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POSITIVE SOLUTIONS FOR SOME NONLOCAL ELASTIC BEAM EQUATION
BOUNDARY VALUE PROBLEMS WITH FULLY NONLINEAR TERM
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Abstract. This paper is concerned with the existence of at least one positive solution for the nonlocal elastic beam equation
boundary value problem with fully nonlinear term. Our result is based on a fixed point theorem in a cone and the Green’s
function of the nonlocal elastic beam equation boundary value problem. An example is also presented to illustrate our results.
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1. INTRODUCTION

In this paper, we discuss the following nonlocal elastic beam equation boundary value problem with
fully nonlinear term

y(4)(x)+δy′′(x) = f (x,y(x),y′(x),y′′(x),y′′′(x)), 0 < x < 1, (1.1)

y(0) = y(1) =
∫ 1

0
p(x)y(x)dx, y′′(0) = y′′(1) =

∫ 1

0
q(x)y′′(x)dx, (1.2)

where we assume that
(H1) 0 < δ < π2;
(H2) f : [0,1]×R4→ R+ is continuous, p,q ∈ L[0,1], p(x)≥ 0,q(x)≥ 0, and∫ 1

0
q(x)sin

√
δxdx+

∫ 1

0
q(x)sin

√
δ (1− x)dx < sin

√
δ .

Recently, some results on the existence of solutions of the ordinary differential equation boundary val-
ue problem were established via different methods; see [1]-[15] and the references therein. In mechanics,
the fourth-order boundary value problem is called the elastic beam equation which describes the defor-
mation of an elastic beam in equilibrium state. In real problems, only positive solutions are meaningful.
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The existence of positive solutions for the fourth-order differential equations with one or two parameters
has received much attention in recent years. Bai [1] proved the existence of positive solutions for the
following fourth-order boundary value problem with two parameters

y(4)(x)+βy′′(x) = λ f (x,y(x),y′′(x)), 0 < x < 1, (1.3)

with boundary condition (1.2), where λ > 0, 0< β < π2, f ∈C([0,1]× [0,∞)×(−∞,0], [0,∞)), functions
p,q ∈ L[0,1], p(x)≥ 0, and q(x)≥ 0 such that

∫ 1

0
q(x)sin

√
βxdx+

∫ 1

0
q(x)sin

√
β (1− x)dx < sin

√
β .

By the Krasnosel’skii’s fixed point theorem, the author proved that boundary value problems (1.3)-(1.2)
has at least one positive solution.

In [2], Guo, Yang and Liang showed the existence of positive solutions to (1.1)-(1.2) by defining two
positive continuous convex functionals. Based on a fixed point theorem due to Guo and Ge [3] and the
nonlocal fourth-order BVPs Green function, some criteria for the existence of positive solutions were
obtained; see [2] and the references therein.

In [4], Li studied the solvability of the fourth-order boundary value problem

y(4)(x) = f (x,y(x),y′′(x)), 0≤ x≤ 1, (1.4)

y(0) = y(1) = y′′(0) = y′′(1) = 0, (1.5)

where f : [0,1]×R2→ R is continuous. By the maximum principle, the author developed a monotone
iterative method for the above boundary value problem (1.4)-(1.5), and obtained some existence and
uniqueness results of problem (1.4)

In [5, 6], a novel efficient method for this kinds of fourth-order nonlinear boundary value problems
was given, and the existence and uniqueness results of positive solution of problem (1.1)-(1.2) were
obtained. These authors reduced the problem to two second-order problems and defined an operator A
for the right hand side function with solutions of the second-order problems. They reduced the problem
to a operator equation. Under some easily verified conditions on this function in a specified bounded
domain, they proved the contraction of the operator. This guarantees the existence and uniqueness of a
solution of the problem and the convergence of an iterative method for finding it.

All the above results were established under the assumption that derivatives y′,y′′′ were not involved
explicitly or Lipschitz condition was involved in the nonlinear term f . Inspired and motivated by the
results mentioned above, we will study the existence of positive solutions for the nonlocal fourth-order
boundary value problem (1.1)-(1.2).

The rest of the paper is arranged as follows. In Section 2, we list a lemma and a theorem, which
play an important role in the proof of our main results. In Section 3, we study the existence of positive
solutions for the nonlocal fourth-order boundary value problem (1.1)-(1.2). In Section 4, an example is
given to illustrate our main results.



NONLOCAL ELASTIC BEAM EQUATION BOUNDARY VALUE PROBLEMS 3

2. PRELIMINARIES

Denote by G1(x, t), G2(x, t) the Green’s function of the following problems
− y′′(x) = 0, 0 < x < 1,

y(0) = y(1) =
∫ 1

0
p(x)y(x)dx;

− y′′(x)−δy(x) = 0, 0 < x < 1,

y(0) = y(1) =
∫ 1

0
q(x)y(x)dx.

Then

G1(x, t) = K1(x, t)+m1

∫ 1

0
K1(t,s)p(s)ds, (2.1)

G2(x, t) = K2(x, t)+m2

∫ 1

0
K2(t,s)q(s)ds, (2.2)

where

K1(t,s) =

t(1− s), for 0≤ t ≤ s≤ 1,

s(1− t), for 0≤ s≤ t ≤ 1,

K2(t,s) =


sin
√

δ t sin
√

δ (1−s)√
δ sin

√
δ

, for 0≤ t ≤ s≤ 1,
sin
√

δ ssin
√

δ (1−t)√
δ sin

√
δ

, for 0≤ s≤ t ≤ 1,

m1 =
1

1−
∫ 1

0 p(x)dx
,

m2 =
sin
√

δx+ sin
√

δ (1− x)

sin
√

δ −
∫ 1

0 q(x)sin
√

δxdx−
∫ 1

0 q(x)sin
√

δ (1− x)dx
.

Lemma 2.1. ([1]) Suppose that (H1) and (H2) hold. Then, for each g(x) ∈C[0,1], the problem
y(4)(x)+δy′′(x) = g(x), 0 < x < 1,

y(0) = y(1) =
∫ 1

0
p(x)y(x)dx, y′′(0) = y′′(1) =

∫ 1

0
q(x)y′′(x)dx,

(2.3)

has a unique solution

y(x) =
∫ 1

0

∫ 1

0
G1(x, t)G2(t,τ)g(τ)dτdt. (2.4)

Using (2.4), we get

y′(x) =
∫ 1

x

∫ 1

0
(1− t)G2(t,τ)g(τ)dτdt−

∫ x

0

∫ 1

0
tG2(t,τ)g(τ)dτdt,

y′′(x) =−
∫ 1

0
G2(x, t)g(t)dt,

y′′′(x) =−
∫ 1

0

∂G2(x, t)
∂x

g(t)dt.

Our main results are based on a fixed point theorem due to Bai and Ge [7], which is a generalization
of the fixed point theorem of cone expansion and compression of norm type.
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Suppose that Y is a Banach space, P ⊂ Y is a cone, and αi : Y → [0,∞), i = 1,2, · · · ,n are given
continuous nonnegative functionals. There exist two positive constants M1 and M2 such that

αi(λy)≤ λαi(y), for y ∈ Y, λ ∈ [0,1], i = 1,2, · · · ,n, (2.5)

M1 max
i

αi(y)≤ ‖y‖ ≤M2 max
i

αi(y), for y ∈ Y. (2.6)

Let Li > ri > 0, i = 1,2, · · · ,n be constants. Let

Ω1 = {y ∈ Y |αi(y)< ri, for i = 1,2, · · · ,n}

and
Ω2 = {y ∈ Y |αi(y)< Li, for i = 1,2, · · · ,n}

be two open subsets in Y . Moreover, for i = 1,2, · · · ,n, we denote

Ci = {y ∈ Y |αi(y) = ri,α j(y)≤ r j, for j = 1,2, · · · ,n; j 6= i},

Di = {y ∈ Y |αi(y) = Li,α j(y)≤ L j, for j = 1,2, · · · ,n; j 6= i}.

Theorem 2.2. ([8]) If T : P→ P is a completely continuous operator satisfying:

(S1) αi(Ty)≤ ri,y ∈Ci∩P;αi(Ty)≥ Li,y ∈ Di∩P;or

(S2) αi(Ty)≥ ri,y ∈Ci∩P;αi(Ty)≤ Li,y ∈ Di∩P;

for all i = 1,2, · · · ,n, then T has at least one fixed point in (Ω2\Ω1)∩P.

3. EXISTENCE OF POSITIVE SOLUTIONS

Let Y = C3[0,1] be a Banach space equipped with the norm ‖u‖ = max
i∈{1,2,3,4}

{ max
0≤x≤1

|y(i−1)(x)|}. Set

P = {y ∈ Y |y(x)≥ 0,y′′(x)≤ 0,x ∈ [0,1]} a cone. Define functionals

αi(y) = max
0≤x≤1

|y(i−1)(x)|, for y ∈ Y, i = 1,2,3,4.

Then αi : Y → [0,∞) are four continuous nonnegative functionals such that ‖y‖ = max
i∈{1,2,3,4}

{αi(y)} and

(2.5), (2.6) hold. The functions G1(x, t),G2(x, t) are defined by (2.1), (2.2). By (H1) and (H2), it is clear
that

G1(x, t)≥ 0, G2(x, t)≥ 0, for 0≤ x, t ≤ 1. (3.1)

Define an operator T as follows:

(Ty)(x) :=
∫ 1

0

∫ 1

0
G1(x, t)G2(t,τ) f (τ,y(τ),y′(τ),y′′(τ),y′′′(τ))dτdt. (3.2)

Obviously, any fixed point of (3.2) is a solution of (1.1)-(1.2). From (3.2), we get

(Ty)′(x) =
∫ 1

x

∫ 1

0
(1− t)G2(t,τ) f (τ,y(τ),y′(τ),y′′(τ),y′′′(τ))dτdt

−
∫ x

0

∫ 1

0
tG2(t,τ) f (τ,y(τ),y′(τ),y′′(τ),y′′′(τ))dτdt,

(Ty)′′(x) =−
∫ 1

0
G2(x, t) f (t,y(t),y′(t),y′′(t),y′′′(t))dt,

(Ty)′′′(x) =−
∫ 1

0

∂G2(x, t)
∂x

f (t,y(t),y′(t),y′′(t),y′′′(t))dt.
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By property (3.1) and assumption f > 0, for y ∈ P, we have

(Ty)(x)≥ 0, (Ty)′′(x)≤ 0, x ∈ [0,1].

These imply that T : P→ P is completely continuous by Arzela-Ascoli’s theorem.
Now, we prove our main existence theorem for problem (1.1)-(1.2).
For the sake of convenience, we denote

M1 = max
x∈[0,1]

∫ 1

0

∫ 1

0
G1(x, t)G2(t,τ)dτdt,

M2 = max
{∫ 1

0

∫ 1

0
(1− t)G2(t,τ)dτdt,

∫ 1

0

∫ 1

0
tG2(t,τ)dτdt

}
,

M3 = max
x∈[0,1]

∫ 1

0
G2(x, t)dt, M4 = max

x∈[0,1]

∫ 1

0

∂G2(x, t)
∂x

dt.

Theorem 3.1. Suppose that (H1), (H2) hold, f : [0,1]×R4 → R+ is continuous and there exist eight
constants Li > ri > 0, i = 1,2,3,4, such that

(A1) f (x,y1,y2,y3,y4)≥max
i

{
ri

Mi

}
,

for (x,y1,y2,y3,y4) ∈ [0,1]× [0,r1]× [−r2,r2]× [−r3,0]× [−r4,r4];

(A2) f (x,y1,y2,y3,y4)≤min
i

{
Li

Mi

}
,

for (x,y1,y2,y3,y4) ∈ [0,1]× [0,L1]× [−L2,L2]× [−L3,0]× [−L4,L4].

Then problem (1.1)-(1.2) has at least one positive solution y such that

ri ≤ max
0≤x≤1

|y(i−1)(x)|, for some of i ∈ {1,2,3,4},

and
max

0≤x≤1
|y( j−1)(x)| ≤ L j, for all of j ∈ {1,2,3,4}.

Proof. First, we set two bounded open subsets in Y as follows

Ω1 = {y ∈ Y |αi(y)< ri, i = 1,2,3,4},

Ω2 = {y ∈ Y |αi(x)< Li, i = 1,2,3,4}.
Moreover, for i = 1,2,3,4, let

Ci = {y ∈ Y |αi(y) = ri,α j(y)≤ r j, j = 1,2,3,4; j 6= i},

Di = {y ∈ Y |αi(y) = Li,α j(y)≤ L j, j = 1,2,3,4; j 6= i}.

Then, we prove αi(Ty)≥ ri for y ∈Ci∩P, i = 1,2,3,4. By (A1), for y ∈C1∩P, we get

α1(Ty) = max
x∈[0,1]

|(Ty)(x)|

= max
x∈[0,1]

∫ 1

0

∫ 1

0
G1(x, t)G2(t,τ) f (τ,y(τ),y′(τ),y′′(τ),y′′′(τ))dτdt

≥ r1

M1
· max

x∈[0,1]

∫ 1

0

∫ 1

0
G1(x, t)G2(t,τ)dτdt

= r1.
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For y ∈ P, we have (Ty)′′(x)≤ 0, that is, (Ty)′(x) is decreasing on [0,1]. Thus

max
x∈[0,1]

|(Ty)′(x)|= max{|(Ty)′(0)|, |(Ty)′(1)|}.

For y ∈C2∩P, by (A1) and f ≥ 0, we have

α2(Ty) = max
x∈[0,1]

|(Ty)′(x)|

= max
x∈[0,1]

∣∣∣∣∫ 1

x

∫ 1

0
(1− t)G2(t,τ) f (τ,y(τ),y′(τ),y′′(τ),y′′′(τ))dτdt

−
∫ x

0

∫ 1

0
tG2(t,τ) f (τ,y(τ),y′(τ),y′′(τ),y′′′(τ))dτdt

∣∣∣∣
= max

{∫ 1

0

∫ 1

0
(1− t)G2(t,τ) f (τ,y(τ),y′(τ),y′′(τ),y′′′(τ))dτdt,∫ 1

0

∫ 1

0
tG2(t,τ) f (τ,y(τ),y′(τ),y′′(τ),y′′′(τ))dτdt

}
≥ r2

M2
·max

{∫ 1

0

∫ 1

0
(1− t)G2(t,τ)dτdt,

∫ 1

0

∫ 1

0
tG2(t,τ)dτdt

}
= r2.

For y ∈C3∩P, it follows from (A1) that

α3(Ty) = max
x∈[0,1]

|(Ty)′′(x)|

= max
x∈[0,1]

∣∣∣∣−∫ 1

0
G2(x, t) f (t,y(t),y′(t),y′′(t),y′′′(t))dt

∣∣∣∣
≥ r3

M3
· max

x∈[0,1]

∫ 1

0
G2(x, t)dt,

= r3.

For y ∈ P, we have (Ty)(4)(x)≥ 0, that is, (Ty)′′′(x) is increasing on [0,1]. Thus

max
x∈[0,1]

|(Ty)′′′(x)|= max{|(Ty)′′′(0)|, |(Ty)′′′(1)|}.

Combining with (A1) and f ≥ 0, for y ∈C4∩P, we have

α4(Ty) = max
x∈[0,1]

|(Ty)′′′(x)|

= max
x∈[0,1]

∣∣∣∣−∫ 1

0

∂G2(x, t)
∂x

f (t,y(t),y′(t),y′′(t),y′′′(t))dt
∣∣∣∣

≥ r4

M4
· max

x∈[0,1]

∫ 1

0

∂G2(x, t)
∂x

dt

= r4.

Similarly, we can prove, for y ∈ Di∩P, αi(Ty)≤ Li, i = 1,2,3,4. Using Theorem 2.2 yields that T has a
fixed point y∈ (Ω2−Ω1)∩P such that y = Ty. It follows that problem (1.1)-(1.2) has at least one positive
solution u such that

ri ≤ max
x∈[0,1]

|y(i−1)(x)|, and max
x∈[0,1]

|y( j−1)(x)| ≤ L j,
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for some of i = 1,2,3,4 and all j = 1,2,3,4. The theorem is proved. �

4. AN EXAMPLE

Example 4.1. Consider the following boundary value problem

y(4)(x)+
π2

4
y′′(x) = f (x,y(x),y′(x),y′′(x),y′′′(x)), 0 < x < 1, (4.1)

y(0) = y(1) =
∫ 1

0
xy(x)dx, y′′(0) = y′′(1) = 0, (4.2)

where

f (x,y1,y2,y3,y4) =
1

50
(y1 + y3)+ |cos(y2 + y4)|+60.

In this problem, we know that δ = π2/4, p(x) = x, q(x) = 0. Then

M1 =
8(3
√

2−4)
π4 ≈ 0.02, M2 =

8(π−2)
π3 ≈ 0.29,

M3 =
4(
√

2−1)
π2 ≈ 0.17, M4 =

2
π
≈ 0.64.

Taking r1 = r2 = r3 = r4 = 1, L1 = L2 = L3 = L4 = 50, we find that

f (x,y1,y2,y3,y4)≥ 59≥max
i

{
ri

Mi

}
=

r1

M1
≈ 55,

for (x,y1,y2,y3,y4) ∈ [0,1]× [0,1]× [−1,1]× [−1,0]× [−1,1];

f (x,y1,y2,y3,y4)≤ 57≤min
i

{
Li

Mi

}
=

L4

M4
≈ 78.125,

for (x,y1,y2,y3,y4) ∈ [0,1]× [0,50]× [−50,50]× [−50,0]× [−50,50]. In other words, f (x,y1,y2,y3,y4)

satisfies (A1) and (A2) of Theorem 3.1, thus the boundary value problems (4.1) has at least one positive
solution y(x) satisfying

ri ≤ max
0≤x≤1

|y(i−1)(x)|, max
0≤x≤1

|y( j−1)(x)| ≤ L j,

for some of i = 1,2,3,4 and all of j = 1,2,3,4.

CONCLUSIONS

In mechanics, the fourth-order boundary value problem is called a beam equation which describes the
deformation of an elastic beam in equilibrium state. There are many results under the assumption that
odd-order derivatives are not involved explicitly or Lipschitz condition can be involved in the nonlinear
term. Our results are concerned with the existence of at least one positive solution for the nonlocal
fourth-order boundary value problem with fully nonlinear term.
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