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1. INTRODUCTION

In this paper, we study the following initial boundary value problem for the following coupled nonlin-
ear Kirchhoff-type equations with degenerate damping and source terms

a1t = MVl 1 991) 80+ (o] ) el = fi (), () € @ (0,T),
vl vig = MOVl + VYA -+ (117 4 1l ) [l v = fa (), () € @ (0,T),

u(x,t) =v(x,t) =0, (x,¢) € dQ x (0,T), (1.1)
u(x,0) =uo(x), u (x,0) =up (x), xeqQ,
v(x,0) =vo(x), v (x,0) = v (x), X € Q,

where Q is a bounded domain with smooth boundary dQ in R" (n=1,2,3), p,q > 1, j,k,1,0,p >0,
fi(.,.) : R> — R are given functions to be specified later, and M(s) is a nonnegative locally Lipschitz
function.

In the case of j =0 and M (s) = 1, Rammaha and Sakuntasathien [1] considered the following system

Uy — Au‘i‘ (’M|k+ |V’l> ‘ut‘pil Uy :fl (M7V)7

A (1.2)
vig = Dk (W0 1l ) [l v = o ().
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They studied the global well posedness of solutions of problem (1.2). Recently, some authors [2, 3]
considered the same problem treated in [1]. They studied the blow up and growth properties. Systems
with degenerate damping terms have also been extensively investigated; see [4, 5, 6].

In 2016, Ye [7] considered the following system

tt = M(|[Vadl® + | VI A+ o[~ e = fi (), (1.3)
vie = M(|[Vadl|* + [ VV[P)Av + v T vy = fo (u,v)

with initial boundary conditions. He proved the global existence and energy decay results. The model
(1.3) is introduced in [8] for studying the nonlinear vibrations of an elastic string.

If both Kirchhoff-type terms (M(s)) and degenerate damping terms are present, then the analysis of
their interaction is not easy. In this paper, motivated by the above studies, we prove the global nonexis-
tence of solutions for (1.1). This paper is organized as follows: In Section 2, we present some lemmas
and the local existence theorem. In Section 3, the blow up of solutions is given. In Section 4, some
estimates for lower bound of the blow up time is given.

2. PRELIMINARIES

In this section, we give some assumptions and lemmas which will be used throughout this paper. We
use ||| and [|.|[,, to denote the usual L? () norm and L” (Q) norm, respectively.

To state and prove our main result, we need the following assumptions.

(A1) M(s) is a nonnegative C' function for s > 0 satisfying

M(s)=1+s" y> 1.
(A2) For the nonlinearity, we suppose that

{ p,gq>1ifn=12,

1<p,g<5 ifn=3.

Concerning functions f (u,v) and f; (u,v), we take
fy) = alu+v]P " (u+v)+blul ulv| 2,
Hy) = alut+vP " () by v]ul2,

where a,b > 0 are constants and r satisfies

-1 ifn=1,2
<r 1 n ,2, @1
—1<r<lifn=3.
One can easily verify that
ufy (u,v)+vf (u,v) =2(r+2)F (u,v), ¥ (u,v) € R?, (2.2)
where |
Fun) =300 [a\uﬂyz(’”) +2b\uv|’+2} . 2.3)
We define the energy function as follows
1 j+2 2\ 1 2 2
E@) = s (w54 Il 23) + 39l +9v])
1 2 2\ 41
+ Vul||” + [|Vy|7)" —/F u,v)dx. 2.4
TRV LLACU AUy RACRY 24
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Lemma 2.1. [9]. There exist two positive constants co and ¢y such that
co (\u|2<’+2> n |v12<’+2>) <2(r+2)F (uv) <1 (|u|2<’+2> + \v|2<’+2>> . 2.5)

Lemma 2.2. (Sobolev-Poincare inequality) [10]. Let g be a number with2 < g <o (n=1,2) or 2 <
q<2n/(n—2) (n>3). Then, there is a constant C, = C, (Q, q) such that

leelly < Co|[Vull for u € Hy (Q).

Lemma 2.3. [11]. Suppose that

n—2
holds. Then there exists a positive constant C > 1 depending on Q only such that
s 2 14
Jully < € (vl + )
foranyue H} (Q),2<s<p.

The next lemma shows that our energy functional (2.4) is a nonincreasing function along the solution
of (1.1).

Lemma 2.4. E (t) is a nonincreasing function for t > 0 and

d _ k / pt1 6 P g+l
S0 = [ () el dx= [ (91?4 ul? ) ] (2.6)

Proof. Multiplying the first equation of (1.1) by u,, the second equation by v;, and integrating them over
Q, we obtain

1 t
[ E@dr=— [ [ (it + ) et () el 7+
0 0 JQ

t
E(t)—E(0) :—/ / ((hal o ) el (11 1a?) eftY dxdz for e > 0. @)
0 JQ
This completes the proof. O

Next, we state the local existence theorem that can be established based on the arguments in [1, 12,
13, 14].

Theorem 2.5. (Local existence). Suppose that (Al), (A2) and (2.1) hold. Let ug,vo € H} (Q)NL1(Q)
and uy,vy € L (Q) are given. Then problem (1.1) has a unique solution satisfying

u,v € C([0,7);Hy (Q)NL(Q)),
u € C([0,7);L* (Q)NLPT (Qx [0,T))NLI* (% [0,T))),

v €C([0,T);L*(Q)NLM (Qx [0,T))NL*(Qx [0,T)))

for some T > 0.



4 E. PISKIN, F. EKINCI

3. BLOW UP OF SOLUTIONS

In this section, we deal with the blow up results of the solution for the problem (1.1). Let us begin by
stating the following two lemmas, which will be used later.

Lemma 3.1. [15]. Suppose that (2.1) holds. Then there exists 1) > 0 such that, for any (u,v) € Hj (Q) x

Hy (Q),
2(r+2) 2 2 2\ +?
lutvI3 3 +2 w3 < m (IVal® +119v]) G.1)
In order to prove our result, we take a = b = 1 for sake of simplicity. We introduce the following:
r+2 1 1 2
B=n%7 B 1 E ——— | 32
n 1 + 1= <2 2 (r + 2) ) 1 ( )

where 7 is the optimal constant in (3.1).
The following lemma will play an essential role in the proof of our main result, and it is similar to a
lemma, which first used by Vitillaro [16].

Lemma 3.2. Suppose that assumptions (Al), (A2) and (2.1) hold. Let (u,v) be a solution of (1.1).
Moreover, assume that E (0) < E| and

1
(Hvuo||2+ HVVOHZ)Z > ay. (3.3)
Then there exists a constant 0p > 0 such that
1
<HVMH [} v pep— }/ (||Vu|| + (V]| )7+1> > oy, fort >0, (3.4)
1
(uu+vu’;‘§;j§§ +2HWH:1§) 7 > By, fort > 0. (3.5)

forallt €[0,T).

Proof. From (2.4), (3.1) and the definition of B, we have

1
E() = (VP +IV9IP) + 5 (19l + [0 = [ F ()

1
2(y+1)

1 2 2 2 2
= SUVullm+[[vv]") + (IVal* + [ Vw57

1
2(y+1)

! 2(r42 )
s 2y Ul Vi) 2 vl )

AV

1 2 2 2 2
E(HV”H +[IVvll7) + (IVul|” + ||V ]|*) 7!

1
2(r+2)

1 2 2
*(HV”H +VvlI?) +

1
2(y+1)
N(IVul* +|Vv||*)+

2 2
(IVal* + [ Vw57

Y

1
2(y+1)
B2(r+2)

1
C2(r+2) (y+1)
1 ) B2(r+2)

- - _ 2(r+2):
2a 2(r+2)a G(a), (3.6)

2 2
(IVull®+[[Vv]* + (IVal® + (V][5 7ty
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where

2 2 2 2
o = ([[Vul |+ [Vl + (IVull® + [[vv]?)7+ )12,

1
(y+1)

It is not difficult to verify that G is increasing for 0 < o < @, decreasing for & > a;, G(a) — — as

o — o, and
1 BZ(r+2) 22
Gloy) = — o — ") E 3.7
() = 7o sy I (3.7)
where ¢ is given in (3.2). Since E(0) < E}, we see that there exists ap > o such that G(ap) = E(0). Set
oo = (| Vuo|” + | Vo |> + 55 ([| Vaol P + [ Vo )71 /2. Using (3.6), we get Glaw) < E(0) = G(ata),
which implies that o > .

To show (3.4), we suppose by contradiction that

(V@) + 1990 + g5 (V) + [9s0) ) ) 7 < o,

for some 79 > 0. By the continuity of

(IVu(to) I* + Vv (z0) 1> + (IVu(to) > + 19w (t0) [)7*1)'/2,

1
(y+1)

we can obtain that,

(IVulto) I* +[19v(z0)[I* + (IVu(to)[|* + [ Vv(z0) [H)7+H) V2 > a

1
(r+1)
It follows from (3.6) that

E(to) > G(|Vu(to)|* +|[Vv(10)|* + (IVu(to)|I* + IV (10) 7))

1
(v+1)
> G(Otg)

— E(0).

This is impossible since E(r) < E(0) for all 7 € [0,7). Hence (3.4) is established.
To prove (3.5), we make use of (2.4) to get

IVl + [ V]!

1 2 2
—(||V
3 IVl + 1917) 4 5

2}" 2 T
< EO)+ 5y (el 5 + 2 1)
Consequently, (3.4) yields
1 2(r+2) r+2
m(||”+v\|2(,+2)+2\|W||r+2)
1 2 2 1 2 2
> (v \% —(||V W) —E
2 51Vl +[Ivv] +y+1(|| ul|*+[[Vv]|7)™) — E(0)
1
> Eazz—E(O)
1
> Eazz—G(az)
B i)
= a . 3.8
2(r+2) 2 G:8)

Therefore, (3.8) and (3.2) yield the desired result. This completes the proof of this lemma. [
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Now, we are in a position to state and prove our main result.
Theorem 3.3. Assume that (Al), (A2) and (2.1) hold. Assume further that
2(r+2) >max{2y+2, j+2, k+p+1,l+p+1,0+qg+1, p+q+1}.
Then any solution of problem (1.1) with initial data satisfying
%
(I1vuoll® +1Vvol*) " > oa, E(0) < Ey,
cannot exist for all time, where o1 and E| are defined in (3.2).

Proof. We suppose that the solution exists for all time and we reach to a contradiction.
For this purpose, we set
H(t)=E —E(t). (3.9)
By using (2.4) and (3.9), we have

1 +2 2\ 2 2
0 < HO <HO=E - (l]E+ ) - (9P + [9/P)

1
—2(H1)(HW||2+HVsz)y“Jr/QF(u,v)dx. (3.10)

From (3.8) and (2.5), we have

1 ; ; 1
Jj+2 Jjt+2 2 2
B = g (Il + 33 = 519l +19v1)

1 2 2
- % Vy|*) 1! / F d
sy IVl IV o+ [ F (s
L, C 2(r+2) 2(r+2)
s Ei—goit 20r+2) (H”Hz(rH) + |"’Hz(r+2))
1 2 C 2(r+2) 2(r+2)
T K ey (G (18 VA
1 2(r+2) 2(r+2)
< gy (B + MBS G.11)
By combining (3.10) and (3.11), we have
€1 2(r+2) 2(r+2)
0<HO)SH0) < 57 (Il 3+ 1v13013)) (3.12)
We then define
W (1) =H'"O (1) + —— (/ |ut|ju,udx+/ \v,|jvtvdx), (3.13)
J+1 \a Q

where € small to be chosen later and
1 r+1 2r+3—(k+p) 2r+3—(l+p)

0 < Ggmin{

j+2'2(r+2)" 2p(r+2)  2p(r+2)
2r+3—(p+q) 2r+3—(6 +q)}
2q(r+2) 7 2q(r+2) (3.14)

Our goal is to show that W (¢) satisfies a differential inequality of the form
W (1) > EWE (1), > 1.

This, of course, will lead to a blow up in finite time.
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By taking a derivative of (3.13) and using Eq. (1.1), we obtain

V() = (I—G)HG(I)H’(t)—kjjl</Q\u,\j+2dx+/g|vt]j+2dx>

+€ (/ |u,|jut,udx+/ ]v,|jv,tvdx>
Q Q

_ € j+2 i+2
= (1-o0)H "(t>H’(t)+m(Hqu§Iz+IIVijIz)

—e(IVull* + [ VVI*) — e (| Vul|* + | Vv]*) 7+ +28(r+2)/QF(M,V)dx

—€ </ u <|u\k+ |v|l) U \u,\”_ldx—l—/ v <|v\9 + |u!p> Ve |vt|q_1dx> . (3.15)
Q Q

From the definition of H (), it follows that

—(IVul® + (97!

2(y+1 ;
(’}/ ) (”ut||]+2

= 2+ DHO -2+ DE + I3+ Inll)

J+2
+ (1) (17l + 19v]2) —2(y+1)/QF(u,v)dx. (3.16)
Inserting (3.16) into (3.15), we get
1 _ - / 1 2(y+1) 2 j+2
W) = <1—o>H“<r>H(r>+e(j+1+ o ) (Il +I3)
ey (IVull> + V9] + 26 (y+ 1) H (1) - 26 (y+ 1) Ey
y+1 , ,
el ) (vl ) + 2 vl 1)

—€ (/Qu(|u|k+|v|l> u,|u,|p_1dx—|—/gv<\v|9+|u|p) v,|vt|q_1dx> )

In view of (3.5), we arrive at

_ 1 2(y+1 ; ;
v > (-o)r om0 e (o D) (i i)

ey (IVul> + vv]?)

2(r42 r
+2(y+ D) eH (1) + & (u+ vt + 2w} 13)

e (/u(|u|k+|v|’) u,|u,|p—1dx+/ v<v|9—|—|u|p>v,|vt|q_1dx>, (3.17)
Q Q

where
+1 _
1= oy 1) By (Ban) ) > 0

¢ 2 2t DE(Ba) ,
since o > B~ 1. In order to estimate the last two terms in (3.17), we make use of the following Young
inequality

skxk 5ly!
XY < —+

k 1’



8 E. PISKIN, F. EKINCI

where X,Y >0, 8 >0, k,/ € R such that % + % = 1. Consequently, applying the above inequality, we
find

_ p+l
p+1 e

1
s+

/Quu,|u,|p dx< P"r]

p+1-

Therefore,

5p+]
\u!k+]v\l uu,\ut\p_ldx < -1 ]u|k+|v]l \u|p+1dx
Q p+1Jo

_ptl

6 P

In the same way, we conclude that

g+l
q
1
/Qw,\v,yq dx<—H e ey
It follows that
6q+1
/ v(\v\9+|u\p) v,\vt]"_ldx < 2 (]v!e—i-\u]p) M‘Hldx
Q qg+1Jo
gl
)
22 (]l ) ] i,
g+1 Ja

where 81, O, are constants depending on the time ¢ and specified later. Therefore, (3.17) becomes

) 1 2(y+1 . -
v = (-0 On 0 +e( 1+ 20 (3 i3

ey (IVullP +IVoI?) + 26 (y+ D) H () + 8¢ (lu+vIg 1) +2 vl 3)

_ptl

SfH k l p+l1 P51 ! k I p+l1
- (e + 1) b = €22 | (o) g+
p+1Ja p+1 Jo
441 g+l
5 5,
e (|v19+\uyp) W dx— 12 <\v|9—|—|u\p)|vt]"+ldx. (3.18)
g+1Ja g+1 Ja
Taking &; and &, such that
_pil
51 : - le_o-(t)a
_atl
52 T = sz_G(l‘)

where k1, k, > 0 are specified later, we get

() > ((1-o)-Ke)H"(t)H’(t)+e<ji1+2(jyj21)>(HutHﬁiH\wHﬁii)

2(r+2) 2(r42
ey (IVull>+ VoI ) +2¢ (r+ 1) H (1) + e ([lull 3053+ VL)

k, PHOP (t
e U ()/ (lue -+ 1v]") ! v
p+1l Jo

K HO (1
—82()/ (|v|9+yu|") | dx, (3.19)
q+1 Q
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kip kag
where K = s —|—q+1.

| ()l <

<

Similarly, one has

(1 1) i+ ax
Q

Thanks to Young’s inequality, we obtain

/|u|k+17+1dx+/ |v|l|u|p+1dx
Q Q

l I+p+1
/Q’u|k+p+ldx+ﬁ6l 7 A‘V‘I+P+ldx
+1 _ l4ptl
+l_1: +1 1 p+1 /|u’l+p+ldx
” Hk-&-p-‘rl l 81+1]+
k+p+l l+ +1

p+1 71;;; H ||l+[7+l

I+p+1
VIl p

+ (3.20)

0-g+1 p freatl
< vllgrfti + ——35, °

9+q+1 p+ 1 2

e 1I p+g+1
T
6, " vllprgit-

q 1

m (3.21)

Inserting (3.21) and (3.20) into (3.19), we conclude that

1 2(y+1) - -
/ —c / Jj+2 Jj2
Y0 2 (-0)-KeH*OH 0 +e (- + 2D (i i)
2 2 + 2(r42
ey (IVull> + [ VvI?) + 26 (v 1) H () + e (lull5 )+ V150 73))
R (L gty PEL S e
p+1 k+p+1 l+p+1 1 l+p+1 l+p+1 1 I+p+1
_ng_qHGq(t) ” ”9+q+1 p S’Hg = || Hp—l—q—H
g+1 P g
s, o4 Hva+Z+1)' (3.22)
Since
2(r+2)>max{2(y+1),k+p+1LI1+p+1,0+q+1,p+qg+1},
we have
k+p+1 20 p(r+2)+k+p+1 20p(r+2) k 1
HOP (t) ||ull, 07 <C(H Hzcﬁé Py ||2Gr’i§ [Ju Hkiﬁi]>, (3.23)
0+q+1 20q(r+2)+06+q+1 20q(r+2) 6 1
1o (@) V0 < ¢ (MB35 vl (3.24)
! B I+p+1
ﬁ& : HGP( vl X
(3.25)
[ Lptl 26 p(r+2)+1+p+1 26p(r+2) 1 (/l+p+1
<Crmpo T (MRS 5 W)
and
p p+g+1 o p+q+1
m@ HOU (1) [[ullp g1
p e (3.26)
T ptg+l? 2r+2 2r+2 “lp+gtt
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By using (3.14) and the following algebraic inequality
» 1
P<z+1< (14~ (z+a), Vz>0,0<v<1,a>0,
a

we have, for all ¢+ > 0,

r+

20p(r+2)+k+p+1
el 52) d ( llully, o

< d(Jlull

IN

H(0))

2r42) |
(r42) T
(r+2)
(+2) ())7

-
-
and

20q(r+2)+6+¢+1 2(r+2
Ivlgs ot <a (M) +H ().

whered =1+ H( Ik Similarly

26q(r+2)+p+q-+1 2(r+2
3572 < (5 + H ).

20p(r+2)+1+p+1 2(r+2
Ivlgri 2 < (M35 +H ().

Also, since
(a—i—b))L < C(c/L +bk> , a,b>0,

by Young inequality and using (3.14) and (3.27), we conclude that

26p(r+2) |\ ktptl Art2) (b iptl) 26p(r+2) || tk+p+1
RSP oty <@l 2w (IR ul

2(r+2) k+p+l = 2(r+2) 2(r+2)

2(r+2 (k+p+ k+ﬂ++21 2(r+2)
T-
o (wmpﬁuuhﬂ)

2(r4+2)— (k+p+1) 20p(r+2)+k+p+1 20‘p(r+2)+k+p+l

IN

- 2(r+2)
Q22 (Vi Nl

2(r r+2)
C (VB3 + ull3s3)) -

IN

Similarly, one has

204(r+2) 6 1
252 Ivllg et < € () + vl 73))

20p(r+2) I+p+1 2(r+2 2(r+2
282y P Il s < € (i) + IMISET) )
and

20q(r+2) +g+1 2(r+2 2(r+2
Iwlgasy ™ ey < ¢ (vl + lulls )

r+2

)2(r+2)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)
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Inserting (3.23)-(3.26) and (3.28)-(3.35) into (3.22), we have

) > ((1_6)_K8>HG(I>Hf<t>+e<jil+2(]7j2”) (23 -+ Ivel2:2)

ey (Ival>+ 1vv]?)
_ l I+p+1 p + 1 _ I£p+l

€12 —-Ck? {14 —-8 =5 !
[ (r+1) ! < +l+p—|—1 ! +H—p+1 ! >

ptg+l 1 _ptgil
—Ck2q<1+p5 O LY )]H(r)

p+g+17 p+gqg+172
_ 1 I+p+1 1 _ lptl
e | —Ck;"(14+-——=6 +Lal P
I+p+1 I+p+1

- p A e 2(r+2 2(r+2
R (et A e L | [ (CE R REED

At this point, and for large values of k; and k,, we can find positive constats K; and K, such that (3.36)

becomes
. 1 2(y+1) i1 )
' ° ! J+ i+
Y0 2 (1-0) ke WH 0+e (p+ 2D ) (i3 i)
2(r+2) r+2
ey (|IVulP + 1 VvI?) +eKiH (1) + ko (lul3)3) + v uz,i;)

j+2 2
> ﬁ(l!utllﬁfrllwllﬁz H (1) + |[Vul> + [V ]]> + ull3 ) + V50t ) (3.37)

where § = min {8 (;ﬁ + 2(]?:;1)) ,EY, sKl,eKz} and we pick € small enough so that (1— o) —Ke > 0.

Consequently, we have
() >¥(0)>0,Vt>0. (3.38)
We now estimate W () ﬁ. Applying Holder inequality, we obtain

'/ |ty | wpudx
Q

1
.

‘/ |t | wpudx .
Q

where L+ 1 — 1. From (3.14), we choose p = U=0U*2) > 11t follows that

j+1 j+1
< o[ el 2 < Collaael 1 el (3.39)

and

+1 1 (+Du
<G ||”t||]+2 Hqu (r2) = < C3(||”t||]+2 + ||u||2 r+2) ): (3.40)

u J+1
0 j+2
2 = i+ 1. 3.41
Sio (-o)G+2) -G+ T G40
Taking s = % in Lemma 2.3, we have
2 2(r+2
w570, < CallIVall+ [l 22). (3.42)
Hence 1
. T .
[l x| < s 153+ 17l + 31 3) (3.43)
Similarly, one finds that
1
j - j+2 2(r+2
/Q el vvax| < Co([vill 253+ IIVVIE + IVI505)- (3.44)
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By (3.12), it yields

1
yits (t) = [Hl_c(t)—k.g(/ |ut|]u,udx+/ |v,|]v;vdx)]
J+1\Ja Q

j+2 j+2 2 2 2 2 2 2
< C(ullf3+ Wil 4+ H )+l 5] + WIS + 1Val+ [9v]?) . (3.45)

By combining of (3.37) and (3.45) we arrive at

W (1) > EWTE (1) (3.46)
where & is a positive constant. This completes the proof. 0
A simple integration of (3.46) over (0,7) yields that ¥T° (¢) > ﬁ, which implies that the
%5 (0)— &2
solution blows up in a finite time 7%, with
T %
go¥re (0)

4. LOWER BOUNDS FOR BLOW UP TIME

In this section, we discuss the lower bounds of the blow up time for the blow up solution of (1.1).
First, we give following lemma, which can be found in [17, 18].

Lemma 4.1. There exist two positive ¢ and c; such that
/Q|f1(u,V)\2dx < ar(|Vul?+ Vvl P)P,
/Q Lwv)Pdx < oo([[Vul® +[[Vv]*)> 3. (4.1)

Theorem 4.2. Suppose that (Al), (2.1) hold and (uo,u1), (vo,v1) € (H} (Q)NLT1(Q)) x L*(Q). Assume
further that j =0 and 1 < p,q < 2r+ 1. Then the finite blow-up time T™ satisfies the following estimate

art

/¢(0> EQ)+ 7+ 20 (e + ) (B +77) = T*’

where ¢(0) = [ F(4(0),v(0))dx and the positive constants c| and c;, are specified in (4.1).

Proof. Define
mg:Amew.

By differentiating ¢ (¢) and using Young’s inequality, we have

o'(t) = /QutFu+v,dex

IN

1 1
3 /Q (u? +v?)dx + 3 /Q (F2 4 F?)dx. (4.2)
By using Lemma 4.1, we obtain

0% [ sBdx+ (Va4 [V (43)

Q
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From (A1), (2.4) and Lemma 2.4, we have

IN

@ sddx+ (VP +|99P) < 2E@)+2 | Fluvas

< 2E(0)—|—2/ F(u,v)dx 4.4)
Q
Combining (4.3)-(4.4), we get
0'(1) < 9(1)+E(0)+27 P (c1+e2) [9(1) +E(0)

< @) +EO0) +2° (e +e) [(9(1))7 3 + (E(0))7 ). 4.5)

Integrating (4.5) from O to ¢, we obtain

/(P(t) dt _
t
00) (E(0)+1)+24+D(cy +¢2)((E(0))2r+3 4 g2r43) —

In view of lim ¢(¢) = e, we can write

t—T*"
/ ) dt <T*.
0(0) (E(0) +7) + 24D (1 +¢2) ((E(0)) >3 +72+3) —
Thus, we obtain the desired result. This completes the proof. U
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