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Abstract. In this article, we propose a viscosity approximation method to solve a split feasibility problem. The bounded
perturbation resilience of the method is investigated in Hilbert spaces. As tools, averaged mappings and resolvents of maximal
monotone operators are technically maneuvered to facilitate the proofs of the main results. Under mild conditions, we prove that
our algorithms strongly converge to a solution of the split feasibility problem, which is also the unique solution of a variational
inequality problem. Furthermore, we also show the convergence and effectiveness of the algorithms by a numerical example.
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1. INTRODUCTION

Let H; and H, be two real Hilbert spaces with inner product(,) and induced norm || - ||. Let C be a
nonempty closed and convex subset of H; and let Pr the metric projection from H; onto C. Let Q be a
nonempty closed convex subsets of H; and let Py be the metric projection from H; onto Q. Recall that
the split feasibility problem (SFP) is to find a point x* satisfying the conditions

x"eC and Ax* € Q, (1.1)

where A is a bounded linear operator from H; to H>. Assume that CNA~!Q is nonempty (i.e., problem
(1.1) has a solution). It is not hard to see that x* € CNA~'Q is equivalent to

X" = Po(I — AA* (I — Pp)A)x", (12)

where A > 0 is some positive real number and A* is the adjoint operator of A.
In 1994, the SFP was first introduced by Censor and Elfving [1]. They used their algorithm to solve
the SFP in finite-dimensional Euclidean spaces. In 2002, Byrne [2] improved Censor and Elfving’s
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algorithm in infinite-dimensional spaces and presented a new method called CQ algorithm for solving
SFP (1.1):
Xnt1 = Po(I— AA™ (I — Pp)A)xy, (1.3)

In 2007, Censor, Motova and Segal [3] studied a multiple-sets split-feasibility problem. In 2010,
Moudafi [4] proposed an iterative method to solve split common fixed point problems of quasi-nonexpansive
mappings. In 2014, combining the Moudafi’s method with the Halpern iterative method, Kraikaew and
Saejung [5] proposed a new iterative algorithm that does not involve projection operators to solve a split
common fixed point problem (SCFP). More precisely, they gave the following algorithm:

X € Hy,

Xnt1 = Ouxo+ (1 — ) U (x, + YA*(T —I)Ax,), n>0.
Under the reasonable conditions, they proved that {x,} is strongly convergent. If we take U and T as
the projection operators Pc and Py, respectively, then Fix(U) = C and Fix(T) = Q. Hence the SCFP

immediately reduces to the SFP and the above algorithm can solve the SFP. In 2015, Takahashi, Xu and
Yao [6] proposed the following algorithm:

Xnpt = T3 (% — TA™ (I = T)Axy), (1.4)

an is the resolvent operator of maximal monotone operator B and 7 is a nonexpansive mapping on H,.
They proved that the sequence generated by the above iterative process converges weakly to a point
x* € B-'0NA~!Fix(T) in the framework of Hilbert spaces. We also describe that this problem is to find
a point x* € H; such that
0 € Bx" and Ax* € Fix(T). (1.5)

Especially, if B= dIc = N¢ and T = Py, where

0, xeC,

ch =

oo, xEC

is the indicator function of closed convex subset C and
Nex={u€H: (ux—y) >0,Vy e C}

is the normal cone to C at x € C. Then problem (1.5) reduces to SFP (1.1). We denote the solution set of

problem (1.5) by S = B-'0NA~Fix(T).
The following lemma is very useful in constructing iterative algorithms.

Lemma 1.1. [6] Let H, and H, be Hilbert spaces. Let B : H; — 2" be a maximal monotone mapping
and let Jf = (I1+AB)~! be the resolvent of B for A > 0. Let T : Hy — H, be a nonexpansive mapping
and let A : Hy — H, be a bounded linear operator. Suppose that B-"'0NA~'Fix(T) # 0. Let A,t > 0.
Then the following equality holds:

Fix(JE(I—tA*(I-T)A)) = (A*(I-T)A+B) '0=B"'0NnA"'Fix(T). (1.6)

For the SFP and its extensions, many authors have studied them via fixed-point methods and weak-
strong convergence theorems of solutions have been established in Hilbert or Banach spaces; see [7,
8,9, 10, 11, 12, 13, 14, 15] and the references therein. Recently, bounded perturbation resilience of
iterative methods have also been extensively studied; see [16, 17, 18, 19, 20] and the references therein.
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This problem received much attention due to its applications in convex feasibility problems [21], inverse
problems of radiation therapy [22] and image reconstruction [23], and so on.

Let P denote an algorithm operator, if the iteration x,; = Px, is replaced by x,+1 = P(x, + BaVa),
where f3, is a sequence of nonnegative real numbers V,, is a sequence in H such that

oo

Y Bu<oo and ||v,| <M. (1.7)
n=0
If the algorithm is still convergent, then algorithm P is bounded perturbation resilient; see [16] and the
references therein.
In 2016, Jin, Censor and Jiang [19] introduced the projected scaled gradient (PSG) method with
bounded perturbations for solving the following minimization problem:

min f(x), (1.8)

xeC

where f is a continuous differentiable, convex function. Their method generates a sequence {x,} by the
iterative scheme:

Xnt1 = Pe(xy — 1D (x,)V f(xn) +e(x,)), n>0, (1.9)

where D(x,) is a diagonal scaling matrix. Under suitable conditions, they obtained a convergence theo-
rem.

Recently, Xu [20] projected the superiorization techniques for the relaxed PSG. The iterative algo-
rithm is defined as following:

Xn+1 = (1 - Tn)xn + 7:nPC(xn - YnD(xn)Vf(xn) +e(xn))7 n=0, (1.10)

where {7,} is a sequence in [0, 1]. The weak convergence was proved in [20].
Very recently, Guo and Cui [24] presented the following modified proximal gradient algorithm with
perturbations for solving non-smooth composite convex optimization problem min,cy (f(x) + g(x)):

Xn1 = Oph(xn) + (1 = 04) proxy, o (X, — AV f(xn) +e(x,)), n >0, (1.11)

where £ is contractive. They obtained strong convergence and bounded resilience of the above method.

In this paper, motivated by the results in [6, 16, 20, 24], we propose a viscosity approximation method
for solving problem (1.5) and prove our iterative method is bounded perturbation resilient. We prove the
convergence point of the iterative method which is also the unique solution of some variational inequality
problem. a numerical example is also given to demonstrate the effectiveness of our iterative schemes.
Our method for problem (1.5) is as follows:

Xnp1 = Oh(xn) + (1= @) T3 (X0 — TA* (I = T)Axy + €(x)). (1.12)

We give the bounded perturbation of (1.12) yields a sequence {x,} generated by the iterative process:

{yn =X+ ﬁnvna

5 i (1.13)
Xpi1 = Oph(yn) + (1 — an)J/l,, (n — TA" (I = T)Ay, +e(yn)),

We also discuss the convergence of the viscosity method and show it is bounded perturbation resilient.
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2. PRELIMINARIES

Let {x, } be a sequence in a real Hilbert space H. We adopt the following notations:
(1) Denote {x,} converging weakly to x by x, — x and {x,} converging strongly to x by x, — x.
(2) Use Fix(T) to denote the set of fixed points of mapping T'; that is, Fix(T) = {x € H : Tx = x}.
(3) Denote the weak @-limit set of {x, } by @, (x,) := {x: Ix,, — x}.

We also need the following definitions.

Definition 2.1. A mapping F' : H — H is said to be
(i) Lipschizian if there exists a positive constant L such that

HFX—FyH SLHX—_))H, Vx?.yeH
In particular, if L = 1, we say that F' is nonexpansive, namely,
[Fx—Fyl| < lx—=yl, ¥x,y € H;

if L € [0,1), we say that F is contractive.
(i) o-averaged mapping (a-av for short) if

F=(1—-a)l+aT,
where o € [0,1) and T : H — H is nonexpansive.

Definition 2.2. A mapping B : H — H is said to be
(i) monotone if
(Bx—By,x—y) >0, VYx,ye H.

(i) n-strongly monotone if there exists a positive constant 17 such that
(Bx—By,x—y) > n|x—y|*, Vx,y €H.
(iii) a-inverse strongly monotone(for short ¢-ism) if there exists a positive constant ¢ such that
(Bx—By,x—y) > a||Bx—By|*, Vx,yc€H.

In particular, if & = 1, we say that B is firmly nonexpansive, namely,

<Bx—By,x—y> > HB)C—Bsz, Vx,y €H.

Definition 2.3. Let B : H — H be a monotone mapping. Then B is maximal monotone if there exists no
monotone operator A : H — 2/ such that graA properly contains graB, i.e., for every (x,u) € H x H,

(x,u) € graB <V (y,v) € graB, (x—y,u—v) >0.
The following two lemmas are trivial.
Lemma 2.4. Let H be a real Hilbert space. There holds the following inequality
e+ 3117 < [1x]7 +20c+,3), Vx,y € H.

Lemma 2.5. Let h: H — H be a p-contraction with p € (0,1) and let T : H — H be a nonexpansive
mapping. Then
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(i) I —his (1 — p)-strongly monotone:
((I=h)x—(I=h)y,x—y) > (1=p)|lx—yl’, VxyeH.
(i) I —T is monotone:
(I-T)x—(I—-T)yx—y)>0, VYx,yeH.

Proposition 2.6. [25]
G) IfN,T;,--- , T, are averaged mappings, then T, T, - - - T| is averaged. In particular, if T; is o-av,
i=1,2, where o; € (0,1), then To Ty is (0p + 0t — 0201 )-av.
) If{ T,}fi | are averaged and have a common fixed point, then

N
(Fix(T;) = Fix(Ty ... Ty).
i=1

(iii) A mapping T is nonexpansive if and only if [ — T is %-ism.

@v) If T is v-ism, then, for T >0, TT is %-ism.

(v) T is averaged if and only if | — T is v-ism for some v > % Indeed, for0 < o < 1, T is oi-averaged
ifand only if  — T is i-ism.

Proposition 2.7. [6] Assume that H) and H, are Hilbert spaces. Let B: Hy — 281 be a maximal monotone
mapping and let A : Hy — H, be a bounded linear operator such that A #0. Let T : H, — H, be a
nonexpansive mapping. Then
. *(7 . 1.
(i) A*(I-T)Ais STATE s
(i) For 0 <7< i,
2

1 —tA*(I-T)A is T|A||*-averaged and J% (I — TA*(I — T)A) is w-avemged

Lemma 2.8. [26] Let H be a real Hilbert space, and let T : H — H be a nonexpansive mapping with
Fix(T) # 0. If {x,} is a sequence in H weakly converging to x and if {(I — T )x, } converges strongly to
y, then (I — T )x =y, in particulary, if y = 0, then x € Fix(T).

Lemma 2.9. [27] Assume {s,} is a sequence of nonnegative real numbers such that
Spt1 < (1 — Yn)sn + Ynana n>0,

Sntl <Sp—Mn+ @, 120,
where {v,} is a sequence in (0,1), {n,} is a sequence of nonnegative real numbers and {6,} and {¢,}
are two sequences in R such that
(D) Lm0t =2,
(i) limy e @ =0,
(iii) limg_e0 My, = 0 implies limsupy_,,, 6, < 0 for any subsequence (ny) C (n).

Then lim,,_ye0 5, = O.

Lemma 2.10. [28] Let B be a maximal monotone operator. Let J§ = (I+AB)~" and J§} = (I+uB)™",

where A > 0 and p > 0 are two real numbers, be the resolvent operators of B. Then

JEx :Jﬁ(%x-i- (1- %)fo), Vxe H.
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3. MAIN RESULTS

Let C be a nonempty closed and convex subset of a Hilbert space H. Let N : C — C be a nonexpansive
mapping and let 4 : H — H be a p-contractive mapping. In 2000, Moudafi [29] proposed the following
viscosity approximation method:

Xng1 = 06,h(x,) + (1 — 06,) N,

where {,} is some sequence in (0, 1). He proved that the viscosity algorithm converges strongly to a
fixed point x* of nonexpansive mapping N and x* also uniquely solves the following variational inequality

(I—h)x",—x") >0, Ve Fix(N). 3.1)

Recently, some authors extended the above results to the framework of Banach spaces; see [30, 31, 32]
and the references therein.

In this section, we present a viscosity iterative algorithm for solving problem (1.5). Rewrite iteration
(1.12) as

Xn1 = Oh(x,) + (1 — Oc,,)an (xp — TWA" (I — T)Ax, + e(xn))

B i} ~ (3.2)
= Quh(xn) + (1= a) (I3, (X0 — TA™ (1 = T)Axy) + &3),
Since an is nonexpansive, we find that
e = H‘Iilfn (xn — TA™ (I = T)Axy + €(xn)) _Jf,, (Xn — T A" (I =T )Ax, )| (3.3)

< lleCxa)]-

Theorem 3.1. Let Hi, Hy be two real Hilbert spaces and let A : Hy — H, be a bounded linear operator
with L=||A*A
and T : Hy — Hy is a nonexpansive mapping. Assume that S = B"'0NA~'Fix(T) # 0. Let h be a p-

, where A* is the adjoint of A. Suppose that B : H; — 2" is a maximal monotone operator

contractive on Hy with 0 < p < 1. Choose xy € H; arbitrarily and define a sequence {x,} in the following

manner.
Xnp1 = Oh(xn) 4 (1= @) T3 (60 — TA* (I = T)Axy + €(x)). (3.4)

If the following conditions are satisfied:

(1) limy 0y, =0and ) ;o0 = oo;
(ii) 0 <liminf,_ e A, <limsup,_,, Ay < oo;
(iii) 0 < liminf, o0 T, < limsup, ., T < 17
(iv) Enolle(n)]| <o,
then {x,} converges strongly to x* € B~'0NA~Fix(T), which is also the unique solution of variational
inequality problem (3.1).

Proof. SetV, := an (I — 1,A*(I — T)A). From Proposition 2.7, it is easy to obtain that Jf; (I —1,A*(I —
T)A) is #—av as0< 1, <1/L.

Next, we split the proof into 3 steps.
Step 1. Show that {x, } is bounded.
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For any z € S, we have

s — 2l = b ) + (1 — 0) (Vo +20) <
= [l ot (h(xn) — 2) + (1 — 04) (Vaxn — 2) + (1 — 0t ) |
< || h(xn) — h(z) || + Q| h(2) — 2| + (1 = 0 [|Vixn — 2]| + || &3]
< 0P ||xn — 2| + 0| 2(2) — 2| + (1 — o) Jxn — 2l + [ |
72(z) — ]| + [[en]l /o
l—p

From conditions (i), (iv) and @, > 0, we find that {||&,||/ o, } is bounded. Thus there exists some M; > 0
such that sup{||A(z) — z|| +||én||/ &} < M, for all n > 0. An induction argument shows that

(3.5

= (1= ou(l =p))loen —zll + (1 = p)

M,

[, — 2| < max{|lxo —z||, i—p

|2

which implies that sequence {x,} is bounded, so are {A(x,)}, {V,x,} and {A*(I — T )Ax,}.

Step 2. Show that for any sequence (n) C (1), limy_e ||X5, — Vi X, || = 0.
Fixing z € S, we have

X1 — 2]
= [k (xn) + (1= @) (Vixn + &) — 2
< |l (x) + (1 = 0 )V — 2|2 + 2(0h () + (1 — 04 )WV — 2, (1 — 06)E,) + |||
< 2 ||h(xn) — 2])* + (1= 06) || Vi — 2]|* + 200, (1 — 0) (B () — 2, Vigs — 2)
+ (200 [|h(xn) =zl +2(1 = o) [[xn — zl| + [|2n][) || @]l
< 205 ([|A(x) = h(2) >+ [12(z) — 2]1?) + (1 = 0)? || Vi — 2>
+20,(1 — ) (h(xn) — 2, Vixn — 2) + M |||
< 205 ([|A(x) = h(2) >+ [12(2) = 2]1?) + (1 = 0)? || Vi — 2>
+20, (1 — 04) ([|A(xn) — B(2) || 1xn — 2]| + (B(2) — 2, Vaxn — 2)) + M2 || 8,]|
< (1= 04,(2 = ey (142p%) —2(1 — 0t)p)) |20 — z||* + 206, (1 — 04,) (h(2) — 2, Vi — 2)

+2057||h(z) — 2> +Ma 2, (3.6)
where
My := sup{20t,||h(x,) — z[| +2(1 — 04, [|xp — z[| + [|&n ]|}
neN
Note that
Vo =J3 (1= 5A* (1= T)A) = (1 — wy)I + w, Uy, (3.7)
where w,, = H%L and U, is nonexpansive. By condition (iii), we get that

| .
— < liminfw, <limsupw, < 1.
2 oo n—soo
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Since z € S, we have V,z = z. Furthermore, one has (1 —wy,)z+ w,U,z = z. It is easy to get U,z = z.
Thus, we find from (3.2) and (3.6) that
%11 _ZH2
= [tk () + (1= @) (Vi + &) —2?
< [Jotuh(xa) + (1 = 0) Vrtn — 2| + M 1€, |
= ||Vaxn — 2+ O (R (xn) _ann)Hz"‘MZHén”
= ||V — 2|2 + &2 || 1(xn) — Vin||* + 2060 (Vs — 2, h(x0) — Vi) + M |2
= (1= wa)xn + waUnxn — 2> + 002 | A (n) = Vil
+ 206, (VX — 2, (%) — ViuXn) + Ma || &,
= (L—wy)llx, _ZH2 + Wal|Upxn — UnZ||2 — Wi (1= wn)||Upxn _xn||2
+ 022 (x) = Vi |* + 200 (Vioxn — 2, h(x) = Vi) + Mo 2
< lxn _ZH2 —wa (1l —wy)||Unxy _an2 + O‘nZHh(xn) _ann||2

+ 20, (Vixn — z,h(xn) — Vaxn) + Ma||&,]|- (3.9)

Furthermore, we set

Sp = ”xn*ZHZ’ '}/n:O‘n(zf‘xn(lJszz)*Z(I*O‘n)p)’

8 = st e 20 10(2) — 2|2+ Gl +2(1 = ) h(2) — 2, Vi = 2)],
Mn = Wn(l *Wn)HUﬂxn 7x"||2’ and
Pn = 02| 1 (n) = Vil > + 200 (Vi — 2, 8(0n) — Vi) + Mo |2

Note that %, — 0, 2% = o (limye(2 — &, (1 4+2p%) —2(1 — o4,)p) = 2(1 —p) > 0) and @, — 0
(o, — 0). From Lemma 2.9, it suffices to verify that 1,, — 0 (k — oo) implies that limsup;_,., 9, <0
for any subsequence (n;) C (n). Indeed, 1, — 0 (k — o) implies that ||U,, x,, —xp, || — 0 (k — o) due
to condition (iii). It follows from (3.7) that

H'xnk - Vnk'xnk H = Wpy ||xnk - U"kxnk H — 0. (3-9)
Step 3. Show that

() C S, (3.10)

where @, (xy, ) is the set of all weak cluster points of {x,, }.

Take % € ®,,{x,, } and assume that {xnkj} is a subsequence of {x,, } weakly converging to ¥. Without
loss of generality, we still use {x,, } to denote {xnkj}. Assume T, — 7. Then 0 < 7 < 7. Similarly, we
take a subsequence {A,, } of {4,} by condition (ii), and assume A, — A. Letting V = J¥(I — tA*(I —
T)A), we see that V is nonexpansive. Set

tx = Xp, — T A" (I — T)Axy,, 2k =Xn, — TA*(I —T)Axy,.
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Using the resolvent identity, we deduce that

ankxnk - vxnk H
= H‘lﬂlik (‘xnk - TnkA* (I - T)Ax”lk) - ‘If(xnk - TA*(I - T>Axnk) H
A

A
:ij(—}t et (1= = )ankfk)—ff(Zk)H
g g

A A
< Hftk +(1— }T)Jf,,kfk —zl
o g

A A
< o= lle—all + (1= =) V7, fe—zd

A, Ay
2 . -

= o, — Tl (= T) Ay |+ (1= )2 1=l (3.11)
Mg 03

Since A,, — A and 7,, — T as k — oo, we immediately derive from the last relation that ||V, x,, —Vx,, || —
0. As a result, we find

Hxﬂk - VxnkH < Hx"k - Vnkxnk H + ||Vnkxnk - VxnkH — 0. 3.12)
Using Lemma 2.8, we get @,,(x,, ) C Fix(V). It follows from Lemma 1.1 that @,,(x,, ) C S. We also have

limsup(h(x*) —x*,V,, %, —x7)

k—reo
zliinsup<h(x*) — X", Xy, —X") —}—%i_rg(h(x*) — X Vi X, — Xn,),s (3.13)
—>00
and
limsup(h(x*) — x*,x,, —x*) = (h(x") —x", X —x"), VX eS. (3.14)
k—ro0

It is easy to get from (3.9) the second item of (3.13) tends to zero. Also, since x* is the unique solution
of variational inequality problem (3.1), we obtain that
(h(x*) —x",x—x") <0.

Hence limsup;_,., 8,, <O0. O

The bounded perturbation of (3.4) by the following iterative process:

Yn :xn+ﬁnvna
B . (3.15)
X1 = Oph(yn) + (1 —a)Jy (I =A™ (I =T)A)yn +e(yn))-
Similarly, we put
én= Jf,,((l_ TnA*(I_ T)A)Yn "‘e()’n)) _J/ll;n (I_ TnA*(I_ T)A(yn))' (3.16)

Theorem 3.2. Assume the sequences {B,} and {v,} satisfy condition (1.7). Let H;,H, be two real Hilbert
spaces and let A be a bounded linear operator with L = ||A*A||, where A* is the adjoint of A. Suppose
that B : Hy — 2 is a maximal monotone operator and T : H» — H, is a nonexpansive mapping. Assume
that S = B~'0NA~'Fix(T) # 0. Let h be a p-contractive mapping on Hy with 0 < p < 1. Choose xy € H|
arbitrarily and define the sequence {x,} by (3.15). If the following conditions are satisfied:

(1) limy sy =0andy o0, =oo;

(i) 0 <liminf, A, <limsup,_,, A, < oo;
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(i) 0 < liminf, e T, < limsup,_,., T, < 7;
(iv) Lotolle(n)l| < oo,

then {x,} converges strongly to x*, where x* is a solution of problem (1.5), which is also the unique

solution of variational inequality problem (3.1).

Proof. We can rewrite (3.15) as
Xnp1 = Oh(xn) + (1= 0) (J5 (I = T,A™(I = T)A) (x,) + &)+, (3.17)
where
en = 0 (h(yn) —h(xa)) + (1= 06,) (I} (I = GA* (I = T)A)y, — J3. (I — %A* (I = T)A)x,),  (3.18)
In fact, by Proposition 2.7 (i), we see that A*(I — T)A is 57 -ism. It is not hard to see that it is 2L-Lipschitz.
Thus,
[enll < allh(yn) — h(xa)ll + (1 = 0)|[yn — %0 — Ta(A™(I = T)Ayn — A (I = T)Axy ) |
< 0P [ yn = Xall 4 (1 = 0) ([[yn = Xnll + 2TuLl|yn —20) | (3.19)
< (0p + (1= ) (1427,L)) Bu[ Vi .

From condition (1.7), it turns out Y, ||,|| < co. Consequently, we find from Theorem 3.1 that algorithm
(3.4) is bounded perturbation resilient. O
4. NUMERICAL RESULTS

In this section, we consider the following numerical example to demonstrate the effectiveness, real-
ization, and convergence of Theorem 3.1.
Let H; = H, = R?. Define h(x) = %Ox. Take B : R? — R2 and T : R? — R? as follows:

(i)

T cosO  sin@
-\ —sin® cos® )’

Observe that B is a positive linear operator. Then it is maximal monotone. T is a rotation operator. Then

and

it is nonexpansive. So, we obtain the resolvent mapping J2 = (I+AB)~!. It follows that

B 1 224+1 0
AT BAFDRAFD)\ 0 8A+1)°

Generate a 2 x 2 random matrix A, and compute the Lipschitz constant L = ||[ATA||, where AT represents

the transpose of A. Take A4, = 0.5, 7, =T = m and oy, = -

nl
According to the iterative process of Theorem 3.1, the sequence {x,} is generated by
1 1 1 B p
i T (1- m)h, (xn — TA" (I = T)Axy).

As n — oo, we have {x,} — x*. Taking random initial guess xp, we obtain the numerical experiment
results in Table 1.
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TABLE 1. xo = rand(2,1).

T= g n(iterative number)  time(s) Xn err(||xpe1 —xal)
0.0069 20 0.000067 1076 [0.0000 0.1210]"  6.2812% 1078
0.0070 22 0.000073 1077 %[—0.0002 0.1638]"  8.4813x107°
0.0173 27 0.000087 1072 %[—0.0002 0.9495]7  4.8840x10~'°

Next, we consider the algorithm with bounded perturbation resilience. Choose the bounded sequence
{V,,} and the summable nonnegative real sequence {,} as follows:

dy
— , if 0#d, € B(xy),
vp=14 lldall

0, if 0€B(x).

where B(x,) = (8x,(1) 2x,(2))?, x,(i), i = 1,2 denotes the ith element of x,, and B, = ¢", for some

¢ €(0,1). Setting ¢ = 0.5, the numerical results can be seen in Table 2.

TABLE 2. xo = rand(2,1).

T= 1o n(iterative number)  time(s) Xn err(||xnt1 —xal)
0.0173 19 0.002022  10~6+[0.6864 0.0000]7  5.5268% 10~
0.0056 22 0.000125 1077 %[—0.8573 0.0001]"  6.8973 %1078
0.0046 25 0.002163 1077 %[—0.1070 0.0000]7  8.6055+ 10~

As we have seen, the error of the solution becomes smaller as the increasing iterative numbers. And,
sequence {x,} converges to (0,0) which is the solution of the example. Of course, it is also the unique
solution of the variational inequality ((/ —h)x*,x —x*) > 0.
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