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1. INTRODUCTION

Equations of the p-Laplacian form occur in the study of non-Newtonian fluid theory and the turbulent
flow of a gas in a porous medium. Because of the important background, there are many papers devoted
to the study of differential equations with p-Laplacian. For the scalar equation, we refer the readers to
[1] (one-dimensional p-Laplacian), [2, 3, 4] (fourth order p-Laplacian), [S] (2nth-order p-Laplacian).
For the system, Djebali, Moussaou and Precup [6] have shown some existence results for a fourth-order
nonlinear p-system

where f; € C([0,+0)%,[0,4)), a; € C([0,1],[0,+c0)) and A; are positive parameters for i = 1,2. Here

Pp(s) =s
Krasnosel’skii’s fixed point theorem of cone compression and expansion under the following notations

s|? 72(p > 1) refers to the p-Laplacian. A first existence result is obtained via the classical

and assumptions
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(H1) For i = 1,2, there exist nonnegative constants f,-o, f;" defined as

o_ o Sfluy) f(u,v)
Ji —MEJEOW’ nd [ = m e

Another existence result is obtained via the vector versions of the Krasnoselskill fixed point theorem
under the following notations and assumptions
(H2) For v = 0 or v = +-oo, there exist nonnegative constants F\", F,’ defined as

fl ( ) . . +

F) = :Hv ] uniformly with respect to v on compact subsets of R™,

fo(u, ) . . .

F) = lim oo uni formly with respect to u on compact subsets of R™.
e 7 V)

A comparison of the obtained results to those from the literature is provided.

In addition, there are many authors studying a system of different order equations. An [7] and An
and Fan [8] investigated a coupled system of second and fourth order equations. Kang, Xu and Wei
[9], Prasad and Kameswararao [10], Ru and An [11] and Yang [12] studied the 2p-2g order nonlinear
ordinary differential systems

(=1)Pu®) = da(t) f(u(t),u(r), 1€[0,1],
(=)W = ub(t)g(u(r),u(t)), 1€0,1],

via the classical Krasnosel’skii’s fixed point theorem of cone compression and expansion under the fol-
lowing assumption

o ) )

fO:(uv)—>O u+v (uv)—H—oo u+v '

Inspired by these results, this paper is mainly concerned with the existence of positive solutions of
system of even-order p-Laplacian nonlinear equations

(=1)"[@p, @™ = fi(u(e),v(1)), 1€ (0,1),
(—1)"[@p (™) ™) = fo(u(r),v(1)), 1€ (0,1), (L1)
u)(0) =u®)(1)=0, 0<i<n—1,
v2(0) =v2)(1)=0, 0<j<m—1,

(2n2)

where ny 41y = n,m; +my =m,n,m €N, f; € C([0,40)2,[0,+o0)]). Here @, (s) = s|s|”*(p > 1) refers
to the p-Laplacian. We give some more weaker conditions of the nonlinearities than fy and f., such as
(H1) There exist a constant & > 0 and a continuous function

CI)i : [0700] X [Ovoo] — [0700]

satisfying
(i) @;(u,v) is a nondecreasing function with respective to u and v,
(i) @; (o, &) < kP~ !, for some k > 0, k will be given specific value in Section 3,
such that
filu,v) <Pi(u,v), 0<u+v<a;

(H2) There exist a constant § > 0 and a continuous function

Wi+ [0,00] — [0, 0]
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satisfying
(i) y;(s) is a nondecreasing function with respective to s,
(i) w;(oB) > uPBPi—1, for some u > 0, u will be given specific value in Section 3,

n—1
6 = min{6" '8, (5) 616, (5) Y, 6,(8) = 5n(%) ,and & € (0,1), such that
filu,v) > yi(u+v), ofp <u+v<p

This paper is organized as follows. In Section 2, we give some preliminaries. In Section 3, we give
the main results in this paper.

2. PRELIMINARIES

Let G,(t,s) be the Green’s function of the linear boundary value problem:
(—D"e(r)=0,  1€[0,1],
w(Zi)(o) = w(Zi)(l) =0, 0<i<n-—1.

By the induction, the Green’s function G,(t,s) can be expressed as (see [11])
i(t,s) / G(t E,s5)dE, 2<i<n,

where

It is clear that
Gy(t,8) >0, (t,5) € (0,1)x(0,1).

Lemma 2.1 ([11]). G,(t,s) has the following properties
(1) For any (t,s) € [O 1] x [0,1], Gy (t,s) < 6,11—]s(1 —).

(2) Letting § € (0, %), one finds, for any (t,s) € [8,1— 8] x [0,1], that
Gn(t,5) > 6,(8)s(1 —5) > 6"716,(8) max G,(t,s)

0<t<1

n(48°-65241)"""!
where 6,(8) =0 (%

For h(t) € C[0,1], the solution of the boundary value problem
(2n2)
(_l)n[ ( (2m1) )} ? = (t)7 re (071)7 (21)
u)(0) = u®)(1) =0, 0<i<n—I,
can be expressed by

1 1
- /0 G, (1,5)9( /0 G, (5, 7)h()dT)ds,

where @, stands for the inverse function @5 = @, U with conjugates p,q, i.e., % + % =1

Lemma 2.2. For h(t) € C[0,1] with h(t) > 0, the solution of (2.1) satisfies
min u(t) > 6", (&) Jull
r€[6,1-6]

where the norm ||u|| = maxo<,<; |u(z)|.
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Proof. From Lemma 2.1, for t € [§,1 — ], we have
ult) = / Gy, (t,s (pq/ G, (s,T)h(T)dT)ds

> max / 6116, (8)G (1, 5) 04 / G (5, Y(T)dT)ds

tel0,1]J0
> 6'”’16,1l max/ G, (1,5)Q, / G, (s,7)h(7)dT)ds
1€[0,1]
= 6716, (8) ull.

Now we define a mapping T : C[0, 1] x C[0,1] — C]0, 1] x C[0, 1] by
T (u,v) (1) = (T1(u,v) (1), T2 (u, v) (1)),

where

0= [ 669000 (| G5, )1 u2)v(2) ),

1 1
B0 = [ G (1:5)01( | Gons(5,7)au(2), (1))
Let X denote the Banach space C|0, 1] x C[0, 1] with the norm

= m )|+ m t
[ (u, )| ng‘gl‘u( )| Ogta;l“’( )|
and K be the sub-cone defined by

K={(u,v) €X:u(t) >0,v(t) >0, s ml{l 6(u(t)+v(t)) > ol|(u,v)||},
<t<
where 6 = min{6™ 16, (5),6’"1*19,,,1 (5) }. It is obvious that 0 < ¢ < 1. This completes the proof.
]

Lemma 2.3. T : K — K is completely continuous.

Proof. First, we show that 7(K) C K. In fact, we find from Lemma 2.2, for any (u,v) € K, that

> 6"t >
min Ti(u)(0) > 6" 6, (8) 173 (w,) | = 0T (u,v)1,

min 75(u,v)(1) > 6" 0y, (8) | T3(u,v)| > 0|75 (,v)]|
te[8,1-6]
Furthermore, we get
le[lglilrlm(Tl(u,V)(t) + L(u,v) () 2 o||Ti(u,v)[| + o[ Ta(u,v)[| = S[|(T1 (,v), Ta(u, v))].
Now, we prove that T is completely continuous. For convenience, we only show that 7 : C[0, 1] x
C[0,1] — CJ0, 1] is completely continuous. Let {(u,vx)} be a sequence in C[0, 1] x C[0, 1], which con-
verges to (up,vo) uniformly on [0, 1]. From the continuity of fj(u(¢),v(t)) and the Lebesgue dominated

convergence theorem, we find that

1
fim Ti (i, vi) (1) - = Jim G, (1,5) 0y, / Gy (5,7).f1 (uk(7),vic(7))dT)ds

k—»o0

= /O G (1,5) 94, ( /0 Gy (5,7) f1 (10(%), vo (7)) dT)ds
= Ti(uo,vo)(1),
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which implies that 77 is continuous.

Let Q be a bounded subset in C[0, 1] x C[0, 1]. Then there exists a R > 0 such that ||(u,v)|| <R, for
all (u,v) € Q. Since f; is continuous on (u,v), we set M = max| ()| <g f1(u(t),v(¢)) > 0. From Lemma
2.1, we have

[Ty = max I7; () (0)

— max|/ G (1,5) 04, / G (5,7) f1 (u(2), v(7))dT)ds]

0<t<1
< /06"1 : $) @y, / Gl (1 —t)MdT)ds
< L1 ey
= gu guala-1) - A

Hence 71 (Q) is an equibounded set.
Finally, we prove the that equicontinuity of 77(Q) on [0, 1]. Note that

1= / 1 G, (1,5) g, ( / 1 Gy (5,T) f1(u(7),v(1))dT)ds
= / / G(t,8)Gp-1(8,5)dE @y, ( /0 1an(s,T)f1(u(1),v(f))dr)ds
-/ / (1=1)EGu (& 5)dE
+/ (1=6)iGn,- 1<€aS)d§]<Pq1(/0 1an(svT)fl(”(f),v(f))dr)ds,

Using Lemma 2.1, we find, for any 7 € [0, 1], that

T, 0, 0)(0)
- |/1[—/téGn.1<5,s>de
4 [ (186 165148100 ([ G5, () (@) aT)a|

=1 [ 1 G 1(6.5)4E ~ [ G, 1(8,514E1 0 ([ Gl 1 (ul2) (2
< 1] Guor&s1ae+ [ G 1(& 00 ([ i1 - Dmanyds

I rl 1
<[] (1+€)Gn171(€,S)d§<Pq1(@M)ds

/ / (14 &) 531 = 9)dE @y, (- M)ds

6"1 -1 (Pm (6n2M) = MZ'

Then, for V11,1, € [0, 1],7, > t;, we have

|T1 (u,v)(t2) — Ti (u,v) ()| < Ma(t2 —11),
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which implies that 77(Q) is equicontinuous on [0,1]. From the Ascoli-Arzeld theorem, we get 7 :
C[0,1] x C[0,1] — CJ[0,1] is compact. The similar discussion is also hold for 7>. Therefore, T is com-
pletely continuous. 0

For convenience, let D be a subset of X. We introduce the notions Dx = D(\K and dgD = (dD)K.

Lemma 2.4 ([13]). Let X be a Banach space and K be a cone in X. Assume Q' and Q* are open bounded
subsets of X with Qg #0,Qlx C Q%k. Let T : Q2 — K be a completely continuous operator such that

(A) || Tu ||<] u ||, Yu € IxQ!

(B) there exists e € K \ {0} such that
u#Tu+ Ae, forue dxQ? and A > 0.

Then T has a fixed point in Q2x \ Q' k. The same conclusion remains valid if (A) holds on dxQ* and
(B) holds on dxQ'.

For convenience, for any y > 0, we define some adequate open sets by

Q"={(u,v) €X :tegilria](u(t) +v(t)) < o7},

and
BY = {(u,v) € X :|| (u,v) |< 7}
Referring to [14, 15], we can obtain the following.
Lemma 2.5. QY and B" have the following properties:
(a1) QF and BY. are open relative to K.
(a2) BYY C QF C BY.
(a3) (u,v) € QY if and only if[an}iné](u(t) +v(t)) = oY.
(as) If (u,v) € dxQY, then 6y < u(t) +v(t) <7y,0 <t<1-0.
Proof. Obviously, (a;) and (a3) hold. Let (u,v) € By". Then

ofl(u )| < [gflli_na](u(f)JrV(f)) <)l <oy

and (u,v) € QL. If (u,v) € QF, then

()l < min, (u(1) +v(0)) < o7

This implies that || (u,v) ||< ¥ and (u,v) € Bk. Hence, (az) holds. If (u,v) € dxQ, we find from (a3)
that

o) < i, (u(e) +v() = o7 < ule) +v()
and u(t) +v(r) <||(u,v)| <7, forallt € [0,1 — J]. So (as) holds. This completes the proof. O
Remark 2.6. It is easy to see that Q7 is unbounded for each ¥ > 0. So we can not apply Lemma 2.4

to Q7, however, we can apply Lemma 2.4 by taking into account that, for each p > ¥, the following
relations

Qf = (Q"N\BP)k, Qf =(Q7(\BP), .
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3. MAIN RESULTS

Set
K =min{27a 6717 2R 6n T,

Gt
. e 283 524 Lyat
(260,(8)) 17164, (8)(36° =8>+ ¢) ™"

and |

oat

Vy) =

qzv

1
(26, (8)) 21 6,,,(8)(58% — 82+ ¢) ™
where g; are the conjugates of p;, i = 1,2, i.e., i + % =1

Theorem 3.1. Assume that (HI) and (H2) hold.
() If o« < 6B, then (1.1) has at least one positive solution (u(t),v(t)) satisfying

a<|(uv)| <Band oo < [rgnlna]( u(t)+v(t)) <op.

(II) If oo > B, then (1.1) has at least one positive solution (u(t),v(t)) satisfying

of <|[(u,v)||<aand of < [%nlna}( u(t)+v(t)).

Proof. From Lemma 2.4 and Lemma 2.5, we just need to prove
(A) H A(M,V) ”S” (u,v) H? V(u,v) € JkB,
(B) there exists e € K\ {0} such that

(u,v) # T (u,v) + Ae, for (u,v) € 0xQP and 2 > 0.

Part (I). For any (u,v) € dxB%, we find from (H1) and Lemma 2.1 that

1 1
T)0) = [ Gut9)0( | Gunls. A1 ((z), (1) dr)ds

1 1
< /076n1_1s(1—S)(Pq1(/0 G T (1 —1) fi(u(t),v(7))d7)ds
< )0 %1/6” (1~ ) (1) (2)d)ds
= 6H— 1/ § 5) P, / 61 (1 —7)®i (o, )d7)ds
L P g g1
< 6"1*1/ S(l_s)(pql(/ Wf(l—’[)z 16N o dt)ds
1,
= 3o

In a similar way, we also get

Tr(u,v)(t) < —a, V(u,v) € dgB”.

1
2
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It follows that
T (u,v) | = T3 (u, ) || + | T2, 0) | < 0 = || (w, )], V(u,v) € IxBY,

which implies that (A) holds. Let e = (1,1). Now we prove that (u,v) # T (u,v) + (A,A), for (u,v) €
oxQP and A > 0.
On the contrary, if there exist a pair of (up,vo) € ok QP and Ay > 0 such that

(uo,v0) = (T (uo,v0), T2 (u0,v0)) + (Ao, o),

then we from (a4) of Lemma 2.5 that
o = o||(uo,vo)|| < (uo(t) +vo(t)) < B, <r<1-6.
Furthermore, for 6 <t <1 — 9, we find from (H2) and Lemma 2.1 that

uo(t) = Ti (uo,vo)(t) + Ao

= o G, (1,5)0g, (Jo Gy (5,7) f1 (u0(7), vo(7))dT)ds + Ao

v

6 (8) 94, (6(8)) J5~° 5(1 =)0y, (Jo 7(1 =) fi (uo(%), vo(¥))dT)ds + Ao

v

60 (8) 94, (61,(8))(38% = 82+ 1)y, (J3 2 11 =)W (1o (7) +v0(7))dT) + Ao

> 00,(8)94 (0,,(8)) (257 — 82+ 1) gy, (viB 1) + Ao
= 0B+ 2.

In a similar way, we also have

V() = Ta(ut0,v0) (1) + Ao > %GB +o.

Furthermore, we get

te[?ifls](”()(t) +wo(t)) > 0B +22 > o,

which contradicts with the statement (a3) of Lemma 2.5. So (B) holds.
Now, we suppose that & < of8. Using Lemma 2.5, one has BT){‘ C Bgﬁ C Qg. Using Lemma 2.4, we

get that 7 has at least one positive fixed point (u(z),v(t)) € Q,ﬁ( \ B¢. Hence, the inequalities hold
lu,v)[| = e,
ca< min (u(t)+v(t)) <op.
t€[8,1-6)

On the other hand, since o||(u,v)| < [rglin 5](u(t) +v(t)) < o, we have ||(u,v)|| < B. This implies that
re[8,1—

the conclusion I holds. L
Finally, if B < a, one has Qﬁ C Bg. Furthermore, Lemma 2.4 guarantees that 7" has at least one fixed
point (u,v) € B¥\ Qi. Analogously, we can obtain the inequalities

0B <|| (uv) |[<@and 0f < _min_(ulr) +v(0)).

Therefore, the conclusion II holds. O
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Example 3.2. Consider the following problem

(@4 u")] = v+1 +varctanu® + (u+v)3, t€(0,1),

"

(
[@a(v )] :—+uarctanv +u+v)*, 1e(0,1),
(3.1)
u?)(0) = () 0, 0<i<n—1,n=2,
v (0) =v®)(1) =0, 0<j<m—1,m=2.

It is clear that

vi(u+v) = (u+v)> < fi(u,v) < u* +varctan® 4+ (u+v)* = @ (u,v),
and

Vo (u+v) = (u+v)* < fo(u,v) <V’ +uarctanv* + (u+v)* = &5 (u,v).

Since limgy o = exists, there exists a sufficiently small @ > 0 such that (H1) holds. Since
vi(oB) =03B>, va(o ) = o* B4, there exists a sufficiently large B > 0 such that (H2) holds. Therefore,
by (I) of Theorem 3.1, problem (3.1) has a positive solution.

cbi(ara)
a3

Example 3.3. Consider the following problem

[(p4(u”)] :v+l—|—varctanu3+(u+v)§ t€(0,1),

[ (VN)] :—+uarctanv4+(u+v), € (0,1), (3.2)
u®)(0) = ( )=0, 0<i<n—1,n=2,

v2D(0)=v2)(1) =0, 0<j<m—1,m=2.

It is clear that

yi(u+v) = (u+v)~% < filu,v) < 12 + varctan u? —l—(u—i—v)% =P (u,v),

and
W (utv) = (u—l—v)4 < fa(u,v) < v+uarctanv? +(u+v)% D, (u,v).
Since
@, (o, &) = & + aarctan @ + (20)3 < o2 + a¥ + (200)3,
and

1 1 5 1
P, (a,a) =a+carctana? + (2a)* < o+ ar + (20)*,

we find that there exists a sufficiently large o > 0 such that ®;(o, ) < &>. Since
1 1
vi(oB) = (oB)3, ya(aB) = (aB)*,
there exists a sufficiently small 8 > 0 such that y;(c8) > B3. Therefore, by (II) of Theorem 3.1, problem
(3.2) has a positive solution.
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