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1. INTRODUCTION

Let n € N—{1}. We consider the 2n-th-order boundary-value problem

[(—1)”14(2") +(_1)n71u(2n72) —|—~~-—|—u(4)]h(x, u/) —u”—|—uh(x, u/)
= [ASf () + pg(x,u) + p(u)h(x, 1), xe(0,1),  (LI)
w(0)=u(l) =/ (0)=u/(1) = =u"2(0) =u"2(1) =0 =u(0) = u (1),

where A is a positive parameter, (i is a nonnegative parameter, f, g : [0, 1] x R — R are two L'-Carathéodory
functions, p : R — (—o0,0] is a Lipschitz continuous function with the Lipschitz constant L > 0, i.e.,
|p(t1) — p(t2)| < L|t; — 12| for every t;,1, € R with p(0) = 0. Suppose that the Lipschitz constant L of
function p satisfies 1 <L < *+1, and & : [0,1] x R — [0, 4-0) is a bounded and continuous function
with O <m =inf(, y)cp0,1xr (x,2) < h(x,1) < sup(y pyeio1xr AlX,1) =M < co.

Many researchers have studied the existence and multiplicity of solutions for boundary value problem
with nonlinear derivative dependence; see [1, 2, 3, 4, 5, 6, 7] and the references therein. In [7], Livrea
using a three critical point theorem due to Ricceri investigated the existence of at least three classical
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solutions for the problem

In [1], Afrouzi, Hadjian and Heidarkhani studied the existence of at least one non-trivial weak solution
for the problem

—u" = [Af(x,u) +g(w)h(x,u'), x€(0,1),
u(0) = u(1) =0,

where A > 0, and f, g and h are continuous functions with suitable conditions. In [3], Afrouzi and
Shokooh studied the existence of at least three weak solutions for the problem

W hix,u') —u" = [Af(x,u)+g(u)lh(xu'), xe(0,1),
u(0)=u(l)=0=u"(0) =u"(1),
where A > 0, and f, g and & are continuous functions with convenient conditions. In [8], Afrouzi and

Hadjian using Ricceri’s Variational Principle (see [9, Theorem 2.1] and [10, Theorem 2.5]), established
the existence of an unbounded sequence of weak solutions for the problem

!+ uh(xul) = (A f (x,u) + pg(e,u) + pw)h(e), x € (a,b),
u(a) =u(b) =0,
where A >0, u > 0and f, g, p and h are functions with the same conditions in problem (1.1).
In [11], Afrouzi, Kirane and Shokooh further established the existence of an unbounded sequence of
weak solutions for the problem
W h(x,u') —u" +uh(x,u) = [Af(x,u) + pg(x,u) + p(u)|h(x,u’), xe€(0,1),
u(0) =u(l)=0=4"(0) =u"(1),

(1.2)

where A >0, u > 0 and f, g, p and h are functions with the same conditions in e problem (1.1).

On the other hand, Halakoo, Afrouzi and Azhini [12], employing Ricceri’s Variational Principle [13],
established the existence of at least three weak solutions for problem (1.2).

In this article, we investigate the existence of infinitely many solutions of problem (1.1). More pre-
cisely, under appropriate hypotheses on the nonlinear term f, g, p and & the existence of two interval
A and J such that, for each A € A and u € J, the boundary value problem (1.1) admits a sequence of
pairwise distinct solutions is proved (see Theorems 3.1 and 3.7). Our analysis is mainly based on a
recent critical points theorem of Bonanno and Molica Bisci [9] and is contained in Theorem 2.1 below.
This theorem and its variations have been used in several works in order to obtain existence results for
different kinds of problems (see, for instance, [14, 15, 16, 17, 18, 19, 20, 21] and references therein).
The outline of the paper is organized as follows. In Section 2, we shall recall our main tool (Theorem
2.1) and necessary basic notations which we need in the proofs. Section 3 is devoted to the existence of
infinitely many weak solutions for problem (1.1). We establish our main two existence results. Some
remarks and examples are also provided to illustrate our main results presented in this section.
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2. PRELIMINARIES

We shall prove our results applying the following smooth version of Theorem 2.1 of [9], which is a
more precise version of Ricceri’s Variational Principle [10, Theorem 2.5].

Theorem 2.1. Let X be a reflexive real Banach space. Let ®,%W : X — R be two Gdteaux differentiable
functionals such that ® is sequentially weakly lower semicontinuous, strongly continuous and coercive,

and WV is sequentially weakly upper semicontinuous. For every r > in}f( D(u), let
ue

o (s9Prc 1 (o) ¥(9)) —B(0)
P = o r—o(u)

9

}/:zl}gligf(p(r), and 6 := liminf ¢(r).

r—(infy @) "
Then

(a) for every r > infx ® and every A € (O, ) the restriction of the functional I := ® — A to

1
o(r)
@~ (—oo, r) admits a global minimum, which is a critical point (local minimum) of I, in X,
1
(b) if Y < oo, then for each A € (O, y), the following alternative holds: either

(by) I possesses a global minimum, or
(by) there is a sequence {uy} of critical points (local minima) of I), such that

lim ®(u,) = oo,

n—r+-o0
1
)

(c1) there is a global minimum of ® which is a local minimum of I, or

(¢) if 8 < Hoo, then for each A € <O , the following alternative holds: either

(cp) there is a sequence {u,} of pairwise distinct critical points (local minima) of I, that con-
verges weakly to a global minimum of ®.

Lemma 2.2 ([22, Lemma 2.1.3]). Let X = W'2(a,b) and let f : [a,b] x R — R be a L'-Carathéodory
function. For each x € [a,b] and all t € R, define

F(xt) = /Otf(x,é)dé.

Then the functional ¥ : X — R given by ¥(u) := |, f F (x,u(x))dx, is sequentially weakly continuous and

Gateaux differentiable on X whose Gateaux derivative is compact and we have

W (u)(v) = / L fu)w)dr,  WeX.

Let us introduce some notations which will be used later. Define
H'([0,1]) = {u e L2([0,1]) : o/ ", ... ,.u™ e L([0, 1])} :
Hy'([0,1]) = {u e L2([0,1]) : o, u",...,u" D e L2([0,1]),

u(0) = u(1) = u'(0) =/ (1) = -+ = u"2(0) = u"2(1) = 0} .
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Take X = H"([0,1]) N H ([0, ]) {u e L*(|0, 1]) u . u™ e L2([0,1]),
w(0)=u(l) =/ (0)=u'(1)=--- =u"2(0) =ul""2(1) = O} endowed with the norm

1 1 2
2
Ml = (8 + D ) where s i= ( o P

We recall the following Poincaré type inequalities ([23, Lemma 2.3]):

1 "
leell2 < —5 llu”ll2, 2.1)
1
'l < —llu”ll2, (2.2)
for all u € X. For the norm in C"~'([0, 1]),
- n—1)
[ee]oo : maX{Xgl[gﬁ]Iu( ) Xrél[gfllu( )], xrg[gf]!u (X)\}7

since C"~1(]0,1]) € C'(]0, 1]), we have the well- known inequality ([24]): ||u/|. <
have

|u’||2 By (2.2), we

| =

1 1
ma )] < Jull < o 2 < 5wl Ve @3
The norm ||| - ||| is equivalent with the usual norm of Sobolev space H"((0,1)) = W"2((0,1)): ||u|lyn> =

1
(el 3+ |’ )|3 + lu” |3+ - - + [[u™|3) 2. By (2.1) and (2.2) we have

1
2
[|leel ] = <||M”II§+ " 13 + -+ Hu(”)lli)

1

2
a3+ 13+ 3+ -+ [ )
1 |
B P Hz)

IN
3

1

11 2 22 2
<7r4+2+ ) (113 + -+ lu3)

11
aAtat HluHI

We recall that f : [0,1] x R — R is a Carathéodory function if

IN

B

(a) the mapping x — f(x,#) is measurable for every 1 € R;
(b) the mapping 7 — f(x,7) is continuous for almost every x € [0, 1].

Also if for every p > 0 there exists a function ¢, € L!(]0,1]) such that

sup [ f(x,1)| < £p(x)

lt|<p
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for almost every x € [0, 1], then the Carathéodory function f is called L!-Carathéodory function. Corre-
sponding to f, g, p and h, we introduce the functions F', G, P and H, respectively, as follows.

F:[0,]]xR —R G:[0,]]xR —R
(x,t) +— F(x,1):= féf(x,C)dC, (x,1) +— G(x,t):= fég(x,é’)dc,
P:R — [0,+) H:[0,1] xR —[0,+) |
[ o Pl = — (O, (w) o HG)i= Iy (JF g0 ) a

forallx € [0,1] and ¢ € R.
If the parts of equation in (1.1) divided by A(x,u’) and multiplied by an arbitrary function v € X and
then integrated in x € [0, 1], then by n times integration by parts we have

/ ") (x dx+/ =D ™= (x)dx + - - +/ V! (x)dx

. / ( / )dr> X)dx— A / £ u(@)v(x)dx
_ll/ x,u(x))v(x)dx — /P =0 4

for all v € X. Then we say that function # € X in (2.4) is a weak solution of (1.1).

3. MAIN RESULTS

Let0<a<f<1.Put
w24+ m(a* +14L)
2mmt
4+ 1-L
”4
A := liminf Jo Sup"'SCF(x’t)dx,
(oo &

k1 =

i

k2 =

I

and
BF(x,0)d
B := limsup 7&‘ (x2, §)dx
{—ro0 C
We formulate our main result as follows.

Theorem 3.1. Assume that there exist two positive constants o, and B with 0 < o0 < B < 1 such that
(A1) F(x,t) >0 foreach (x,t) € ([0,a] U[B,1]) x R

(A2)
2k, m*B

o0 (G [ g

Then, setting
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2k,
Ay = 2 , for each A € (A1, Ay) and for every arbitrary L'-Carathéodory function g : [0,1] x R — R,
whose potential G(x,t) := [3 g(x,$)d{ for all (x,t) € [0,1] x R, is a nonnegative function satisfying the
condition
fO Sllp‘t‘<c G(x,t)dx
oo lim < oo, 3.1

8 (Lm 2 (3.1

If we put

where L, 3 = +oo when g = 0, for every [l € [O, Mg, ,1), problem (1.1) has an unbounded sequence of

weak solutions in X.

Proof. Our aim is to apply Theorem (2.1) (b) to our problem. To this end, fix A € (A1,4,) and let g be a
function that satisfies condition (3.1). Since A < Ay, we have

2ky 72 - A
7= 1— .
“g,)L 2o < Azkzj'[2> > 0

Now fix i € (O,Hgﬂ) and set J(x,§) :=F(x,{) + %G(x, §) forall (x,§) € [0,1] x R. We introduce the

following functionals

d: X >R
o () = Sl 3 H G ()t 3 i )P+ 3 P,

¥Y:X —R
u = Pu) = ) J(x,u(x))dx,

and put I3 (u) := ®(u) — A¥(u), u € X. Note that the weak solutions of (1.1) are exactly the critical
points of I;. The functionals ® and ¥ satisfy the regularity assumptions of Theorem 2.1. Indeed,
since X is a reflexive real Banach space and X is compactly embedded into C([0,1]) (note that every
norm in Banach space X, is a sequentially weakly lower semicontinuous functional), we have that ® is
sequentially weakly lower semicontinuous and Gateaux differentiable and its Gateaux derivative is the
functional ®'(u) € X*, given by

1 1
CID’(u)(v):/O u(”)(x)v(”)(x)dx+~--+/0 u” ()" (x)dx

+/()1 </Ou/(X) h(xl,r)dr> v'(x)dx+/01u(x)v(x)dx—/OIP(M(X))V(x)dx
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for every v € X. Furthermore, the differential ® : X — X* is a Lipschitzian operator. Indeed, by Holder
inequality, (2.1) and (2.2), for any u,v € X, there holds

19" (u) — @'(v)|

1
xo = sup |(@'(w) =@ W), w)| < sup [ [ul () = (x)[[w") (x)|dx

i<t wlll<1/0
| o
bt osup [ (0 =V (@)W (0)|dx+ sup / gt W (x)|dx
wili<1/0 wii<1 /0 [ h(x,7)
1 1
+ sup [ |u(x) —v(x)[lw(x)dx+ sup [ [p(u(x))—p(v(x))||w(x)|dx
Iwli<1/0 wlfi<1 /0
< sup [u =y w4+ sup [lu” =[]
i<t i<t
1
+— sup [ —V[o[Wll2+(14L) sup [lu—vla2|wl2
<1 i<
1 14+L
< (™ =y =2+ 5 " =]+ +4 [l —v"||2
mi T
1 1+L " A
< <1+m2+n4> <||u(")—v(")H2+m+Hu —v ||2). 3.2)

Note the fact that for every u € W?(Q) the following norms are equivalent

aalllt = (ellz + el 4=+ [ 2)
1
ealll2 = (lall3 + [l 15+ -+ [l ) *

So u”" € W"=22(Q). The following norms are also equivalent

aallls = ("l + -+ 1| 2)
aallls = (113 4+ + [u™]3)*

Nl—

Therefore, there exist two constants ¢; = 1 and ¢, > 1 such that

cilfullla < [lullls < caf||ullla

I B+ B < (Il + 111 < o [+ [l [,

It is necessary to say that if n = 2, then ¢, = 1, i.e., if n = 2, then |||u|||s = |||u|||4. So we obtain from
(3.2) that

1 1+L
HCID’(u)—CD/(V)HX* S <1+m—|—> (Hu('l) _v(n)”2_|_...+||u//_v//H2>
1

< 2kicy (||u<"> — VO 4 —v”||§)E = 2kical[Ju—|l.

Recalling that p is Lipschitz continuous, / is bounded away from zero, and the embedding X < L2(]0, 1])
is compact, the claim is true. In particular, we derive that @ is continuously differentiable. On the other



8 OSMAN HALAKOO, GHASEM A. AFROUZI, MAHDI AZHINI

hand, for any u,v € X, we have

(D (u) — D' (v),u—v) = /01 (u(")(x) —v(”)(x)>2dx+ = +/01 (" (x) =" (x)) dx

+ /O 1 ( / (()) - (xl’ 5 d‘E) ( (x) =V (x)) dx+ /0 () — v(x)dx

~ [ ple ) ) ()

1
> ™ =y ™G4 =5+l =V 3+ (= L) = vl

1-L
7[4

> [l = w12+ (1= Ll = vII3 > [[Ju—v]|* + " —v"113

1-L
> (1128 1P = kel

By the assumption 1 < L < m* + 1, it turns out that ®' is a strongly monotone operator. So, by applying

Minty- Browder theorem [25, Theorem 26.A], ' : X — X* admits a Lipschitz continuous inverse. Since

p is Lipschitz continuous and satisfies p(0) = 0, while % is bounded away from zero, we have from (2.1)

and (2.2) that
‘ H|u\|y2+/ (e, dx+2/y yde+/

‘2||M\|y2+/0/0 </0 Mds)drdx+2/o () [2x
[ rerag)as

|D(u)]

e A e Ny TN
1+L
:*Hlu\Her*Hu’HeriH 13
1+L
Sl 5 1B+ S

<|= =k .
_(2+2m2 et )l =

On the other hand, we have

L

() > 5 mwrum 2dx+*H”H2 ‘<u<x>>2dx
> 21+ 5l = =l > 2 L &
> (53+ 5t ) P =111
Since ®(u) > 0, we have
1 < @) <kl Ve x (33

So & is coercive.
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On the other hand, the fact that X is compactly embedded into C([0, 1]) and Lemma 2.2 imply that the
functional W is well defined, continuously Gateaux differentiable and with compact derivative, whose
Gateaux derivative is given by

VW0 = [ feuacs E [ g utpar

for every v € X. Hence W is sequentially weakly (upper) continuous [25, Corollary 41.9]. First of all, we
will show that A < %, Hence, let {{,,} be a sequence of positive numbers such that lim,,_, e §; = +o0

and

1
su F(x,t)dx
lim % Plstn idx_ (3.4)
m—»+-oo Cm
Put r,, := 2kow?{? for all m € N. Then, for all v € X with ®(v) < r,,, together with (2.3) and (3.3), we

have ||v||« < . Note that ®(0) = ¥(0) = 0. Then, for all m € N, by choosing u = 0, we have

(5UPva 1 ¥(¥)) — ()

m) = inf
?(rn) uE@’}I(l—me) i — P(u)
SUPy 1 (—co ) F (V)
< "
1 fol Supy,|<¢,, J(x,t)dx
= 2kom? Cr%z
1 N supy,|<¢, F(x,t)dx N Efol supy,|<¢, G(x,t)dx
= 2kom? Cn% A Cn21 .

Moreover, from the assumption (A;) and condition (3.1) we have A < +o and
1
fO supMSCm G(x,t)dx

limy,— 4 oo 3 = g < +oo. Therefore,
G
.. u
Y_lr;ggg;w(rm)_zkﬂz [A+Ag ] <+ (3.5)
The assumption i1 € (O, M, 1) immediately yields
-
< A+ =g A 2 .
y_2k27r2[ 38 ] St T T2
Hence | |
Z == 1—%114 < 5/
1 2kn T
2k27172A + i
Let A be fixed. We claim that the functional I; is unbounded from below. Since
1 B

)

Y = S Eameen

we see that there exist a sequence {1,,} of positive numbers and 7 > 0 such that linJ2 Mm = +o0 and
m—y—+oo

Bp
<r< o F (%, ) dx (3.6)

(0= 1) (22 [ + e a2

ol =
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for each m € N large enough. For all m € N, define

n—1 . , 2n—2—i
I CEE ) () xe [0,a),
nm bl X e [a7 ﬁ]?
Wi (x) 1= Mo [ 3 203 (=)l ( min{i,n—2} (3.7
—_— 1(2n—2 S —-
(1 _B)2n72 (n71 )( " ) i§0 2n—2—i j:max{(;—n+l+i}
. . 2n-2 . .
(2 ) (A B )2t T g e (Bl

For any fixed m € N, it is easy to see that w,, € X and, in particular, one has

-1 [t g <l < m (2220 [ g

1 1
o (1-p)

k
| < Zlbonll < @0m) < sl
2 (2n=2)\*[ 1 :
S(n—l)nm]ﬂ((n_z)’) |:a2n—1+(1_ﬁ)2n—1:|- (38)

On the other hand, bearing (A;) in mind and since G is nonnegative, we infer from the definition of ¥
that

Y(wy) = /01 [F(x, Wi (X)) + gG(x, wm(x))] dx > /aﬁF(x, N )dx. (3.9)

By (3.6), (3.8) and (3.9), we have

B e .

(n (1-p)
2
2 (2n—2)! 1 1 =
< (n=1)n,k < 2! a2n71+(1_ﬁ)2n71 (1-A7) (3.10)
for every m € N large enough. Since A7 > 1 and 1_1>r2 N = +o0, we have
m oo
T (W) = —eo.

Then, the functional 3 is unbounded from below, and it follows that /5 has no global minimum. There-
fore, by Theorem 2.1 (b), there exists a sequence {u,,} of critical points of ; such that ling || [uml|| =
m—y—+o°

~+o0, and the conclusion is achieved. O

1
Remark 3.2. In Theorem 3.1, the aim of taking p as a nonpositive function, that is, ®(u) = 3 ||l ]|* +

1
Jo H (x,u/ (x))dx + 3 l[ull3+ Ji P(u(x))dx, is nonnegative. If p : R — R is such that & > 0, then Theorem
3.1 is satisfied.

Remark 3.3. Under the conditions A = 0 and B = 40, we see from Theorem 3.1 that for every A > 0

and for each u € [O, %:2

X. Moreover, if g = 0, then the result holds for every A > 0 and u > 0.

), problem (1.1) admits a sequence of weak solutions which is unbounded in

The following result is a special case of Theorem 3.1 with pt = 0.
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Theorem 3.4. Assume that there exist two positive constants o, and B with 0 < oo < B < 1 such that

(A1) F(x,t) >0 foreach (x,t) € ([0,x] U[B,1]) X R;

2k, m*B

(AQ) A< 5 2 .
(n—1) (2n—2)! 1 n 1 ‘
n—

(n—2)! o1 (1= BT 1

Then, for each

(38 [t b s

re B A ’
the problem
T(u) = [Af (x,u) + p(u)] h(x,u), x€(0,1),
w(0) = u(1) =/(0) = u/(1) = -+ = u"2)(0) = u (1) = 0 = u")(0) = u") (1),

where T (u) := [(—=1)"u®) + (= 1)" 1?2 4 ... 4+ u®] h(x,u’) — u" + uh(x,u’), has an unbounded se-

quence of weak solutions in X.
Here we point out the following consequences of Theorem 3.4.

Corollary 3.5. Assume that there exist two positive constants o and B with 0 < a < B < 1 such that the
assumption (Ay) in Theorem 3.1 holds. Suppose that

m—2)\*[ 1 1
A < 2k, B>(n—1)<((n_2))!> {a2n1+(1—ﬁ)2n1 ky.

Then, the problem

T(u) = [f (o,u) + p()](x,u’), xe (0,1),
u(0) =u(l) =u'(0) =u'(1) = - = u"2(0) = "2 (1) = 0 = u™(0) = ul™(1),

where T (u) := [(—1)"u®) + (= 1)" 1?2 + ... 4+ u®]| h(x,u’) — u" + uh(x,u’), has an unbounded se-

quence of weak solutions in X.

Corollary 3.6. Let g1 : R — R be a nonnegative continuous function. Put Gi({) := fog g1(t)dt for all
{ € R and assume that

G
(43) limint lc(f)

G
(A4) limsup 1(2C)
{—too C
Then, for every a; € L'([0,1]) for 1 < i < m, with m[(i)n} {0i(x) : 1 <i<m} >0 and with oy # 0, and
x€|0,1
for every continuous function g; : R — R for 2 < i < m satisfying

< +°°)

max 4 supG;(§):2<i<m, <0
CeR

and

min {liminfGi(C)

! z2 :2§i§m}>—00,
—>oo
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where G;() := foc gi(t)dt for all § € R for 2 <i <m, for each

2
re)0 o 60 |
(fo o (x)dx) liminf,_, ., ICZ
the problem
7() = [ 1§ asw)gitw) +p<u>] hed), e (0,1),
i=1
w(0)=u(l) =/ (0)=u'(1)=---=u"20)=ul"2(1) =0=u"(0) = u?(1),

where T (u) := [(—=1)"u®) + (=1)" =2 4 ... 4+ u®] h(x,u’) — u" + uh(x,u’), has an unbounded se-

quence of weak solutions in X.

m
Proof. Put f(x,t) = Y, a;(x)g(t) for all (x,7) € [0,1] x R. The assumption (A4) in conjunction with the
i=1

condition
min {liminfGi(ZC) 2<i< m} > —oo
(e
yields
y G; ﬁOli X dx)

li fol?F(x,C)dx s igl (6) Ja 04(x) B

imsup=—=——/_——— = limsup 3 = oo,

{—+oo C {—+oo C

Moreover, the assumption (A3) along with the condition

max{squi(C) : ZSiSm} <0

CeR
ensures
Jo sup F(x,t)dx

liminf—15°__ < </1 o (x)dx) liminfGl(C) < oo,

{—oo ¢ 2 0 [t § 2
Hence, the conclusion follows from Theorem 3.4. O

Put
fol sup F(x,1)dx
A= liminf—"=%
{07 &2

and

B = limsupw.
{—0T CZ

Using Theorem 2.1 (c) and arguing as in the proof of Theorem 3.1, we can obtain the following result.

Theorem 3.7. Assume that there exist two constants o and B with 0 < a < 8 < 1 such that (Ay) in

Theorem 3.1 holds and
2k B’

(As) A" < o2 :
(n_ 1) (((nn:z))!.> |:a2}lf1 + = I)Zn—l ky
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Then, setting

2
(2n-2)! 1 1
(I’l— 1) ( (nnfz)! ) |:a2n—l + (1—p)T ki ) 2k2n2
B ) A'4 = Al )
for each A € (A3, A4) and for every arbitrary L'-Carathéodory function g : [0,1] x R — R, whose poten-

tial G(x,t) := [§g(x,8)d( for all (x,t) € [0,1] X R, is a nonnegative function satisfying the condition

Az =

< oo, (3.11)

If we put

where ,u;, A=t when go =0, for every UL € [O, ,ué x), problem (1.1) has a sequence of weak solutions,
which strongly converges to zero in X.

Proof. Fix A € (A3,A4) and let g be a function that satisfies the condition (3.11). Since A < A4, one has

2k, 2 = A
f= 1-A——]>0.
‘ugJL 20 ( 2k27’L’2)

Now, we fix [l € (0’“éi> and set

J(x.0) = F(x.0) + £G(x.0)

for all (x,{) € [0,1] x R. We take ®, ¥ and I; as in the proof of Theorem 3.1. Now, as was pointed out

before, the functionals & and W satisfy the regularity assumptions required in Theorem 2.1. As the first

= 1
step, we will prove that A < 5 Let {,} be a sequence of positive numbers such that 1_1>r2 Cn=0" and
m oo

o sup F(x,t)dx
1. ‘t‘SC)"
im

m—y—+oo r%z

= A (3.12)

By the fact that igf@ = 0 and the definition of d, we have 0 = lim(i)nf(p(r). Then, as in showing (3.5) in

r—0t
the proof of Theorem 3.1, we can prove that § < +e. From i € (0, ,u; i)’ we see that the following
inequalities hold ’

1 7 4/
1 o 1 = spmhA
8 < A+ T < A 2 )
= o2 ( + ,1g0> dom? T
Hence,
= 1 1
A= — < =.
1 ’ 1_2k2I7|:2 AA! 0
2/(27172A + Z

Let A be fixed. We claim that the functional I; has not a local minimum at zero. Since

B/
< )

1
1 (” - 1) <((2::22))!!)2 |:a2}1—1 + (lfﬁl)znq] ki
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there exists a sequence {7, } of positive numbers and 7 > 0 such that liril Nm =0T and
m—s oo

1 1 BF(x,n.)d
E<T< - 5 a (f’znm) X
n—2)! 1 1
(n—1) ( n—2)! ) |:a2n—1 + (1_,3)2%1] ky "
for each m € N large enough. For all m € N, define w,,(x) as in (3.7) with the above 1,,. Note that
AT>1. Asin showing (3.10), we can obtain that

L (W) = @(Wi) — AP (W)

< (n—1)n2k ((2”__22))!!)2 [a;_l R } —Z/ﬁF(x, M )dx

(n (1—p)*! o
m—2N\*T 1 1 -
< (l’l— 1)"1121](1 <((I’l—2>)' ) |:a2”_1 + (1 _B)Zn—1:| (1 —AT) < 0

for every m € N large enough. Since

Jim_13 (w,) = 1,(0) = 0.
we see that zero is not a local minimum of /3. This, together with the fact that zero is the only global
minimum of @, shows that the functional /; has not a local minimum at the unique global minimum of
®. Therefore, by Theorem 2.1 (c), there exists a sequence {u,,} of critical points of /; which converges
weakly to zero. In view of the fact that the embedding X — C([0,1]) is compact, we know that the
critical points converge strongly to zero. The proof is complete. U

Remark 3.8. Under the conditions A’ = 0 and B’ = +oco, Theorem 3.7 ensures that for every A > 0 and
foreach u € [O, 2y

80
zero in X. Moreover, if gg = 0, the result holds for every A > 0 and p > 0.

>, problem (1.1) admits a sequence of weak solutions, which strongly converges to

Remark 3.9. Applying Theorem 3.7, results similar to Theorem 3.4, and Corollaries 3.5 and 3.6 can be
obtained. So, we omit the discussions here.

We conclude this paper with the following examples to illustrate our results.

Example 3.10. Put

_ 2m!(m+2)!—1 b 2m!(m+2)!'+1
T 4(m41) T Am+1) 7
for every m € N, and define the nonnegative continuous function f : R — R by

32(m+ 1)1 [(m+1)1> —m!?] 1 ml(m+2)\ 2
f(t) = T 16(m+1)12 (t_ 2) RAS mLEJN[am,bm],
0, otherwise.

One has

m!

/(m+])!f(t)dt = /bmf(t)a't =(m+1)1> —m!?

for every m € N. It follows that

lim
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F
Note that there is no sequence {c,,} such that lim ¢, = +e and lim (Zm) > 4. Therefore,
F F
liminf (9 =0 and limsup (g) =4.
Hence, by choosing 0 < o < 8 < 1, p(t) = sint for all # € R and h(x,t) = 4(2 + x+ cost) ! for all
nt 2
(x,1) €[0,1] xR, wehavem=1,M=4,L=1,k = % and kp = 1. Foralln e N— {1}, we
have
2k, n*B
0=A< oy 2
2n—-2)! 1 1
(n_ 1) ( (nn_g)g ) |:a2n—1 + (I,ﬁ)zn—1:| ki
1678 (B — «)

3 .
2n—2)!
(7174 + 71'2 +2) (n - 1) <((n72))! ) |:a2£—1 + (1_131)2»1—1]
So, from Theorem 3.4, for each
2
2n—2)!
(71'4 + 72 +2)(n—1) <((n72))! ) |:a2zl1—l + (l_ﬂl)Zn—li|
874 (B — o) ’

A>

the problem
(= 1)"u®) 4+ (1)1 4 u® — L (2 x4 cosu’) +u= A f(u)+sinu, x€(0,1),
u(0) = u(1) =u'(0) =u/'(1) = --- = ul""2(0) = ul"=2)(1) = 0 = u?(0) = u (1),
admits a sequence of weak solutions which is unbounded in X = H"([0, 1]) N H ([0, 1]).
The function f in the following example is coming with the aid of of [22].

Example 3.11. Consider the problem (n € N—{1})

(=1)"u®) 4 (=) @2 4 u® — W (2 4 xfsinu) +du = Af(u), x€(0,1),
w(0) =u(1) =u'(0) =/ (1) = = u"2(0) = a2 (1) = 0= ul" (0) = u (1),
(3.13)
where

f:0,1]xR>R

(x,8) = f(x,1) = f(t) = 1[2—2sin(In¢[) —cos(Int])], 1 #0,
0, t=0.

Then f is a continuous function. It follows that

t*[1 —sin(In|t])], ¢ #0,

P = [ fedias =" (=0

Hence, F(t) > 0, Vt € R. Therefore,
sup F(t)

PN < .
liminf =0 and limsup
g—or &2 tsor S
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Hence, by choosing 0 < a < B < 1, p(t) = —3t for all t € R and h(x,t) = (24 x+sint)~! for all
1.4 2
(x,1) €[0,1] xR, we have m =}, M =1,L =3,k = 2" *2 and ky = T2 Then foralln € N— {1},

4

we have
2k27rzB’
(2n—2)! 2 1 1
(I’l— 1) ( (,172))[ ) |:a2n—l + (1—[3)2"*1} kl
_ 4m(x' ~2)(B - )

3 .
(%71?4 +2m2 +2)(I’l - 1) (((2::22));‘) |:O£2}‘*l + (l_ﬁl)Zn—l}

0=A"<

So, from Theorem 3.7, for each

_ 2
(%7!74 +27L'2 —|—2)(n — 1) <((2:722))!!) |:a2}z—1 + (17ﬁ1)2n71:|

i 20 (B o) ’

the problem (3.13) has a sequence of weak solutions, which strongly converges to zeroin X = H"([0, 1]) N
Hy~([0,1)).

Example 3.12. Consider the problem (n € N—{1})

(1)l 4+ (= 1) D) ) — i 20 = A f () + pg(u), xe(0,1),
u(0) =u(l) =u'(0) =u'(1) = --- = ul"2(0) =2 (1) =0 =u" (0) = u™ (1),
(3.14)
where

f:01]xR>R

() fen =) ={ et
x’ x7 = =

2t [7sin*(3Int) +sin(1 Inf)cos(3 Int)], 1 € (0,4o0),
and

g:[0,1] xR >R

g =gy =40, e
sin“z +1sin(2t), 1€ (0,4oo).
Hence, f and g are continuous, and we have
0, t € (—o0,0],
7t2sin*(3Int), 1€ (0,+o0),

F) = [ 7§

and
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Then F(r) > 0 and G(¢) > 0, for all r € R. Therefore,

sup F ()
NI . F(&)
liminf —>— =0, limsup—5-=7 and
supG(t)
go— lim 1= _ 0t

Hence, by choosing 0 < ot < B < 1, p(t) = —t for all t € R and h(x,t) = 1 for all (x,7) € [0,1] X R, we
havem=1=M,L=1,k = “+%+42 and k, = 1, then for all n € N — {1}, we have

2mt
2k, *B
0=A< s fﬂ
2n—2)! 1
(I’l— l) ( (n=2)! ) |:a2}z—1 + (]_ﬁ)Zn—l} kl
2875 (B — «)

— 2 )
(J'C4+7172+2)(n— 1) (((2,:1_22))") [(x2}l—l + (17 I)Zn—l]
So, from Theorem 3.1, for each
B 2
(ﬂ4+7172+2>(n— 1) <((2:_22))q') |:(x2}l—1 + (liﬁl)Zn—l]
1474 (B — @)

(A,u) € ;oo | X [0, +e0),

the problem (3.14) has an unbounded sequence of weak solutions in X = H"([0,1]) N Hg ([0, 1]).
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