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A UNIFIED APPROACH TO SOME INEQUALITIES FOR GENERALIZED CONVEX
FUNCTIONS ON FRACTAL SETS AND THEIR APPLICATIONS

WENBING SUN
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Abstract. In this paper, a general local fractional integral identity on fractal set Rα (0 < α ≤ 1) is established. We obtain some
general local fractional integral inequalities for twice differentiable generalized convex functions. Based on these results, we
derive some special inequalities. Some applications to error estimations for numerical integration and to special means are also
given.
Keywords. Fractal space; Local fractional integral; Hadamard’s inequality; Generalized convex function, Integral inequality.

2010 Mathematics Subject Classification. 26D15, 26A51, 26D10.

1. INTRODUCTION

Let f : I ⊆ R→ R be a convex function and a,b ∈ I with a < b. Then, the following inequality holds

f (
a+b

2
)≤ 1

b−a

∫ b

a
f (x)dx≤ f (a)+ f (b)

2
, (1.1)

which is well known as Hermite-Hadamard’s inequality.
Let f : [a,b]→ R be a four times continuously differentiable mapping on (a,b),

‖ f (4)‖∞ = supx∈(a,b)| f (4)|< ∞.

Then ∣∣∣∣13
[

f (a)+ f (b)
2

+2 f
(

a+b
2

)]
− 1

b−a

∫ b

a
f (x)dx

∣∣∣∣≤ 1
2880

‖ f (4)‖∞(b−a)4. (1.2)

Inequality (1.2) is named the Simpson’s inequality, which is one of the best known inequalities.
In recent years, Hadamard’s type inequalities and Simpson’s type inequality were generalized, im-

proved and refined by many researchers for different convexity. For more recent results, one can see
[1]-[10] and the references cited therein.

In [11], Sarikaya and Aktan established midpoint inequalities, trapezoid inequalities and Simpson’s
inequalities for functions whose second derivatives absolute values are convex, and established the fol-
lowing inequalities.
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Theorem 1.1. Let I ⊂ R be an open interval, and a,b ∈ I with a < b. Let f : I→ R be a twice differen-
tiable mapping such that f ′′ is integrable and 0≤ λ ≤ 1. If | f ′′| is a convex on [a,b], then the following
inequalities hold:∣∣∣∣∣(λ −1) f (

a+b
2

)−λ
f (a)+ f (b)

2
+

1
(b−a)

∫ b

a
f (x)dx

∣∣∣∣∣

≤



(b−a)2

12

[(
λ 4 +(1+λ )(1−λ )3 + 5λ−3

4

)∣∣ f ′′(a)∣∣
+
(

λ 4 +(2−λ )λ 3 + 1−3λ

4

)∣∣ f ′′(b)∣∣], 0≤ λ ≤ 1
2 ,

(b−a)2(3λ−1)
48

(∣∣ f ′′(a)∣∣+ ∣∣ f ′′(b)∣∣), 1
2 ≤ λ ≤ 1.

Recently, fractional calculus received significantly remarkable attention. Particulary, Yang [12, 13]
systematically stated the theory of local fractional calculus on fractal sets. Many researchers extended
the research on integral inequalities to fractal space, see [14]-[23] and the references therein. In [23],
Mo, Sui and Yu introduced the definition of the generalized convex function on fractal sets, and proved
the following generalized Hermite-Hadamard’s inequality.

Theorem 1.2. (Generalized Hermite-Hadamard’s inequality) Let f (x) ∈ I(α)
x [a,b] be a generalized con-

vex function on [a,b], a < b. Then

f (
a+b

2
)≤ Γ(1+α)

(b−a)α aI(α)
b f (x)≤ f (a)+ f (b)

2α
.

In order to give a unified approach to study the trapezoid inequality, the midpoint inequality and the
Simpson’s inequality for twice differentiable generalized convex functions on fractal sets, we will es-
tablish some general local fractional integral inequalities for functions whose absolute values of twice
derivatives are generalized convex functions. Based on these inequalities, we will derive some special in-
equalities, which includes the midpoint inequality, the trapezoid inequality and the Simpson’s inequality.
We mainly improve the results announced in [11]. Finally, some applications for numerical integrations
involving local fractional integral and some α-type special means are also provided.

2. PRELIMINARIES

Let Rα be the α-type set of the real line numbers, where 0 < α ≤ 1. This set Rα is called a fractional
set. The set R is called base set of fractional set, see [12, 13] and the references therein. A fractal
field of real line numbers is any fractional set of objects together with two operations, addition and
multiplication, where the operations satisfy

If aα ,bα ,cα ∈ Rα , then
(1) aα +bα ∈ Rα , aαbα ∈ Rα ,
(2) aα +bα = bα +aα = (a+b)α = (b+a)α ,
(3) aα +(bα + cα) = (a+b)α + cα ,
(4) aαbα = bαaα = (ab)α = (ba)α ,
(5) aα(bαcα) = (aαbα)cα ,
(6) aα(bα + cα) = aαbα +aαcα ,
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(7) aα +0α = 0α +aα = aα , aα1α = 1αaα = aα .
Now, we state the definitions of the local fractional derivative and local fractional integral on Rα as

follows.

Definition 2.1. [12, 13] A non-differentiable function f : R→Rα ,x→ f (x) is said to be local fractional
continuous at x0, if, for any ε > 0, there exists δ > 0 such that | f (x)− f (x0)|< εα for |x−x0|< δ , where
ε,δ ∈ R. If f (x) is local fractional continuous on (a,b), we denote f (x) ∈Cα(a,b).

Definition 2.2. [12, 13] The local fractional derivative of f (x) of order α at x = x0 is defined by

f (α)(x0) =
dα f (x)

dxα

∣∣∣∣
x=x0

= lim
x→x0

Γ(α +1)( f (x)− f (x0))

(x− x0)α
.

If there exits f (k+1)α(x) =

n+1times︷ ︸︸ ︷
Dα

x · · ·Dα
x f (x) for any x ∈ I ⊆ R, then we denote f ∈ D(n+1)α(I), where

n = 0,1,2, · · ·.

Definition 2.3. [12, 13] Let f (x) ∈Cα [a,b]. The local fractional integral of function f (x) of order α is
defined by

aIα
b f (x) =

1
Γ(α +1)

∫ b

a
f (t)(dt)α =

1
Γ(α +1)

lim
∆t→0

N−1

∑
j=0

f (t j)(∆t j)
α ,

where a = t0 < t1 < · · ·< tN−1 < tN = b, [t j, t j+1] is a partition of the interval [a,b], ∆t j = t j+1− t j,∆t =
max{∆t0,∆t1 · · ·∆tN−1}.

Note that aIα
a f (x) = 0, and aIα

b f (x) = −bIα
a f (x) if a < b. We denote f (x) ∈ Iα

x [a,b] if there exits

aIα
x f (x) for any x ∈ [a,b].

Definition 2.4. [23] Let f : I ⊆ R→ Rα . For any x1,x2 ∈ I and λ ∈ [0,1], if the following inequality

f (λx1 +(1−λ )x2)≤ λ
α f (x1)+(1−λ )α f (x2),

holds, then f is called a generalized convex function on I.

Note that f (x) = xα p,x≥ 0, p > 1 is a generalized strictly convex function, see [23] and the references
therein.

Lemma 2.5. [12, 13] If f (x) = g(α)(x) ∈Cα [a,b], then aIα
b f (x) = g(b)−g(a). If f (x),g(x) ∈ Dα [a,b],

and f (α)(x),g(α)(x) ∈Cα [a,b], then

aIα
b f (x)g(α)(x) = f (x)g(x)

∣∣∣∣b
a
− aIα

b f (α)(x)g(x).

Lemma 2.6. [12, 13]
dαxkα

dxα
=

Γ(1+ kα)

Γ(1+(k−1)α)
x(k−1)α ;

1
Γ(α +1)

∫ b

a
xkα(dx)α =

Γ(1+ kα)

Γ(1+(k+1)α)
(b(k+1)α −a(k+1)α).

Lemma 2.7. [13] (Generalized Hölder’s inequality) Let f ,g ∈Cα [a,b], p,q > 1, with 1
p +

1
q = 1. Then

1
Γ(α +1)

∫ b

a
| f (x)g(x)|(dx)α ≤

(
1

Γ(α +1)

∫ b

a
| f (x)|p(dx)α

)1/p( 1
Γ(α +1)

∫ b

a
|g(x)|q(dx)α

)1/q

.
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3. MAIN RESULTS

First, we establish the following identity.

Lemma 3.1. Let I ⊆R be an interval. Let f : I0 ⊆R→Rα (I0 is the interior of I) such that f ∈D2α(I0)

and f (α) ∈ Cα [a,b] for a,b ∈ I0 with a < b. Then, for all x ∈ [a,b],0 ≤ λ ≤ 1, we have the following
equality for local fractional integrals:(

λ
α

Γ(1+α)− Γ(1+2α)

2αΓ(1+α)

)
f (

a+b
2

)−λ
α

Γ(1+α)
f (a)+ f (b)

2α
+

Γ(1+2α)

2α(b−a)α aIα
b f (x)

= (b−a)2α 1
Γ(1+α)

∫ 1

0
k(t) f (2α)(ta+(1− t)b)(dt)α ,

(3.1)

where

k(t) =

{
tα (t−λ )α

2α , 0≤ t ≤ 1
2 ,

(1−t)α (1−λ−t)α

2α , 1
2 ≤ t ≤ 1.

Proof. Note that

I =
1

Γ(1+α)

∫ 1

0
k(t) f (2α)(ta+(1− t)b)(dt)α

=
1

2αΓ(1+α)

∫ 1
2

0
tα(t−λ )α f (2α)(ta+(1− t)b)(dt)α

+
1

2αΓ(1+α)

∫ 1

1
2

(1− t)α(1−λ − t)α f (2α)(ta+(1− t)b)(dt)α

= I1 + I2.

(3.2)

Using the local fractional integration by parts twice, we deduce

I1 =
1

2αΓ(1+α)

∫ 1
2

0
tα(t−λ )α f (2α)(ta+(1− t)b)(dt)α

=
1

2α(a−b)α

[
tα(t−λ )α f (α)(ta+(1− t)b)

∣∣∣ 1
2

0

− 1
Γ(1+α)

∫ 1
2

0

(
Γ(1+2α)

Γ(1+α)
tα −Γ(1+α)λ α

)
f (α)(ta+(1− t)b)(dt)α

]

=
1

4α(a−b)α
(
1
2
−λ )α f (α)(

a+b
2

)− Γ(1+2α)

2α(a−b)αΓ(1+α)
· 1

Γ(1+α)

∫ 1
2

0
tα f (α)(ta+(1− t)b)(dt)α

+
Γ(1+α)

2α(a−b)α
· 1

Γ(1+α)

∫ 1
2

0
λ

α f (α)(ta+(1− t)b)(dt)α

=
(1

2 −λ )α

4α(a−b)α
f (α)(

a+b
2

)+
f (a+b

2 )

2α(a−b)2α

(
λ

α
Γ(1+α)− Γ(1+2α)

2αΓ(1+α)

)
+

Γ(1+2α)

2α(a−b)2αΓ(1+α)

∫ 1
2

0
f (ta+(1− t)b)(dt)α − λ αΓ(1+α)

2α(a−b)2α
f (b).

(3.3)
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In a similar way, we find that

I2 =
1

2αΓ(1+α)

∫ 1

1
2

(1− t)α(1− t−λ )α f (2α)(ta+(1− t)b)(dt)α

=−
(1

2 −λ )α

4α(a−b)α
f (α)(

a+b
2

)+
f (a+b

2 )

2α(a−b)2α

(
λ

α
Γ(1+α)− Γ(1+2α)

2αΓ(1+α)

)
+

Γ(1+2α)

2α(a−b)2αΓ(1+α)

∫ 1

1
2

f (ta+(1− t)b)(dt)α − λ αΓ(1+α)

2α(a−b)2α
f (a).

(3.4)

Substituting (3.3) and (3.4) into (3.2), we arrive at

I = I1 + I2

=
f (a+b

2 )

(a−b)2α

(
λ

α
Γ(1+α)− Γ(1+2α)

2αΓ(1+α)

)
+

Γ(1+2α)

2α(a−b)2αΓ(1+α)

∫ 1

0
f (ta+(1− t)b)(dt)α −

λ αΓ(1+α)
(

f (a)+ f (b)
)

2α(a−b)2α
.

(3.5)

Using the change of the variable x = ta+(1− t)b, t ∈ [0,1] and multiplying both sides of (3.5) by (a−
b)2α , we obtain that

(
λ

α
Γ(1+α)− Γ(1+2α)

2αΓ(1+α)

)
f (

a+b
2

)+
Γ(1+2α)

2α(b−a)αΓ(1+α)

∫ b

a
f (x)(dx)α

−
λ αΓ(1+α)

(
f (a)+ f (b)

)
2α

= (a−b)2α 1
Γ(1+α)

∫ 1

0
k(t) f (2α)(ta+(1− t)b)(dt)α .

Thus the proof is completed . �

Theorem 3.2. Let I ⊆R be an interval. Let f : I0⊆R→Rα (I0 is the interior of I) such that f ∈D2α(I0)

and f (α) ∈Cα [a,b] for a,b ∈ I0 with a < b, 0 ≤ λ ≤ 1. If | f (2α)| is generalized convex on [a,b] , then,
for all x ∈ [a,b], the following inequalities hold:

∣∣∣∣∣
(

λ
α

Γ(1+α)− Γ(1+2α)

2αΓ(1+α)

)
f (

a+b
2

)−λ
α

Γ(1+α)
f (a)+ f (b)

2α
+

Γ(1+2α)

2α(b−a)α aIα
b f (x)

∣∣∣∣∣

≤



(b−a)2α

[
Γ(1+α)
Γ(1+2α)

(
λ 3α − λ α

8α

)
+ Γ(1+2α)

Γ(1+3α)

(
1α

16α −λ 3α

)]

×

(∣∣ f (2α)(a)
∣∣+ ∣∣ f (2α)(b)

∣∣), 0≤ λ ≤ 1
2 ,

(b−a)2α

[
λ α

8α

Γ(1+α)
Γ(1+2α) −

1α

16α

Γ(1+2α)
Γ(1+3α)

](∣∣ f (2α)(a)
∣∣+ ∣∣ f (2α)(b)

∣∣), 1
2 ≤ λ ≤ 1.

(3.6)
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Proof. Using Lemma 3.1 and taking modulus in (3.1), we find that

∣∣∣∣∣
(

λ
α

Γ(1+α)− Γ(1+2α)

2αΓ(1+α)

)
f (

a+b
2

)−λ
α

Γ(1+α)
f (a)+ f (b)

2α
+

Γ(1+2α)

2α(b−a)α aIα
b f (x)

∣∣∣∣∣
≤ (b−a)2α 1

Γ(1+α)

∫ 1

0
|k(t)|| f (2α)(ta+(1− t)b)|(dt)α

=
(b−a)2α

2α

[
1

Γ(1+α)

∫ 1
2

0
|tα(t−λ )α || f (2α)(ta+(1− t)b)|(dt)α

+
1

Γ(1+α)

∫ 1

1
2

|(1− t)α(1−λ − t)α || f (2α)(ta+(1− t)b)|(dt)α

]

=
(b−a)2α

2α
[J1 + J2].

(3.7)

Assume that 0≤ λ ≤ 1
2 . Using the generalized convexity of | f (2α)| and Lemma 2.6, we get that

J1 ≤
1

Γ(1+α)

∫ 1
2

0
|tα(t−λ )α |

[
tα | f (2α)(a)|+(1− t)α | f (2α)(b)|

]
(dt)α

=
1

Γ(1+α)

∫
λ

0
tα(λ − t)α

[
tα | f (2α)(a)|+(1− t)α | f (2α)(b)|

]
(dt)α

+
1

Γ(1+α)

∫ 1
2

λ

tα(t−λ )α
[
tα | f (2α)(a)|+(1− t)α | f (2α)(b)|

]
(dt)α

=

[
Γ(1+2α)

Γ(1+3α)

(
2α

λ
4α − λ α

8α

)
+

Γ(1+3α)

Γ(1+4α)

( 1α

16α
−2α

λ
4α

)]∣∣ f (2α)(a)
∣∣

+

[
Γ(1+α)

Γ(1+2α)

(
2α

λ
3α − λ α

4α

)
+

Γ(1+2α)

Γ(1+3α)

(
1α +λ

α
)(1α

8α
−2α

λ
3α

)
+

Γ(1+3α)

Γ(1+4α)

(
2α

λ
4α − 1α

16α

)]∣∣ f (2α)(b)
∣∣.

(3.8)
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Letting 1− t = s, we also have

J2 ≤
1

Γ(1+α)

∫ 1

1
2

|(1− t)α(1−λ − t)α |
[
tα | f (2α)(a)|+(1− t)α | f (2α)(b)|

]
(dt)α

=
1

Γ(1+α)

∫ 1−λ

1
2

(1− t)α(1−λ − t)α
[
tα | f (2α)(a)|+(1− t)α | f (2α)(b)|

]
(dt)α

+
1

Γ(1+α)

∫ 1

1−λ

(1− t)α(t +λ −1)α
[
tα | f (2α)(a)|+(1− t)α | f (2α)(b)|

]
(dt)α

=
1

Γ(1+α)

∫ 1
2

λ

sα(s−λ )α
[
(1− s)α | f (2α)(a)|+ sα | f (2α)(b)|

]
(ds)α

+
1

Γ(1+α)

∫
λ

0
sα(λ − s)α

[
(1− s)α | f (2α)(a)|+ sα | f (2α)(b)|

]
(ds)α

=

[
Γ(1+α)

Γ(1+2α)

(
2α

λ
3α − λ α

4α

)
+

Γ(1+2α)

Γ(1+3α)

(
1α +λ

α
)(1α

8α
−2α

λ
3α

)
+

Γ(1+3α)

Γ(1+4α)

(
2α

λ
4α − 1α

16α

)]∣∣ f (2α)(a)
∣∣

+

[
Γ(1+2α)

Γ(1+3α)

(
2α

λ
4α − λ α

8α

)
+

Γ(1+3α)

Γ(1+4α)

( 1α

16α
−2α

λ
4α

)]∣∣ f (2α)(b)
∣∣.

(3.9)

Substituting (3.8) and (3.9) into (3.7), we get

∣∣∣∣∣
(

λ
α

Γ(1+α)− Γ(1+2α)

2αΓ(1+α)

)
f (

a+b
2

)−λ
α

Γ(1+α)
f (a)+ f (b)

2α
+

Γ(1+2α)

2α(b−a)α aIα
b f (x)

∣∣∣∣∣
≤ (b−a)2α

[
Γ(1+α)

Γ(1+2α)

(
λ

3α − λ α

8α

)
+

Γ(1+2α)

Γ(1+3α)

( 1α

16α
−λ

3α

)](∣∣ f (2α)(a)
∣∣+ ∣∣ f (2α)(b)

∣∣). (3.10)

Let 1
2 ≤ λ ≤ 1. Using the generalized convexity of | f (2α)| and Lemma 2.6, we get that

J1 ≤
1

Γ(1+α)

∫ 1
2

0
|tα(t−λ )α |

[
tα | f (2α)(a)|+(1− t)α | f (2α)(b)|

]
(dt)α

=
1

Γ(1+α)

∫ 1
2

0
tα(λ − t)α

[
tα | f (2α)(a)|+(1− t)α | f (2α)(b)|

]
(dt)α

=

[
λ α

8α

Γ(1+2α)

Γ(1+3α)
− 1α

16α

Γ(1+3α)

Γ(1+4α)

]∣∣ f (2α)(a)
∣∣

+

[
λ α

4α

Γ(1+α)

Γ(1+2α)
− 1α +λ α

8α

Γ(1+2α)

Γ(1+3α)
+

1α

16α

Γ(1+3α)

Γ(1+4α)

]∣∣ f (2α)(b)
∣∣.

(3.11)
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Letting 1− t = s, we have

J2 ≤
1

Γ(1+α)

∫ 1

1
2

|(1− t)α(1−λ − t)α |
[
tα | f (2α)(a)|+(1− t)α | f (2α)(b)|

]
(dt)α

=
1

Γ(1+α)

∫ 1

1
2

(1− t)α(t +λ −1)α
[
tα | f (2α)(a)|+(1− t)α | f (2α)(b)|

]
(dt)α

=
1

Γ(1+α)

∫ 1
2

0
sα(λ − s)α

[
(1− s)α | f (2α)(a)|+ sα | f (2α)(b)|

]
(ds)α

=

[
λ α

4α

Γ(1+α)

Γ(1+2α)
− 1α +λ α

8α

Γ(1+2α)

Γ(1+3α)
+

1α

16α

Γ(1+3α)

Γ(1+4α)

]∣∣ f (2α)(a)
∣∣

+

[
λ α

8α

Γ(1+2α)

Γ(1+3α)
− 1α

16α

Γ(1+3α)

Γ(1+4α)

]∣∣ f (2α)(b)
∣∣.

(3.12)

Substituting (3.11) and (3.12) into (3.7), we get∣∣∣∣∣
(

λ
α

Γ(1+α)− Γ(1+2α)

2αΓ(1+α)

)
f (

a+b
2

)−λ
α

Γ(1+α)
f (a)+ f (b)

2α
+

Γ(1+2α)

2α(b−a)α aIα
b f (x)

∣∣∣∣∣
≤ (b−a)2α

[
λ α

8α

Γ(1+α)

Γ(1+2α)
− 1α

16α

Γ(1+2α)

Γ(1+3α)

](∣∣ f (2α)(a)
∣∣+ ∣∣ f (2α)(b)

∣∣). (3.13)

From (3.10) and (3.13), we obtain desired result immediately. �

Remark 3.3. If α = 1 in Theorem 3.2, then (3.6) reduces the inequality in Theorem 1.1.

Corollary 3.4. (Midpoint Inequality) If λ = 0 in Theorem 3.2, we obtain the following inequality∣∣∣∣∣Γ(1+α)

(b−a)α aIα
b f (x)− f (

a+b
2

)

∣∣∣∣∣≤ (b−a)2α

8α

Γ(1+α)

Γ(1+3α)

(∣∣ f (2α)(a)
∣∣+ ∣∣ f (2α)(b)

∣∣). (3.14)

Proposition 3.5. If α = 1 in Corollary 3.4, we get the following inequality∣∣∣∣∣ 1
b−a

∫ b

a
f (x)dx− f (

a+b
2

)

∣∣∣∣∣≤ (b−a)2

48

(∣∣ f ′′(a)∣∣+ ∣∣ f ′′(b)∣∣). (3.15)

Remark 3.6. We remark here that inequality (3.15) is the same as Proposition 1 in [11].

Corollary 3.7. (Trapezoid Inequality) If λ = 1 in Theorem 3.2, we obtain the following inequality∣∣∣∣∣
(

Γ(1+α)− Γ(1+2α)

2αΓ(1+α)

)
f (

a+b
2

)−Γ(1+α)
f (a)+ f (b)

2α
+

Γ(1+2α)

2α(b−a)α aIα
b f (x)

∣∣∣∣∣
≤ (b−a)2α

[
1α

8α

Γ(1+α)

Γ(1+2α)
− 1α

16α

Γ(1+2α)

Γ(1+3α)

](∣∣ f (2α)(a)
∣∣+ ∣∣ f (2α)(b)

∣∣). (3.16)

Proposition 3.8. If α = 1 in Corollary 3.7, we obtain the following inequality∣∣∣∣∣ 1
b−a

∫ b

a
f (x)dx− f (a)+ f (b)

2

∣∣∣∣∣≤ (b−a)2

24

(∣∣ f ′′(a)∣∣+ ∣∣ f ′′(b)∣∣). (3.17)

Remark 3.9. We remark here that (3.17) is the same as Proposition 2 in [11].
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Corollary 3.10. (Simpson Inequality) If λ = 1
3 in Theorem 3.2, we obtain the following inequality

∣∣∣∣∣
(

Γ(1+α)

3α
− Γ(1+2α)

2αΓ(1+α)

)
f (

a+b
2

)−Γ(1+α)
f (a)+ f (b)

6α
+

Γ(1+2α)

2α(b−a)α aIα
b f (x)

∣∣∣∣∣
≤ (b−a)2α

[(−1
216

)α Γ(1+α)

Γ(1+2α)
+
( 11

432

)α Γ(1+2α)

Γ(1+3α)

](∣∣ f (2α)(a)
∣∣+ ∣∣ f (2α)(b)

∣∣). (3.18)

Proposition 3.11. If α = 1 in Corollary 3.10, we get the following inequality

∣∣∣∣∣16
[

f (a)+4 f (
a+b

2
)+ f (b)

]
− 1

b−a

∫ b

a
f (x)dx

∣∣∣∣∣≤ (b−a)2

162

(∣∣ f ′′(a)∣∣+ ∣∣ f ′′(b)∣∣). (3.19)

Remark 3.12. We remark here that (3.19) is the same as Proposition 3 in [11].

Theorem 3.13. Let I ⊆ R be an interval. Let f : I0 ⊆ R→ Rα (I0 is the interior of I) such that f ∈
D2α(I0) and f (α) ∈Cα [a,b] for a,b ∈ I0 with a < b, 0 ≤ λ ≤ 1. If | f (2α)|q,q > 1 is generalized convex
on [a,b] , then, for all x ∈ [a,b], the following inequalities hold:

∣∣∣∣∣
(

λ
α

Γ(1+α)− Γ(1+2α)

2αΓ(1+α)

)
f (

a+b
2

)−λ
α

Γ(1+α)
f (a)+ f (b)

2α
+

Γ(1+2α)

2α(b−a)α aIα
b f (x)

∣∣∣∣∣

≤



(b−a)2α

2α

(
Γ(1+2α)
Γ(1+3α)

(1α

8α −2αλ 3α
)
+ Γ(1+α)

Γ(1+2α)(2
αλ 3α − λ α

4α )

) 1
p
[(

C1(λ ,α)
∣∣ f (2α)(a)

∣∣q
+C2(λ ,α)

∣∣ f (2α)(b)
∣∣q) 1

q

+

(
C1(λ ,α)

∣∣ f (2α)(b)
∣∣q +C2(λ ,α)

∣∣ f (2α)(a)
∣∣q) 1

q
]
, 0≤ λ ≤ 1

2 ,

(b−a)2α

2α

(
λ α

4α

Γ(1+α)
Γ(1+2α) −

Γ(1+2α)
8α Γ(1+3α)

) 1
p
[(

C3(λ ,α)
∣∣ f (2α)(a)

∣∣q +C4(λ ,α)
∣∣ f (2α)(b)

∣∣q) 1
q

+

(
C3(λ ,α)

∣∣ f (2α)(b)
∣∣q +C4(λ ,α)

∣∣ f (2α)(a)
∣∣q) 1

q
]
, 1

2 ≤ λ ≤ 1.

(3.20)
where p,q > 1 with 1

p +
1
q = 1, and

C1(λ ,α) =
Γ(1+2α)

Γ(1+3α)

(
2α

λ
4α − λ α

8α

)
+

Γ(1+3α)

Γ(1+4α)

( 1α

16α
−2α

λ
4α

)
,

C2(λ ,α) =
Γ(1+α)

Γ(1+2α)

(
2α

λ
3α − λ α

4α

)
+

Γ(1+2α)

Γ(1+3α)

(
1α +λ

α
)(1α

8α
−2α

λ
3α

)
+

Γ(1+3α)

Γ(1+4α)

(
2α

λ
4α − 1α

16α

)
,

C3(λ ,α) =
λ α

8α

Γ(1+2α)

Γ(1+3α)
− 1α

16α

Γ(1+3α)

Γ(1+4α)
,

C4(λ ,α) =
λ α

4α

Γ(1+α)

Γ(1+2α)
− 1α +λ α

8α

Γ(1+2α)

Γ(1+3α)
+

1α

16α

Γ(1+3α)

Γ(1+4α)
.
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Proof. Using Lemma 3.1 and taking modulus in (3.1) yields that

∣∣∣∣∣
(

λ
α

Γ(1+α)− Γ(1+2α)

2αΓ(1+α)

)
f (

a+b
2

)−λ
α

Γ(1+α)
f (a)+ f (b)

2α
+

Γ(1+2α)

2α(b−a)α aIα
b f (x)

∣∣∣∣∣
≤ (b−a)2α 1

Γ(1+α)

∫ 1

0
|k(t)|| f (2α)(ta+(1− t)b)|(dt)α

=
(b−a)2α

2α

[
1

Γ(1+α)

∫ 1
2

0
|tα(t−λ )α || f (2α)(ta+(1− t)b)|(dt)α

+
1

Γ(1+α)

∫ 1

1
2

|(1− t)α(1−λ − t)α || f (2α)(ta+(1− t)b)|(dt)α

]
.

Note that 1
p +

1
q = 1, and α( 1

p +
1
q) can be written instead of α . Using the generalized Hölder inequality,

we get

∣∣∣∣∣
(

λ
α

Γ(1+α)− Γ(1+2α)

2αΓ(1+α)

)
f (

a+b
2

)−λ
α

Γ(1+α)
f (a)+ f (b)

2α
+

Γ(1+2α)

2α(b−a)α aIα
b f (x)

∣∣∣∣∣
≤ (b−a)2α

2α

[(
1

Γ(1+α)

∫ 1
2

0
|tα(t−λ )α |(dt)α

) 1
p
(

1
Γ(1+α)

∫ 1
2

0
|tα(t−λ )α || f (2α)(ta

+(1− t)b)|q(dt)α

) 1
q

+

(
1

Γ(1+α)

∫ 1

1
2

|(1− t)α(1−λ − t)α |(dt)α

) 1
p

×

(
1

Γ(1+α)

∫ 1

1
2

|(1− t)α(1−λ − t)α || f (2α)(ta+(1− t)b)|q(dt)α

) 1
q
]
.

(3.21)

Letting 0≤ λ ≤ 1
2 , we arrive at

1
Γ(1+α)

∫ 1
2

0
|tα(t−λ )α |(dt)α

=
1

Γ(1+α)

∫
λ

0
tα(λ − t)α(dt)α +

1
Γ(1+α)

∫ 1
2

λ

tα(t−λ )α(dt)α

= λ
3α

(
Γ(1+α)

Γ(1+2α)
− Γ(1+2α)

Γ(1+3α)

)
+

Γ(1+2α)

Γ(1+3α)

(1α

8α
−λ

3α
)
+

Γ(1+α)

Γ(1+2α)
(λ 3α − λ α

4α
)

=
Γ(1+2α)

Γ(1+3α)

(1α

8α
−2α

λ
3α
)
+

Γ(1+α)

Γ(1+2α)
(2α

λ
3α − λ α

4α
).

(3.22)



SOME INEQUALITIES FOR GENERALIZED CONVEX FUNCTIONS ON FRACTAL SETS 11

Since | f (2α)|q is generalized convex on [a,b], we find from Lemma 2.6 that

1
Γ(1+α)

∫ 1
2

0
|tα(t−λ )α || f (2α)(ta+(1− t)b)|q(dt)α

≤ 1
Γ(1+α)

∫
λ

0
tα(λ − t)α

[
tα | f (2α)(a)|q +(1− t)α | f (2α)(b)|q

]
(dt)α

+
1

Γ(1+α)

∫ 1
2

λ

tα(t−λ )α

[
tα | f (2α)(a)|q +(1− t)α | f (2α)(b)|q

]
(dt)α

=

[
Γ(1+2α)

Γ(1+3α)

(
2α

λ
4α − λ α

8α

)
+

Γ(1+3α)

Γ(1+4α)

( 1α

16α
−2α

λ
4α

)]∣∣ f (2α)(a)
∣∣q +[ Γ(1+α)

Γ(1+2α)

(
2α

λ
3α

− λ α

4α

)
+

Γ(1+2α)

Γ(1+3α)

(
1α +λ

α
)(1α

8α
−2α

λ
3α

)
+

Γ(1+3α)

Γ(1+4α)

(
2α

λ
4α − 1α

16α

)]∣∣ f (2α)(b)
∣∣q

=C1(λ ,α)
∣∣ f (2α)(a)

∣∣q +C2(λ ,α)
∣∣ f (2α)(b)

∣∣q.
(3.23)

Letting 1− t = s, we arrive at

1
Γ(1+α)

∫ 1

1
2

|(1− t)α(1−λ − t)α |(dt)α =
1

Γ(1+α)

∫ 1
2

0
|sα(s−λ )α |(ds)α

=
Γ(1+2α)

Γ(1+3α)

(1α

8α
−2α

λ
3α
)
+

Γ(1+α)

Γ(1+2α)
(2α

λ
3α − λ α

4α
),

(3.24)
and

1
Γ(1+α)

∫ 1

1
2

|(1− t)α(1−λ − t)α || f (2α)(ta+(1− t)b)|q(dt)α

=
1

Γ(1+α)

∫ 1
2

0
|sα(s−λ )α || f (2α)(sb+(1− s)a)|q(ds)α

≤

[
Γ(1+2α)

Γ(1+3α)

(
2α

λ
4α − λ α

8α

)
+

Γ(1+3α)

Γ(1+4α)

( 1α

16α
−2α

λ
4α

)]∣∣ f (2α)(b)
∣∣q +[ Γ(1+α)

Γ(1+2α)

(
2α

λ
3α − λ α

4α

)
+

Γ(1+2α)

Γ(1+3α)

(
1α +λ

α
)(1α

8α
−2α

λ
3α

)
+

Γ(1+3α)

Γ(1+4α)

(
2α

λ
4α − 1α

16α

)]∣∣ f (2α)(a)
∣∣q

=C1(λ ,α)
∣∣ f (2α)(b)

∣∣q +C2(λ ,α)
∣∣ f (2α)(a)

∣∣q.
(3.25)

Substituting (3.22)-(3.25) into (3.21), we obtain the first inequality of (3.2).
On the other hand, letting 1

2 ≤ λ ≤ 1, we have

1
Γ(1+α)

∫ 1
2

0
|tα(t−λ )α |(dt)α =

1
Γ(1+α)

∫ 1
2

0
tα(λ − t)α(dt)α

=
λ α

4α

Γ(1+α)

Γ(1+2α)
− Γ(1+2α)

8αΓ(1+3α)
.

(3.26)
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Since | f (2α)|q is generalized convex on [a,b], we obtain from Lemma 2.6 that

1
Γ(1+α)

∫ 1
2

0
|tα(t−λ )α || f (2α)(ta+(1− t)b)|q(dt)α

≤ 1
Γ(1+α)

∫ 1
2

0
tα(λ − t)α

[
tα | f (2α)(a)|q +(1− t)α | f (2α)(b)|q

]
(dt)α

=

[
λ α

8α

Γ(1+2α)

Γ(1+3α)
− 1α

16α

Γ(1+3α)

Γ(1+4α)

]∣∣ f (2α)(a)
∣∣q

+

[
λ α

4α

Γ(1+α)

Γ(1+2α)
− 1α +λ α

8α

Γ(1+2α)

Γ(1+3α)
+

1α

16α

Γ(1+3α)

Γ(1+4α)

]∣∣ f (2α)(b)
∣∣q

=C3(λ ,α)
∣∣ f (2α)(a)

∣∣q +C4(λ ,α)
∣∣ f (2α)(b)

∣∣q.

(3.27)

Letting 1− t = s, we have

1
Γ(1+α)

∫ 1

1
2

|(1− t)α(1−λ − t)α |(dt)α =
1

Γ(1+α)

∫ 1
2

0
|sα(s−λ )α |(ds)α

=
λ α

4α

Γ(1+α)

Γ(1+2α)
− Γ(1+2α)

8αΓ(1+3α)
,

(3.28)

and
1

Γ(1+α)

∫ 1

1
2

|(1− t)α(1−λ − t)α || f (2α)(ta+(1− t)b)|q(dt)α

=
1

Γ(1+α)

∫ 1
2

0
|sα(s−λ )α || f (2α)(sb+(1− s)a)|q(ds)α

≤

[
λ α

8α

Γ(1+2α)

Γ(1+3α)
− 1α

16α

Γ(1+3α)

Γ(1+4α)

]∣∣ f (2α)(b)
∣∣q

+

[
λ α

4α

Γ(1+α)

Γ(1+2α)
− 1α +λ α

8α

Γ(1+2α)

Γ(1+3α)
+

1α

16α

Γ(1+3α)

Γ(1+4α)

]∣∣ f (2α)(a)
∣∣q

=C3(λ ,α)
∣∣ f (2α)(b)

∣∣q +C4(λ ,α)
∣∣ f (2α)(a)

∣∣q.

(3.29)

Substituting (3.26)-(3.29) into (3.21), we obtain the second inequality of (3.2). This completes the proof.
�

Corollary 3.14. (Midpoint Inequality) If λ = 0 in Theorem 3.13, we find the following inequality∣∣∣∣∣ Γ(1+2α)

2α(b−a)α aIα
b f (x)− Γ(1+2α)

2αΓ(1+α)
f (

a+b
2

)

∣∣∣∣∣
≤ (b−a)2α

16α

(
Γ(1+2α)

Γ(1+3α)

) 1
p(1α

2α

) 1
q

{[
Γ(1+3α)

Γ(1+4α)

∣∣ f (2α)(a)
∣∣q

+

(
2αΓ(1+2α)

Γ(1+3α)
− Γ(1+3α)

Γ(1+4α)

)∣∣ f (2α)(b)
∣∣q] 1

q

+

[
Γ(1+3α)

Γ(1+4α)

∣∣ f (2α)(b)
∣∣q +(2αΓ(1+2α)

Γ(1+3α)
− Γ(1+3α)

Γ(1+4α)

)∣∣ f (2α)(a)
∣∣q] 1

q
}
,

(3.30)
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where p,q > 1 with 1
p +

1
q = 1.

Proposition 3.15. If α = 1 in Corollary 3.14, we get the following inequality∣∣∣∣∣ 1
b−a

∫ b

a
f (x)dx− f (

a+b
2

)

∣∣∣∣∣
≤ (b−a)2

48

(3
8

) 1
q

[(∣∣ f ′′(a)∣∣q + 5
3

∣∣ f ′′(b)∣∣q) 1
q

+

(∣∣ f ′′(b)∣∣q + 5
3

∣∣ f ′′(a)∣∣q) 1
q
]
,

(3.31)

where p,q > 1 with 1
p +

1
q = 1.

Corollary 3.16. (Trapezoid Inequality) If λ = 1 in Theorem 3.13, we obtain the following inequality∣∣∣∣∣
(

Γ(1+α)− Γ(1+2α)

2αΓ(1+α)

)
f (

a+b
2

)−Γ(1+α)
f (a)+ f (b)

2α
+

Γ(1+2α)

2α(b−a)α aIα
b f (x)

∣∣∣∣∣
≤ (b−a)2α

8α

(
Γ(1+α)

Γ(1+2α)
− Γ(1+2α)

2αΓ(1+3α)

) 1
p
{[(

1α

2α

Γ(1+2α)

Γ(1+3α)
− 1α

4α

Γ(1+3α)

Γ(1+4α)

)∣∣ f (2α)(a)
∣∣q

+

(
Γ(1+α)

Γ(1+2α)
− Γ(1+2α)

Γ(1+3α)
+

1α

4α

Γ(1+3α)

Γ(1+4α)

)∣∣ f (2α)(b)
∣∣q] 1

q

+

[(
1α

2α

Γ(1+2α)

Γ(1+3α)
− 1α

4α

Γ(1+3α)

Γ(1+4α)

)∣∣ f (2α)(b)
∣∣q

+

(
Γ(1+α)

Γ(1+2α)
− Γ(1+2α)

Γ(1+3α)
+

1α

4α

Γ(1+3α)

Γ(1+4α)

)∣∣ f (2α)(a)
∣∣q] 1

q
}
,

where p,q > 1 with 1
p +

1
q = 1.

Proposition 3.17. If α = 1 in Corollary 3.16, we obtain the following inequality∣∣∣∣∣ 1
b−a

∫ b

a
f (x)dx− f (a)+ f (b)

2

∣∣∣∣∣
≤(b−a)2

24

[(
5

16

∣∣ f ′′(a)∣∣q + 11
16

∣∣ f ′′(b)∣∣q) 1
q

+

(
5
16

∣∣ f ′′(b)∣∣q + 11
16

∣∣ f ′′(a)∣∣q) 1
q
]
,

(3.32)

where p,q > 1 with 1
p +

1
q = 1.

4. APPLICATIONS

We give some applications of the integral inequalities involving the local fractional integral obtained
in previous section to obtain estimates of quadrature rules. Consider the division of the interval [a,b],0 <

a < b, given by In : a = x0 < x1 < · · ·< xn = b, and the quadrature formula involving the local fractional
integral

aIα
b f (u) = Q( f , In)+E( f , In), (4.1)

where Q( f , In) is an approximation of the local fractional integral aIα
b f (u), and the remainder term

E( f , In) is the approximation error.
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Proposition 4.1. Let I ⊆ R be an interval. Let f : I0 ⊆ R→ Rα (I0 is the interior of I) such that
f ∈D2α(I0) and f (α) ∈Cα [a,b] for a,b ∈ I0 with a < b. If | f (2α)| is generalized convex on [a,b], then in
(4.1), for every division In of [a,b], the remainder term E( f , In) satisfies,

|E( f , In)|= |aIα
b f (u)−Q( f , In)| ≤

1
8αΓ(1+3α)

n−1

∑
i=0

(xi+1− xi)
3α

(∣∣ f (2α)(xi)
∣∣+ ∣∣ f (2α)(xi+1)

∣∣), (4.2)

where

Q( f , In) =
1

Γ(1+α)

n−1

∑
i=0

f (
xi + xi+1

2α
)(xi+1− xi)

α .

Proof. Applying Corollary 3.4 to the interval [xi,xi+1](i = 0, · · ·,n−1), we obtain that∣∣∣∣xiI
α
xi+1

f (u)− 1
Γ(1+α)

f (
xi + xi+1

2α
)(xi+1− xi)

α

∣∣∣∣
≤ 1

8αΓ(1+3α)
(xi+1− xi)

3α

(∣∣ f (2α)(xi)
∣∣+ ∣∣ f (2α)(xi+1)

∣∣).
Summing over i from 0 to n−1 and using the triangle inequality, we obtain (4.2).

Next, we consider the applications of our results to the following α-type means on fractal sets(0 <

α ≤ 1):

A(a,b) =
aα +bα

2α
,

Ln(a,b) =
[

Γ(1+nα)

Γ(1+(n+1)α)
(b(n+1)α −a(n+1)α)

]1/n

,n ∈ Z\{−1,0},a,b ∈ R,a 6= b.

Consider the mapping f : (0,∞)→ Rα , f (x) = xnα ,n ∈ Z\{−1,0}. Then, 0 < a < b, we have

f
(

a+b
2

)
= [A(a,b)]n,

f (a)+ f (b)
2α

= A(an,bn)

and
1

(b−a)α aIα
b f (x) = [Ln(a,b)]n.

If n > 3 for function f (x) = xnα , f : (0,∞)→ Rα , then | f (2α)| is a generalized convex function. Using
Lemma 2.6, for 0 < a < b, we obtain∣∣ f (2α)(a)

∣∣+ ∣∣ f (2α)(b)
∣∣= Γ(1+nα)

Γ(1+(n−2)α)

(
a(n−2)α +b(n−2)α

)
.

�

Proposition 4.2. Let a,b ∈ R,a < b,0 /∈ [a,b] and n ∈ Z,n > 3. Then∣∣∣∣∣
(

Γ(1+α)− Γ(1+2α)

2αΓ(1+α)

)
[A(a,b)]n−Γ(1+α)A(an,bn)+

Γ(1+2α)

2α
[Ln(a,b)]n

∣∣∣∣∣
≤ (b−a)2α

[
1α

8α

Γ(1+α)

Γ(1+2α)
− 1α

16α

Γ(1+2α)

Γ(1+3α)

](
Γ(1+nα)

Γ(1+(n−2)α)

(
a(n−2)α +b(n−2)α

))
.

Proof. The assertion follows from Corollary 3.7 for f (x) = xnα , x ∈ [a,b],n ∈ Z,n > 3. �
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