LL(RT).

S(t) represents the number of susceptible individuals at time 7.
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v(t,b) represents the density of vaccinated individuals at time #, and at age b, which is the duration of
immunity of a vaccine for an individual.

i(t,a) represents the density of infected individuals at time ¢ ant at age a, being the infection age.

B(a) and y(a) are respectively, the transmission coefficient, the recovery rate of infected individuals
with age a.

o(b) is the vaccine wane rate with age b.

The parameters A, [, W represent respectively the entering flux into the susceptible class (S), the mor-
tality rate of the total population and the vaccination rate of susceptible individuals.

Our incidence rate f(S,J) generalizes a lot of common forms of incidence rate such as, BSJ, %,
BSJ
14+aS+bJ+cSJ*

Recently, Yang, Martcheva and Wang [24] and Duan, Yuan and Lie [32] considered the structured
SVIR model with age of vaccination. Both works considered the case where J is governed by an ODE
(roughly speaking f(a) is constant), in addition, the first one considered only a mass action type inci-
dence (f(S,I) = SI) and the second one analyzed the particular case f(S,/) = SG(I), which make our
present model and results more general than the cited works and by the sequel much more complicated
to study.

Up to our knowledge the forms of incidence rate as Hg%, (Beddington-DeAngelis functional re-
sponse), msﬁ;% (Crowley-Martin functional response) have not been analyzed before. We empha-
size that the global asymptotic stability of the equilibria of problem (2.1)-(2.2) is established by the use
of a more complex Lyapunov function than the one used in [34].

We present now our basic assumptions and notations that will be used later.

The nonlinear incidence function is assumed to fulfill the following classical conditions:

(H1) f is strictly increasing for both components S and J with f£(0,J) = f(S,0) =0 for all §,J >0,

0
(H2) The function of (.,0) is positive continuous,

aJ

(H3) For all S > 0 the function f(S,J) is concave with respect to J,

(H4) The function f is locally Lipschitz continuous in S and J, with a Lipschitz constant L > 0, i.e. for
every K > 0 there exists some L := Lg > 0 such that

| £(S2,2) = f(S1,J1)| < L(|S2 =S|+ [J2 = 1),

whenever 0 < §5,,51,/7,J1 <K.

All parameters are positive, we also assume that § € Cgy (R™,R™), where Cpy (R, R™) is the set of
all bounded and uniformly continuous functions from R" into R™. The functions ¢,y are assumed to
belong to the set L7 (R™), the nonnegative cone of L*(R™).

The disease splits the population (N) into susceptible, infective and removed individuals, that is,
N(t) = S(t) +V(¢) +1(t) + R(r) with I(r) = [;"i(t,a)da and V(t) = [; v(t,b)db. The removed class
is modeled as

R(t) = /0 @it a)da— uR(1). 2.3)
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The total population N () satisfies:
N/(t) :A_ILLN(t)7

A
the solution N(7) of the last equation converges to E, when ¢ goes to oo. Hence, the equation of R in (2.3)

can be omitted.

Throughout this paper, we denote

Fi(b) =e li®)qp,

Faa)=e i"®gp,

2.4)
a=Jo a(b)Fi(b)e " db,
( B =J5 Bla)F 2(a)e Hda,
and
N, — # 0 _—ub N
M= iy " (b) =e °F 1 (b)yN,. (2.5)

Next, we set ®(t,.) = (v(z,.),i(z,.)), Do(.) = (vo(.),io(.)) and
()| = [v(t, )|+ i(z,.)| and [|®[|; = /0 |®(a)|da.
Using the same idea as in [34], we show existence, uniqueness and positivity of the solution of (2.1)-(2.2).

Theorem 2.1. Assume that (H4) holds and let us suppose (So,®o) € R* x (L' (RT))?. Then there exists
a unique non-negative solution (S,®) € C'(R™) x C(R*; (L'(R"))?) of problem (2.1)-(2.2). Moreover,
we have the following estimates,

o A ~ -
S(t)+/0 [@(r,a)lda < max{So+[[@olls, 7} := M, J(#) < [| =M,

forallt > 0, and the upper bounds satisfy,

* A A
limsup (S(r) + / D(t,a)|da) < 2. limsup(1) < |||
t—o0 0 Hu t—so0 Hu
Finally,
liminfS(z) > A, (2.6)
[—o0
_ . * A
ayA <liminf [ a(b)v(t,b)db < ||t||c—. 2.7
f—ro0 0 [.L
. A . . . .
with A := ———— and L is a Lipschitz constant defined in (H4).

p+y+L

Notice that, for (2.1)-(2.2), R(l)V of secondary infections produced by a single infected individual is
defined by

_Jdf _
RY = B2L(%,.,0).

For more details about the reproduction rate, we refer the reader to [43].
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The rest of this paper is organized as follows. The next section focuses on the existence of compact
attractors. Next, we will prove that the disease-free equilibrium is globally asymptotically stable when-
ever Rg/ < 1. Furthermore, we will investigate the global dynamic of the endemic equilibrium, whenever
it exists. Finally, we present a discussion on a possible way to control the epidemic disease.

3. PRELIMINARIES

3.1. Volterra formulations and Global compact attractors. We begin by writing (2.1) in the form of
a Volterra type equation, namely,

e (b)yS(t—b), t>b>0,
W(1,b) = 3.1)

eutFlF(lb(li)t)vO(b—t), b>r>0.
e M fs(a)f(S(t—a),J(t—a)), t>a>0,
i(t,a) = (3.2)
e—uthF(Za(é_l)t)iO(a—t), a>t>0
and
S'(t)=A—(u+y)S(t) = f(S(t),J (1)) +U ),
(3.3)
S(0) =Sy
with
J(t) = Jy (a)i(t,a)da,
(3.4)
U(t)= [y a(b)v(t,b)db.
Combining (3.2) and (3.3) and by a simple computation, we obtain
S'(t) =A—(u+w)S(t) = f(S(1),J (1)) +U),
(3.5)
J(t) =Ji(t) + Ja(2),
where
I(r) = /0 B(a)£(S(t —a),J(t — a))F 2(a)e M da, (3.6)
o [T . Fala+t)
D) = et /O Bla-+1io(a) - da 3.7)

Now, it is not difficult to show the existence of a continuous semiflow

D(1,(So,vo(.),i0(.))) = (S(2),v(t,.),i(t,.)), (3.9)

with (S,v,i) is solution of the autonomous problem (3.2)-(3.4).

We choose X = R x L'(R") x L'(R") endowed with the natural norm
(S, v, i)lx = IS]+ [Vl + il -

The following theorem states the existence of a compact attractor of all bounded sets of X, (the concept
of global attractors is presented in, e.g., [44, 45, 46]).
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Theorem 3.1. Suppose (H4) holds. If I » € L'(R"), then ® has a compact attractor A of bounded sets
of X.

Proof. By Theorem 2.1, the semiflow ® is point-dissipative and eventually bounded on bounded sets

on X. Hence, from Theorem 2.33 in [45], we only need to show the asymptotic smoothness of & to

complete the proof. In order to prove this property, we apply Theorem 2.46 in [45]. We define

as

OJ) (tv (S07v0(')7i0('>)) = (0,\/1 (t7 ')7W1 <t7 ))7

0, t>b,
Dl(l,b):
. F1(D)
7 _yo(b—t b>t
e F](b—t)VO( )’ )

f(S(t—a),(t—a))e " F1(a), t>a,
wilta) = Fa(a)

R |
iola =1 =

a>t,

and @(t, (So,v0(.).io(.))) = (S(1),va(t,.), wa(t,.)) with

e Mo (b)yS(t —b), t>b,
Vz(l‘,b) =
0, b>t,

(f(S(t —a),J(t—a)) —f(S(t—a)jfg(t—a)))e_”“Fg(a), t>a,

WZ(t’a):
0, a>t.

From (3.2), we have

(1, (So,vo(-),i0(-))) = O1(t, (So,vo(-),0(-))) + @a(t, (S0, vo(.),io(.)))-

(3.9)

(3.10)

(3.11)

(3.12)

Now, by using the same arguments as in [34], we can prove the asymptotic smoothness of ®. This

complete the proof.

g

3.2. Total trajectories. We describe now the total trajectories of system (2.1), that are solutions of (2.1)

defined for all ¢ € R. These extended solutions play an important role in the global asymptotic stability

of equilibria.
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We consider ¢ a total ®—trajectory, ¢ (1) = (S(¢),v(t,.),i(t,.)). By a straightforward calculation (see,
also [34, 45]), we obtain, for all s € R,

([ S'(s) =A—(R+y)S(s) = f(S(5),(5)) + U (s),
U(s) = Jo a(b)e M F1(b)yS(s —b)db,
v(s,b) = e ML 1(b)wS(s—b), b>0, (3.13)

I(s) = Jg Bla)e " Fa(a)f(S(s—a),/(s—a))da,

i(s,a) =e ™ Fqya)f(S(s—a),J(s—a)), a>0.
The next lemma presents some useful estimates of the total trajectory, related to the compact attractor
A.

\

Lemma 3.2. Assume that (H4) holds. Then, for all (So,vo,ip) € A,

A
So+ Jo vo(b)db+ [y io(a)da < ﬁ, and

o A
Ji Bla)i ()da<f||B||w, >
m—fo a(b)v <>db<*HaHm, 0(a) < (4, [1Bll2)e 4 5(a),

yAe M0 (b) VA
vae "0 o )< Yot (b), a>0,b>0,
rES; _Vo()_ue Fi(b), a>

where L is the Lipschitz constant defined in (H4).
Proof. First, since F 2(a) < 1 for all a > 0, we have
1) = / i(t,a)da < / R f(S(t —a), J (1 —a))da = T(1).
0 0

After a change of variable, the function 7(¢) becomes

)= [ M0 7((5).05))ds,

—oo

and satisfies the following equation
I'(t)=f(S(t),J (1)) —pul(r), tER. (3.14)

From (3.13), we have
V(t) = [, v(t,b)db,

= Lo It s)yS(s)ds

The derivation of this last equation leads to

VI(t)=wS(t)—uv(t)-U(t). (3.15)
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From (3.14) and (3.15), we find from the equation of S in (3.13) that
SO +V () +T(t)=A—u(S@E)+V(t)+1(t)).
For t > r, and by a direct computation, we have
SE)+V () +1(1) = (S(r)+V(r)+1(r))e *) + A / -5 g
r

By letting r — —oo, we obtain
- A
S(H)+V(@)+I(t) = m teR.

Since I < I, we have

SO)+V(@)+1(r) <

= >

A A
and J(1) < w—, U(t) < ||0||eo—,
(t) HM\u () <l Hu

A A
i(t,a)gf(ﬁ,HBHooﬁ)e’“”Fz(a), a>0, Vt eR,

and A
vu¢ygwﬁfwfmm,bzo,w€R.

Now we deal with S in (3.13). By the boundedness of J and (H4), we have

S > A—(u+w)S(t)—f(S(t%HBHooﬁ),

> A= (u+y)S() —LS(),

> A—(u+w+L)S().

Finally, by a straightforward computation, we have

A
S(t) > —— VreR. 3.16
()_N+W+L (3.16)
Similarly as above, we can show the rest of estimations. This completes the proof. U

4. THE GLOBAL ASYMPTOTIC STABILITY OF THE DISEASE-FREE EQUILIBRIUM

This section is devoted to the global asymptotic stability of disease-free equilibrium.
We observe that system (2.1) always has a disease-free equilibrium (Ny,,v°(.),0) with Ny, and v°(.)
are defined in (2.5).

Theorem 4.1. Let [ > € L' (R"), and suppose that (HI)-(H4) hold. Then, the disease free equilibrium
(Ny,v°(.),0) is globally asymptotically stable whenever Rg’ <.

Proof. Let us define the function ¢ as

A w0) [ e e 26)
(@)= 558y, 0) [ ()2 ag,

which is solution of the following problem

(@) = (14 Y@)0 (@)~ B(@) 2L (8, 0), >0,
(4.1)

9(0) =Ry.
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We first define the functions,

_ v Ny.,J _

o) =v [ “1=ae,

a

and

with

o1 (b) = a(b)F 1 (b)e
and @ is defined in (2.4). For x := (So,vo(.),i0(.)) € A, we consider as the Lyapunov functional V (x) =
Vi(x) + Va(x) 4 V3(x), where

_ Soo . f(N,J) S
i =S- [ Jim 2 dn

Va(x) = /qu)(a)io(a)da’
and b
Vi(x) = /O 0(b)G( T
Let x : R — A be a total @—trajectory, x (1) = (S(r),v(¢,.),i(z,.)), S(0) = So, v(0,a) = vo(a) and i(0,a) =
io(a), with (S(¢),v(t,a),i(t,a)) is solution of problem (3.13)
d . Ny.J
Vi(x(t)) = (1 _Jlg(r)l+ J]:((S(Z/)J))

)db.

yrd ) (A= (u+y)S(t) = f(S().J (1)) + v 5 01 (b)S(t — b)db).
Using (2.5) (A = (U + (1 — o) W) Ny), we get

d f(NV/?J) N — . f(NIV?J))

EVl(X(t)) = (u+(I-a)y)(1 _JIL%L F(S(),7) J=0+ f(S(2),J)

_ f(Ny, ) . f(V
= SSO.J@)(1= lim Fere) +w(l = lim oo

Next,
x) = [y é(a)i(t,a)da.

From the expression of i in (3.13), we have

Va(x(@®) = Jo $1(a)§(t —a)da,
with
§(t) = f(8(1),J(2)), and ¢1(a) = ¢(a)e " 2(a). 4.2)
Following the same arguments as in the proof of Lemma 9.18 in ([45]), we can show that V; is absolutely

continuous and
d

22 (0) = 01(0)5 (1) + Jo" 91 (a)S (1 — a)da.

In view of (4.2), we arrive at

%Vz(x(t)) = 0(0)f(S(t),J(1) + J5 (¢'(a) — o (a) — v(a)¢(a))e HF2(a) f(S(t —a),J (t —a))da,
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which together with (3.13) and (4.1) implies that
d

2 20) = 0(0)f(S().J (1)) + Jg" ¢"(@)ilr,a)da — J5" (1 +7(a))i(t,a)9(a)da,

= RYF(S).0) 1) 2 (. 0).

On the other hand, we find from the expression of v in (3.13) that

_ /0 " O(b)H(S(t —b))db.

So, also as in the proof of Lemma 9.18 in [45], we can show that V; is absolutely continuous and

SVx0) = 8(0)G(SW))+ I5 0'(B)GS( b)),
= gy (65(0) - Giste— ) P ay
Adding df};‘ , d;;z and dd‘?, and remarking that
G'(y)=a(1~ lim f}](\;wjg))
we find
DY) = (e p(-a)Fy )1 fim L8R

[04] (b)
a

db

+ Y fo (G(S(1) = G(S(t = b)) +G'(S(1))(S(t = b) = S(1)))

By using the fact that H is a convex function, & < 1, and Rg’ < 1, we get that the first three terms of this
above equation are negative. We claim that the fourth term is also negative. Indeed, the concavity of the

function f with respect to J ensures that

af
Hence
af
fFy ) f o o ™M ar
57 (S,0)
af
(N 70) 0
88Jf (s, - Ja—JJC(S 0)) <
57 (S,0)

d _ d
Notice that EV( x(t)) = 0implies that S(¢) = Ny,. Let Q be the largest invariant set, for which EV( x(1))=
0. Then in Q we must have S(z) = Nl,, for all € R. We substitute this into the equation of S in (3.13) to
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get J(¢) =0 for all + € R. Thus, from the equation of i in (3.13), we obtain i(¢,.) = 0 for all € R. In
addition, according to equation of v in (3.13), we also have v(t,.) = v(.) for all # € R. Then the largest

d _
invariant set with the property that EV( 2(t)) = 0is (Ny,°(.),0) (LaSalle’s Invariant Principle).
Now, since A is compact, the @(x) and a(x) are non-empty, compact, invariant and attract x(¢) as

t — oo, respectively, we know that V is constant on the ®(x) and a(x), and thus w(x) = a(x) =
{(Ny,v°(.),0)}. Consequently, Jim 2(t) = (Ny,»°(.),0) and
—> 100

dim V()= lim V(x(1) = V(Ny.1().0).

f—>+oo

Since V(x(t)) is a decreasing function of ¢, we obtain V (x(¢)) =V (Ny,,»°(.),0) for all € R. It follows
that () = (Ny,°(.),0) for all € R. In particular,

<S07VO<’)7i0(‘)) = (S(O),V(O,.),i((), )) = (NW,VO(.),O).

Therefore the attractor A is the singleton set formed by the disease free equilibrium (Ny,v°(.),0). By
Theorem 2.39 in [45], the disease-free equilibrium is globally asymptotically stable. O

5. EXISTENCE OF ENDEMIC EQUILIBRIUM STATES AND THE UNIFORM PERSISTENCE
In this section, we ensures the existence of a positive equilibrium states and then, we establish the

strongly uniform persistence of the solution to problem (2.1).

N
Lemma 5.1. Let lim f(Ny.J)

Jim, W > 1forS €[0,Ny). Then, ing/ > 1, system (2.1) has positive equilibrium

states.

Proof. An endemic equilibrium is a fixed point of the semiflow P,
d(t,(S*,0"%,i")) = (S*,v",i"), with i*#£0, V¢t >0.

From (3.1)-(3.2) and (3.3)-(3.4), we obtain

vi(b) =e M1 (b)ys”,

5.1)
i"(a) = e HF 2(a) f(S*,J7),
and
A—(u+y)S* = f(S*,J) + |y a(b)v*(b)db =0,
5.2)
7 =[5 Bl@)i*(a)da.
Combining the equations (5.2) and (5.1), we get
A=(p+y(l—a))s +f(57,J7),
(5.3)

Bf(S*,J) =J*.

with B, which is defined in (2.4). Following the same argument as [14, 15], we prove the existence of
positive equilibrium states. U
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We emphasis now on the uniform persistence; see, for instance, [44, 45, 47, 48]. For this purpose, we
apply Theorem 5.2 in [45]. We first suppose that

/ io(a)T1(a)da > 0, (5.4)
0
with
I(a) = / e MB(a+ t)e_f:ﬂ rle)do gy,
0

Remark 5.2. If [;"io(a)II(a)da = 0, then, by Volterra’s formulation of the solution, (3.5)-(3.6)-(3.7)
and Gronwall’s inequality, we can show that J(¢) = 0 for all > 0.

In order to state our main result, we need the following lemma, which is not difficult to prove.

Lemma 5.3. Ifthe function f is differentiable and concave with respect to J, then the following assertions
are verified.
(1) There exists a positive equilibrium (S*,J*) verifying (5.3) such that, for all S > 0,

x _ f(Sx)
— 1 0 J*
7 <f(S,J*) <1 for 0 <x<J*,
(5.5)
f(S,x) x
1< < — > J*.
fisr) ST
(2) There exists € > 0 and there exists 1 > 0 such that, for all S € [N — €,N + €|,
[0S ) o f(S.h2) 5.6)

Ji - J ’
forall0 < J1 <Jp, <.

We define a persistence function p : X — R* by

p(Sn-io,vo) = [ " B(a)io(a)da.
Then
p(D(t,x)) = /0 " B(a)i(t,a)da = J(1).
The following lemma affirm that the hypothesis (H1) in Theorem 5.2. [45] holds. The proof is similar

as the one presented in [34].
Lemma 5.4. Under assumptions (5.4), (5.5), J is positive on R.
Now we are ready to prove the strong uniform persistence of the disease.

Theorem 5.5. Let F, € LI(R+) and suppose (5.4), (5.5) and (5.6) hold. Then there exists some € > (0
such that

liminfJ(7) > €,

t—ro0

. . . |V
Jfor all nonnegative solutions of (2.1) provided that Ry > 1.
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Proof. By Theorem 5.2 in [45], and Lemma 5.4, the solution of problem (2.1)-(2.2) is strongly uniformly
persistent if it is weakly uniformly persistent. Suppose that the disease is not uniformly weakly persistent,
that is, there exists an arbitrarily small € > 0 such that

limsupJ(¢) < €.

[—>o0
Next, we set limtinf S(t) = Sw. Using the fluctuation method (see, for instance, [46]), there exists a
—>00
sequence #; such that lim §'(7;) =0 and lim S(t;) = S.
tg—ro0 tg—ro0

First, from (3.1), we observe that

lim [ a(b)v(t,b)db > Was..

tg—ro0 0

Combining this with the equation of S in (2.1), we have
_ A
0 > A-(u+(1-a)y)S- ff(ﬁ,s).
Therefore, we find that
Seo > Ny — 8(g),

f(5:8) i
“7_, and Ny is defined in (2.5).
p+(1-o)y ' N
On the other hand, we introduce the following auxiliary problem

where (&) =

i(t,0) +1a(t,a) = — (1 +¥(a))i(t,a),
i(t,0) = f(Ny — 6(¢),J(1)),

J(t) = [y B(a)i(t,a)da,

i(0,a) = ip(a).

From the monotonicity of the function f with respect to S and J, we deduce that (for ¢ so large and using

5.7

a comparison principle)
i(1,.) <it,.), (5.8)

Now by employing the same argument as in the proof of Theorem 5.5 in [34], we reach a contradiction.
This completes the proof. O

Let X, be a subset defined as
Xo = {(So,v0(.), i0(.)) € x;/o io(@)T1(a)da = 0},

where I1 is defined in (5.4).
From Theorem 5.7 in [45], we have the following result.

Theorem 5.6. There exists a compact attractor Ay that attracts all solutions with initial condition be-
longing to X \ Xo. Moreover Ay is p— uniformly positive, i.e., there exists some 8 > 0 such that

/O " B(a)iola)da > 8 forall (So,vo.io) € Ay (5.9)
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6. THE GLOBAL ASYMPTOTIC STABILITY OF THE ENDEMIC STEADY STATE

In this section, we discuss the global stability of the endemic equilibrium (S*,v*(.),i*(.)) of system
(3.13). Before stating the main result of this section, we need the following estimate, which guarantees
that all solutions of (3.13) with initial data satisfying (5.4), are bounded away from 0.

Proposition 6.1. There exists 8 > 0 such that, for all (So,vo(.),io(.)) € Ay,
io(a) > 8F 2(a)e ™, a>0.

Proof. Since Aj is invariant, there exists a total trajectory ¥ : R — Ay, ¥(r) = (S(¢),v(¢,.),i(z,.)) with
S(0) = So, v(0,.) = vo(.) and i(0,a) = ip(a). By (5.9), we have

/ﬁ )i(t,a)da > 9,

and
i(t,a) = f(S(t—a),J(t —a))F 2(a)e ™.

According to Lemma 3.2, we have

i(t,a) > 0F 2(a)e ™™ teR, a>0,
A

WhereS:: f(m76) O
Corollary 6.2. The following estimates hold
i.(t,a) > o 7
i*(a) — f(8,7%)
= i(t,a) B ) B(a)e M*Fo(a)
d >——— withd = ————""da,
o a2 gy vt dmi) = S5 e
and
f(8(@),J (1) = 8,
v(t,b) S A
vi(b) — (u+wy+L)S*’
forallt € R and & = f(u+Au/+L’ 5).

Theorem 6.3. Under the assumptions of Theorem 5.5, problem (3.13) has a unique positive endemic
equilibrium (S*,v*(.),i*(.)), which is globally asymptotically stable in X \ Xo.

Proof. Let ¥ : R — Aj be a total ®—trajectory, W(r) = (S(¢),v(z,.),i(t,.)), S(0) = So, v(0,b) = vo(d)
and i(0,a) = iy(a), where (S(t),v(¢,b),i(t,a)) is solution of problem (3.13). We set

dmy(b) = a(b)e M F |(b)db and dm;(a) = ﬁl(;)e““Fz(a)da,
where B is defined in (2.4). We also define

0u(6) = yS° [ dmi(8), and ga(a) = 1(5".0") [ dma(2)

and FS )
Hy) =y-—1 -1, d G —1.
(v) =y—In(y) an f S J*
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Then, for x := (So,vo(.),io(.)) € A1, we consider the following Lyapunov functional V(x) = V;(x) +
Va(x) 4+ V3(x) with
S0 f(8,J7)

Vi(x)=So—S"— dn,
1(x) 0 s F(m,77) n

v = [ H( D (ada

a)
and

Va(x) = /O i G(:SEZ) )91 (b)db.

~—

By analyzing the derivative of V;, and using the definition of the positive steady state in (5.3), we have

VOO = (= FET A FS0.50) ~ e S+ I S(e - b)dm ()
LSS : £(5°.0")
= (1= L (s )~ aws )+ (s - SO) - L
£(57.0) £(5°0) | e
= 001~ - LI 5t by o),

Following the same arguments as in the proof of Lemma 9.18 in [45] and noticing that [;"dmy(a) =1
and (3.13), we find

gy = a0 o)+ g E D= g da
L FSOIO) e e er e e S8 — @)1= a)
= H(W)f(b’ ) = (85,07 [y H( F(S5*7%) Ydmy(a).
Next, for V3, we get
vy = Do+ 6 of)an,
= 62 Dyyas s j7 6 yam o).
First, using the definition of H, we remark that
FSWI0),  FSWI0)  F80.00)
% ) = "Crem sy !
LS00, FS0.0), S0.50)
BN GO N D R G R GV D
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Hence, for V =V, 4V, 4 V3, we obtain

Sy ()
a . ACETS) ACETS) -
= IS = S)(1 i) + (= iy U — aws)
O S GO NPT CIORIQ)
S0 TN (1~ ) — A8 () — (s (s
ASO90) = £(8'07) 4 Wl =) [5G~ bdm (2
v gy oo gy S St —a),J(t —a))
- f(S J )fO H( f(S*,J*) )dm2(a)
v 6CW)yas s iy 6 yam, ).
Reorganizing these terms, it follows that
Sv(w)
_ . fsT) e L) ()
= WS = S0)(1— ) S8 (I — e )
o oy L8WI@) | FS0).J(0),
F I s s Y
o ey o g St —a),J(t —a)) gy (S5T) NI N
- f(8%,J9%) 5 H( ST Ydmy(a) — ays (1_f(S(t),J*))+G( o yas
= s 76 ham ) s - FEL LSS
f(S*,J%) _
+ (1_f(S(t),J*)>S(t>wa'
Using the definition of H, we arrive at
d _ " f(8%,07) . f8@), )\ f(87,77)
* * f(S(t)>J(t)) % Tk hd f(S(t_a)’J(t_a))
N 4 Gty
eS80~ )
+ s (GG o (= LSy S S0
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Further,
S(t)
S *

f(8%,J7)

& NCONR)

) p—
from which it follows that
d _f(smI)

DY) = (a+p(-a)s - So)-2o)
A 0 s
b (6O a1 e (Y EUSD Sa )
T )

1
Observe that the function —In(x) — —+1 <0, for all x > 0, and & < 1. Then the first two terms of this
X

above equation are negative. Now since G is convex, we have
G(b) —G(a)+ G (b)(a—b) <0, forall a,b positive.

Thus the third term is also negative. Next, we will claim that the last term is negative. For this, we set

FOI0) . e FSE—a)
O G

FSOI0) . o 1S —a).(—a)) Bla)e e 5(a)
s ) o sy )T 5

Since H is convex, we find from Jensen inequality [46, 49] that

J(8(),J(1)) o f(S(t—a),J(t—a)) B(a)e *'F 2(a)

— ) H da).
760,00 ) U s B Y

In view of the definition of J and J* in (3.13), (5.2), we obtain

f(S8(),J(t))

Loy H
7. )

D = H( D)ty a),

da.

D < H(

D < H(

J(t
Let us consider a time ¢ such that J(*) < 1. Then, from the hypothesis (5.5), we have
f(S(z

10 S80I

f(8(),T%)
Hence, since H(1) = 0 and H is decreasing in (0, 1), we have
H(J(t) f(8(),J(1))
J f(8(),J%)

J*

) > H(

J(1)

Therefore, D < 0. For other values of 7, i.e., I > 1. From (5.5), and by taking into account that H is

).

an increasing function over (1,c0), we arrive at the claim. Consequently,
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Further, %V(‘P(t)) = 0 implies that S(r) = S*.
Now we look for the largest invariant set Q for which %V(‘P(I)) = 0. In Q, we must have S(r) = S*
for all t € R. First, according to expressions of v and v* in (3.13) and (5.1), it is clear that
v(t,.)=v"(.), forall t € R.
Using the equation of S in (3.13), we obtain
A—(u+y(l-a))S" = (5", J(1)),
from which and the first equation of (5.3), we have
f(S*,J(@)) = f(S*,J), forall r €R.
It follows that
J(t)=J*, forall r € R.
Consequently, from the expressions of i and i* in (3.13) and (5.1), we conclude that
i(t,.) =1i"(.), forall t € R.
Following the same arguments as in the proof of Theorem 4.1, we conclude the global asymptotic stabil-

ity of the endemic equilibrium. Uniqueness is a direct consequence of the fact that £V (¥(¢)) = 0 holds
only on the line § = S*. g

7. NUMERICAL SIMULATIONS

In this section, we present some simulations to illustrate our results. To this end, we choose the

— Bu
EA

in such a way to have R(l)” < 1, and one can observe the global stability of the disease free equilibrium.

saturation response incidence rate f(S,J) In the first figure 1, we choose values of the parameters

In the second figure 2, parameters are chosen to have R(l)" > 1, and in that case we can observe the global
stability of the endemic equilibrium. In both cases, we take

(0.66(b—15)2060-15) 15 < p < 30,

a(b)=1{ 0.0185, 30<b <100,

\ 0, elsewhere.
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FIGURE 1. Simulation of solutions of system (2.1), for y = 0.4, A =20, u = 0.02,
y = 0.1. The disease-free equilibrium (N, v°(.),0) is globally asymptotically stable.
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FIGURE 2. Simulation of solutions of system (2.1), for y = 0.09, A =20, u = 0.02,
v = 0.01. The endemic equilibrium (S*,v*(.),i*(.)) is globally asymptotically stable.

8. DISCUSSION

In this paper, we established a SVIR age structured model with general incidence rate. The main
objective of this paper is to find, under what conditions on incidences, the global stability of equilibria.
The results are linked to the basic reproduction rate which naturally depends of the vaccination rate y.
So if this rate is less than one, the infection disappears and if this one is strictly greater than one then,
the endemic equilibrium appears and becomes globally asymptotically stable. Moreover, one can control
the spread of the epidemic disease by letting the basic reproduction number less than one, which can be
done by controlling the vaccination rate . In this framework and in the context of vaccination models,
an important question arises: if the Rg (which corresponds to the basic reproduction rate of (2.1)-(2.2)
without vaccination (y = 0)) is strictly greater than one, how many persons have to be vaccinated to
eradicate the disease? To this end, we begin by supposing that R8 = ‘}IILI}) R(‘)” > 1.
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Next the derivative of Rg' with respect to y is

drR! BA(1 — &) _
do = — - F'(Ny),
v p+(1—oy)
_ of _
with F(Ny) = a—JJC(NV,, 0). Since f(S,J) is an increasing function with respect to S, we have F'(Ny,) > 0
dRY
and thus TO < 0. On the other hand, we have
_ af
. v __p9% _
I}IELRO =P 57 (0,0) =0.

So there exists a unique y* > 0 such that Rg' =1 Therefore, we have a positive probability to eradicate
the disease provided that we apply a vaccination rate Y > y*.
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