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Abstract. The purpose of this paper is to introduce a hybrid descent iterative algorithm for solving a split variational inclusion
problem and a fixed point problem of a strict pseudocontraction mapping. We establish a strong convergence theorem of
common solutions of the two problems in the framework of Hilbert spaces without any compact assumptions on any mapping.
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1. INTRODUCTION

Throughout the paper unless otherwise stated, let H; and H, be two real Hilbert spaces endowed with
inner products and induced norms denoted by (-, -) and || - ||, respectively, while H refers to as any of these
spaces. Let D be a nonempty closed and convex subset of H and Let Proj# be the metric projection onto
D. A very common problem in diverse areas of mathematics and physical science consists of trying
to find a “solution” satisfying certain “constraints”. This problem is referred to as a convex feasibility
problem, which is to find a common element in a family of nonempty closed and convex subsets of a
Hilbert space.

Let C be a nonempty closed and convex subset of H; and let Q be a nonempty closed and convex
subset of H,. In 1994, Censor and Elfving [1] first introduced the following split feasibility problem for
modelling inverse problems formulated as follows:

Find x* € C such that Ax* € Q, (1.1

where A : H] — H, is a bounded linear mapping. This problem can also be viewed as a convex feasibility
problem. There are a number of significant applications of the split feasibility problem in intensity-
modulated radiation therapy, signal processing, image reconstruction and so on. An efficient algorithm
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for solving (1.1) is the Byrne’s CQ algorithm. For any xo € Hj, the CQ algorithm generates an iterative
sequence as
X1 = Projl (I+ yA*(Projj? —I)A)x,,

where 0 < y < 2/||A||*. Tt is known that the CQ algorithm converges weakly to a solution of problem
(1.1) if such a solution exists. To guarantee the strong convergence of the sequence, a number of regu-
larization methods have been investigated to solve the split feasibility problem and their related convex
optimization problems recently; see [2]-[10] and the references therein.

Let M and N be two maximal monotone operators on H; and H», respectively. In this paper, we study
the following split variational inclusion problem: Find x* € H; such that

0eM(x"), (12)
and such that
y'=Ax" € Hy solves 0€N(y"). (1.3)

In this paper, we use SFP(M,N) to denote the solution set of the split variational inclusion problem.
Recently, the above split variational inclusion problem has been introduced and studied based on Mann-
like methods by many authors; see [11, 12, 13, 14, 15] and the references therein. In this paper, we
investigate the split variational inclusion problem via a hybrid descent iterative algorithm in Hilbert
spaces. Strong convergence theorems are established without any compact assumptions on mappings.
The main results presented in this paper partly improve the results in [6, 8, 11, 12]. The organization
of this paper is as follows. In Section 2, we provide the necessary mathematical preliminaries. The last
section is devoted to the strong convergence analysis of the hybrid descent iterative algorithm. Some
subresults are derived as corollaries of the main results.

2. PRELIMINARIES

Let T be a mapping on D. The fixed-point set of T is denoted by Fix(T). Recall that T is said to be
nonexpansive iff
ITx—Ty] < [x—y|, VxyeD.

T is said to be quasi-nonexpansive iff Fix(T) # @ and

lx=Ty[| < [lx—y[l, Vx€ Fix(T),y € D.
It is known that every nonexpansive mapping satisfies the following properties

1
(Tx=Ty, (3= Ty) = (r—T)) < 5[ (x=T) = =T, Vx,yeD,
In particular, every quasi-nonexpansive mapping satisfies the following properties
1 .
(x=Ty,(y=Ty)) < 5lly—Ty|*>, VxeFix(T),y€D. 2.1)

Recall that T is said to be firmly nonexpansive iff

HTX—Ty||2§<TX—Ty,x—y>, vayeD-
Recall that 7 is said to be x-strictly pseudocontractive iff there is a real number x € [0, 1) such that

|7~ Ty|P < Jx—y]| + K| (I = T)x— (I =[P, Vx.yeD.
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The class of k-strictly pseudocontractive mappings was first introduced and studied by Browder and
Petryshy [16] in the framework of Hilbert spaces. Since then, many authors have studied fixed points of
Kk-strictly pseudocontractive mappings via different methods and techniques; see [17, 18, 19, 20, 21] and
the references therein.

Recall that a mapping M : H — 2! is said to be monotone iff, for all x,y € H;, u € Mx and v € My

(x—y,u—v) >0

It is said to be maximal iff the Graph(M) is not properly contained in the graph of any other monotone
mapping. It is known that a monotone mapping M is maximal iff for (x,u) € H x H, (x —y,u —v) >0,
for every (y,v) € Graph(M) implies that u € M(x). The resolvent mapping, J¥ : H — H associated with
M, is defined by

JMx=(I+rM)"'(x),Vx€H,

where r > 0 is some real number and / stands for identity operator on H. It is known that J¥ is single-
valued, nonexpansive and firmly nonexpansive. The resolve operator palys an important role in many
convex optimization problem; see [3, 8, 9, 13, 15] and the references therein.

Lemma 2.1. [16] Let D be a nonempty convex and closed subset of a Hilbert space H. Let T be a K-strict
pseudocontraction and let {B,} be a sequence in (0,1). Define a mapping S by Sx = (1 — B,)Tx+ Bx,
VxeD. If B € [x,1), then S is nonexpansive and Fix(S) = Fix(T).

Lemma 2.2. [22] Let H be a real Hilbert space and let M be a maximal operator. For A >0 and i > 0
we have

(I+pA)™! (%x—i— <1 - %)(I—FAM)*IX) = (I+AM)'x,VxcH.

Lemma 2.3. [23] Let {o,,} and {P,} be sequences of real numbers such that o, € [0,1] Y7, o, = oo

and limsup,,_,. B, < 0. Let {A,} be a sequence of nonnegative real numbers such that A, < 04,3, +
(1 — ;) An. Then lim, o Ay = 0.

Lemma 2.4. [24] Let H be a Hilbert space and let F is a N-strongly monotone, £ -Lipschitz continuous
mapping on H. Define a mapping T* : H — H by T%x = (I — paF )x, Vx € Hy, where o is a real number
in (0,1). IfO<u € (0, %), then T* is a contraction, that is, |[T%x—T%y|| < (1 —a7)|x—y|, Vx,y € H,
where T=1—/1—pu(2n — pn2?) € (0,1).

Lemma 2.5. [16] Let D be a nonempty convex and closed subset of a Hilbert space H. Let T be a K-strict
pseudocontraction with fixed points. Then I — T, where I is the identity mapping, is demiclosed on any
point in D.

3. MAIN RESULTS

Theorem 3.1. Let C be a nonempty closed and convex subset of a Hilbert space H| and let Q be a
nonempty closed and convex subset of a real Hilbert space Hy. Let T be a x-strictly pseudocontractive
mapping on Hy with fixed points. Let A : Hl — H, be a bounded linear operator and let A* be the adjoint
operator of A. Let F : Hl — Hj be a £-Lipschitz continuous and t-strongly monotone mapping. Let M

be a maximal monotone mapping on H| and let N be a maximal monotone mapping on Hy. Assume that
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Fix(T)NSFP(M,N) # 0. Let y be a positive real number. Let {a,} and {B,} be sequences in (0,1) and

let {r,} be a positive sequence. Let {x,} be a sequence generated by the following process: x; € H, and

Xn+1 = Tﬁnyn - .uanFTﬁ,,ynu
Yo =IM (6 +YA*(JY —DAx,), n>1,

where Tg = (1 — B,)T + Bul. Assume that 1im, e 0, = 0, Y| Oy = o0 and Y71 Oy g1 — Q| < oo,

y € (0, W), U is a real number in (0, %), {rn} is a real number sequence such that liminf,_,..r, > 0,

Yo a1 — ra| <oo, {Bn} is a real number sequence in [k, 1) such that Y, |But1 — Bn| < oo. Then {x,}
converge strongly to X € SFP(M,N) N Fix(T), which is the unique solution of the following variational
inequality

(Fx,x—y) <0, VYyeSFP(M,N)NFix(T). (3.1)

Proof. Since the set of common solutions is nonempty, we can fix a point in SFP(M,N) N Fix(T), say,
x. It follows that Ax = JYAx, x = J¥x and x = Tx. Note that

yn —x[|* = ([T} x = Y (x, + yA* (I — DAx,)||?

< [l =0 = yA" () = DAx, |

< =24+ 274" = DA 50— )+ PIAIE ) = DA, |2

< |l = x| |? + 27(A (%, — x) + (Y = DAx,, (I = DAxy)

= 29[| () = DA% |2+ P IAIP ([ (7 — 1) A
Since both Jﬁf and Jf,’[’ are nonexpansive, we find from (2.1) that
2V{A (6 —x) + (T = DAx,, (I — DAx,) < V]| (T — DA, ||?

Hence, one has

lyn —26[1> < y(AIAN? = DI, = DA% > + [lx — x| 3.2)

From the restriction on constant ¥, one reaches that ||y, — x|| < |[|x —x,]||. Using Lemma 2.1, one finds
that 7 is nonexpansvie and Fix(T) = Fix(Tp,) for each n > 1. So,

175,y = X[ < [lyn = xI| < [l —xa]l-
This in turn implies that
st —2]| < 06| Fx]| + 11 — R4 F) T,y — (I — o F )
< uoy|[Fxl + (1 —704,) (| Tp,yn — ]|
< uoy|[Fx|+ (1= 7op) |6 — x|

Fx
< (1—7op)||x, —x]| +‘L'Otn'u‘f H

U|F
T

X
< max {1~y

Fx
< max{uHT H  JJer —x||}-
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This proves that {x, } is bounded. It is easy to see that {y,} is also bounded. Note that

yn =Yt | < I Cen + YA (]} = DA) =L Cenr + YA (TN, = DA
< (on + YA* (I} = DAx,) = I (1 + YA (U] = DAX 1) |

Y o + YA (I = DAxn1) =Y (o1 + YA ()

<[ Gen + YA (T = DAX,) = (1 + YA Iy, —DAx 1) |

I o+ VA" (Y, = DAx) = I (o + VA" U], = DAxz) |-

Tn+1

—DAxy11)| (3.3)

T'n+1

Using Lemma 2.2, we see that

I3 (a1 + YA (U, = DAXp1) =, +1(x,,+1+}/A U =DA% 1) |
-
= HJ;M( - (Xn+1 FYA U~ DAx1) + (1= )J,{Wﬂ(xnﬂ +YAT(JY, — DAxui1))

Tnt1
— N~ DAx)|
X r . 34
< G VA G = DA )+ (1= ) (i + A O — DA O
rn+1 n+ rn+1 n+ n+
(ot YA~ DAz
Inel1 — 1
< Pl A G = D) = Gt + 787 G, = DA
n+
Using Lemma 2.2 again, we also have
| A (Y = DAX) — (it + VA" — DA
= [|Xn = X1 + YA*((Jz —1)Ax, — (Jivﬂ DAx11) |
< P = Xn1 + YA (Axp1 — Axy ) || 4[| YA (JﬁvAxn Ji\,fHAan)H
In
< (L= YIAIP) 0 = 21 || + VIAN ] A — JN( p A +( +1)Jr,1+|Axﬂ+1)H (3.5)
I’l
Fn+1 r,
< (1= APl =l + ] (2= rM(Aan — A | A1 — Az
n
Alllr,
< ot — g |+ LA =l g v )
I’n+
From (3.3), (3.4) and (3.5), we see that
Hyn *yn+l||
YA ras1 —ral
< ”xn_anH"'TH rH(Aan_Aan)H (3.6)
r 1= * *
+ | " ||| r,,+1 (an +7YA ( sl I)Axn+l)) - (an +7YA (JQ,’H _I)Aan)”-

Tnt1
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Hence, one has
1T, yn — T, Yn+1]
<|1T8,yn — T, Ynt1l| + | T8, Y01 —Tp, ., Yn+1l|
< |lyn = ynr1ll + 11T, yn1 = Tp, . Yt
< lyn = Ynta [+ Basr = Bal I Tyns1 =y |

YAt =1l G-
< i = Xnpt | + ==, (AXng1 — Axpp )|
nt1
Pl — T . .
+ W Y Gt +YA* (Y = DAx41)) — (g1 + YA (U, —DAx, 1) |
n

+ |ﬁn+1 - ﬁn‘HTyn-&-l — Yn+1 H

On the other hand, one has
%12 = X1 || < (1 = @1 F) T, yns1 — (I — Qw1 F) T, vl
+H(I_uan—i-lF)Tﬁnyn_(I_.uanF)TBnynH (38)

<(1- Tan-&-l)HTB,,Hyn—&-l - Tﬁ,lynH + W] 0 1 — 0 HFTﬁnynH‘
Combing (3.7) with (3.8), one arrives at

%42 = Xns1]] < p]041 — an’”FTBnyn” + (1= T011) %0 — Xn41]]

Alllrpe1 — 1,
S Al =l

"N (Axn-i-l _Axn-&-l)”
n+1

T'n+1
T —r * *
+M|Uﬁfﬂ(xn+1+}’fl U = DAx11)) = (1 + YA U)) = DAX) |

Tn+1
r}’l-‘rl n+

+1Batt = BulllTyns1 = s -

(3.9)
An application of Lemma 2.3 to (3.9) yields that
lim ||x,,41 — x,]| = 0. (3.10)
n—soo

Since Jﬁ: is firmly nonexpansive, we obtain from (2.1) that
lyn — x>
< (Yn =X, X + YA* (I = I)Ax,, — x)
= Sl o A0~ DAy 3 P
e el 4270 — 3. A° (Y~ DAx) + P A" (T — DA )
< 2y =1 = (o =yl + 2705, — Yy AN = DAx) + [[YA* () — 1) Axa|?)
e — P+ 27N Ay — Ax, (1 — DA, — 1)~ DAxal?) + PIAIP | () — DA |
< %{Hxn—XIIZJrY(YIIAHz— DN = DA+ yn =6l = [0 =yl
+20A G =y 1107, = DAxall = [17%A™ (7, = DAx|I*)}

1
< 5y =6l -l =212+ 27 Al |10 = yll11 (7} = DAx ]| = [0 =l *}-
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It follows that
I =12 < 1t =1+ 271A ot = 3l 1 = DAl — 0 = 3> G.11)
This implies that

X1 — x| = || Tg,yn — x — 0t F T, yul|*
< || Tp,yn — X||* — 2104, (F T, Y, Xns1 — X)
< lyn = X[ + 200 [F Tg, yu || a1 — x|
< ot = 1?4+ 27 1AN [0 = yullll (75 = DAxa]| = [0 =yl + 20006, F T, 01 — .
Thus,
[0 = Yall* < e = %1% = b1 = X[ 4+ 271150 = Yull | () — 1A% || + 200 |[F T,y X041 — x|
< (lln = [l 1 = Xl 120 = Xg 1 ||+ 2V AN 10 = yu (T — DA, |

+ 2004, ||F T,y || X1 — x]].
(3.12)
From Lemmas 2.1 and 2.4, we find from (3.2) that

1 — I = (1 = o) Ty — (I — o F)x| + 02| F

— 2004, ((I — pot, F)Tg,yn — (I — poe, F)x, Fx)

— (7~ O F) T,y — (1 — s, F)x* — 202
—2p06,((I — poy,F)Tg, v, — x,Fx)

< (1—10,)*|| Tg,yn — Tp, x||* — 2104, (I — L QW F ) T,y — x, Fx)

< (1= 706)%|yn — x> — 2100, (I — po,F)Tg v, —x,Fx)

< (1=70) ([ln = xII* = 1 (1 = HIAIP) | () — D)Axa )
— 2104, (X1 — X, Fx)

< ot —26[1* = 2p 0 s — x| [ Fx| = (1 = Ton) > (1 =¥ A|I?) | (I, — DAxa .

It follows that
Y(1 = YIA[*) (1 = Te,)?(|(JY — I)Ax,||?
n n n
< Jlon — x> =[x 1 — x[1* + 200 | X011 — x| || Fx]|
< e = X1 [ (200 = X[ =+ [|xn41 + 1) + 200 || x41 — x| || Fx]].
Hence,

lim |7 Axy — Az, || = 0. (3.13)
Using (3.12) and (3.13), one arrives at
lim [[x, — || = 0. (3.14)
n—soo
Since T, v, — yn = (1 — B,)(Ty, — yn), one obtains

lim || Ty, — yn|| = 0. (3.15)
n—soo
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Since F is strongly monotone and Lipschitz continuous, we next use X to denote the unique solution of
variational inequality (3.1). Note that

(FX, X —Xpt1) = (FX,X—x,) + (FX, X — Xp11). (3.16)

Since {x, } is a bounded sequence, there exists a subsequence {x,, } of {x,} such that x,, — x* as k — oo,
Next, we show that x* is the common solution. From (3.15), we see from Lemma 2.5 that x* is a fixed
point of 7. On the other hand, one has

— Y+ yA*(Jﬁ}:Ax,, — Axy)
Y

Note that y,, — x* as k — oo. It follows from (3.13) and (3.14) that 0 € Bx". Since A is a linear bounded
operator, we find that Ax,, — Ax" as k — co. Using Lemma 2.2, we find that

€ My,

1N A, — IV Ax, || = ||J;V(riAx,, (1 rL)J;ZAxn) IV A

r r
< Hfo,, +(1— r—)JﬁZAxn — Ax,|| (3.17)

l’l

|r,, r|

<

||JNAx,, Axy||,

where r is some positive real number. From (3.13), one obtains that HJﬁZ Ax, —JNAx,|| — 0 asn — . In
view of

[T Ay — Ay || < |TN Axy — TN Ay || + | TN Ay — Ay
we find that ||JNAx,, — Ax,|| — o as n — oo. Since JV is nonexpansive, we find that Ax* € Fix(JV), that

is, 0 € NAx*. This proves that x € SFP(M,N) N Fix(T). This shows from (3.16) that

limsup(Fx,% — x,41) <O.

n—yoo

Finally, we show that {x,} converges strongly to x.
et — 51 = [[(1 = HOWF) T i — (I — 0 F )5 —
< H(I_.uanF)TBn}’n — (I —uo,F)x
(

<(1—71a)? 1 T3, yn — &> — 2u0, (FX, X — %)

1 = 2110 (F %, X041 — %)

< (1= 700)?|lyn — I — 2100 (F5, X1 — %)
< (1= 706)? || — 5| = 2000 (F%, 11 — )
< (1 =270 [0 — X||* + 20 1 (F %, % — Xy 41) + 77002 |3 — %%
Using Lemma 2.3, we get that ||x, — X|| — 0. This completes the proof. O

From Theorem 3.1, the following results are not hard to derived easily.

Corollary 3.2. Let C be a nonempty closed and convex subset of a Hilbert space Hy and let Q be a
nonempty closed and convex subset of a real Hilbert space Hy. Let T be a nonexpansive mapping on
Hi with fixed points. Let A : H — H be a bounded linear operator and let A* be the adjoint operator
of A. Let F : Hl — Hy be a £-Lipschitz continuous and T-strongly monotone mapping. Let M be a

maximal monotone mapping on Hy and let N be a maximal monotone mapping on H,. Assume that
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Fix(T)NSFP(M,N) # 0. Let 'y be a positive real number. Let {a,} be a sequence in (0,1) and let {r,}

be a positive sequence. Let {x,} be a sequence generated by the following process: x| € H; and

Xpp1 =Ty, — IJOlnFTYm
Y =M (o0 + yA* (JY —1)Axy),

1

AJ?
in (0, %), {rn} is a real number sequence such that iminf,_,ery, >0, Yo | |Fyt1 — rp| < eo. Then {x,}

Assume that limy,_e. 0, =0, Y57 0y =0 and Y| |0ty1 — 0| < oo, Y € (0, ), W is a real number
converge strongly to x € SFP(M,N) N Fix(T), which is the unique solution of the following variational
inequality

(F¥,5—y) <0, YyeSFP(M,N)NFix(T).

Corollary 3.3. Let C be a nonempty closed and convex subset of a Hilbert space H; and let Q be a
nonempty closed and convex subset of a real Hilbert space Hy. Let A : H — Hj be a bounded linear
operator and let A* be the adjoint operator of A. Let F : Hi — H; be a £-Lipschitz continuous and
T-strongly monotone mapping. Let M be a maximal monotone mapping on Hy and let N be a maximal
monotone mapping on Hy. Assume that SFP(M,N) # 0. Let y be a positive real number. Let {0}
be a sequence in (0,1) and let {r,} be a positive sequence. Let {x,} be a sequence generated by the
following process: x| € Hy, xpr1 = yn — LQ,Fyy,, where y, = J%(x,, + YA*(JﬁZ —I)Ax,). Assume that
limy e 0, =0, Yo 0y =c0and Y, |0ty 1 — Q| < oo, Y€ (0, W), U is a real number in (0, %), {ra}
is a real number sequence such that liminf, _,eor, >0, Yoo |Fpt1 — ra| < oo. Then {x,} converge strongly
to x € SFP(M,N), which is the unique solution of the following variational inequality (FX,x—y) <0,
Vy € SFP(M,N).
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