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Abstract. In this paper, based on the upper and lower solutions method and monotone iterative techniques, we study the
existence of solutions for fractional differential systems with continuous nonlinearities and integral boundary conditions. The
construction of the monotone sequences and the definition of upper and lower solutions depend on the quasimonotone property
of the reaction functions. We prove the existence of maximal and minimal solutions for quasimonotone increasing systems.
Also, we prove the existence of maximal-minimal and minimal-maximal solutions for quasimonotone decreasing systems and
for mixed quasimonotone systems and the existence of at least one solution. Finally, we give some examples to illustrate our
results.
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1. INTRODUCTION

The purpose of this paper is to study the existence of solutions for a class of first order fractional
differential systems subject to integral boundary conditions. More precisely, we consider the following
nonlinear boundary value problem

1) =0 = folgl(s)”(s ds, (L.
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where D% is the Riemann-Liouville fractional derivative of order o; with 0 < o; < 1 fori=1, 2, f:
(0,1]xR* >R, g:(0,1]x R - Rand g : [0,1] — R, (i = 1,2) are continuous functions.
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Fractional differential equations or fractional differential systems arise in many scientific fields such
as plasticity, viscoelasticity, electrical circuits, electroanalytical chemistry, biology, control theory, phar-
macodynamics, pharmacokinetics, electromagnetic theory, biomedical problems, psychological and life
sciences; see [1], [2], [3], [4], [5], [6] and the references therein. Fractional differential systems with
nonlocal boundary conditions have been studied by several authors using the upper and lower solutions
method, the monotone iterative methods and fixed point theorems in cones; see [7], [8], [9], [10] and the
references therein.

It is well know that the method of upper and lower solutions coupled with monotone iterative tech-
niques has been used to prove existence of solutions of nonlinear boundary value problems by various
authors; see [10], [11], [12], [13], [14], [15], [16] and [17]. Observe that the definition itself of upper and
lower solutions of (1.1) and the construction of the monotone sequences depend on the quasimonotone
property of the reaction functions f and g. Thus, following Pao’s notation in [16], we can classify (1.1)
according to their relative monotony as follows:

Type 1. Quasimonotone increasing systems: f is increasing in v and g in u.

Type 2. Quasimonotone decreasing systems: f is decreasing in v and g in u.

Type 3. Mixed quasimonotone systems: f is increasing in v and g is decreasing in u or vice versa.

In this paper, we prove the existence of maximal and minimal solutions for systems of Type 1. These
solutions are the limits of two monotone sequences. Also, we prove the existence of maximal-minimal
and minimal-maximal solutions for systems of Type 2. When the system is of type 3 and if o;=05, we
prove the existence of at least one solution. Our results improve and generalize the results obtained in
[10], [13] and [17]. We note also that to the best of our knowledge this is the first paper which uses the
method of upper and lower solutions coupled with monotone iterative techniques to prove the existence
of solutions for mixed quasimonotone systems with integral boundary conditions.

The plan of this paper is as follows: In Section 2, we give some preliminary results that will be
used throughout the paper. In Section 3, we study the existence of maximal and minimal solutions for
quasimonotone increasing systems. Section 4 is concerned with the existence of maximal-minimal and
minimal-maximal solutions for quasimonotone decreasing systems. In Section 5, we study the existence
of solutions for mixed quasimonotone systems. Finally in Section 6, we give some examples to illustrate

our results.

2. PRELIMINARIES

In this section, we give some definitions and preliminary results that will be used in the remainder of
this paper.

Definition 2.1. Let 0 < g < 1. We denote by C;_,([0, 1]), the function space
Ci—q([0,1]) = {u € C((0,1]); '~ u(r) € C([0,1))} .
Definition 2.2. For u € C;_4([0, 1]), we define the weighted norm by

_ 1—q
= m t ).
[Jue| te[&’li]‘ u( )}

Remark 2.3. (C;_4([0,1]),]].||) is a Banach space.
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Definition 2.4. Let 0 < ¢ < 1 and let i € C;—_,4([0, 1]). The Riemann-Liouville integral of order g of & is
defined by

t
1
(e — / )7 h(s)ds,
F
o
where I is the Gamma Euler function defined by
~+oco
r@) = [ exp(-0rdz,
0

where z € C with R (z) > 0

Definition 2.5. Let 0 < g < 1 and let 4 € C;_4([0,1]). The Riemann-Liouville fractional derivative of
order g of h is defined by D7 (t) = 41'"9h (t).

Now, we consider this following initial problem
D (t) +Mu(r) = h(t), 1 € (0,1], o
1~ 4u(t)|i—o = uo, '

where 0 < ¢ < 1, M is a positive constant, i € Ci—4([0,1]) and up € R.
We have the following results.

Lemma 2.6. [5] Problem (2.1) admits a unique solution u which is given by

u(t) = F(q)bf()lq_]Eq,q(—Ml‘q) + /Ot (t— s)"_]E,M(—M(t —s5))h(s)ds,

where E, , is the Mittag-Leffler function defined by

Eug(2)=) ==, 2€C.
Remark 2.7. If u is a solution of (2.1), then u € C1_4([0, 1]).

Now, for 0 < g < 1, we define the Mittag-Leffler function E, by

We have the following result.

Theorem 2.8. [18, Theorem 4.2.] For 0 < g < 1, E, has no zeros on the real axis; 0 < Eq(x) <1 for
x < 0and %Eq (x) > 0 for the whole real axis.

Lemma 2.9. For 0 < g < 1, one has

(i) Egq(—x) = —qLE,(—x), for x>0,
(i) Eq,q(—X) >0, forx > 0.

Proof. Letting 0 < g <1 and x > 0, we have
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) p p )
+oo —X
ZE(— - = M
e dx =0 T(gn+1)
too _n(_x)nfl
n=1 L(gn+1)
= (=)
=1 nql(gn)
o (—x)
a n=0 F(q(l’l—i— 1))
—Egq(—x

Then

(i) By Theorem 2.8, we have
d d
E(—x) = —
dx o(=¥) d(—x)
Using (i), one finds that E, ,(—x) > 0.

O

Lemma 2.10. Let u € Ci1—_4([0,1]) with 0 < g < 1 and assume that u satisfies
(i zoscon

Then t'=9u(t) > 0 for all t € [0,1].

Proof. The proof of this Lemma is a consequence of Lemma 2.6 and (ii) of Lemma 2.9. O

Lemma 2.11. Let u € Cy_4([0,1]) with 0 < g < 1 and assume that u satisfies

Du(t) +Mu(t) <0, t € (0,1],

(2.3)

1
()]0 < [ (s)u(s)ds,
0
where M < 0 and g : [0,1] — R is a continuous function such that
1
F(q)/sqflEq_’q(—IVIsq)g(s) ds < 1.
0

Then t'~9u(t) < 0 forallt € [0,1].

Proof. Let u € C1_4([0,1]) with 0 < g < 1 and assume the hypothesis of the lemma are satisfied. By

Lemma 2.6, we have
1
u(t) <T(q) / 7 (5) 1 (s) dstt Ey g (— 1), (2.4)
0

which implies that



EXISTENCE RESULTS AND THE MONOTONE ITERATIVE TECHNIQUES 5

Then, we have
1 1

/ F(s)uls)ds | 1-T(q) / SIVE,  (~Ms?)g (s)ds | <0.

0 0
Since I'(g) fol sq_lEq,q(—Azsq)g(s) ds < 1, we obtain fol g (s)u(s)ds <0.Using (2.4), one finds t' ~7u (1) <
0 forallz € [0,1]. O

3. EXISTENCE OF MINIMAL AND MAXIMAL SOLUTIONS FOR SYSTEMS WITH QUASIMONOTONE
INCREASING FUNCTIONS

In this section, we study the existence of minimal and maximal solutions of system (1.1) when the
nonlinearities f and g are quasimonotone increasing.
On the nonlinearities f and g, we impose the following conditions

(H1) f:(0,1] x R? — R is a continuous function and there exists M; > 0 such that the function
u—> f(t,u,v)+Mju is increasing for all € (0,1] and v € R.

(H2) g:(0,1] x R? — R is a continuous function and there exists M, > 0 such that the function
v g(t,u,v) + M,y is increasing for all 7 € (0, 1] and u € R.

(H3) f(t,u,v) is increasing in v for all fixed ¢ € (0,1], and u € R.

(H4) g(t,u,v) is increasing in u for all fixed r € (0,1], and v € R.

(H5) The function ¢~ t'=% £ (t,u(t),v(t)) is a continuous function in [0, 1] for all u € C;_¢, ([0, 1])
and v € C1_,([0,1]).

(H6) The function t — t'=%g (t,u(t),v(t)) is a continuous function in [0, 1] for all u € C;_¢, ([0, 1])
and v € Ci_([0,1]).

Definition 3.1. We say that (u,v) is a solution of (1.1) if

1) (u,v) € Cl*(xl ([07 1]) X Cl*az([ov 1})7
(ii) (u,v) satisfies (1.1).

Definition 3.2. We say that (u,v),(%,V) is a pair of lower-upper solutions of type 1 for problem (1.1) if

(i) (u,7) € (Ci— ([0,1]))* and (v,7) € (C1-g, ([0, 1]))?,

D%u(r) < f(t,u,v), t € (0,1],

(i) D%u(t) > f(t,u,v), t € (0,1],
D%y (t) < g(t,u,v), t € (0,1],
D*v(t) > g(t,u,v), t € (0,1],

=M u(t)]i=0 < fo1 gi(s)u(s)ds,

iy OO0 [ 1 ()ls)ds,
' =%y(1)]i=0 < fo 82(s)v(s)ds,

L 1790 =0 > fo g2(s)V(s)ds.

Theorem 3.3. Assume that the hypothesis (Hi) for i=1,...,6 are satisfied and let (u,v), (#,v) be a pair
of lower-upper solutions of type 1 for problem (1.1) such that t'=%u(t) < t'=%7%(t) and t'~%v(t) <
t'=%%(t), Vt € [0,1]. Then problem (1.1) has a minimal solution (u.,v.) and a maximal solution
(u*,v*) such that for every solution (u,v) of (1.1) witht'~®u(t) <t'=%u(t) <t'=%u(t) and t'~%v(t) <
1=y (1) <t!=%% (1), Vt € [0,1], we have

() <M (1) <M () <d 0 (n) < N(r) in [0,1],
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and
1170y (1) <%y, (1) <% (r) <% (r) <% () dn [0, 1].
Proof. The proof will be given in several steps.
We take u, = u, v, = v and we define the sequences of functions {u, },>1, {v, }n>1 by

D* Uptg (t)"i_MlEn—H (t):ﬁl(t)a IE(O,I], (31)
1 ()]=0 = Jy 81()uy (s)ds,

D%y, (8) + Moy, (1) = 8n (1), £ € (0,1,
Ll%%xmo—h&u (5)ds, G2
where
Fu (1) = F(t s, (8) v, (1)) + Miu, (1),
and

8n (1) := 81,14, (1) v, (1)) + M2, (1) -

Analogously, we take 7y = @, ¥o = v and we define the sequences of functions {#, },>1, {Vs}n>1 by

D%y 1 (£) + Mty (1) = fu(£), 1 € (0,1],
{HMWHUboh&(W@M& G

D%V, (1) + Myv,i (1) =g, (2), t € (0,1],
{tl_azvnﬂ( =0 = fo 22(s)vn(s)ds, (3.4)

where
fu(t) = f(t, 1, () 9, (1)) +My1i, (1),
and
8n (1) :=g(t,u, (1), v, (1)) +Mav, (1).
Step 1. The sequences of functions {(u,,v,) }nen is well defined. For all n € N, we have
(0, ,) € Cr4 ([0,1]) X €15 ([0, 1]).-

For n = 0, we have (u,vy) = (u,v) and (u,,v) € Ci_g ([0,1]) x C1—a, ([0, 1]). Assume that for fixed
n>1, (u,,v,) is well defined. It follows that

( Uy, n) eCi- 061([0 1]) XC]—%([O’”)'

4711

We show that ( Uy 15V, +1) is well defined and we have

(ﬂnJrl?En—s—l) € Cl—al ([07 1]) X Cl—az([ov ID

By (3.1) and (3.2), we have

{D "y n+1( )+Mlﬂn+1 (t) :ﬁl(t)v S (071]7
tl alﬂnJrl(t)’l:O = f()lgl (S)EH(S)CZS,

yw%ﬂm+m%ﬁm=ﬁmJe@m
1%y, ()]0 = fy 82(5)v, (s)ds.



EXISTENCE RESULTS AND THE MONOTONE ITERATIVE TECHNIQUES 7

Since (u,,,v,) € Ci1—¢ ([0,1]) X Ci1_¢,([0,1]) and using hypothesis (H1), (H2), (H5) and (H6), we obtain
that the functions F, € C([0, 1]) and G, € C([0, 1]), where
Fut):==1""%f, (1),
and
G, (1) ==1""%g,(1).
Then by Lemma 2.6, we find that (u,,,,v, ) is well defined. Hence,
(ﬂnJrl?En—s—l) € C]—Oll ([07 1]) X Cl—az([ov ID
For all n € N, the sequence of functions {(u,, v,) }nen is well defined. So
(ﬂmzn) € Cl—al([ov 1]) X Cl_az([O, 1])
Step 2. The sequence of functions { (i, V) }nen is well defined. For all n € N, we have
(#n, V) € Cr ([0, 1]) X €10, ([0, 1])-

The proof is similar to that of Step 1, so it is omitted here.
Step 3. For all n € N, we have

By, (1) <t TPy (1) <t Mg (1) <%, (1) in [0, 1],

and
7%y, (1) <117 %y, (0) < 6T () <67 %W, (1) in [0,1].
Let
wo (1) := uy (1) —uo (1) and 2o (1) := v, (t) —vo (1) 1 € (0,1],
£ %o (1) =0 = 1~ My (1) im0 — 1" “ug (1) |=0,
and

020 (1) [0 = 'y () =0 — "% (1) i=0.

By (3.1), (3.2) and using the Definition 3.2, we have

D% w (1) +Miwy () > 0,1 € (0,1],
1'% wo (£) |i=0 > 0,

t

and
Dz (1) + Mz (1) > 0,1 € (0, 1],
1%z (¢) =0 > 0.

Using Lemma 2.10, we obtain
7% (1) > 0and '~ %zy () > 0in [0,1],

that is,

(g (1) < £ %y (1) in [0,1], (3.5)
and

t17%y (1) < 1'%y (¢) in [0,1]. (3.6)
Similarly, we can prove that

175, (1) <17 %% (¢) in [0,1], (3.7)
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and
11705 (1) <t'7%%(¢) in [0,1]. (3.8)
Now, we put by definition
pi(t)=uy (t)—u (t) and y; (t) = v, (1) = V1 (1), 7 € (0,1],
0y (6) im0 = ' % uy (£) [0 — '~ 701 (t) |1=0,
and
7%y (1) =0 = 1'% vy (1) [i=0 — '~V (¢) |i=o-
By (3.1), (3.2), (3.3) and (3.4), we have
D% py (t)+Mypy (1) = fo (t) — fo (1) .1 € (0,1],
1% py(t)] im0 = fy 81(s) (g (s) — 7o (s)) ds,

and
{D%l (£)+ Moy (1) = 8o (1) =0 (1), € (0,1],
117y (1)) i—0 = fy g2(5) (vo(s) — Vo () ds.
Since
% (1) =% (1) < 4T (0) = 1% (1) in [0, 1],
and

7%y (1) =117 %y (1) <%V () =t %% (¢) in [0, 1],
and using the hypothesis (Hi) for i=1,...,4, we obtain
Dalpl (t) +M1pl (t) < 07 re (07 1]7
() =0 = Jo £1(5)s 5" (ug(s) —Tho (5)) ds <O,
and
D%y, (t) + Moy (1) <0, 1 € (0,1],
Ny (1) =0 = o g2(s)s™"s' =% (vg(s) — o (5))ds < 0.
Using Lemma 2.10, we obtain
7% py () <0and ' "%y () <0in [0, 1],
that is,
1%y (1) <t 7% (1) in [0,1], (3.9)
and
7%y (1) <1'7%% (1) in [0,1]. (3.10)
In view of (3.5), (3.6), (3.7), (3.8), (3.9) and (3.10), we have
Ny (1) < 'y (1) <% (1) < 1Mo (1) in [0,1],
and
1%y (1) < 1'%y (1) < t170T (1) <t (¢) in [0,1].
Assume, for fixed n > 1, that
By, (1) <t Py (1) <t P (1) <%, (1) in [0, 1],

and
1'%y, (1) <117y, (1) <ET (1) <1179, (1) in [0, 1].
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‘We show that

Oy () < B (1) <t BT (1) < 8,0 (2) in [0, 1],

and
7y (1) <%y, () ST (1) <t %Vp (2) in [0,1].
We put by definition
Wit (1) 1= Uy (1) =ty () and 2oy (1) := v, 5 (1) =, (), £ € (0, 1],
Wt ()= = 1" My () =0 — 1" ", 4 () |i=0,
and

21 () |=0 = 117,40 (1) =0 — 1'%,y (1) li=0-

By (3.1) and (3.2), we have

{Dw Wt (8) + Miwnsr (£) = fop1 (t) — Fu () £ € (0,1],
W1 ()= = fo 81(5) (Ut (5) — 1, (s)) ds,

and

tl_a22n+1(l‘)’z:0 = f()l g2(s) (En-H(S) eS| (S)) ds.

Since by the hypothesis of recurrence, we have t'~%u, (1) <t'=%u, | (t) and t' =%y, (1) <t'"%y, . (1)

{thznﬂ (1) + Mazs1 () = Gnot (1) — 8 (), 1 € (0, 1],

in [0, 1]. Using the hypothesis (Hi) for i = 1,...,4, we obtain
Dalwn+l (t) +M1Wn+1 (t) > 07 re (Oa 1]5
W1 (1) li=0 > 0,

and

D%z, (t) +Mazpt1 (1) >0, 1 € (0,1],
1'%z, 1 (t)])i=0 > 0.

Using Lemma 2.10, we obtain
7%, 1 (1) >0and 1'%z, (t) > 0in [0,1],

that is,

1My (1) S8, (1) and 117 %y, 4 (1) < £17%y, (1) in [0,1]. G.11)
Similarly, we can prove that

N, (1) <t %, (1) and 1%, (1) < t17%%,, (7) in [0,1], (3.12)
and

%, (1) <P, (1) and 1'%, (1) <t %Y,45 (1) in [0,1]. (3.13)
In view of (3.11), (3.12) and (3.13), we have

A () <8 (1) < 0T (1) < 1 (1) n (0,1,

and

%y () <%y, (1) <t T, (1) <t %8,0 (1) in [0, 1].

“n+

Hence for all n € N, we have

%, (1) <t M (6) < DT (1) < 79T, (1) in [0, 1],
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and
1170y (1) <%y, (1) <%, (1) < 1'%, (1) in [0,1].

The proof of Step 3 is complete.
Step 4. The sequences of functions {t'~*u, },cn, {(t'~%v,},.cn are uniformly bounded on [0, 1].
Letting n € N and using Step 3, we have

7%y (1) <% (1) <% () in [0,1]. (3.14)

Since the functions # — t'=%y (¢) and t — t'=%7(¢) are continuous on [0, 1], we find that they are
bounded on [0, 1]. Hence, the sequence of functions {t! =% u, } ,cn is uniformly bounded on [0, 1]. Simi-
larly, we can prove that the sequences of functions {(t!~%v,},cy is uniformly bounded on [0, 1].

Step 5. The sequences of functions {t!~* %, },cn and {t'~%¥v,},cy are uniformly bounded on [0, 1].

The proof is similar to that of Step 4, so it is omitted.

Now we are in a position to prove that the sequences of functions {t'~*u,} ey and {t'~%v, },cn are
equicontinuous on [0, 1]. The idea of the proof is similar to that used in [19, Page 5].

Step 6. The sequences of functions {t!~*u,},cn and {t'~%v, },cn are equicontinuous on [0, 1].

Let e > 0,1, € [0,1] such that #; < t, and n € N. First, we have
limz!~* /t(t — )0 s g — 1ime* B (o, 0) = 0,

0 t—0

t—0

where B is the Beta Euler function defined by

1 1
ZI,ZZ / Z] §2- ds,

where z; € C, 2 € C with R (z1) > 0 and 9 (z2) > 0. Then there exists §; > 0 such that for 0 <t < &,
we have

t
tl_al/(t—s)a‘_lsal_lds<£.
0

We distinguish two cases
Case 1. 0 <t <1, < 61. By (3.1) and using Theorem 3.10 in [4], we have

- -
ty My () =] Py (1)
Mo 17 g 17
= th—8)M T F,(s)ds — / t1— )M F, (s)ds,
Eay fy =9 B ds— s [H0 =9 F)

where
Fu(5) = f(5,1, (5) 2, (5)) +Mi (1t (5) =ty 1 (5)) -
It follows that

1061

1—
2 Hmm—a“uwmm]

, A 1
< th—s)%~
< Fray ) 29

In view of Step 4 and hypothesis (HS5), we have

1061

)ds—l— (al)/otl(tl—s)al 1

(5)]ds.

M > 0,¥n e N,Vs € [0,1],

S F, ()| < M,
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which implies that

1- 1-
07t (1) =1}, (1)

< i (tla‘ /tz(t — )ty o /ll (¢ —s)“‘ls“'lds>
= Tlan) \2 2 " ,

M
(o)

Case 2. 0; <t; <t < 1. In this case, we have

< €.

p1

1—oy

1—
53 Ut (l2) -1 alﬂnJrl (tl) 17

(23] —~
g (1 = 9% = (0 )@ ) By () ds + gy [ —5) 4 (s) ds,

which implies that

My _
B ity (12) =1 Pty (1) Srm)/ I e T R B
1) Jo
MIZIAXI " o —1 04—
P L R
") /zl (t2 =)
M
< Na )/ 0% (1 —s)® ! ftllfa' (t; — )L s~ 1gs
1) Jo
Mtlftxl 1
+r(a?+1)51°‘1 o)

1—‘5051) 5
F[Z%:;)Sfc'l(fz t)*
< F(ZZI)/OSI T (PR L T () e P L
5 o)
+2rﬁ§:;)5f"l(h—t1)“l,

that is,

1- 1-
‘tz alﬂn-t,-l (tZ) mg) alﬂn—&-l (tl)

Mo _
S1“(051)/0 ’tzl_al(b—s)alfl—ﬁl A1 —s)® ! 59 ds

MM, - Mt,™ ™ oy
—— (1, " (1= 6)% =1, (-8 0‘1> 22— 81 (h—1)™.
+F(a1+1)<1 (i —=0)" =1, "(—6)" ) + NCESIN (t—11)
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Note that the functions ¢ + ¢! =% (t — 5)® ! and 1 ~ ¢* are continuous. If t, —t; < &, there exists &, > 0
such that
r ((Xl + 1)

Mt —s)M = TNy — ) < TR
I

(3.15)

and
F(O{l =+ 1)

—————— €.
6Mz,” 5%
If » — 11 < &,, we obtain from (3.15) and (3.16) that

(h—1)*" < (3.16)

_ _ )] £ €
tzl iy (12) _tll M,y ()| < §8+§+ 3 <E.

Therefore the sequence of functions {t!~*u,},cn is equicontinuous on [0, 1]. Similarly, we can prove
that the sequence of functions {#!~®v,},cn is equicontinuous on [0, 1] .

Step 7. The sequences of functions {t!~* %, },cx and {t!~%¥v,} N are equicontinuous on [0, 1].

The proof is similar to that of Step 6, so it is omitted.

Step 8. The consequence {(,,,V,) }nen converges to a minimal solution of (1.1).

By Step 4 and Step 6, the sequence of functions {t'~%u,},cry and {t'~%v,},cn are uniformly bound-
ed on C([0,1]) and equicontinuous on [0, 1]. Using the Arzéla-Ascoli theorem, we see that there exist-
s a subsequence {(tlfalgnj,tlfo‘zgnj)}njeN of {(t'"%u,,t'=%v )},en, which converges in C([0,1]) x
C([0,1]). Let

- " ) . 1- 1=
(t' %yt %y) .anlgﬁw(t Hit, 07 %0,).

From Step 3, the sequences {t' % u, } e and {t'"%v, },cn are increasing and bounded from above.
Hence the pointwise limit of {(r'~®u,,1'~®,)},en exists, denoted by (¢'~*u,,r'~*v,). Hence we
have

(1%, %) = (%, 1%y,

Moreover, the whole sequence converges in C([0,1]) x C([0, 1]) to (t'~*u,,t'~%v,). Using Lemma 2.6,
we have

t
tl_alﬂn-&-l(t) = anﬂlEOChal(_Mltal)+tl_a1‘/0(t_s)al_lE(Xthl(_Ml(t_s)al)fn(s)ds>

and
tlfazynﬂ(t) = bn7a2Ea27a2(—M2ta2)+t1az/ot(t—s)az1Ea27a2(—M2(t—s)az)gn(s)ds,
where
i = T(@) [ @i
— F(al)/olgl(s)s“'lsl‘x‘un(s)ds,
and

e = Te) [ g1(5)(5)ds

1
= F((xz)/o g1(s)s®2 s 7%y (5)ds.
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Letting n — oo and s # 0, we obtain

u(8) = f(s,10.(5) v (),
and
8n(s) = g(s,us (s) ,vs (s))-
Also, we have
Jey >0,Vne N, Vs € [0,1], ‘sl_a‘ﬁ (s)‘ <cy,
and
e, > 0,Vne N, Vs € [0,1], |s1*°‘2§n ()| < ca.

Hence, the dominated convergence theorem of Lebesgue implies that

t

tlialu*(t) = aalEOlhal(_M]tal)—i_tlial/(t_S)alilEal-,Oll(_Ml(t_s)al)f(s)dsa

0
and
tliazv*(” = bOCzEOtz,Oﬂz(_Mﬂaz) —"_tliaz /l(t_s)%lEOCz,OCz(_Mz(t _S)Olz)g(s) dS,
0
where .
Ag, :F(Ocl)/o go(s)u™(s)ds,
1
bow =T(02) | 2(6)0" (s)ds
F(5) = F(s,u (5),v4 (5)) + Mius(s),
and

g(s) = g(s,ux (5), v« (5)) + Mavi(s).
Using Lemma 2.6, we have
D%u, (1) = f(t,us,vs),t € (0,1],
D%y, (t) = g(t,u.,v.),t € (0,1],
(1=, (1) -0 = Ji g1 () (s)ds (3.17)
1

(1-%0,(1) 2o = [ g2 (). (s) ds,
0
which means that (u,,v,) is a solution of (1.1). Now, we prove that if (u,v) is another solution of
(1.1) such that t' =% u(¢) <t'=%u(r) <'=%u(r) and 1= %2p(t) <t =%y () <t17%% (1), Ve € [0, 1], then

1'%y, (1) <t' 7%y (t) and £ %, (1) <t'"%v (1), Yt € [0, 1]. Since (u, @), (v,¥) is a pair of lower-upper
solutions of (1.1), we find from Step 3 that

VaeN, Ve € [0,1], 17 %u, (t) <t'"%u(r) and t' "%y, (1) <t'7%v(r).
Letting n — 40, we obtain
Ve e [0,1], ¢ % u, (1) <% u(t) and t' "%, (1) <t %0 (1),

which means that (u.,v.) is a minimal solution of problem (1.1). The proof of Step 8 is complete.
Step 9. The sequence { (7, V,) }nen converges to a maximal solution (u*,v*) of (1.1).
The proof is similar to that of Step 8, so it is omitted. Hence, the whole proof is complete. U
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4. EXISTENCE OF MINIMAL- MAXIMAL AND MAXIMAL- MINIMAL SOLUTIONS FOR SYSTEMS WITH
QUASIMONOTONE DECREASING FUNCTIONS

In this section, we replace the hypothesis (H3) and (H4) with the following hypothesis

(H7) f(t,u,v) is decreasing in v for all fixed 7 € (0, 1], and u € R.
(H8) g(t,u,v) is decreasing in u for all fixed ¢t € (0, 1], and v € R.

Definition 4.1. We say that (u,v),(#,V) is a pair of lower-upper solutions of type 2 for problem (1.1) if

(i) (u,) € (Ci-g ([0,1]))* and (v,¥) € (Ci-,([0,1]))?,
Dalﬂ(t) < f(l‘,ﬂ,?),l‘ € (O’ 1]’
(i D%u(r) > f(t,u,v),t € (0,1],
D%y(t) < g(t,u,v),t € (0,1],
L D%v(t) > g(t,u,v),r € (0,1],
(' %u(t)|i—o < fy g1(s)u(s)ds, € (0, 1],
iy 1100 = [y 1($)(s)ds,r € (0,11,
1172y(t) =0 < J 81(s)u(s)ds,t € (0,1],
tlfazv(t)‘t 0> folgl(s)v(‘g)dsvt € (07 1]'

Theorem 4.2. Assume that hypothesis(HI), (H2), (Hi) for i =5,...,8 are satisfied and (u,v), (%,7)
is a pair of lower-upper solutions of type 2 for problem (1.1) such that t'~%u(t) < t'=%%(t) and
t'=%y () <t'7%%(t) in [0,1]. Then problem (1.1) admits a maximal-minimal solution (u*,v.) and a
minimal-maximal solution (u.,v*) such that for every solution (u,v) of (1.1) witht' =% u (t) <t'~%u(t) <
t'0G (1) and t' =%y (1) <t'7%v () <t17%29 (1) in [0, 1],

2N () <o Mu (0) <t M) <ot () <o Ma(e) in (0,10,

and

0y (1) <%, (1) <%0 () < (r) <t %5(2) dn [0,1).

Proof. We take 1y = i, v, = v and define the sequences of functions {#, },>1, {v, }»>1in the following
way

D%y (1) + Mty (1) = (2,0, (1) ,v, (1)) +Miu, (t), t € (0,1],

141 ()0 = fo 81(5)in(5)ds,

D%y, (1) + Moy, (t) = &(t,Un (1) v, (1)) + M2y, (¢), 1 € (0, 1],
17y, (1) 0 = Jo g2(5)v, (s)ds.

Analogously, we take u, = u, ¥op = v and define the sequences of functions {u, },>1, {V;}s>1 in the

following way

{Dalunﬂ (1) + Mty (1) = f(t,u, (t) ,5a (1)) + Myu, (2), £ € (0,1],
1, (1)]i—0 = Jo €1(5)u,(5)ds,

D51 (1) + M1 (1) = g(t,10, (1) 95 (1)) + Mav, (1), 1 € (0,1],
(18,1 (1) im0 = Ji g2(s)Ta(s)ds.

The rest of the proof is similar to that of Theorem 3.3. [l
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5. EXISTENCE OF SOLUTIONS FOR SYSTEMS WITH MIXED QUASIMONOTONE FUNCTIONS

In this section, we assume that f(z,u,v) is increasing in v for all fixed z € (0,1], u € R and g (¢,u,v)
is decreasing in u for all fixed 7 € (0,1], v € R.

Definition 5.1. We say that (u,v), (%,V) is a pair of lower-upper solutions of type 3 for problem (1.1) if

(i) (u,%) € (C1-¢,([0,1]))* and (v,7) € (C1-4,([0,1]))?,

( D%u(t) < f(t,u,v),t € (0,1],
(i D%u(r) > f(t,u,v),t € (0,1],
D%y(t) < g(t,u,v),t € (0,1],
D®v(t) > g(t,u,v),t € (0,1],

(1" %u(t)] =0 < [y g1(s)u(s)ds,

Gy | Ol > e,

ty(1)]i—o < Jo g2(s)v(s)ds,

t! “y(t)]—o0 > fol g2(s)v(s)ds.

(1) (u*,v*) € Cr1_g ([0,1]) X C1—,([0,1]) and (uts,vs) € C1—g, ([0,1]) X C1—-, ([0, 1]),
D%y (t) = f(t,u*,v*),t € (0,1],
D%u,(t) = f(t,u,vs),t € (0,1],
D%v*(t) = g(t,u.,v*),t € (0,1],
(ii) D%y, (t) = g(t,u*,v.),t € (0,1],
U (1) im0 = Jy g1 () (s)ds,
1A, (1) =0 = o g1(s)u(s)ds,
1700 (1) im0 = fy 82(s)v" (s)ds,
| (o = J) ga(s)va(s)ds.

We have the following result.

Theorem 5.3. Assume that hypothesis (Hi) for i = 1,2,3, (H5), (H6) and (HS8) are satisfied and (u,v),
(w,v) is a pair of lower-upper solutions of type 3 for problem (1.1) such that t'=%u(t) < t'~%%u(t) and
t'1=%y (1) <t1=%%(¢) in [0,1]. Then problem (1.1) admits a pair of quasisolutions (u*,v*), (ux,vs) such
that

() <%y (1) <%yt (0) < %a(r) in [0, 1],
and

7%y (1) <11 7%y, (1) <117 (1) <% (1) in [0, 1].

Proof. We take uyg = u, u; = u, vo =, vi = v and define the sequences of functions {u, },>> and {v,},>>
in the following way

D%uy o (t) +Miuyio (t) = f(t,un (2),vy (1)) +Miuy (1), t € (0,1],
(1) im0 = fy 81(5)un(s)ds,

Dazvn+2 (t> +M2Vn+2 (t) = f(ta Un+1 (t) »Vn (t)) + Moy, (t) S (07 1]7
1=, 500 = Jo ga()n(s)ds.
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By using a proof, which is similar to that of Step 2 of theorem 3.3, we obtain

() = T () <M (1) < <%y (1) <

< 1, (1) < e 87N (1) <87 %ug (1) = 1% E (1), in (0,1,
and

72y = %y () <t %0 () <L <% (1) <

< 1%y, (1) < L <%y (1) = 1%y (1) = 11 %5 (1), in [0, 1].

The previous inequalities show that the sequences of functions {(u2,,v2n) bnen and {(u2n+1,V2n+1) pnen
converge to (u*,v*) and (u.,v.). Using a proof, which is similar to that of Step 5 of Theorem 3.3, we

prove that these functions are quasisolutions of (1.1). g

Since the quasisolutions are not a true solutions, it is necessary to impose additional conditions on f,
g and g; for i = 1,2 which ensures that u* = u, and v* = v, and consequently the problem (1.1) admits
at least one solution.

We assume that o = & = @ and on the nonlinearities f and g and the functions g; fori = 1,2, we
shall impose the following additional conditions

(H9) There exists M3 < 0 such that the function u — f(z,u,v) + M3u is decreasing for all ¢ € (0, 1]
andv € R.

(H10) There exists M4 < 0 such that the function v — f(¢,u,v) + Myv is decreasing for all r € (0, 1]
and u € R.

(H11) There exists M5 > 0 such that the function u — g(z,u,v) + Msu is increasing for all ¢ € (0, 1]
andv € R.

(H12) There exists Mg < 0 such that the function v — g(z,u,v) + Mgv is decreasing for all ¢ € (0, 1]
and u 16 R.

(H13) T(@) [s* 'Eq.q(—M75%)g3 (s)ds < 1, where
0

M7 = max(M3 —M5,M4 +M6),

and
g3 (s) =max (g1 (s),g2(s)), forall s € [0,1].
We have the following result.
Theorem 5.4. Assume that hypothesis (Hi) fori=1,2,3, (H5), (H6) and (Hi) fori =38, ..., 13 are satisfied
and (u,v), (@,9) is a pair of lower -upper solutions of type 3 for the problem (1.1) such that t'~%u(t) <

1'% (t) and t' =% (t) < t'7%V(t) in [0,1]. Then problem (1.1) admits at least one solution (u,v) such
that t'=%u(t) < t'=%u(t) < t'7%a(t) and t' =%y (1) <t'=% () <t'=%(¢) in [0,1].

Proof. By Theorem 5.3, problem (1.1) admits a pair of quasisolutions (u*,v*), (us,v.) such that
% () <%, (1) <% (1) <% (r), in [0, 1], (5.1)

and
% () <t %, (1) <t (1) <% (e), in [0, 1]. (5.2)
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Now, we put by definition
() =u"(t) —u () and w* (1) =v* () — v, (t), 1 € (0,1],

70T () im0 = 1" U (1) [r=0 — 1'% (1) |0,
and
W (1) im0 = 170V (1) [i=0 — ' % (£) li=o0-

Using (5.1) and (5.2), we have

11779 (1) > 0and '~ %w* (1) > 0, forall £ € [0, 1].
Now, we are in a position to prove that

117%* (1) <0 and '~ %w* (r) <0, forall £ € [0, 1].

We have
Dz (1) = f(t,u” (1) ,v* (1)) —
Dw* (1) = g(t,u. () ,v* (1)) —
172 (1) =0 = Jy g1(5)7" (s)ds
10w (1) =0 = fy ga(s)w" (s )ds
From hypothesis (H9) and (H10), one has

D%z* (t) + M3z" (t) + Myw™ (1)
= ft,ur (1), (0)) = [, () 04 (1)) + Maz" (£) + Maw™ (1)
< S (1) 07 (0) = F (1,0 (2) ,vi (1)) + Maw™ (1)

<0,

[t u(2),v. (1)), 1 €(0,1],
g(t,u (1),v. (1)), 1 € (0,1],

that is,
D% (t) + M3Z" (t) + Maw™ () <0, 1 € (0,1].
Similarly, we find from hypothesis (H11) and (H12) that
D¥w*(t) — Msz* (t) +Mew* (1) <0, 1 € (0,1],
which implies that
D*(Z" +w*)(t) + M7.(z" +w*)(t) <0, 1 € (0,1].
Using the initial conditions in (5.4), we have
D*(zZ" +w*)(t) +M7.(z* +w*)(r) <0, t € (0,1],
(@ w00 < o 83(5) (& +w) (5)ds.
From hypothesis (H13) and Lemma 2.11, we obtain
1774w (1) <0, forallr € [0,1].
Consequently, by (5.3), it follows that
t17%* (1) =0and '~ *w* (r) = O for all 7 € [0, 1],
that is,
u* (t) = u. (t) and v* (t) = v, (¢) forall ¢ € (0,1],

and

7% (1) =0 = t' % U (£)|1=0 and t' %V () ;=0 = t' %, (t) |s=o.

(5.3)

54

(5.5)

(5.6)

5.7

(5.8)

(5.9)
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It follows that problem (1.1) admits at least one solution (u,v) such that t'~%u (t) < t'=%u(t) <t'~%u(t)
and t! =%y (1) <t'=% (1) <t'7% (1) in [0,1]. O

6. EXAMPLES

In this section, we give some examples illustrating the application of our results.
Example 6.1. We consider the following problem

([ D%u(t) = fi(t,u,v), t € (0,1],
D%vy(t) = ga(t,u,v), t € (0,1],
u(t)>0andv(t) >0in (0,1],

Jl-a (6.1)
N u(t)] o = Jy o us)ds,
o 1 Sl*(XQ
1 72v(t) =0 = [y 10 v(s)ds,
where
filt,u,v) = ay () 1=k gy ()= %Reke gy (1) =00k pl=0)ke ke L (1),
and

ga(t,u,v) = by (1)1 1= %ks b by (1) (1= 0K ko s (1) (1m0 )krp(1=00) gy ka ks oo (1),

witha; : (0,1] = Ry (i=1,...,3),b; : (0,1] = Ry (i=1,...,3) and h; : (0,1] = R (i=1,2) are con-
tinuous and bounded functions such that ¢~ t'=%a;(t) (i=1,...,3), t = t'=%hy(t), t = t'=%b(t)
(i=1,...,3),t >t "%hy(t) are continuous on [0,1],0 < k; < 1 fori=1,2,5,6 and 0 < k; +k; | < 1 for
i=3,7.

Theorem 6.2. Problem (6.1) admits a maximal solution (u*,v*) and a minimal solution (us,v.).

Proof. We put (u,v) = (0,0) and (%,v) = (Lt® ' (1+1),Lt® " (1+1)), where L is a positive constant.
(u,v), (u,V) is a pair of lower-upper solutions of type 1 for problem (6.1) if

Dalﬂ(t) < fl (hﬂay)? re (07 1]7
D*u(t) > fi(t,u,v), t € (0,1],
D®y(r) < g4(t,u,v), t € (0,1],
Dazv(t) > g;;(t,ﬁ,?), re (07 1]7
and
( , | s]—Otl
£ 7%u(t)]i—o0 < Jy 10 u(s)ds,
lslfocl
1% %(1)], 0> Jo 10 u(s)ds,
1 Sl—OCz
(1) < fi vl
1—-
'"5(t) =0 > fo o v(5)ds,
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that is,

0 <h(r), t €(0,1],
LT (a4 1) > a ()L (140" +a()L (1 +1)°
Fas ()L (140)%™8 Ly (), 1€ (0, 1],
0<hy(r), t €(0,1],
LT (0 +1) > by (1)L% (141)5 + by (1) Lk (1 4-1)%
b3 ()L (140) 7 Ly (1), 1 € (0,1], 1 € (0,1].

Since 0 < k; < 1fori=1,2,5,6and 0 < k; + k;+1 < 1 for i = 3,7, it is not difficult to prove that if we
choose L such that it is sufficiently large, then (u,v), (#,V) is a pair of lower -upper solutions of type 1
for problem (6.1). Consequently, by Theorem 3.3, it follows that this problem admits a maximal solution
(u*,v*) and a minimal solution (u,,vy). O

Example 6.3. We consider the following problem

D%u(t) = fo(t,u,v), t € (0,1],
D%vy(t) = gs(t,u,v), t € (0,1],
u(t)>0andv(t) >0,1€(0,1],

slfocl (62)
(N u(t) im0 = Jy —j5u(s)ds,
Sl—OCz
=%v(1) =0 = [, 0 v(s)ds,
where
ot u,v) = ay ()= @k b gy () 1-@kyke g (1),
and

gs(t,u,v) = —by (1)1~ ORsuls by (1)l =Mhonfs 4y (1),

witha; : (0,1] = R4 (i=1,2), b;: (0,1] > R, (i=1,2) and &; : (0,1] — R (i = 1,2) are continuous
and bounded functions such that ¢ +— t'=%a;(t) (i=1, 2), t = t'"%hy(t), t = t17%b;(t) (i=1, 2),
t — t!=%p,(t) are continuous on [0,1],0 < k; < 1 fori = 1,2, 5,6.

Theorem 6.4. Problem (6.2) admits a maximal-minimal solution (u*,v.) and a minimal-maximal solu-
tion (us,v*).

Proof. We put (u,v) = (0,0) and (&,v) = (Lit* ' (1+1),Lot® ' (1+41)), where L; and L, are two
positive real numbers. (u,v), (#,V) is a pair of lower-upper solutions of type 2 for problem (6.2) if

D% u(t) < fo(t,u,v), t € (0,1],
Du(t) > fa(t,u,v), t € (0,1],
D%y(t) < gs(t,%,v), t € (0, 1],
D®v(t) > gs(t,u,v), t € (0,1],
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and

that is,

Put

and

If we suppose that the constants C; (i = 1,...

0< —az(t)

0< —by (1)L}

Lol (0p 4 1) > by (1) LA

Ci=max [ 1, sup o |
e T (o +1) —a(t) (1+1)"

L2 (1+0)% 4+ 1y (1),
Llr(a1+1)za1()dﬂ )k1+h1()te(0,1],
)
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tl_a]u(t”t:OS 0
()i > fo
(1) < fo S

1170y (1)] = > fo

t € (0,1],

(141)5 +h2(t t€(0,1],

S(1+1)° +ha(t), t € (0,1], £ € (0,1].

ks
C— inf [— 120 _ = .
t€(0,1] bl(t) (l+t) 5

<1 hy (1) )
, sup k )
[6(071]1—‘((%2 + 1) —bz(t) (1 +t) 6

C3; = max

1

ky
Cy= inf L)k .
€01\ ar(r) (1+1)°

,4) are well defined, C; < Cyand G5 < Cyand C; <L <&

and C3 < Ly < Cy, then (u,v), (u,v) is a pair of lower -upper solutions of type 2 for problem (6.2).
Using Theorem 4.2, we find that that this problem admits a maximal-minimal solution (u*,v,) and a

minimal-maximal solution (u.,v").

Example 6.5. We consider the following problem

where

and

D%u(t)
D%v(r)

tl—au(

= f3(t,u,v), t €(0,1],
=g (t,u,v), t €(0,1],

u(t)>0andv(t) >0,r€(0,1],
1)i=0 =

(1) =0 =

1 Sl—a
I'(ot)Eq o (A) fol

1 s
T(a)Eqq(B) Jo

O

(6.3)

u(s)ds,
v(s)ds,

fa(tu,v) = ay () ™ u+ar (1) Rk Ly (1),

g6 (t,u,v)

= —b1 (Ot MU+ by ()t %2y 4 =y (1),
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with a; : (0,1] = Ry (i=1,2), b; : (0,1] = Ry (i=1,2) and k; : (0,1] - R4 (i =1,2) are continu-
ous and bounded functions such that ¢ +— t!=%q;(t) (i=1, 2) te () (i= 1, 2), t — 17 %y(1)

(i=1, 2) are continuous on [0,1], 0 < k < 1,A = max |a;(¢)r'~%| and B = max b2 (1)t 7|
r€f0.1

re[0.1]
Theorem 6.6. Problem (6.3) admits at least one solution a solution (u,v).
Proof. We put (u,v) = (0,0) and (u,v) = (Lt* ' (1+1),Lt* ' (1+1)), where L is a positive constant.
(u,v), (u,V) is a pair of lower-upper solutions of type 3 for problem (6.3) if
D%u(t) < ay(t)t 1’“u+a2( Ne1=®kyke L py (1), € (0,1],

D¥u(t) > ay (1)t~ %a+ay (1)t =¥y £ by (1), 1t € (0,1],
Dy(t) < —by (1)t =G+ b (1) % + ha(t), 1 € (0,1],
DY(t) > —by(t)t' " %u+ by (1)t v+ hy(2), t € (0,1],
and
([ 1a 1 s
t u(t)’l:() < F(Q)E(La( )f 1 ( ) S,
Sl
100 > o E— ) g s
sl o
1'% (1) =0 < F(a)EIW ) Jo 1o u(s)ds,
sl—OC
100> oo b g T
that is,

0<n(),re(0,1],
LT (0c+1) > ay(t)L(1+1) +ay ()L (1412 + i (1), t € (0, 1],
0<—bi(t)L(1+1t)+hy(1), t € (0,1],
LT (a+1) > ba(t)L(1+1)+ha(2), t € (0,1], £ € (0,1].
If we suppose that the following constants

Cs = su hl (t)
&= te(OI,)l}F(OC—l- 1) —ai(t)(1+1) —ax(t) (1+1)°
G = sup hale)

e T (@ +1) =bo(r) (1+1)’
and

- ha (1)
Cq = f ———
T 20bi (1) (1+1)°

are well defined and
C5 := max <17C57a> < C67
and if we choose Cs < L < Cg, then (u,v), (%,V) is a pair of lower -upper solutions of type 3 for problem

(6.3). Consequently, we find from Theorem 5.4 that this problem admits at least a solution (u,v) such
that £1 =% () < ' %u(r) <t'=%u(r) and ¢! =% (¢) <t'7%(t) <t 7% (¢) in [0, 1]. O
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