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1. INTRODUCTION

Let .77 be a real Hilbert space equipped with inner product (-,-) and induced norm || - ||. Let ¢ be a
nonempty closed convex subset of 77, and let Y : € x ¥ — R be a bifunction.
The equilibrium problem for Y : 4 x ¥ — R is to find x € € such that

Y(x,y) >0, Vye®. (1.1)

The solution set of (1.1) is denoted by EP(Y) in this paper. This equilibrium problem, which was first
introduced by Ky Fan [1], and further studied by Blum and Oettli [2], has been extensively investigated
based on fixed point methods; see [3, 4, 5, 6, 7, 8] and the references therein.

In 2005, Combettes and Hirstoaga [9] introduced an iterative scheme for finding the best approxi-
mation to the initial data when EP(Y) is nonempty, and proved a strong convergence theorem. The
equilibrium problem has emerged as an effective and powerful tool for studying a wide class of problems
which arise in economics, ecology, transportation, network, elasticity and optimization; see [10, 11, 12]
and the references therein.
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Let S: ¥ — ¥ be a mapping. Throughout this paper, the set of fixed points of mapping S is denoted
by
Fix(S) ={x€ ¢ : x = Sx}.
Recall that § : € — % is said to be nonexpansive if

[ Sx=Syl[<llx=yll, Vxye?.

It was proved in [9] that equilibrium problem (1.1) is equivalent to a fixed point problem of nonexpansive
mappings. Let r > 0 be a positive real number. Define a mapping 7, : 5 = € by

1
L) ={z€€: Y(zy)+ -y —2z2-x 20, Vye?}

Then 7, is single-valued, and Fix(T,) = EP(Y).
Let A : € — S be a mapping. Recall that A is said to be monotone if

(Ax—Ay,x—y) >0, Vx,y€%.
Recall that A is said to be o-inverse strongly monotone if there exists a constant o > 0 such that
(Ax—Ay,x—y) > o || Ax— Ay ||, Vx,y € E.
A bounded linear operator A on 7 is said to be strongly positive if there is a 6 > 0 such that
(Ax,x) > 8||x|?, Vxe 2.

Let A : ¢ — ¥ be an inverse strongly monotone mapping and let Y : 4 x ¥ — R be a bifunction. In this
paper, we consider the following Generalized Equilibrium Problem (GEP):

Find ¥ €% suchthat Y(%,y)+ (A%¥,y—%) >0, Vye%. (1.2)
The set of solutions of this problem is denoted by GEP(Y,A), i.e.,
GEP(Y,A) ={x€ € : Y(x,y)+ (Ax,y—x) >0, Vy € ¢}
It is desirable to have a look at some special cases of generalized equilibrium problem (1.2):
(i): if A =0, then problem (1.2) reduces to the following Equilibrium Problem:
Find ¥ € % suchthat Y(%,y) >0, Vy€ ¥,
(ii): if Y = 0, then problem (1.2) reduces to the following Classical Variational Inequality:
Find ¥ € % suchthat (A%,y—X) >0, Vye .

As in the case of equilibrium problem, the classical variational inequality problem is equivalent to a
fixed point problem. To see this, we should recall the orthogonal projection Py : 77 — % that assigns
X € J to its unique nearest point in 4 provided that this latter set is nonempty, closed and convex.
Indeed, we have

Py (x) = argmin{||x—y| : ye €}.
It is well-known that

y=Py(x) < (x—y,y—2) >0, Vze?.
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We assume that A >0 and u € €. Then u € VI(%,A) if and only if A (Au,z—u) > 0 for each z € €. This
in turn is equivalent to

(—AAu,u—2z)>0, V€€ < (u—AAu—u,u—z)>0, Vze€
= (I-AA)u—u,u—z)>0, Vze®
<= u=Py(I—AA)u.

This shows that u € ¥ is a solution of the variational inequality if and only if u is a fixed point of
Py(I —AA); where A > 0 is a constant, and / is the identity operator. Recently, many authors have
studied problem (1.2) and its two special cases via fixed-point methods; see [13, 14, 15, 16, 17, 18] and
the references therein.

In [19], Shimoji and Takahashi introduced a W,,-mapping induced by an infinite family of nonexpan-
sive mappings {S; : € — €'} and a real number sequence of {7} with the restriction 0 <7y <1, Vi >1
(see next section). In 2016, Zhang and Hao [13], based on the W,-mapping, studied the convergence
analysis of the following iterative sequence, which is defined as following:

x| € €,chosen/arbitrarily,
1
F(yn,y) + {A%n,y =) + =y = Y, yn = Xn) 20, ¥y € F,
n
Xnt1 = Buxn + (1= L)W f (W) + (1 — @u)yn), Vn 2> 1,

where F is a bifunction, f is a contraction, {a, } and {B,} are sequences in the open interval (0,1) and
{rn} is a sequence of positive numbers. They proved that the sequence {x,} converges strongly to a point

x € Q:=()Fix(S;) NGEP(F,A) #0,
i=1
where x = Po f(x).
Subsequently, Majee and Nahak [14] studied the convergence analysis of the following iterative se-
quence {x, }, which is defined in the following way: x; € € arbitrarily, and

Up = TrglFl " <xn + YA*(EE,FLM) - I)Axn> )
Vn = OpXn+ (1= 8,)SHSRh_ -+ - S un,

Xn4+1 = annf(xn) +ﬁnxn+ <(1 _ﬁn)l_ O‘n.uD>yn7 n> 17

where D is a strongly positive bounded linear operator on .77, F, F>, h;,h; are some bifunctions, 1, >
0, {1} € (0,%0), and {e,}, {B.},{8:} C [0,1].

In this paper, inspired by [13] and [14], we introduce a new iterative algorithm and prove a strong
convergence theorem for generalized equilibrium problem (1.2) and common fixed-point problem of a
family of nonexpasnive mappings. Comparing with the algorithm in [13], we here consider a system
of generalized equilibrium problems (instead of one bifunction and one ¢-inverse strongly monotone
operator). It also deserves mentioning that the number of nonexpansive mappings in our algorithm
is infinite. The results presented in this paper improve and extend some recent results announced in
[13, 14, 20, 21, 22].
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2. PRELIMINARIES

To study generalized equilibrium problem (1.2), we assume that bifunction Y : 4’ x ¥ — R satisfies
the following conditions:
(C1): Y(x,x) =0forall x € ¥,
(C2): Y is monotone, that is,
Y(x,y)+Y(yx) <0, Vx,ye?,
(C3): Y is upper-hemicontinuous, that is,
limsup Y (hz+ (1 —h)x,y) < Y(x,y), Vx,y,z€ €,
h—0+
(C4): Y(x,0) is convex and lower semicontinuous for each x € %
In order to prove our main results, we need to recall some concepts from the theory of Banach spaces.
A Banach space X is said to satisfy the Opial’s condition [23] if, for each sequence {x,}:"_; in X which

n=1
converges weakly to a point x € X, we have

liminf ||x, —x|| < liminf|lx, —y|, Vye€X,y#x.
n—oo n—oo
It is known that the above inequality is equivalent to

limsup ||x, —x|| < limsup||x, —y|, VyeX,y#x.
n—soo n—soo
It is known that all Hilbert spaces and /? satisfy the Opial’s condition, however, L does not satisfy the
Opial’s condition, unless p = 2.
Let 57 be a real Hilbert space. Then, for all x,y € JZ, the following assertions hold:
() x+y [P<[ly I? +2{x,x+y),
@) |ax+(I-a)y|P=a x|+ -a) | y]? —all—a)[[x—y]?
@) x=y IP=llx 2+ [y > —2(x,y).
Let ¢ be a nonempty closed and convex subset of a Hilbert space 5. Let T : 4 — % be a mapping.
Recall that T is said to be firmly nonexpansive iff

ITx=Ty|* <(Tx—Ty,x—y), xy€%.

It is easy to see that every firmly nonexpansive mapping is nonexpansive. As a typical example, the
orthogonal projection Py, which satisfies

Pyx—Pyy||* < (Pex—Pgy,x—y), Yx,y€E,

is firmly nonexpansive.

Lemma 2.1. [2] Let € be a nonempty closed and convex subset of a Hilbert space 7¢. Let Y : € X € — R
be a bifunction. Assume that X satisfies (C1) — (C4). Let r > 0 and x € 5 . Then, there exists z € € such
that

Y(z,y)+ %(y—z,z—x> >0, Vye®@.
Further, define a mapping T, . 7€ = € by

1
Lx)={ze@: Yy + {y-22-x) 20, Vye?}.
Then
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(1) T, is single-valued.
(2) T, is firmly nonexpansive, that is,
17:(x) = LO)II? < (L) = T (v),x—y), Vxye st
(3) Fix(T,) = EP(Y),
(4) EP(Y) is closed and convex.

Lemma 2.2. [17] Let €,77,Y and T, be as in Lemma 2.1. Then the following holds:
s—t
1100~ B@IP < (730~ (), 1) ),
forall s,t >0andx € .

Lemma 2.3. [24] Assume that {a,} is a sequence of nonnegative real numbers such that
a1 < (1 —W)an+ %0y, Yn >0,
where {7y, } is a sequence in (0,1) and {5,} is a sequence in R such that
(1) Xo—1 Y = oo,
(2) limsupn_m?/n <0orY,; ;|0 <ee.

n
Then lim,,_.a, = 0.

Definition 2.4. [19] Let % be a nonempty closed convex subset of a Hilbert space 7. Let {S;: ¢ — €'}
be an infinite family of nonexpansive mappings and let {¥;} be a nonnegative real sequence with 0 < y; <
1,Vi> 1. For n > 1, define a mapping W, : € — € as follows

p
Un,n+1 = I,

Un,n == 'YnSnUnJHrl + (1 - Yn)la
Un,n—l - '}/n—ISn—lUn,n + (1 - ’Yn—1>17

Unk = YSiUn 1 + (1 = %), 2.1
Unik—1 = Ye-1Sk—1Uni + (1 = V1)1,

Un2 = pS2U 3+ (1 —p)l,
Wo=Un1 =1NS1Up2+ (1 —n)l.

Lemma 2.5. [19] Let € be a nonempty closed convex subset of a Hilbert space 7. Let {S;: € — €} be
an infinite family of nonexpansive mappings with (| Fix(S;) # 0 and let {y;} be a real sequence such
that 0 <y, <I<1,Vi> 1. Then

(1) W, defined in the previous section, is nonexpansive and Fix(W,) = (N Fix(S;), for each n > 1;

(2) for each x € € and for each positive integer k, the limit lim,_,.. U, ;. exists;

(3) the mapping W : € — € defined by

Wx:=limW,x=1limU, x, x€ %,
n—oo n—yoo ’

is nonexpansive and satisfies Fix(W) = N> Fix(S;).
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The mapping W defined above is called the W-mapping generated by S1,52,--- and 11,7, -.

Lemma 2.6. [20] Let € be a nonempty closed convex subset of 7€, {S; : € — €'} be an infinite family of
nonexpansive mappings with 0 Fix(S;) # 0 and {7;} be a real sequence such that0 <y, <1< 1,¥i> 1.
If K is any bounded subset of €, then

lim sup || Wx —W,x ||= 0.
n—= xek

Throughout this paper, we always assume that 0 < y; <[ < 1, where [/ is some real number, i > 1.

Lemma 2.7. [25] Let {x,} and {y,} be bounded sequences in 7€ and let {,} be a sequence in (0,1)
with 0 < liminf,_,. B, < limsup,_.., B, < 1. Suppose that x,+1 = (1 — By)yn + Bnxn for all n > 0 and

limsup ( 13t =3 = [ st = | ) <o0.

n—yoo

Then limy,_e || yo —xn ||= 0.

3. MAIN RESULTS

Theorem 3.1. Let € be a nonempty, closed convex subset of a Hilbert space 7¢ and let Y1, Y5, -, Y}
be bifunctions from € x € to R which satisfy (C1) — (C4). Let Ay,Ay,--- A be uj-inverse strongly
monotone mappings from € to 7€ and let {S; : € — €'} be an infinite family of nonexpansive mappings.
Let f : € — € be a contractive mapping with the constant k € (0,1). Assume that

Q:= (ﬁFix(SJ) n ( (k] GEP(Tj,Aj)> £0.

i=1 j=1

Let {x,}_, be a sequence generated in the following manner:

XIEC,yET,

Y (un1,y) + (A1xn,y — ttn1) + %<y_un,l7un,l —xp) >0,

Y2 (tn2,y) + (A2xn,y — tt2) + 5 (¥ = thn 2, tn 2 — %) > 0,

: 3.1)
Yy (ttn,y) + (AkXn,y — ) + %ﬂ(y — Up o, Un g — Xn) > 0,

0, = %):]}:1 Un,j,

Xn+1 = ann + (1 - Bn)Wn(anf(ann) + (1 - an)wn)7

where {W,} is the sequence defined by (2.1), {a,} and {B,} are sequences in (0,1) and {r,} is a
sequence of positive numbers. Assume that the above control sequences satisfy the following conditions:
0<a<B,<b<l,0<c<r,<d<2u limy 00, =0,Y " 0t =c0and lim,_,e(r, —ry+1) =0. Then
{x} convergence strongly to a point x € Q, where x = Po f(x).
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Proof. We first show that {x,} and {®,} are bounded. Let x* € Q. We observe that I —r,A;, j =
1,2, k, is a nonexpansive mapping. Indeed, for any x,y € %, one has
(= raA)x = (I = raA Y|P = [|(x =) = ra(Ajx = A) |17
= =yl = 2rlx =y, A = Ajy) + A — Al
<=yl = (24 = ra) A = Ay

< =yl
So
ot = X" {| < [l — X7, (3.2)
which in turn implies that
[ — x| < [lxn — 7. (3.3)

Putting z, = a,f(Wyx,) + (1 — ;) ®,, we find from (3.3) that
120 = "] < ol f (Waxn) — x7[] + (1 — ) || @0 — x|
< (=01 =K)) [P —x"[| + 0| f(x7) —x7|. (3.4)
It follows that
(X1 = x| < Bullxn = x7[] + (1 = Ba) [[Wazn — x7]|
< Bl = x| 4 (1 = Ba) |20 — x7]]
< (1= au(1 = Bu) (1 = k))[lxn — x| + 06 (1 = B | £ (™) — x|

Smax{Hxl—x*H T %

L=y,

Therefore, {x,} is bounded, so are {@,} and {z, }. Without loss of generality, we may assume that there
exists a bounded set K C & such that x,,,y,,2, € K. Note that u, ; can be written as u, ; = T, j(x, —
rnAjxy). For any j=1,2,--- k, one has
ttns1j =t || < NTr j T = rns1Aj)xngr = Ty j (T = 1 )|
T, = 1A )20 — T, (I — 1nA )X |
ST = rn1A))xn g1 = (= radj) x|
H T, (L = 1A )20 = T, (I — 1nA ) x|

< Hxn+1 —XnH + ‘rn-i-l —rn|Hijn”

I g, A )% — T (= 1A )3
Tn+1
Then
[tts1,j =t || < ¥t — 2]l +2M 1 — 1l G2
where

|7,

n

I =10Aj)xn =Ty, (I —10A )X

nt1

o = max s bosup(li )}
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It follows that
zn1 = zall < gt [[f Wop1Xn11) — f (W) || 4 [ @1 — 0| (ILf (W) || + || @)
+ (1= Q1) || @n 1 — @]
S an-‘rlkHWn-i-lxn-‘rl - annH + ‘an-i-l - an|(”f(ann)H + HwnH)
+ || @1 — @ - (3.6)

1
Setting M = %le':l 2M; < oo, we have

1 k
|@n11 — 0] < % Z ltng1,j — ttn,jl| < |[Xnse1 —Xn || + M1 — 1al, (3.7)

j=1
which shows that

1201 = 2l < Oy 1k Winxn — Wik | + [ @1 — 0| ([|.f (Waxa) || + [ @n]])
+ | X1 = Xal| + Moy = ral | (3.8)
Note that
Was12nt1 — Wazall = [[Wat12n41 — Wazns1 +Wzpp1 — Wz + Wz, — Woza|
<Wat1zos1 =Wzt [| + [Wzn1 = Waa|| 4 Wz — Waza|
S)SCIEJIIE{HWHM—WXH + [Wx = Wax([} + l|zn41 — 2all- (3.9)
Combing (3.8) with (3.9) yields that
[Wat12n41 = Waza|l = [Par1 —xal| < i‘ellfg{HWon*WXH + [[Wx —Wx||}

+ (Xn+lk||Wn+lxn+l - annH
. an\(||f<wnxn>||+uwn||>

+ [Hxnﬂ — Xp|| 4+ M| rny1 —Fn@ . (3.10)
By using Lemma 2.6, we find that
limsup{||Wa+12n+1 — Wazal| — |xns1 — xa]| } < 0.

n—oo

It follows from Lemma 2.7 that

lim ||W,z, —x,|| = 0. (3.11)
n—soo
Consequently,
lim ||x,41 — X, || = lLim (1 = B,)[|Wazn — xu]| = 0. (3.12)
n—oo Nn—soo

Moreover, for any j € {1,2,---,k}, one has
et j = 1> < | (= x7) = (A ja — A ") ||
= [lotn — X% = 27 (0 — X, Ay — AT+ 2| A, — A x|

< o =272 = (24 — ) A jon — A" 2.
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It follows that

|, — x> = | Z (tn,j —x*)|?
1 k
< Ll
< o —x*1* = Zrn 20— 1) [|A g — A ||

By (3.13), we have
[[xn+1 —x ||2 = || Buxn + (1 = Bn)Wnzn — x ||2

< Bullss— [P+ (1= B~
< Bl =2+ (1 ) (@l W) 1 =)o, )
< Bl P+ (1~ Br) ot £ (W)

L1 —a) [uxn—x*nz—,lcjirn<2u‘,-—rn>Hijn—A.,-x*||2]

< ||xn_X*||2+aan(ann)_X*Hz_(l_an Zrn 20— ry)||Ajxn —
which implies that
(1—0)(1 Z”n 20 —ry)[|Ajxn — jx*H2

< Joen — Hz—llan—X I+ Gl | f (W) — x|
< (I =2 1 =5 D)l = X1+ Gl f (W) =712
Since o, — 0 and ||x,+1 — x,|| — 0, we arrive at
lim [|Ajx, — A =0,  Vj=12k
n—oo
Note that

|| tn,j —x*||2 < —rpAj)xn — (I =10l )X up j — x7)

1 * *
=5 (1= = 1= APy =1
= A= (A = (=)
1 x
< 5 (B = TPt = = = = A= A

1
= 5 (= = = =

+2r, (X — uy j,Ajxy —Ajx*) — rﬁHij,, —ij*||2>.

(3.13)

AR,

(3.14)
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This implies that
et =112 < o =17 = o = 1% - 2l — 20 1A e — A (3.15)

It follows that

k
1
o, —x* > =1} ;(un,j —x")|1?
j=1
1 & )
*
< =Y [l — x|

k&

< o2l ¢ i O i}zmm A AR (316)
j= j=
Observe that
[Pne1 = < Bulln =>4+ (1= Ba) (aan(ann) — 2|7+ (1 - )| o —X*|2>
< Bullva — 2|2 + 0t (1 = Ba) 1 (Wax) — x|

oo 14
(1= )1 B (=P X =
j=1
1 k
1 L2l A 5,4
=1
2 2 1 a 2
< oty P4 0L (W) 2~ (1= ) (1~ By) Y ]
=1

1 & .
+ (1T —ap)(1 _Bn)% Z 27|20 — tan,j||[|A jxn — Ajx"].
=1

It follows that
1 k * * *
(1= 0t)(1=Bn) - Y ot = xall* < | f (W) — % 1>+ [0 — 51> = [0 — X7
j=1

HI=a)(1 -y

k
27|10 — tn || 1A jxn — A jx" |
j=1

Since o, — 0 and ||x,+1 — x,|| — 0, we have

lim [|uy, j — xn|| = 0. (3.17)
n—yoo

It is easy to see that
lim ||, — x,|| = 0. (3.18)
n—soo

Since z, = a, f (Wyxn) + (1 — o) @, we find that
lim ||z, — @,|| = 0. (3.19)
n—so0

Notice that
[%n+1 = Xall = (1= Bu) [[Wanzn — -
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This together with (3.12) gives that
lim ||W,z, —x,|| = 0. (3.20)
n—yo0
Observe that
Wiz = zall < llzn — @l + (| @0 — Xl + [0 — Wazal|-

From (3.18), (3.19), (3.20), we obtain that
lim ||W,z, — z,|| = 0. (3.21)
n—soo

Since the mapping Pq f is contractive, we denote its unique fixed point by x. Next, we prove that

limsup(f(x) —x,z, —x) <O0.

n—oo

To see this, we choose a subsequence {z,,, } of {z,} such that

limsup(f(x) —x,z, —x) = ,,?ELU(X) — X, Zn,, —X)-

Since {zy, } is bounded, there exists a subsequence {zy,, } of {4, } which converges weakly to z. Without
loss of generality, we may assume that z,, — z. Indeed, we also have w,, — f. First, we show that
z € iz, Fix(S;). Suppose to the contrary that Wz # z. Note that

||Zn - Wzn” < ||WZn - WnZn“ + ||ann _ZnH
< sup{|[Wx —Wx|| } + [[Wazu — za]|-
x€EK

In view of Lemma 2.6, we obtain from (3.21) that lim,_« ||z, — Wz, || = 0. By using the Opial’s condition,
we see that

timinf |z, —<l| < liminf]Jz,, — Wz]

gmmﬂ%—mm+w%—m@
m—soo

< liminf { |z — Wn,
m—yoo

+ Han _ZH}

This implies that
liminf||z,, —z|| < liminf||z, —z],
m—soo m—yeo

which is a contradiction. Hence, we have z € (-, Fix(S;).
Next, we show that f € ﬂ'j‘-: {GEP(Y;,A;). Since {®, } is bounded, there exists a subsequence {@,, }
of {®,} such that m,, — f. Furthermore, we have

1
Y (un j,y) + (AjXn,y — tn j) + - (V= ttn j,ttnj—xn) 20, VyeE.

n
By using condition (C2), we see that

1
(Ajxn,y —un j) + r—(y—un,j,un_,j —xn) > Yj(vunj), VyeE.

n

Substituting n by n,, , we get that

U, i—x
(Ajxn,,y —tn, ;) + (y—tn, js Sl e > Y;(vun, ), VyeE. (3.22)

rnm
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ForO<I/<landye %, lety,=1ly+ (1 —1)z. Since y € € and z € €, we have y; € €. It follows from
(3.22) that

<yl - Mnmvj’Ajyl> 2 <yl - unmsj7Ajyl> - <A]xnm’yl - unm:j>

u i — X,
— (V1= Uy s LY X (1, )
Ny
= (V1 = Un,, jy Ay — Ajttn,, j) + (Vi — Un,, js A jln, j — AjXn,)
u i — X,
— (1 — tn,, j, ”;—’W + (1, ttn,,. ;) (3.23)
Nm

Monotonicity of A, condition (C4) and (3.17) imply that

<yl - unm,ijjyl _Ajunlmj> 2 07

and

| Ajutn,, j—Ajxn, ||[ =0 asm — oo.
It follows from (C4) and (3.23) that
b=z Ay 2 Xi(,2). (3.24)
Now, (C1) and (C4) together with (3.24) show that
0=";(v,y) <IX;(yi,y)+ (1 =1)Y;(y1,2)
< IXi(yv,y) + (L =D —2,A,0)
=10 (y,y) + (1= DUy —2,A 1),
which yields Y;(y;,y) 4+ (1 —1)(y —z,A;y;) > 0. By letting / — 0, we have
Tj(z,y) +(y—24,z) = 0.
This shows that f € GEP(Y;,A;) forall j=1,2,--- ,k,or f € ﬂljzl GEP(Y;,A)). It follows that
limsup(f(x) —x,z, —x) <O0. (3.25)

n—oo

Finally, we show that x,, — x, as n — o. Note that
| 20 —x H2 = O (f (Wxn) — X, 20 — x) + (1 — 04) (@ — X, 2 — X)
< (T=an(1=k)) | xn—x ([l 70 —x || +06u(f(x) —x,2, —x)

< 1—o,(1—k)

< 5 (Ftn =2 I+ [l 2 =2 [|2) + 0 (f(6) = 2,20 — ).

Hence, we have
2 —6[I* < (1= 0 (1 = k) bon = x]* + 206 (£ (x) =%, 20 — ).
This implies that
01 = 7 = Buxn+ (1 = Bo)Wazn —x ||
< B llow—x 7 +(1 = Ba) 20— |
< (1= (1= Ba) (1 =K)) || 20 =2 || 4204 (1 = Ba) (f (x) = x,20 — ).

By using Lemma 2.3 and (3.25), we find that lim,_,. || x, —x ||= 0. This completes proof. U
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4. APPLICATIONS AND NUMERICAL EXAMPLES

In this section, we give some special cases of 3.1 and numerical results to support the convergence
analysis of our algorithm.
For a single nonexpansive mapping, we find from Theorem 3.1 the following result immediately.

Corollary 4.1. Let € be a nonempty, closed convex subset of a Hilbert space 7€ and let Y1, Y5, , T}
be bifunctions from € x € to R which satisfy (CI1) — (C4). Let Ay,As,--- A be uj-inverse strongly
monotone mappings from € to € and let S : € — € be a nonexpansive mapping. Let f : € — € be a
contractive mapping with the constant k € (0,1). Assume that

Q= (Fix(s)> N < (k] GEP(Yj,Aj)> £0.

j=1

Let {x,}_, be a sequence generated in the following manner:

XIEC,yET,

Y1 (tn,1,9) + (A1X0, Y = 1)+ - (¥ = U1, Un 1 —Xn) >0
Ya(un2,y) + (A2Xn,y =t 2) + 5 (¥ = thn 2, Up 2 = %) > 0,
: (4.1)
Yy (4 5 ¥) + (Akn, Y =t k) + 3 (Y = U s Uk — Xn) > 0,

0, = %lezl Un,js

Xnt1 = Buxn+ (1= Bn) S f(Sx,) + (1 — o) 0y),

where {a,} and {B,} are sequences in (0,1) and {r,} is a sequence of positive numbers. Assume that
the above control sequences satisfy the following conditions: 0 <a< B, <b<1,0<c<r,<d<2U,
limy 00, =0, Y| &ty = o0 and limy,_ye(ry, — ry11) = 0. Then {x,} convergence strongly to a point
x € Q, where x = Po f(x).

Let S be the identity mapping. For a system of generalized equilibrium problems, we find from
Theorem 3.1 the following result immediately.

Corollary 4.2. Let € be a nonempty, closed convex subset of a Hilbert space 7 and let Y1, Y5, - , Y
be bifunctions from € x € to R which satisfy (C1) — (C4). Let Ay,A,,--- ,Ax be uj-inverse strongly
monotone mappings from € to ¢ and let f : € — € be a contractive mapping with the constant k €
(0,1). Assume that

Q= < (k] GEP(TJ-,A‘,-)> 0.

j=1
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Let {x,};7_, be a sequence generated in the following manner:

)
XIEC,yET,
Y1 (tn,1,5) + (A1, y =t 1) + 5 (Y = thn 1, U 1 = Xn) >

0,
YZ(un,Z,Y) + <A2xnay - ”n,2> + %ﬂ(y —Up2,Un2 —xn> >0,
: “4.2)
Yk(”n,kay) + <Akxn7y - ”n,k) + %(y — Un ky Un k _xn> >0,

1 k
W, = %Zj:l Up,j,

Xy 1 = Buxn + (1= Bo) (O f (xa) + (1 — &) @),

where {a,} and {B,} are sequences in (0,1) and {r,} is a sequence of positive numbers. Assume that
the above control sequences satisfy the following conditions: 0 <a < B, <b<1,0<c<r,<d <2u,
limy e 0, =0, Y| &ty = o0 and limy,_ye(ry, — ry11) = 0. Then {x,} convergence strongly to a point
x € Q, where x = Po f(x).

For a system of equilibrium problems and common fixed point problems of nonexpansive mappings,
we find from Theorem 3.1 the following result immediately.

Corollary 4.3. Let € be a nonempty, closed convex subset of a Hilbert space 7 and let Y1, X5, -+, X}
be bifunctions from € x € to R which satisfy (C1) — (C4). Let {S; : € — €'} be an infinite family of
nonexpansive mappings and let f : € — € be a contractive mapping with the constant k € (0, 1). Assume
that

Q:= (imﬂsg) n </(i GEP(rj,Aj)> £0.

Let {x,};,_, be a sequence generated in the following manner:

XIEC,yET,

Y1 (tn,159) + 3 (9 = thn 15t = %n) >0,

Yo (upp,y) + i()’ —Up2,Up2 —Xp) >0,

: 4.3)
Yy (4 ks y) + %()’ — Up ks Unk —Xp) > 0,

W, = %lezwn,p

X1 = Buxn + (1= Bu)Wa(Quf (Woxa) + (1 — 0) @),

where {W,} is the sequence defined by (2.1), {a,} and {B,} are sequences in (0,1) and {r,} is a
sequence of positive numbers. Assume that the above control sequences satisfy the following conditions:
0<a<B,<b<l,0<c<r,<d<2u, lim, 00, =0, 0t =c0and lim,_,o(ry, —ry+1) =0. Then
{xn} convergence strongly to a point x € Q, where x = Pof(x).

Corollary 4.4. Let € be a nonempty, closed convex subset of a Hilbert space 7 and let Y1, Y5, , T
be bifunctions from € x € to R which satisfy (CI1) — (C4). Let Ay,Ay,--- A be uj-inverse strongly
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monotone mappings from € to 7 and let {S; : € — €'} be an infinite family of nonexpansive mappings.
Let f : € — € be a contractive mapping with the constant k € (0,1). Assume that

o (Arstss) o (Avce.a)) o

j=1

Let {x,};"_, be a sequence generated in the following manner:

,
X1 €F,
Un1 = Py (Xy — raA1xy,),
Un2 = Py (X, — 1hA2Xy),
“4.4)
Un e = Pg(Xn — 1hAsxn),
w, = %Z];:l Un,js

Xn+1 = ann + (1 - ﬁn)Wn(anf(ann) + (1 - aﬂ)wﬂ)a

where {W,} is the sequence defined by (2.1), {a,} and {B,} are sequences in (0,1) and {r,} is a
sequence of positive numbers. Assume that the above control sequences satisfy the following conditions:
0<a<B,<b<l,0<c<r,<d<2u limy 00, =0, 0t =c0and lim, ,e(r, —ry+1) =0. Then
{xn} convergence strongly to a point x € Q, where x = Po f(x).

Proof. Putting Y = 0, we see from Theorem 3.1 that

1
(ijn,y—un7j>—i—r—(y—un’j,un,j—x,,) >0, VWye&¥.

n

This implies that
(VY= ttn, js X — 1A Xy —utp j) <0, Vy €,
from which it follows that
U j = Py (Xp — rnAjxy).

This completes the proof. U

Finally, we provide an example of GEP satisfying the conditions of Theorem 3.1, and give some
numerical results to illustrate our algorithm.
Consider X =R and € = [0, 1]. For any i € I, we define the bifunctions Y; by

Yi T ExE — R
Yi(x,y) = (y+ix)(y —x).
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and A;x = ix. It is easy to see that, for each i € I, Y; satisfies the conditions (C1) — (C4), also A;, for each
iel,is

- 1—str0ngly monotone mapping. Indeed,
i

(Aix — Ay, x—y) = (ix —iy,x —y)
:i<x_y?x_y>
=illx—y|*
1 2
> —|lx—y|%
> e
X
Cn+1

Let {S,, (x):

} be an infinite family of nonexpansive mappings on ¢’. For all n > 1, define
n>1
. 1 1 1
the sequence;s {o,}, {B.} and {%,} in (o,1) by o, = PE B, = 2l and ¥, = o Take r, = |
and f(x) = 3 Therefore, all conditions of Theorem 3.1 are satisfied. First, we find the sequence {u, ;}
which satisfies the following Generalized Equilibrium Problem, for all y € €,
1
Yi(un,7y> + <Aixn7y - un,i) + 7<y — Up i, Uni _xn> >0.

n

Foralln > 1andi €I, we get

1
Ti(un,iay) + <Aixnay_ un,i> + 7<y_ Un,i, Un,i _xn> >0

n
. _ 1
= (it g) (v = ) = (060) (0 = 1) = (= thn) (=) 2 0

n

<= rny2 — Pl iy + Tnilty [y — rniui,- + FpiXpy — FpiXply ; + Yiy j — YXp — uil +utyix, >0
= .y + ((1 +ra(i— Dy ) — (1 — irn)x,,)er ((1 — irp)up X, — (1 +irn)ui’l~) >0.
Put
Ki(y) = rny2 + ((1 + 1 (i — 1)”1171') —(1— irn)xn)y+ ((1 - irn)”n,ixn —(1 +i’"n)u%,i)'
Since K; is a quadratic function relative to y, K;(y) > 0 for all y € %, if and only if the coefficient of y? is
positive and the discriminant /\; < o. But
. . 2 . .
A= ((1 +rp(i—1)uy;) — (1 — lrn)x,,) — 4rn((1 — irp)Up,ixy — (1+ lrn)uﬁ,i)
. . 2
= ((1 +rp(i—1)uy;) — (1 — lr,,)x,,) .

So, Ty, i(xs) = 1+]r_7(iirjr1)x"' It is easy to see that Y; for all i € 7, satisfies the conditions (C1) — (C4). Next,

we sketch the graph of Y; fori=1,2,---,100 in three-dimensional space (see Figure 1). We see that

<1(010Fix(5,')> N (I(O]O GEP(Yj,Aj)) = {o}.

i=1 j=1

In this case, x, converges to zero. Thus, {x, },>1 is convergent.
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FIGURE 2. Plot of our algorithm.
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