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1. INTRODUCTION

Let n ∈ N−{1}. We consider the 2n-th-order boundary-value problem
[(−1)nu(2n)+(−1)n−1u(2n−2)+ · · ·+u(4)]h(x,u′)−u′′+uh(x,u′)

= [λ f (x,u)+µg(x,u)+ p(u)]h(x,u′), x ∈ (0,1),

u(0) = u(1) = u′(0) = u′(1) = · · ·= u(n−2)(0) = u(n−2)(1) = 0 = u(n)(0) = u(n)(1),

(1.1)

where λ is a positive parameter, µ is a nonnegative parameter, f ,g : [0,1]×R→R are two L1-Carathéodory
functions, p : R→ (−∞,0] is a Lipschitz continuous function with the Lipschitz constant L > 0, i.e.,
|p(t1)− p(t2)| ≤ L|t1− t2| for every t1, t2 ∈ R with p(0) = 0. Suppose that the Lipschitz constant L of
function p satisfies 1 ≤ L < π4 + 1, and h : [0,1]×R→ [0,+∞) is a bounded and continuous function
with 0 < m = inf(x,t)∈[0,1]×R h(x, t)≤ h(x, t)≤ sup(x,t)∈[0,1]×R h(x, t) = M < ∞.

Many researchers have studied the existence and multiplicity of solutions for boundary value problem
with nonlinear derivative dependence; see [1, 2, 3, 4, 5, 6, 7] and the references therein. In [7], Livrea
using a three critical point theorem due to Ricceri investigated the existence of at least three classical
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solutions for the problem u′′+λ f (x,u)h(u′) = 0, x ∈ (0,1),

u(0) = u(1) = 0.

In [1], Afrouzi, Hadjian and Heidarkhani studied the existence of at least one non-trivial weak solution
for the problem −u′′ = [λ f (x,u)+g(u)]h(x,u′), x ∈ (0,1),

u(0) = u(1) = 0,

where λ > 0, and f , g and h are continuous functions with suitable conditions. In [3], Afrouzi and
Shokooh studied the existence of at least three weak solutions for the problemu′′′′h(x,u′)−u′′ = [λ f (x,u)+g(u)]h(x,u′), x ∈ (0,1),

u(0) = u(1) = 0 = u′′(0) = u′′(1),

where λ > 0, and f , g and h are continuous functions with convenient conditions. In [8], Afrouzi and
Hadjian using Ricceri’s Variational Principle (see [9, Theorem 2.1] and [10, Theorem 2.5]), established
the existence of an unbounded sequence of weak solutions for the problem−u′′+uh(x,u′) = [λ f (x,u)+µg(x,u)+ p(u)]h(x,u′), x ∈ (a,b),

u(a) = u(b) = 0,

where λ > 0, µ ≥ 0 and f , g, p and h are functions with the same conditions in problem (1.1).
In [11], Afrouzi, Kirane and Shokooh further established the existence of an unbounded sequence of

weak solutions for the problemu′′′′h(x,u′)−u′′+uh(x,u′) = [λ f (x,u)+µg(x,u)+ p(u)]h(x,u′), x ∈ (0,1),

u(0) = u(1) = 0 = u′′(0) = u′′(1),
(1.2)

where λ > 0, µ ≥ 0 and f , g, p and h are functions with the same conditions in e problem (1.1).
On the other hand, Halakoo, Afrouzi and Azhini [12], employing Ricceri’s Variational Principle [13],

established the existence of at least three weak solutions for problem (1.2).
In this article, we investigate the existence of infinitely many solutions of problem (1.1). More pre-

cisely, under appropriate hypotheses on the nonlinear term f , g, p and h the existence of two interval
Λ and J such that, for each λ ∈ Λ and µ ∈ J, the boundary value problem (1.1) admits a sequence of
pairwise distinct solutions is proved (see Theorems 3.1 and 3.7). Our analysis is mainly based on a
recent critical points theorem of Bonanno and Molica Bisci [9] and is contained in Theorem 2.1 below.
This theorem and its variations have been used in several works in order to obtain existence results for
different kinds of problems (see, for instance, [14, 15, 16, 17, 18, 19, 20, 21] and references therein).
The outline of the paper is organized as follows. In Section 2, we shall recall our main tool (Theorem
2.1) and necessary basic notations which we need in the proofs. Section 3 is devoted to the existence of
infinitely many weak solutions for problem (1.1). We establish our main two existence results. Some
remarks and examples are also provided to illustrate our main results presented in this section.
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2. PRELIMINARIES

We shall prove our results applying the following smooth version of Theorem 2.1 of [9], which is a
more precise version of Ricceri’s Variational Principle [10, Theorem 2.5].

Theorem 2.1. Let X be a reflexive real Banach space. Let Φ,Ψ : X → R be two Gâteaux differentiable
functionals such that Φ is sequentially weakly lower semicontinuous, strongly continuous and coercive,
and Ψ is sequentially weakly upper semicontinuous. For every r > inf

u∈X
Φ(u), let

ϕ(r) := inf
u∈Φ−1(−∞,r)

(
supv∈Φ−1(−∞,r) Ψ(v)

)
−Ψ(u)

r−Φ(u)
,

γ := liminf
r→+∞

ϕ(r), and δ := liminf
r→(infX Φ)+

ϕ(r).

Then

(a) for every r > infX Φ and every λ ∈
(

0,
1

ϕ(r)

)
, the restriction of the functional Iλ := Φ−λΨ to

Φ−1(−∞,r) admits a global minimum, which is a critical point (local minimum) of Iλ in X,

(b) if γ <+∞, then for each λ ∈
(

0,
1
γ

)
, the following alternative holds: either

(b1) Iλ possesses a global minimum, or
(b2) there is a sequence {un} of critical points (local minima) of Iλ such that

lim
n→+∞

Φ(un) = +∞,

(c) if δ <+∞, then for each λ ∈
(

0,
1
δ

)
, the following alternative holds: either

(c1) there is a global minimum of Φ which is a local minimum of Iλ , or
(c2) there is a sequence {un} of pairwise distinct critical points (local minima) of Iλ that con-

verges weakly to a global minimum of Φ.

Lemma 2.2 ([22, Lemma 2.1.3]). Let X = W 1,2(a,b) and let f : [a,b]×R→ R be a L1-Carathéodory
function. For each x ∈ [a,b] and all t ∈ R, define

F(x, t) :=
∫ t

0
f (x,ξ )dξ .

Then the functional Ψ : X → R given by Ψ(u) :=
∫ b

a F(x,u(x))dx, is sequentially weakly continuous and
Gâteaux differentiable on X whose Gâteaux derivative is compact and we have

Ψ
′(u)(v) =

∫ b

a
f (x,u(x))v(x)dx, ∀v ∈ X .

Let us introduce some notations which will be used later. Define

Hn([0,1]) :=
{

u ∈ L2([0,1]) : u′,u′′, . . . ,u(n) ∈ L2([0,1])
}
,

Hn−1
0 ([0,1]) :=

{
u ∈ L2([0,1]) : u′,u′′, . . . ,u(n−1) ∈ L2([0,1]),

u(0) = u(1) = u′(0) = u′(1) = · · ·= u(n−2)(0) = u(n−2)(1) = 0
}
.
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Take X = Hn([0,1])∩Hn−1
0 ([0,1]) = {u ∈ L2([0,1]) : u′,u′′, . . . ,u(n) ∈ L2([0,1]),

u(0) = u(1) = u′(0) = u′(1) = · · ·= u(n−2)(0) = u(n−2)(1) = 0}, endowed with the norm

|||u||| :=
(
‖u′′‖2

2 +‖u′′′‖2
2 + · · ·+‖u(n)‖2

2

) 1
2
, where ‖u‖2 :=

(∫ 1

0
|u(x)|2dx

) 1
2

.

We recall the following Poincaré type inequalities ([23, Lemma 2.3]):

‖u‖2 ≤
1

π2 ‖u
′′‖2, (2.1)

‖u′‖2 ≤
1
π
‖u′′‖2, (2.2)

for all u ∈ X . For the norm in Cn−1([0,1]),

‖u‖∞ := max
{

max
x∈[0,1]

|u(x)|, max
x∈[0,1]

|u′(x)|, · · · , max
x∈[0,1]

|u(n−1)(x)|
}
,

since Cn−1([0,1])⊆C1([0,1]), we have the well- known inequality ([24]): ‖u‖∞ ≤
1
2
‖u′‖2. By (2.2), we

have

max
x∈[0,1]

|u(x)| ≤ ‖u‖∞ ≤
1

2π
‖u′′‖2 ≤

1
2π
|||u|||, ∀u ∈ X . (2.3)

The norm ||| · ||| is equivalent with the usual norm of Sobolev space Hn((0,1)) =W n,2((0,1)): ‖u‖W n,2 =(
‖u‖2

2 +‖u′‖2
2 +‖u′′‖2

2 + · · ·+‖u(n)‖2
2
) 1

2 . By (2.1) and (2.2) we have

|||u|||=
(
‖u′′‖2

2 +‖u′′′‖2
2 + · · ·+‖u(n)‖2

2

) 1
2

≤
(
‖u‖2

2 +‖u′‖2
2 +‖u′′‖2

2 + · · ·+‖u(n)‖2
2

) 1
2

≤
(

1
π4 ‖u

′′‖2
2 +

1
π2 ‖u

′′‖2
2 +‖u′′‖2

2 + · · ·+‖u(n)‖2
2

) 1
2

≤
(

1
π4 +

1
π2 +1

) 1
2 (
‖u′′‖2

2 + · · ·+‖u(n)‖2
2

) 1
2

=

(
1

π4 +
1

π2 +1
) 1

2

|||u|||.

We recall that f : [0,1]×R→ R is a Carathéodory function if

(a) the mapping x 7→ f (x, t) is measurable for every t ∈ R;
(b) the mapping t 7→ f (x, t) is continuous for almost every x ∈ [0,1].

Also if for every ρ > 0 there exists a function `ρ ∈ L1([0,1]) such that

sup
|t|≤ρ

| f (x, t)| ≤ `ρ(x)
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for almost every x ∈ [0,1], then the Carathéodory function f is called L1-Carathéodory function. Corre-
sponding to f , g, p and h, we introduce the functions F , G, P and H, respectively, as follows.

F : [0,1]×R → R
(x, t) 7→ F(x, t) :=

∫ t
0 f (x,ζ )dζ ,

G : [0,1]×R → R
(x, t) 7→ G(x, t) :=

∫ t
0 g(x,ζ )dζ ,

P : R → [0,+∞)

t 7→ P(t) :=−
∫ t

0 p(ζ )dζ ,

H : [0,1]×R → [0,+∞)

(x, t) 7→ H(x, t) :=
∫ t

0

(∫
τ

0
1

h(x,δ )
dδ

)
dτ,

for all x ∈ [0,1] and t ∈ R.
If the parts of equation in (1.1) divided by h(x,u′) and multiplied by an arbitrary function v ∈ X and

then integrated in x ∈ [0,1], then by n times integration by parts we have∫ 1

0
u(n)(x)v(n)(x)dx+

∫ 1

0
u(n−1)(x)v(n−1)(x)dx+ · · ·+

∫ 1

0
u′′(x)v′′(x)dx

+
∫ 1

0

(∫ u′(x)

0

1
h(x,τ)

dτ

)
v′(x)dx−λ

∫ 1

0
f (x,u(x))v(x)dx

−µ

∫ 1

0
g(x,u(x))v(x)dx−

∫ 1

0
p(u(x))v(x)dx = 0 (2.4)

for all v ∈ X . Then we say that function u ∈ X in (2.4) is a weak solution of (1.1).

3. MAIN RESULTS

Let 0 < α < β < 1. Put

k1 :=
π2 +m(π4 +1+L)

2mπ4 ,

k2 :=
π4 +1−L

π4 ,

A := liminf
ζ→+∞

∫ 1
0 sup|t|≤ζ F(x, t)dx

ζ 2 ,

and

B := limsup
ζ→+∞

∫
β

α
F(x,ζ )dx

ζ 2 .

We formulate our main result as follows.

Theorem 3.1. Assume that there exist two positive constants α and β with 0 < α < β < 1 such that

(A1) F(x, t)≥ 0 for each (x, t) ∈ ([0,α]∪ [β ,1])×R;
(A2)

A <
2k2π2B

(n−1)
(
(2n−2)!
(n−2)!

)2[ 1
α2n−1 +

1
(1−β )2n−1

]
k1

.

Then, setting

λ1 :=
(n−1)

(
(2n−2)!
(n−2)!

)2[ 1
α2n−1 +

1
(1−β )2n−1

]
k1

B
,
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λ2 :=
2k2π2

A
, for each λ ∈ (λ1,λ2) and for every arbitrary L1-Carathéodory function g : [0,1]×R→R,

whose potential G(x, t) :=
∫ t

0 g(x,ζ )dζ for all (x, t) ∈ [0,1]×R, is a nonnegative function satisfying the
condition

g∞ := lim
ζ→+∞

∫ 1
0 sup|t|≤ζ G(x, t)dx

ζ 2 <+∞. (3.1)

If we put

µg,λ :=
2k2π2

g∞

(
1−λ

A
2k2π2

)
,

where µg,λ = +∞ when g∞ = 0, for every µ ∈
[
0,µg,λ

)
, problem (1.1) has an unbounded sequence of

weak solutions in X.

Proof. Our aim is to apply Theorem (2.1) (b) to our problem. To this end, fix λ̄ ∈ (λ1,λ2) and let g be a
function that satisfies condition (3.1). Since λ̄ < λ2, we have

µg,λ̄ :=
2k2π2

g∞

(
1− λ̄

A
2k2π2

)
> 0.

Now fix µ̄ ∈
(

0,µg,λ̄

)
and set J(x,ζ ) := F(x,ζ )+

µ̄

λ̄
G(x,ζ ) for all (x,ζ ) ∈ [0,1]×R. We introduce the

following functionals

Φ : X → R

u 7→Φ(u) :=
1
2
|||u|||2 +

∫ 1
0 H(x,u′(x))dx+

1
2
∫ 1

0 |u(x)|2dx+
∫ 1

0 P(u(x))dx,

Ψ : X → R
u 7→Ψ(u) :=

∫ 1
0 J(x,u(x))dx,

and put I
λ̄
(u) := Φ(u)− λ̄Ψ(u), u ∈ X . Note that the weak solutions of (1.1) are exactly the critical

points of I
λ̄

. The functionals Φ and Ψ satisfy the regularity assumptions of Theorem 2.1. Indeed,
since X is a reflexive real Banach space and X is compactly embedded into C([0,1]) (note that every
norm in Banach space X , is a sequentially weakly lower semicontinuous functional), we have that Φ is
sequentially weakly lower semicontinuous and Gâteaux differentiable and its Gâteaux derivative is the
functional Φ′(u) ∈ X∗, given by

Φ
′(u)(v) =

∫ 1

0
u(n)(x)v(n)(x)dx+ · · ·+

∫ 1

0
u′′(x)v′′(x)dx

+
∫ 1

0

(∫ u′(x)

0

1
h(x,τ)

dτ

)
v′(x)dx+

∫ 1

0
u(x)v(x)dx−

∫ 1

0
p(u(x))v(x)dx
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for every v ∈ X . Furthermore, the differential Φ′ : X → X∗ is a Lipschitzian operator. Indeed, by Hölder
inequality, (2.1) and (2.2), for any u,v ∈ X , there holds

‖Φ′(u)−Φ
′(v)‖X∗ = sup

|||w|||≤1
|(Φ′(u)−Φ

′(v)),w)| ≤ sup
|||w|||≤1

∫ 1

0
|u(n)(x)− v(n)(x)||w(n)(x)|dx

+ · · ·+ sup
|||w|||≤1

∫ 1

0
|u′′(x)− v′′(x)||w′′(x)|dx+ sup

|||w|||≤1

∫ 1

0

∣∣∣∣∫ u′(x)

v′(x)

1
h(x,τ)

dτ

∣∣∣∣ |w′(x)|dx

+ sup
|||w|||≤1

∫ 1

0
|u(x)− v(x)||w(x)dx+ sup

|||w|||≤1

∫ 1

0
|p(u(x))− p(v(x))||w(x)|dx

≤ sup
|||w|||≤1

‖u(n)− v(n)‖2‖w(n)‖2 + · · ·+ sup
|||w|||≤1

‖u′′− v′′‖2‖w′′‖2

+
1
m

sup
|||w|||≤1

‖u′− v′‖2‖w′‖2 +(1+L) sup
|||w|||≤1

‖u− v‖2‖w‖2

≤ ‖u(n)− v(n)‖2 + · · ·+‖u′′− v′′‖2 +
1

mπ2 ‖u
′′− v′′‖2 +

1+L
π4 ‖u

′′− v′′‖2

≤
(

1+
1

mπ2 +
1+L

π4

)(
‖u(n)− v(n)‖2 + · · ·+‖u′′− v′′‖2

)
. (3.2)

Note the fact that for every u ∈W n,2(Ω) the following norms are equivalent|||u|||1 =
(
‖u‖2 +‖u′‖2 + · · ·+‖u(n)‖2

)
,

|||u|||2 =
(
‖u‖2

2 +‖u′‖2
2 + · · ·+‖u(n)‖2

2
) 1

2 .

So u′′ ∈W n−2,2(Ω). The following norms are also equivalent|||u|||3 =
(
‖u′′‖2 + · · ·+‖u(n)‖2

)
,

|||u|||4 =
(
‖u′′‖2

2 + · · ·+‖u(n)‖2
2
) 1

2 .

Therefore, there exist two constants c1 = 1 and c2 ≥ 1 such that

c1|||u|||4 ≤ |||u|||3 ≤ c2|||u|||4

⇒
√
‖u′′‖2

2 + · · ·+‖u(n)‖2
2 ≤

(
‖u′′‖2 + · · ·+‖u(n)‖2

)
≤ c2

√
‖u′′‖2

2 + · · ·+‖u(n)‖2
2.

It is necessary to say that if n = 2, then c2 = 1, i.e., if n = 2, then |||u|||3 = |||u|||4. So we obtain from
(3.2) that

‖Φ′(u)−Φ
′(v)‖X∗ ≤

(
1+

1
mπ2 +

1+L
π4

)(
‖u(n)− v(n)‖2 + · · ·+‖u′′− v′′‖2

)
≤ 2k1c2

(
‖u(n)− v(n)‖2

2 + · · ·+‖u′′− v′′‖2
2

) 1
2
= 2k1c2|||u− v|||.

Recalling that p is Lipschitz continuous, h is bounded away from zero, and the embedding X ↪→ L2([0,1])
is compact, the claim is true. In particular, we derive that Φ is continuously differentiable. On the other
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hand, for any u,v ∈ X , we have

(Φ′(u)−Φ
′(v),u− v) =

∫ 1

0

(
u(n)(x)− v(n)(x)

)2
dx+ · · ·+

∫ 1

0

(
u′′(x)− v′′(x)

)2 dx

+
∫ 1

0

(∫ u′(x)

v′(x)

1
h(x,τ)

dτ

)(
u′(x)− v′(x)

)
dx+

∫ 1

0
(u(x)− v(x))2 dx

−
∫ 1

0
(p(u)− p(v))(u(x)− v(x))dx

≥ ‖u(n)− v(n)‖2
2 + · · ·+‖u′′− v′′‖2

2 +
1
M
‖u′− v′‖2

2 +(1−L)‖u− v‖2
2

≥ |||u− v|||2 +(1−L)‖u− v‖2
2 ≥ |||u− v|||2 + 1−L

π4 ‖u
′′− v′′‖2

2

≥
(

1+
1−L

π4

)
|||u− v|||2 = k2|||u− v|||2.

By the assumption 1≤ L < π4 +1, it turns out that Φ′ is a strongly monotone operator. So, by applying
Minty- Browder theorem [25, Theorem 26.A], Φ′ : X→ X∗ admits a Lipschitz continuous inverse. Since
p is Lipschitz continuous and satisfies p(0) = 0, while h is bounded away from zero, we have from (2.1)
and (2.2) that

|Φ(u)|=
∣∣∣∣12 |||u|||2 +

∫ 1

0
H(x,u′(x))dx+

1
2

∫ 1

0
|u(x)|2dx+

∫ 1

0
P(u(x))dx

∣∣∣∣
=

∣∣∣∣12 |||u|||2 +
∫ 1

0

∫ u′(x)

0

(∫
τ

0

1
h(x,δ )

dδ

)
dτdx+

1
2

∫ 1

0
|u(x)|2dx

−
∫ 1

0

(∫ u(x)

0
p(ζ )dζ

)
dx
∣∣∣∣

≤ 1
2
|||u|||2 + 1

2m

∫ 1

0
(u′(x))2dx+

1
2
‖u‖2

2 +
L
2

∫ 1

0
(u(x))2dx

=
1
2
|||u|||2 + 1

2m
‖u′‖2

2 +
1+L

2
‖u‖2

2

≤ 1
2
|||u|||2 + 1

2mπ2 ‖u
′′‖2

2 +
1+L
2π4 ‖u

′′‖2
2

≤
(

1
2
+

1
2mπ2 +

1+L
2π4

)
|||u|||2 = k1|||u|||2.

On the other hand, we have

|Φ(u)| ≥ 1
2
|||u|||+ 1

2M

∫ 1

0
(u′(x))2dx+

1
2
‖u‖2

2−
L
2

∫ 1

0
(u(x))2dx

≥ 1
2
|||u|||2 + 1

2
‖u‖2

2−
L
2
‖u‖2

2 ≥
1
2
|||u|||+ 1−L

2π4 ‖u
′′‖2

2

≥
(

1
2
+

1−L
2π4

)
|||u|||2 = k2

2
|||u|||2.

Since Φ(u)≥ 0, we have

k2

2
|||u|||2 ≤Φ(u)≤ k1|||u|||2, ∀u ∈ X (3.3)

So Φ is coercive.
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On the other hand, the fact that X is compactly embedded into C([0,1]) and Lemma 2.2 imply that the
functional Ψ is well defined, continuously Gâteaux differentiable and with compact derivative, whose
Gâteaux derivative is given by

Ψ
′(u)(v) =

∫ 1

0
f (x,u(x))v(x)dx+

µ̄

λ̄

∫ 1

0
g(x,u(x))v(x)dx

for every v ∈ X . Hence Ψ is sequentially weakly (upper) continuous [25, Corollary 41.9]. First of all, we
will show that λ̄ < 1

γ
. Hence, let {ζm} be a sequence of positive numbers such that limm→+∞ ζm = +∞

and

lim
m→+∞

∫ 1
0 sup|t|≤ζm

F(x, t)dx

ζ 2
m

= A. (3.4)

Put rm := 2k2π2ζ 2
m for all m ∈ N. Then, for all v ∈ X with Φ(v) < rm, together with (2.3) and (3.3), we

have ‖v‖∞ ≤ ζm. Note that Φ(0) = Ψ(0) = 0. Then, for all m ∈ N, by choosing u = 0, we have

ϕ(rm) = inf
u∈Φ−1(−∞,rm)

(
supv∈Φ−1(−∞,rm) Ψ(v)

)
−Ψ(u)

rm−Φ(u)

≤
supv∈Φ−1(−∞,rm) Ψ(v)

rm

≤ 1
2k2π2

∫ 1
0 sup|t|≤ζm

J(x, t)dx

ζ 2
m

≤ 1
2k2π2

[∫ 1
0 sup|t|≤ζm

F(x, t)dx

ζ 2
m

+
µ̄

λ̄

∫ 1
0 sup|t|≤ζm

G(x, t)dx

ζ 2
m

]
.

Moreover, from the assumption (A2) and condition (3.1) we have A < +∞ and

limm→+∞

∫ 1
0 sup|t|≤ζm

G(x, t)dx

ζ 2
m

= g∞ <+∞. Therefore,

γ ≤ liminf
m→+∞

ϕ(rm)≤
1

2k2π2

[
A+

µ̄

λ̄
g∞

]
<+∞. (3.5)

The assumption µ̄ ∈
(

0,µg,λ̄

)
immediately yields

γ ≤ 1
2k2π2

[
A+

µ̄

λ̄
g∞

]
<

1
2k2π2 A+

1− 1
2k2π2 λ̄A

λ̄
.

Hence
λ̄ =

1

1
2k2π2 A+

1− 1
2k2π2 λ̄A

λ̄

<
1
γ
.

Let λ̄ be fixed. We claim that the functional I
λ̄

is unbounded from below. Since

1
λ̄

<
B

(n−1)
(
(2n−2)!
(n−2)!

)2 [
1

α2n−1 +
1

(1−β )2n−1

]
k1

,

we see that there exist a sequence {ηm} of positive numbers and τ > 0 such that lim
m→+∞

ηm =+∞ and

1
λ̄

< τ <

∫
β

α
F(x,ηm)dx

(n−1)
(
(2n−2)!
(n−2)!

)2 [
1

α2n−1 +
1

(1−β )2n−1

]
k1η2

m

(3.6)
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for each m ∈ N large enough. For all m ∈ N, define

wm(x) :=



ηm
n−1
∑

i=0
(−1)n−1−i

(2n−3−i
n−1−i

)(2n−2
i

)( x
α

)2n−2−i
, x ∈ [0,α),

ηm , x ∈ [α,β ],

ηm

(1−β )2n−2

[(2n−3
n−1

)
(2n−2)

2n−3
∑

i=0

(−1)n−1−i

2n−2− i

( min{i,n−2}
∑

j=max{0,−n+1+i}( n−2
n−2− j

)( n−1
n−1−i+ j

)
β i− j

)
x2n−2−i +

2n−2
∑

i=n−1
(−1)i

(2n−2
i

)
β 2n−2−i

]
, x ∈ (β ,1].

(3.7)

For any fixed m ∈ N, it is easy to see that wm ∈ X and, in particular, one has

4(n−1)2
η

2
m

[
1

α3 +
1

(1−β )3

]
≤ |||wm|||2 ≤ (n−1)η2

m

(
(2n−2)!
(n−2)!

)2[ 1
α2n−1 +

1
(1−β )2n−1

]
.

So

2k2(n−1)2
η

2
m

[
1

α3 +
1

(1−β )3

]
≤ k2

2
|||wm|||2 ≤Φ(wm)≤ k1|||wm|||2

≤ (n−1)η2
mk1

(
(2n−2)!
(n−2)!

)2[ 1
α2n−1 +

1
(1−β )2n−1

]
. (3.8)

On the other hand, bearing (A1) in mind and since G is nonnegative, we infer from the definition of Ψ

that

Ψ(wm) =
∫ 1

0

[
F(x,wm(x))+

µ̄

λ̄
G(x,wm(x))

]
dx≥

∫
β

α

F(x,ηm)dx. (3.9)

By (3.6), (3.8) and (3.9), we have

I
λ̄
(wm)≤ (n−1)η2

mk1

(
(2n−2)!
(n−2)!

)2[ 1
α2n−1 +

1
(1−β )2n−1

]
− λ̄

∫
β

α

F(x,ηm)dx

< (n−1)η2
mk1

(
(2n−2)!
(n−2)!

)2[ 1
α2n−1 +

1
(1−β )2n−1

](
1− λ̄ τ

)
(3.10)

for every m ∈ N large enough. Since λ̄ τ > 1 and lim
m→+∞

ηm =+∞, we have

lim
m→+∞

I
λ̄
(wm) =−∞.

Then, the functional I
λ̄

is unbounded from below, and it follows that I
λ̄

has no global minimum. There-
fore, by Theorem 2.1 (b), there exists a sequence {um} of critical points of I

λ̄
such that lim

m→+∞
|||um||| =

+∞, and the conclusion is achieved. �

Remark 3.2. In Theorem 3.1, the aim of taking p as a nonpositive function, that is, Φ(u) =
1
2
|||u|||2 +∫ 1

0 H(x,u′(x))dx+
1
2
‖u‖2

2+
∫ 1

0 P(u(x))dx, is nonnegative. If p : R→R is such that Φ≥ 0, then Theorem
3.1 is satisfied.

Remark 3.3. Under the conditions A = 0 and B = +∞, we see from Theorem 3.1 that for every λ > 0
and for each µ ∈

[
0, 2k2π2

g∞

)
, problem (1.1) admits a sequence of weak solutions which is unbounded in

X . Moreover, if g∞ = 0, then the result holds for every λ > 0 and µ ≥ 0.

The following result is a special case of Theorem 3.1 with µ = 0.
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Theorem 3.4. Assume that there exist two positive constants α and β with 0 < α < β < 1 such that

(A1) F(x, t)≥ 0 for each (x, t) ∈ ([0,α]∪ [β ,1])×R;

(A2) A <
2k2π2B

(n−1)
(
(2n−2)!
(n−2)!

)2[ 1
α2n−1 +

1
(1−β )2n−1

]
k1

.

Then, for each

λ ∈

(n−1)
(
(2n−2)!
(n−2)!

)2 [
1

α2n−1 +
1

(1−β )2n−1

]
k1

B
,
2k2π2

A

 ,

the problemT (u) = [λ f (x,u)+ p(u)]h(x,u′), x ∈ (0,1),

u(0) = u(1) = u′(0) = u′(1) = · · ·= u(n−2)(0) = u(n−2)(1) = 0 = u(n)(0) = u(n)(1),

where T (u) :=
[
(−1)nu(2n)+(−1)n−1u(2n−2)+ · · ·+u(4)

]
h(x,u′)−u′′+uh(x,u′), has an unbounded se-

quence of weak solutions in X.

Here we point out the following consequences of Theorem 3.4.

Corollary 3.5. Assume that there exist two positive constants α and β with 0 < α < β < 1 such that the
assumption (A1) in Theorem 3.1 holds. Suppose that

A < 2k2π
2, B > (n−1)

(
(2n−2)!
(n−2)!

)2[ 1
α2n−1 +

1
(1−β )2n−1

]
k1.

Then, the problemT (u) = [ f (x,u)+ p(u)]h(x,u′), x ∈ (0,1),

u(0) = u(1) = u′(0) = u′(1) = · · ·= u(n−2)(0) = u(n−2)(1) = 0 = u(n)(0) = u(n)(1),

where T (u) :=
[
(−1)nu(2n)+(−1)n−1u(2n−2)+ · · ·+u(4)

]
h(x,u′)−u′′+uh(x,u′), has an unbounded se-

quence of weak solutions in X.

Corollary 3.6. Let g1 : R→ R be a nonnegative continuous function. Put G1(ζ ) :=
∫ ζ

0 g1(t)dt for all
ζ ∈ R and assume that

(A3) liminf
ζ→+∞

G1(ζ )

ζ 2 <+∞,

(A4) limsup
ζ→+∞

G1(ζ )

ζ 2 =+∞.

Then, for every αi ∈ L1([0,1]) for 1 ≤ i ≤ m, with min
x∈[0,1]

{αi(x) : 1≤ i≤ m} ≥ 0 and with α1 6= 0, and

for every continuous function gi : R→ R for 2≤ i≤ m satisfying

max

{
sup
ζ∈R

Gi(ζ ) : 2≤ i≤ m

}
≤ 0

and

min
{

liminf
ζ→+∞

Gi(ζ )

ζ 2 : 2≤ i≤ m
}
>−∞,
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where Gi(ζ ) :=
∫ ζ

0 gi(t)dt for all ζ ∈ R for 2≤ i≤ m, for each

λ ∈

0,
2k2π2(∫ 1

0 α1(x)dx
)

liminfζ→+∞

G1(ζ )
ζ 2

 ,

the problemT (u) =
[

λ
m
∑

i=1
αi(x)gi(u)+ p(u)

]
h(x,u′), x ∈ (0,1),

u(0) = u(1) = u′(0) = u′(1) = · · ·= u(n−2)(0) = u(n−2)(1) = 0 = u(n)(0) = u(n)(1),

where T (u) :=
[
(−1)nu(2n)+(−1)n−1u(2n−2)+ · · ·+u(4)

]
h(x,u′)−u′′+uh(x,u′), has an unbounded se-

quence of weak solutions in X.

Proof. Put f (x, t) =
m
∑

i=1
αi(x)gi(t) for all (x, t) ∈ [0,1]×R. The assumption (A4) in conjunction with the

condition

min
{

liminf
ζ→+∞

Gi(ζ )

ζ 2 : 2≤ i≤ m
}
>−∞

yields

limsup
ζ→+∞

∫
β

α
F(x,ζ )dx

ζ 2 = limsup
ζ→+∞

m
∑

i=1

(
Gi(ζ )

∫
β

α
αi(x)dx

)
ζ 2 =+∞.

Moreover, the assumption (A3) along with the condition

max

{
sup
ζ∈R

Gi(ζ ) : 2≤ i≤ m

}
≤ 0

ensures

liminf
ζ→+∞

∫ 1
0 sup
|t|≤ζ

F(x, t)dx

ζ 2 ≤
(∫ 1

0
α1(x)dx

)
liminf
ζ→+∞

G1(ζ )

ζ 2 <+∞.

Hence, the conclusion follows from Theorem 3.4. �

Put

A′ := liminf
ζ→0+

∫ 1
0 sup
|t|≤ζ

F(x, t)dx

ζ 2

and

B′ := limsup
ζ→0+

∫
β

α
F(x,ζ )dx

ζ 2 .

Using Theorem 2.1 (c) and arguing as in the proof of Theorem 3.1, we can obtain the following result.

Theorem 3.7. Assume that there exist two constants α and β with 0 < α < β < 1 such that (A1) in
Theorem 3.1 holds and

(A5) A′ <
2k2π2B′

(n−1)
(
(2n−2)!
(n−2)!

)2 [
1

α2n−1 +
1

(1−β )2n−1

]
k1

.
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Then, setting

λ3 :=
(n−1)

(
(2n−2)!
(n−2)!

)2 [
1

α2n−1 +
1

(1−β )2n−1

]
k1

B′
, λ4 :=

2k2π2

A′
,

for each λ ∈ (λ3,λ4) and for every arbitrary L1-Carathéodory function g : [0,1]×R→R, whose poten-
tial G(x, t) :=

∫ t
0 g(x,ζ )dζ for all (x, t) ∈ [0,1]×R, is a nonnegative function satisfying the condition

g0 := lim
ζ→0+

∫ 1
0 sup
|t|≤ζ

G(x, t)dx

ζ 2 <+∞. (3.11)

If we put

µ
′
g,λ :=

2k2π2

g0

(
1−λ

A′

2k2π2

)
,

where µ ′g,λ =+∞ when g0 = 0, for every µ ∈
[
0,µ ′g,λ

)
, problem (1.1) has a sequence of weak solutions,

which strongly converges to zero in X.

Proof. Fix λ̄ ∈ (λ3,λ4) and let g be a function that satisfies the condition (3.11). Since λ̄ < λ4, one has

µ
′
g,λ̄ =

2k2π2

g0

(
1− λ̄

A′

2k2π2

)
> 0.

Now, we fix µ̄ ∈
(

0,µ ′
g,λ̄

)
and set

J(x,ζ ) := F(x,ζ )+
µ̄

λ̄
G(x,ζ )

for all (x,ζ ) ∈ [0,1]×R. We take Φ, Ψ and I
λ̄

as in the proof of Theorem 3.1. Now, as was pointed out
before, the functionals Φ and Ψ satisfy the regularity assumptions required in Theorem 2.1. As the first

step, we will prove that λ̄ <
1
δ

. Let {ζm} be a sequence of positive numbers such that lim
m→+∞

ζm = 0+ and

lim
m→+∞

∫ 1
0 sup
|t|≤ζm

F(x, t)dx

ζ 2
m

= A′. (3.12)

By the fact that inf
X

Φ = 0 and the definition of δ , we have δ = liminf
r→0+

ϕ(r). Then, as in showing (3.5) in

the proof of Theorem 3.1, we can prove that δ < +∞. From µ̄ ∈
(

0,µ ′
g,λ̄

)
, we see that the following

inequalities hold

δ ≤ 1
2k2π2

(
A′+

µ̄

λ̄
g0

)
<

1
2k2π2 A′+

1− 1
2k2π2 λ̄A′

λ̄
.

Hence,

λ̄ =
1

1
2k2π2 A′+

1− 1
2k2π2 λ̄A′

λ̄

<
1
δ
.

Let λ̄ be fixed. We claim that the functional I
λ̄

has not a local minimum at zero. Since

1
λ̄

<
B′

(n−1)
(
(2n−2)!
(n−2)!

)2 [
1

α2n−1 +
1

(1−β )2n−1

]
k1

,
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there exists a sequence {ηm} of positive numbers and τ > 0 such that lim
m→+∞

ηm = 0+ and

1
λ̄

< τ <
1

(n−1)
(
(2n−2)!
(n−2)!

)2 [
1

α2n−1 +
1

(1−β )2n−1

]
k1

∫
β

α
F(x,ηm)dx

η2
m

for each m ∈ N large enough. For all m ∈ N, define wm(x) as in (3.7) with the above ηm. Note that
λ̄ τ > 1. As in showing (3.10), we can obtain that

I
λ̄
(wm) = Φ(wm)− λ̄Ψ(wm)

≤ (n−1)η2
mk1

(
(2n−2)!
(n−2)!

)2[ 1
α2n−1 +

1
(1−β )2n−1

]
− λ̄

∫
β

α

F(x,ηm)dx

< (n−1)η2
mk1

(
(2n−2)!
(n−2)!

)2[ 1
α2n−1 +

1
(1−β )2n−1

](
1− λ̄ τ

)
< 0

for every m ∈ N large enough. Since

lim
m→+∞

I
λ̄
(wm) = I

λ̄
(0) = 0,

we see that zero is not a local minimum of I
λ̄

. This, together with the fact that zero is the only global
minimum of Φ, shows that the functional I

λ̄
has not a local minimum at the unique global minimum of

Φ. Therefore, by Theorem 2.1 (c), there exists a sequence {um} of critical points of I
λ̄

which converges
weakly to zero. In view of the fact that the embedding X ↪→ C([0,1]) is compact, we know that the
critical points converge strongly to zero. The proof is complete. �

Remark 3.8. Under the conditions A′ = 0 and B′ =+∞, Theorem 3.7 ensures that for every λ > 0 and
for each µ ∈

[
0, 2k2π2

g0

)
, problem (1.1) admits a sequence of weak solutions, which strongly converges to

zero in X . Moreover, if g0 = 0, the result holds for every λ > 0 and µ ≥ 0.

Remark 3.9. Applying Theorem 3.7, results similar to Theorem 3.4, and Corollaries 3.5 and 3.6 can be
obtained. So, we omit the discussions here.

We conclude this paper with the following examples to illustrate our results.

Example 3.10. Put

am :=
2m!(m+2)!−1

4(m+1)!
, bm :=

2m!(m+2)!+1
4(m+1)!

,

for every m ∈ N, and define the nonnegative continuous function f : R→ R by

f (t) :=


32(m+1)!2

[
(m+1)!2−m!2

]
π

√
1

16(m+1)!2 −
(

t− m!(m+2)
2

)2

, t ∈
⋃

m∈N
[am,bm] ,

0, otherwise.

One has ∫ (m+1)!

m!
f (t)dt =

∫ bm

am

f (t)dt = (m+1)!2−m!2

for every m ∈ N. It follows that

lim
m→+∞

F(am)

a2
m

= 0 and lim
m→+∞

F(bm)

b2
m

= 4.
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Note that there is no sequence {cm} such that lim
m→+∞

cm =+∞ and lim
m→+∞

F(cm)

c2
m

> 4. Therefore,

liminf
ζ→+∞

F(ζ )

ζ 2 = 0 and limsup
ζ→+∞

F(ζ )

ζ 2 = 4.

Hence, by choosing 0 < α < β < 1, p(t) = sin t for all t ∈ R and h(x, t) ≡ 4(2+ x+ cos t)−1 for all

(x, t) ∈ [0,1]×R, we have m = 1, M = 4, L = 1, k1 =
π4 +π2 +2

2π4 and k2 = 1. For all n ∈ N−{1}, we
have

0 = A <
2k2π2B

(n−1)
(
(2n−2)!
(n−2)!

)2 [
1

α2n−1 +
1

(1−β )2n−1

]
k1

=
16π6(β −α)

(π4 +π2 +2)(n−1)
(
(2n−2)!
(n−2)!

)2 [
1

α2n−1 +
1

(1−β )2n−1

] .
So, from Theorem 3.4, for each

λ >
(π4 +π2 +2)(n−1)

(
(2n−2)!
(n−2)!

)2 [
1

α2n−1 +
1

(1−β )2n−1

]
8π4(β −α)

,

the problem(−1)nu(2n)+(−1)n−1u(2n−2)+ · · ·+u(4)− 1
4 u′′(2+ x+ cosu′)+u = λ f (u)+ sinu, x ∈ (0,1),

u(0) = u(1) = u′(0) = u′(1) = · · ·= u(n−2)(0) = u(n−2)(1) = 0 = u(n)(0) = u(n)(1),

admits a sequence of weak solutions which is unbounded in X = Hn([0,1])∩Hn−1
0 ([0,1]).

The function f in the following example is coming with the aid of of [22].

Example 3.11. Consider the problem (n ∈ N−{1})(−1)nu(2n)+(−1)n−1u(2n−2)+ · · ·+u(4)−u′′(2+ x+ sinu′)+4u = λ f (u), x ∈ (0,1),

u(0) = u(1) = u′(0) = u′(1) = · · ·= u(n−2)(0) = u(n−2)(1) = 0 = u(n)(0) = u(n)(1),

(3.13)

where

f : [0,1]×R→ R

(x, t) 7→ f (x, t) = f (t) =

t [2−2sin(ln |t|)− cos(ln |t|)] , t 6= 0,

0, t = 0.

Then f is a continuous function. It follows that

F(t) =
∫ t

0
f (x,ξ )dξ =

t2[1− sin(ln |t|)], t 6= 0,

0, t = 0,

Hence, F(t)≥ 0, ∀t ∈ R. Therefore,

liminf
ξ→0+

sup
|t|≤ξ

F(t)

ξ 2 = 0 and limsup
ξ→0+

F(ξ )

ξ 2 = 2.
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Hence, by choosing 0 < α < β < 1, p(t) = −3t for all t ∈ R and h(x, t) = (2 + x + sin t)−1 for all

(x, t)∈ [0,1]×R, we have m = 1
4 , M = 1, L = 3, k1 =

1
2 π4+2π2+2

π4 and k2 =
π4−2

π4 . Then for all n∈N−{1},
we have

0 = A′ <
2k2π2B′

(n−1)
(
(2n−2)!
(n−2)!

)2 [
1

α2n−1 +
1

(1−β )2n−1

]
k1

=
4π2(π4−2)(β −α)

(1
2 π4 +2π2 +2)(n−1)

(
(2n−2)!
(n−2)!

)2 [
1

α2n−1 +
1

(1−β )2n−1

] .
So, from Theorem 3.7, for each

λ >
(1

2 π4 +2π2 +2)(n−1)
(
(2n−2)!
(n−2)!

)2 [
1

α2n−1 +
1

(1−β )2n−1

]
2π4(β −α)

,

the problem (3.13) has a sequence of weak solutions, which strongly converges to zero in X =Hn([0,1])∩
Hn−1

0 ([0,1]).

Example 3.12. Consider the problem (n ∈ N−{1})(−1)nu(2n)+(−1)n−1u(2n−2)+ · · ·+u(4)−u′′+2u = λ f (u)+µg(u), x ∈ (0,1),

u(0) = u(1) = u′(0) = u′(1) = · · ·= u(n−2)(0) = u(n−2)(1) = 0 = u(n)(0) = u(n)(1),

(3.14)

where

f : [0,1]×R→ R

(x, t) 7→ f (x, t) = f (t) =

0, t ∈ (−∞,0],

2t
[
7sin2(1

7 ln t)+ sin(1
7 ln t)cos(1

7 ln t)
]
, t ∈ (0,+∞),

and

g : [0,1]×R→ R

(x, t) 7→ g(x, t) = g(t) =

0, t ∈ (−∞,0],

sin2 t + t sin(2t), t ∈ (0,+∞).

Hence, f and g are continuous, and we have

F(t) =
∫ t

0
f (ξ )dξ =

0, t ∈ (−∞,0],

7t2 sin2(1
7 ln t), t ∈ (0,+∞),

and

G(t) =
∫ t

0
g(ξ )dξ =

0, t ∈ (−∞,0],

t sin2 t, t ∈ (0,+∞).



2n-TH-ORDER BOUNDARY-VALUE PROBLEMS 17

Then F(t)≥ 0 and G(t)≥ 0, for all t ∈ R. Therefore,

liminf
ξ→+∞

sup
|t|≤ξ

F(t)

ξ 2 = 0, limsup
ξ→+∞

F(ξ )

ξ 2 = 7 and

g∞ = lim
ξ→+∞

sup
|t|≤ξ

G(t)

ξ 2 = 0 <+∞.

Hence, by choosing 0 < α < β < 1, p(t) =−t for all t ∈ R and h(x, t) = 1 for all (x, t) ∈ [0,1]×R, we
have m = 1 = M, L = 1, k1 =

π4+π2+2
2π4 and k2 = 1, then for all n ∈ N−{1}, we have

0 = A <
2k2π2B

(n−1)
(
(2n−2)!
(n−2)!

)2 [
1

α2n−1 +
1

(1−β )2n−1

]
k1

=
28π6(β −α)

(π4 +π2 +2)(n−1)
(
(2n−2)!
(n−2)!

)2 [
1

α2n−1 +
1

(1−β )2n−1

] .
So, from Theorem 3.1, for each

(λ ,µ) ∈

(π4 +π2 +2)(n−1)
(
(2n−2)!
(n−2)!

)2 [
1

α2n−1 +
1

(1−β )2n−1

]
14π4(β −α)

,+∞

× [0,+∞),

the problem (3.14) has an unbounded sequence of weak solutions in X = Hn([0,1])∩Hn−1
0 ([0,1]).
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