J. Nonlinear Funct. Anal. 2019 (2019), Article ID 10 https://doi.org/10.23952/jnfa.2019.10

m Journal of Nonlinear Functional Analysis

MATHRES Available online at http://jnfa.mathres.org

GREEN’S FUNCTION APPROACH TO A LARGE TIME BEHAVIOR PROBLEM FOR A
COUPLED SYSTEM OF 1-D WAVE AND PLATE EQUATIONS
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Abstract. We study a system composed of a 1-D damped wave equation and a 1-D undamped plate equation, in which the
energy of the two parts can be transmitted through the boundary. We show that the spectrum of the infinitesimal generator of
the semigroup associated to a system equivalent to the concerned system is contained in the open left half complex plane, and
prove by establishing a resolvent estimate on the afore-mentioned infinitesimal generator that the energy of the system under
consideration decays at a logarithmic rate. Green’s function and Young’s inequality are the two main ingredients in proving the
afore-mentioned resolvent estimate.
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1. INTRODUCTION

To suppress of the vibration of elastic bodies, engineers and material scientists usually bond some
functional patches to the underlying elastic bodies as active damping “controllers”; see [1]. In this paper,
we are concerned with a model of a elastic body whose vibration is suppressed by a functional patch
whose energy is inhibited by a linear frictional damping, namely, the transmission system

Pu—d2u+adu=0 in (0,1) x (0,+o0),

Fw+dtw=0 in (—1,0) x (0,+o0),

u(1,6) = 9?w(0,1) = w(—1,1) = *w(—1,1) =0 fort € (0,4o0),

u(0,1) = w(0,1), du(0,¢) =—>w(0,1) for t € (0, +o0), (D
u(-,0) = u®, du(-,0) = u' in (0,1),

w(-,0) =w?, dw(-,0) =w! in (—1,0),

where the equation 9w+ d¢w = 0 is used to describe the vibration of the elastic body, while the equation
0?u — d>u+ adu = 0 is incorporated to characterize the suppression of the functional patch. In this

E-mail address: cqwung @foxmail.com.
Received October 10, 2018; Accepted February 22, 2019.

(©2019 Journal of Nonlinear Functional Analysis



2 CHENGQIANG WANG

model, constant a > 0 reflects the intensity of the frictional damping; the vibration of the elastic body is
suppressed by the functional patch via the the “law”: u(0,t) = w(0,t), du(0,t) = —3w(0,1).

Aside from the above model, transmission systems of partial differential equations can be widely
used to describe such diverse physical processes as fluid-structure interactions, electromagnetic coupling,
coupled chemical reactions and so on. Therefore, these systems have been extensively investigated in
the literature; see [1, 2, 3, 4] and the references therein. Our main goal in this paper is to understand
better the longtime behavior of solutions to system (1.1), and our study has been motivated by some
newly obtained results in this research field. Ammari and Nicaise [5] proved under a certain geometric
condition that the energy of the transmission system of a damped wave equation and a damped plate
equation decayed exponentially by a multiplier argument. Zhang and Zhang [6] studied the stabilization
of transmission coupled wave and Euler-Bernoulli equations on Riemannian manifolds by introducing
nonlinear feedbacks. Hassine [7] proved by the Carleman estimate an energy decay estimate for the
transmission system of an undamped Euler-Bernoulli plate and a wave equation with a localized Kelvin-
Voigt damping. Fu and Lii [8] considered a weakly coupled system wave-plate equations, where a
localized damping is added either in the wave part or plate part, and proved under some condition on the
damping and the coupling terms that sufficiently smooth solutions of the system decayed logarithmically
at infinity without any geometric conditions on the effective damping domain. Gong, Yang and Zhao
[9] studied the stabilization of a wave/plate transmission system via an Riemannian geometric approach.
The controllability of wave/plate transmission systems was also investigated in the literature; see [10]
and the references. Inspired by the afore-mentioned results, and in view of the presence of the damping
in the wave equation, we are interested in the large-time behavior of solutions to system (1.1).

To study the dynamics of system (1.1), we introduce the auxiliary function v(x,#) = w(—x,7), and plug
it into (1.1) to yield a system, which is equivalent to (1.1), that is,

u—d*u+adu=0 in (0,1) x (0,4c0),

v +atv=0 in (0,1) x (0, +o0),

u(1,6) = 92v(0,1) =v(1,1) = *v(1,1) =0 fort € (0,4o0),

u(0,1) = v(0,£), du(0,t) = dv(0,1) for t € (0,+o0), (12
u(-,0) =u°, du(-,0) = u' in (0,1),

v(-,0) =12, dv(-,0) =v! in (0,1).

Therefore, the study of the longtime behavior of system (1.1) is equivalent to that of system (1.2).
Let us now introduce the space

A ={(0,0,w,y) €H'(0,1) x L*(0,1) x H*(0,1) x L*(0,1);
¢(1) =y(1) = ¢(0) — y(0) = 0}.

Indeed, 77, equipped with the sesquilinear form

(1.3)

~ 1 P NTV P —~—
25 (0., w, ), (£, .2.8)) = /O (@F +F +y's" + F@)dx € C

where 7 denotes the complex conjugate of z € C, is a Hilbert space. ¢ is the so-called finite energy
space of system (1.2). And, E(t) (resp. E(t)) is the natural energy functional associated to system (1.1)
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(resp. (1.2)), where E(t) and E(¢) are defined respectively by

1 0
E(t):;/o (19,02 + 1w, 1)) dx—i—;/l(|8tw(x,t)|2—|—|8xzw(x,t)]2) dx and  (14)

E(t) :;/01 (latu(x7z)|2+ |8xu(x,t)’2) dx—i—;/o.l (\8,v(x,z)|2+ \8xzv(x,t)’2) dx.
Let us define an unbounded linear operator A in space ¢ by
AQ.0, v, ) = (9,9" —ap. ¥, —yW), V(9.0,y,9) € 2(4),
2(A) ={(¢,0,v, %) € AN (H*(0,1) x H'(0,1) x H*(0,1) x H*(0,1));
¢(1) =y(1) = 9(0) — y(0) = ¥"(0)
=" (1) = ¢'(0) - y"(0) = 0}.

The following is one of our main results.

(1.5)

Theorem 1.1.

o A is the infinitesimal generator of a strongly continuous semigroup of contractions on F€.
e G(A) is contained in the open left half complex plane C~ and consists merely of eigenvalues
{ Mk, A0} of A. And moreover, the eigenvalues are distributed as follows:

—a+iVaRT? = &2
Ay = 2! . T Y L0 T) ask— +eowithk €N,

1 2
Ay = £1? <€+4) i+ﬁ(\€|_%) as |4| — oo with £ € Z.

The fact that 6(A) is contained in the open left half complex plane implies that energy E(t) (or
equivalently E(¢)) decreases to 0 as r — +o0; see [11, 12, 13] and the references therein. Motivated by
this, we study operator A and obtain the following logarithmic decaying estimate on E(¢).

Theorem 1.2. There exists a C > 0 such that, for every quadruple (u°,u',w° w') € 2(A),

C 0112 112 012 112
E(r) < 2241 (Hu 20,1y + 1 g 0,0y + 1w s 210y + llw ||H2(71,0)>a Vi € [0,+o0).

Note that E(t) and E(t) share the same decaying rate. To obtain a decaying estimate on E(t), we
analyze in detail the resolvent (Aid ,» —A)~! and obtain an useful estimate on it along the imaginary axis.
Green’s function and Young’s inequality are key ingredients in obtaining the afore-claimed resolvent
estimate.

The rest of the paper is planned as follows. In Section 2, we prove Theorem 1.1. In Section 3, we
prove Theorem 1.2. In last section, Section 4, a concluding remark is provided.

2. PROOF OF THEOREM 1.1

The principal goal of this section is to analyze in detail the spectral structure of A. First, we prove that
IBVP (1.2) is well-posed in J7.

Proposition 2.1. A is the infinitesimal generator of a strongly continuous semigroup of contractions
A
{e}ie(0,10) On .
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Proof. Define an unbounded linear operator A* in J¢ by

A*((Pa@ v, ‘T’) = (_67_(,0” _a(f)av_flja ‘l’(4)), V((p,@,l;/, i/;) € @(A*)v}

Indeed, A* is the adjoint of A in JZ. By using integration-by-parts, we have

2Re (A*(0,0, v, W), (0,0, ¥, V)

= [ [-7W9 - 90050 gL ~ 7 W + v (0 | da
- / )= @R — ald )~ TV () + v W) | dx
= [W 00— v T+ W)~ P () - 50— 9009w
—2a”¢|\L2(071)
=—2a|0l201), Y(0,0,¥,¥) € D(A),
which implies
Re (A" (0,0, ¥, ¥), (9,0, ¥, 9))r = —al| Pl 7201y V(@0 ¥, %) € Z(A7).
Similarly, we can show
Re (A(Q. 0, ¥, ¥), (0,0, . V) = —al| 0l 201y V(0.0.9,¥) € 2(A). @.1)

In addition, A is densely defined and closed in 7. By [14, Corollary 4.4, p. 15], A is the infinitesimal
generator of a strongly continuous semigroup of contractions {e’A}t€[07+w) on 7. This completes the
proof. U

Remark 2.1. In light of (2.1), A is dissipative and therefore A ¢ 6(A) whenever Re A > 0. In particular,
this implies that the resolvent set of A is nonempty.

Remark 2.2. In view of the embedding Z(A) C ¢ by the Rellich-Kondrachov theorem, A has compact
resolvents. Therefore, 0(A) consists merely of a sequence of eigenvalues.

Next, we prove that 6(A) is contained in the open left half complex plane.
Proposition 2.2. 6(A) C C~, where C~ = {A € C; ReA < 0}.

Proof. By Remark 2.1, it suffices to show that iRN 6 (A) = 0. Indeed, 0 ¢ o(A). Otherwise, there exists,
by Remark 2.2, a nonzero quadruple (@, @, y, ) such that A(@, ¢, v, W) = (¢, 9" —a@,y,—y¥) =
0(¢,0,y,¥). We have ¢ =0, =0, ¢” =0 and y* = 0. Therefore, ¢ and v assume the forms
@(x) = cr1x+c12 and W(x) = c21%° + c20x? + c23x + c24, respectively. Recalling the boundary conditions
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to which ¢ and y are subject, we have

o(1)=0 = ci1+c12=0,, )
V(1) =0 = o1 +en+e+cu=0,
?»(0)—y(0)=0 = crp—cu =0,
y"(0) =0 = 2cn =0,
l//”(l) =0 = 6¢31+2¢» :0,
¢'(0) =" (0) =0 == c11 —6¢21 = 0.
It is ready to check that
1 1.0 00 O
00 1 11 1
1 -1
det| ) o0 = —12#0. 2.2)
00 0 20 O
00 6 20 0
1 0 -6 00 O

Then c11 = c12 = 21 = 20 = ¢33 = ¢4 =0, that is, @ = 0 and y = 0. This, together with the observation
that @ = 0 and y = 0, contradicts the the fact that quadruple (@, @, ¥, ¥) is nonzero. That is, 0 € p(A).
It remains to show that it ¢ o(A) for every u € R\ {0}. Let (¢,0,y,y¥) € Z(A) be such that

A(Q,0,v.¥) =iu(@,9,y,y) for some p € R\ {0}. We have
(A0 0.9, %), (0.0.v, %)) = i) (0,0, ¥, 9%
which implies Re (A(@, 0, ¥, W), (@, 0, ¥, ¥)) » = 0. This, together with (2.1), implies

Re (A(9, 0, ¥, ), (0,0, ¥, ¥)).r = —alll|72 0.

We therefore have @(x) =0, x € [0, 1]. Thus, equation A(Q, @, ¥, ¥) =iu(@, @, y,y) is reduced to the
boundary value problem

2.3)
w(0) = y"(0) = y"(1) = y"(0) =

The solution to BVP (2.3) can be written as

vy = ply in (0,1),}

W (x) = &1 cosh(xy/|u]) +éasinh(x/|p]) + &3 cos(xv/|pt) + Easin(xy/| )

where ¢;,¢;,¢3 and ¢4 are chosen such that

c1+¢3=0,
&1 —&3=0,
¢y cosh(y/[p[) + é2sinh(y/[u]) — é3cos(v/|u]) — asin(y/|u]) =0,
Cr—C4=0.

We deduce from the first two equations that ¢; = ¢3 = 0. Substitute this into the third equation, use the

fact that sinh(y/|u|) > +/|u| > sin(y/|u|) for u € R\ {0}, and conduct some routine calculations, to
obtain & = ¢4 = 0. Therefore, y(x) =0, x € [0, 1]. To sum, (@, ®, y, y) = 0. This means that it ¢ o(A)
for every u € R\ {0}. The proof is complete. O
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Proposition 2.3. Ler A € R\ {0}. Then A € 6(A) if and only if A satisfies the equation £(A) = 0, where

T(A) =AVid sinh(v/A(A +a)) [cosh(\/ﬁ) sinh(iVAid) — icosh(iViA ) sinh(Vil)

+2iy/A(A +a) cosh(y/A (A +a))sinh(iV/il ) sinh(Vild).

2.4)

Proof. We should note that A € 6(A) if and only if the following boundary value problem admits a

nonzero solution:
AMo—¢"+ale=0 in (0,1),
Ay +y® =0 in (0,1),
(1) = y"(0) = (1)
¢(0)=v(0), ¢'(0) = y"(0).

By the classical theory of ODEs, (¢, y) can be written as

I
<
/\\
=
I
=

¢(x) =cjcosh((1 —x)y/A(A +a))+cysinh((1 —x)\/A(A +a)), and
w(x) =c3cosh((1—x)Vil) 4 cysinh((1 —x)Vid)
+cscosh((1—x)iVid) + cgsinh((1 —x)iViAd).

The coefficients cy,cy,c3,c4,¢5,c6 are determined by the boundary conditions on ¢ and y. More pre-

cisely, we have

+c6A Vil cosh(iVid) = 0.

(2.5)

By the related classical theory from Linear Algebra, Equation (2.5) has a nontrivial solution if and only

if
1 0 0 0 0 0
0 0 1 0 1 0

det | © 0 iA 0 —id 0
0 0 0  iAsinh(Vid) 0  —iAsinh(iVid)
0 sinh(y/A(A +a)) 0  —sinh(Vik) 0 —sinh(iV/id)
0 —y/A(A+a)cosh(x/A(A+a)) 0 iAVidcosh(vVid) 0  AV/iAcosh(ivild)
=2iA?L(1) =0.

Taking into the fact that A # 0, we obtain the desired conclusion immediately.
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Proposition 2.4. 6(A) is contained in the open left half complex plane C~ and consists merely of eigen-
values { A, Aar} of A. Moreover, the eigenvalues are distributed as follows:
—a+ivVakin? —a?

A = 5 —i—ﬁ(k*%) as k — oo withk € N,

2
Aoy = £12 (e+ i) i+0(677)  as || — e with ( € Z.

Proof. Recall that 6(A) C C~. We consider the situation A € D; UD,, where D; = {A € C™;argh €
(32 7]} and D, = {4 € C;argA € [Z,2%]}. For the sake of simplification, we would use 2 = |A]e'®
for complex numbers. We next study the elgenvalues of Ain Dy UD;.

Case 1 (A € Dy). By applying Taylor’s expansion we have

NAOFD) — NAOFa) _ =2 /TH] _ A [l 50 (A1) — p- A3+ 0(A1T) (2.6)

for A with sufficiently large modules. In addition, we also have

em:exp( M\e(% 34”)):exp( |k|cos<g—3f>>exp< ]7L|s1n<g—3f)>,and (2.7)

Vi _ 6 = : . (6 m
e —exp< M|cos(2 4>>exp<1 Msm(z 4>> (2.8)

Therefore,
lim |eVAA+a)| = 4o lim |eV**| = +oo, and lim |elVi*| = oo, (2.9)
|A|—-+o0 Ao |A| =

By analyzing the definition (2.4) of £(1), we have
I(4)
le]D)l \AHM AVideVA(+a) VAV

This, together with (2.9), implies that A € D; cannot be a solution to equation £(A) = 0, or equivalently,

1-i
0.
g 7

A cannot be an eigenvalue of A, whenever its module |A| is sufficiently large.
Case 2 (A € D). We deduce from (2.6), (2.7), and (2.8) that

- ’eﬁ%m(wl) <

for some C; > 0,

- 6 3
’e*\/ﬁ - exp(— 4] cos <2—f>)‘<1,and
Ny V24|
‘e“m =exp <— |A|cos (g-Z)) <e” =

Divide the both hand sides of the equation £(1) = 0 by AV/ileVAA+a+ViiHiVid anq conduct some
routine calculations to obtain

(1-e VAR (1= e 2i4) = g(|a[ )

as |A| — +eo with A € D,. Note that the equation (1 —e? ’W”“)) (i — 6*2\/17) = 0 with the restriction

A € D, has the solutions

5 —a+ivVak’n? —a?
Ak = >
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A 1\?
lzg:ﬂ:z <£+4> 1

with ¢ € Z. By applying Rouché’s theorem (see [15]) and Proposition 2.3, we obtain the spectral asymp-

with k € N, and

totics for A:

VAR =2
Ak = at 5 d—— +ﬁ(k7%)

as k — oo with k € N, and Ay = 7% (( + i)zi#— ﬁ(w_%) as { — oo with £ € Z.
Finally, since A € o(A) iff 1 € 6(A), we know that there are eigenvalues of A which are distributed

as follows:
—a—VAIET? — 2
hi= S+ O
as k — oo with k € N, and Ay = —7* (£ + %)zi—l— O(|6|72) as £ — oo with £ € Z. This, together with the
afore-conducted analysis, implies that the proof is complete. U

Proof of Theorem 1.1. From Propositions 2.2 and 2.4, we can obtain the desired conclusion immediately.
O

3. PROOF OF THEOREM 1.2

The main objective of this section is to prove that the energy E(¢) for system (1.1) defined by (1.4)
decreases at a logarithmic decay rate. First, by using the result in [11, 12, 13], we can deduce energy

decreasing property for system (1.1) from Propositions 2.2.

Proposition 3.1. Along every solution (u,w) to system (1.1), E(t) decreases to 0 as t— + oo, where E(t)
is given by (1.4).

One of our main ingredients in the processes of proving logarithmic energy decay for system (1.1) is
to compute Green’s functions for the following boundary value problem:
¢ —(A*+ad)o=f in (0,1),
W2y =¢ in (0,1),
¢(0) —w(0) = ¢'(0) — y"(0) =0,
e(1) = (1) =y"(0) = y"(1) =0.

3.1

Lemma 3.1. Let A €iRR.

e Foreverypair (f,g) € L*(0,1) x L*(0,1), BVP (3.1) admits a unique solution (¢, y) € H*(0,1) x
H*(0,1) such that (¢,0,y,0) € Z(A).

e There exist four bivariate functions G'' (x,E), G'2(x, &), G*'(x, ), and G*(x, &) such that every
solution (@, y) of BVP (3.1) can be expressed by

1 1
o) = | " (xE)S(E)dE+ [ G Eg(E)dE, and
v = [ e + [ 6P (6 ae
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Remark 3.1. The bivariate functions G (x,&), G'*(x,&), G*!(x,&), and G*?(x,&) are so smooth so to
qualify all the following calculations, and can be viewed as Green’s functions for BVP (3.1).

Proof. The first statement follows immediately from Proposition 2.2. It remains to prove the second

statement.

Inspired by the idea of finding Green’s function for an boundary value problem for a single ODE, we

guess that

G (x, &) =cllet=8) 4 oMok (—C) L F(x— &) [vlle,ul(xf:ﬁ)_’_cvllepz(xfg) 7
12(x, &) =cl2eM 68 1 cf2et68),
G21(x,§):c%1 vi(x §)+czl Va(x §)+C21 vs(x §)+czl Va(x g)’
G2 (x,&) =P (08) 4 (32ev20=8) 4 (P2pvs(v-8) 4 (22,va(x—F)
+H@_§)&%mk®+azm @+azm @+42m -&)
Y (x,E) €[0,1)%,

Y

(3.2)

where H is the celebrated Heaviside function. u, (i=1,2) and v; (j = 1,2,3,4) are solutions to the

characteristic equations 4> — A (A +a) = 0 and v* — 1% = 0, respectively, and are given by
2
=V +ak =2 +3 2 ;LA +O(A),

¢ (i=1,2) and &%?

and

and are determined by

and

o =—VA2+al = —A——+g+ﬁ(w—2),
vlzx/I,
V3:i\/z,

(j=1,2,3,4) are given by

Vo = —\/I,
V4 = —i\//T.

1
&t = =,
W= 24
1 1
ol — -
U2 — 2
. 1 N 1
C%ZZ 3 C%ZZ_ 3
412 412
22 i 22
&5 = , Cf = ,
3 42,% 4 %

)1,
5{1 VIl
.ulCl + ,u2C
B4R BB,
2 X ¥ 22
V16‘1 +V2C2 +V3C3 +V4C4 —0,
V22 22

(M2 + (v2)? 3 + ()26 + (va) 3 =0,

(P& + (2P B + ()& + (P = 1,

(3.3)

(3.4)

(3.5)
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respectively. c} 12 (i=1,2)and ¢? ] , ] 2 (j=1,2,3,4) are yet to be determined shortly. By taking fully

use of boundary condltlons of BVP (3.1), we have

@(1) =0, V(f,g) € L*(0, ;R*) = G''(1,§) =0, G"*(1,§) =0, )
w(1) =0, V(f,8) € L*(0, ;R?) = G*'(1,§) =0, G**(1,§) =0,
¥'(1) =0,V (f,8) € L*(0,;R?) = 97G*'(1,6) =0, 97G**(1,§) =0,
¢"(0) =0, V(f,g) € L*(0,1;R*) = 97G*'(0,§) =0, 97G*(0,£) =0,
¢(0) = w(0), V(f,g) € L*(0, ;R?*) = G''(0,§) = G*'(0,%),
G(0,§) =G*(0,8),
¢'(0) =" (0), ¥ (f.g) € L*(0,;R?) = 9,G'1(0,&) = 3;G*'(0,£),
9.G"(0,§) = 97G*(0,§). )

With the aid of this and (3.2), we have

G(1,6)=0 = C{lem(l—é) _i_céle[,lz(l—é) _ _Cv}]eul(l_eg) —E;le“Z(l_‘:),
GI2(1,8) =0 = e 1-8) 4 (f2e1-8) —,

GH(1,E) =0 = A eM1-8) 4 Z1ew1-6) 4 21,vs(1-8) | (21pw(1-8) —
G2(1,E) = 0 = 219 4 (2p0(1-8) 4 (2,n(1-8) 4 (22,(1-¢)

220128 _ @2,n(1-8) _ @2,n(1-6) _ @2,m(1-),
2G*(1,6) =0 = (v )20%16"1(17&) + (VQ)ZC%IeVZ(Fg) + (V3)2cglev3(175) + (V4)Zcilev“(lf‘5) =0,
2GR(1,6) =0 = (v )2C%Zevl(17§) + (V2)2c%26‘/2(17§) + (V3)2c§26"3(17§) + (v4)2C‘2‘2€w(17§)

= (W)2B2eM0E) (1) 26826%0-8) () 2827 (1-8) _ ()22 (1-8),
D2GP(0,E) = 0 = (v )2 e ™6 1 (v2)23 eV 1 (v3)2 2 eV 1 (vy)2c2le Ve = ),
D2G2(0,E) = 0 = (V12218 1 (v2)2cRe ™V 1 (v3)2cRe ™V 1 (va)2 eV =0,

Gll(o’é) G21(0 g) 26 e V15+C21e V2§+C21e V3§+C21 7\/4&

—clle —mé _ ¢} le=2€ — ),
G'2(0,€) = GP(0,&) = e +c3%e7 " 4 P 4 PV
- c%ze*’llg — clze*“z'): =0,
9.G1(0,8) = 933G (0,6) = (V1) e 18 4 (va)’Ble 28 4 (v3)’Rle 56 4 (va) 3l i
_chl Lo~ _ .UZCz L=t _ 0,
%G"?(0,§) = 37G™(0,8) = (M)’cPPe V1* + (va) e 5 + (va) c3Pe % + (va) ce
—ele e — pele s = 0.
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The afore-obtained twelve equations can be regrouped into the following two systems of equations:
c%leﬂl(lfé) _,_céleuz(l*i) — _Cvpeﬂl(l*é) _Cgleuz(lﬂﬁ)7
A=) 4 (2va1-8) 4 (21evs(1-8) 4 (21,v(1-8) —
(V])zc%levl(l_é)+(V2)2C%1€v2(]_§)+(\/3)2 21 ,v3(1- 5)+(v4)2 He n(1-8)
(vi)2c3le v (v2)23le g 4 (v3)2c2le —vsé +(va)23le —vif _,

%1 -vié +c‘21€ v & +C21€ vié JrC21 —wé clle_“”: 70116—,1125 =0,

(v1)3c%167v1§ + (V2)365167v25 +( )3 21 —-v;& + (V4)3 21 wié [.Llc e -wmé N2C51€7u2§ — O7

and
c%ze“‘(lf‘g) + cézem(l*é) =0,

RN(1-8) 4 20(1-8) | 22 (1-8) | 2,v4(1-¢)

I

_2en(1-6) _ 22,n1-8) _ 22g%s(1-8) _ 22 u(1-8)

(vl)z 22 vl(l 5)+(V2)ZC%2€VZ(1_§)+(V3)2 22 v3(1 5)_{_(\}4)2 42L2 vy (1-€)

_ _(vl)ch%Zev](l—é) _ (VZ)ZE%ZeVz(l—é) _ (v3)2cv%26v3(1—:§) (V4) viZ v4(1-€)

(P (v Fe 4 (e (e =

0%267‘/15 _|_622e*v2§ _{_6226*"35 _{_6226* vag _ Clze*ﬂlé _Céze*llzé =0,

(V1)3C%2 v1§+(v2)3 22 v2§+( )3 22 V3§+( )3 22 v

I

—wel? e s — tach 2,~m8 _

These two systems, together with Carmer’s rule, imply

AT Aijll Al Ag
1 A ) 2 A )
621:A7§ C21:A7£ 621:&; 621:%
1 A Y 2 A Y 3 A Y 4 A Y (3 6)
A$ AS '
e W ]
1 A 2 A )
A A AS AS
C%Z—X C%2:f7 C%ZZXS7 C%Z_f,)
where
et el 0 0 0 0
0 0 eV! eV’ eV eV
A 7(u1+uz+ﬁ1 vi)§ dec| © 0 (v)%e (v2)%e (v3)%e¥ (vy4)%e™
=e ‘=
0 0 ()P (w () ()
—1 —1 1 1 1 1

—wm o (vi)) ) () (w)
(1 —l—i)l%(e“l ety [8(1—1)\/X+ie(1+i)\/%_ie—(1+i)\/I_e(—1+i)x//T]

)[_euq)ﬁ+e(1+i)ﬁ+67<1+i)ﬁ_e(fl+i)ﬂ} (3.7)

+47Lz(u1e“2 — tpett

)
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A‘{ _ (CVilelvll(l—é) _|_CV£1€I~12(1—5))

0 eV1(1-6) ev2(1-6) ev3(1-8) eV4(1-6)

0 (vl)zevl(l—@ (V2)ZeVz(1—§) (v3)2e¥s(1- €) (v4)26w(1—é>

x det 0 (v)2e "¢ (vy)2e™ V28 (v3)2e"3¢ (v4)2e "¢
— o H2§ e V16 e V26 e~ V36 e~ V46

_mefuzé (vl)3e*"1§ (V2)3erz§ (v3)3er3é (v4)3er4€

A2 (M M g Tt (1-28)) {_e(lfi)\/)?+e(l+i)\/7t+ef(l+i)\/7._e(fl+i)\/x}

_ 2;&(1 i) (et 4 gLl et (1-20)) [e(l—i)\/??+ie(1+i)\/1_ie—(1+i)\/1_e(—1+i)x/7f]

Y

A{ (Vlleﬂl(l 5)_,_”1@#2(1*5))

0 eV1(1-8) eV2(1-8) eV3(1-8) eVs(1-8)
0 (vl)zevl(lfé) (VZ)2eVz(lf<§) <v3)2€w(lf€) (V4)2eV4(1f€)
x det 0 (vi)2e "¢ (v)2e"28 (v3)2e™ V35 (v4)2e V45
—e— Mg e V16 e V28 e V36 e~ V4

—ue M (v)Pe Vi (w)e s (v3)Pe 8 (vy)Pe b
:21%(1 i) (el (1728) 4 el gl [e(lfi)\/%“e(m)\/% e (VA _ e(fm)\/%}

)

CAp 2 (1728 gt {_6(171)\/1+e(1+i)ﬂ+ef(1+i)\/1_e(fm)\/I]

Agz (e (1-8) 4 gl pr(1-8))

O O evZ(lfé) ev3(17§) €V4(17€)
0 0 (v)2e¥2(78)  (v3)2e7s(1-6)  (y,)2evs(1-8)
x det 0 0 (V)2 26 (v3)2e 8 (vy)Pe v
—e b —e M8 e V26 e V3¢ e V46

—Uje M _ppemHE ()38 (v3)3e Vit (v4)3e Vit

—9)2eV28 (W _‘uz)(é}le/,q(l—é) +5”e“2(1“5)) [e(—1+i)\/77_e—(1+i)\/1]

)

Af;: (vllem(l €)+v11e#z(1f€))

0 0 evl(l—é) eV3(1—§) ev4(1_§)
0 0 (v1)2e(178)  (v3)2evs(1-8)  (y)2eva(1-6)
x det 0 0 (vl)zefvlé (v3)2e*V35 (V4)2e*"4§
—e Mg —e 28 e Vi& o Vit R

—peME  —ppehE (vy)3e ¢ (v3)3e Vst (v4)3e Vs

=222~V (g — o) (&M et (176) 1 1 ha(1-8)) e<1+i>ﬁ_e<lfi>ﬂ]

)

(3.8)

3.9

(3.10)

3.11)
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A§ - _ (5%1@“1(1_&) + 5éleﬂz(1—5))
0 0 eV11-8) e2(1-8) eVa(1-8)
0 0 (vl)zevl(l_‘:) (VZ)ZeVz(l—é) (V4)ZeV4(1—§)
x det 0 0 (vi )ze_vl5 (VZ)Ze—wé (V4)ze_v4§
—e b —o M€ e V16 e V26 e~ V46

—Uje S _ppemhE  (y))3enE (vy)3e V28 (v4)3e Vit

—222eVAE (1) — ) (&M k1 (1-8) | gl pha(1-8)) [6(170\/1_ ef(1+i)ﬂ} ’ (3.12)
Ag - (5}18#1(1—5) —0—5%16“2(1_5))
O 0 evl(l_é) evZ(l_é) ev3(l_§)
0 0 (vl)zevl(l_‘:) (vz)ze"z(l‘5> (v3)2e"3(1“5)
x det 0 0 (vi)2e V& (vp)2e 2% (v3)2e™ V6
—e b — o H2§ e V16 e V26 e V36
—Uje S _ppemE  (y))3enE (vy)3e V28 (v3)3e Vit
222 VA (1) — o) (el i (1-8) | ol pha(1-8)) [e(lfw% _e(fm)ﬂ] , (3.13)

AZI’ :(5%2evl(1—<:) +CV%26V2(1—§) —|—5§28V3(]_5) —|—cvizev4(l_5))

et2(1=8) 0 0 0 0
0 (VI)Zevl(l—é) (V2)ZeVz(1—§) (v3)26w(1—€) (v4)2ev4(1‘5)
x det 0 (vi)2e "¢ (v)2e 2% (v3)2e™ V6 (vg)2e V6
—eHé e V16 e V26 e~ V36 e~ V46

_Nze—uzé (V1)3e—vlé (V2)3e‘V25 (v3)3e‘v3‘5 (V4)3e—wé

_((vl)zcv%Zevl(lfé:)+(vz)ch%Zew(lfé)+(v3)25§26v3(17§)+(v4>2cvi2ev4(l—§))

et (1-8) 0 0 0 0

0 evl(lig) eVZ(lié) ev3(17§) ev4(17g)

xdet| 0 (m)PeME (w2 (v3)2eViE (vy)le Vit
_e_.uzé e_vlé e_v2§ e_v3§ e_v4§

—e 8 (v)Pe e (m)3e 2l (v3)de i (vy)dem vt
:41%3#2(1—5)(@/4 +ie"t —e” —ie"?) [5%2evl(]_é) +CV%26V2(1—5) + 5%26V3(1—§) +5§26V4(1—5)
_ 4)Lgeﬂz(1—§)(ev4 +ie" —e¥ —ie”) [(vl)zé?evl(l_i) + (VZ)QCV%ZeVz(l—é) + (V3)2CV%26‘/3(1_§)

+(vy)232e 1280 | (3.14)
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AS = [vzz M-8 4 22,0(1-6) | v226v3(176>+5326v4(175)}

et (1-8) 0 0 0 0
0 (Vl)zevl(lﬂi) (vz)Zer(lfé) (VS)Zew(lfé) (v4)2ev4(1*5)
x det 0 (vi)2e ™18 (vy)2e™ V28 (v3)2e"3¢ (v4)2e "8
_eHié e V16 e V28 e~ V36 e V46

—lpe M (vp)le Vs (vy)3e V28 (v3)3e "¢ (vg)3e Vs

+ [(Vl) 22 ,vi(1- 5)+(v2)zé§2e"2(1_5)+(v3) X223 (1— §)+(v4)2cvﬁzev4(“5>

et (1-8) 0 0 0 0
0 ev1(1=8) ev2(1-8) ev3(1-8) ev+(1-8)
x det 0 (vi)2e ™ (v)2e2E (v3)2e %6 (vy)2e Vil
_e*,ulé 67V15 e*Vzé efv3§ €7V4§

—e s (v)PeiE (vy)Bem Vel (v3)3e Vi (vy)dei8
— *4)[4%61““(175)(6‘/4 +ieV| 7eV3 *i@vl) [5%26\/1(175) +é%2€v2(17€) +5%26V3(17'g') +5£26V4(175)

_}_4)Lgelil(1—f§)(ev4 +ie"1 — e —ie"?) [(VI) CV%Z vi(1=¢) 4. (VZ)ZE.’%ZBVZ(]—@ + (V3)2CV%26V3(1—‘5)

+(va) e8| (3.15)

A =(82eM178) 1 220 (1-8) 4 @2,v(1-8) | @22pm(1-8)

et (1=8) et2(1-8) 0 0 0

0 0 (Vz)zeV2(1—é) (v3)2ev3(175) (v4)2ev4(1*5)

X det 0 0 (Vz)zefvﬁ (v3)2e*"3~’3 (v4)2e*"4‘5
—e M —eH2b e V26 Vi€ oVt

_ule_y'lé _uze_“'2§ (v2)3e—V2€ (v3)3e—\/xé (v4)3e_v4€
((Vl) v22 V1(1 ¢) <V2)25%26v2(1_é)+(V3)2CV%2€V3(1_§)—|—(v4)2cvize"4(1_é))

e(1-8)  pm(1-8) 0 0 0
0 0 eV2(1-8) eV3(1-6) eVa(1-8)
x det 0 0 (\/2)26_"25 (V3)ze_v3é (V4)26_V4§
—e & —eHé e V26 e V36 e V46

—e ME e (n)3e 28 (v3)de V8 (vy)de Vit

—o Vi [sz Vi(1=8) 4 @22v2(1-8) | (22,v3(1-8) 4 p22va(1-8)
x [;L%(eﬂz — M) ((i—1)eVE 4 (1+i)e VA —2ieVA) — 222 (et — et ) (e VE — e—iﬂ)}
—e V28 [(Vl)zcv‘%zevl(l_é)—|—(V2)2CV%2€V2(1_‘:)+(V3) B2evs(l- §)+(V4)25326V4(1_5)]
x [A3 (et — e (1= i)e — 21 - (14i)e V)

A (e — ppett) (e VE VA )] : (3.16)
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AS =— (5%26\’1(1*5) +CV%2€V2(1*§) +CV%2€V3(1*5) + 542‘28\’4(1*5))
eti(1=8)  pa(1-8) 0 0 0

0 0 (vl)zevl(l—é) (v3)2ev3(1_g) (v4)2e"4(1—‘5)
xdet) 0 0 et Pt ()l
—eThe it e Vs Vi Vit

_u1€7u1§ _‘uvzeflJ'Zé (v1)367v1§ (v3)3€7v3§ (V4)3efv4€
+ ((V1)25%26V1(1*§) + (v2)25%26\/2(1*§) + (v3)25§2€v_3(17§) + (V4)25326V4(175))
e.ul(l—é) e‘llz(l—é) O O 0
0 0 M-8 (-8 gu(i-g)

x det 0 0 (vi)2e™E  (v3)2e7 V35 (vy)2e V6
—eHb —eH2b e V16 e V36 e V46

—lye S e s (v)PBe S (v3)de 8 (vy)leVes
— _vié {Cv%Zevl(lfég) _i_cv%zevz(pg) +5§2e"3(1*5) —i—cvizev“(l’é)
x [A2 (et — et (1 i)eM 4 (= e VR = 2ieVh) — 202 (et — poet) eV — V)|
e ()22 078 4 (v2)2e82e (178 4 (v 22 (178 o (g e 9|
x [A3 (et — e (1= i)e VA~ 2ieVE — (14i)eE)

~22 (et — ety (e VA — VA | (3.17)

Ag’ —o Vit [5%26v1(1—§) +5%2e\z2(1—.§) +5§2ev3(1_5) —|—cﬁze"4(l_‘§)]
x [A2 (et = et 2e VA (1= 1)eVE — (14 1)e™VE) ~ 227 (e — e ) (eVF — eV |
vk [(vl)zé?e"l(l’é) i (vz)zcv%zevz(lfg) i (v3)zé§2ev3(1’5) i (v4)2532ev4(1’5)]
x [ (et — ety ((i = 1)e 26 VA (1 i) )

—2A (e — et ) (eVr — e VHh)| (3.18)
and

AS = — vk [Cv%zevl(lfé) 22 (178) | @2,(1-8) | 222,w(1-¢)
X [}»%(e“2 - e“‘)(2ei\/z+ (i— l)e*ﬂ —(1 —i—i)e‘/z) —2A% (et — ,uze’““)(e\/z — e*ﬂ)}
4o V6 {(V1)25%26vl(1*§) + (Vz)Zg?eVz(l*é) + (v3)25§26\/3(1*5) + (v4)25‘2‘2ev4(1"5)]
X [x%(eﬂz et ((i—1)eVE —2e7VE (1 4 q)eVE)
DA (et — pyet) (€A — eV (3.19)
The proof is complete.

Lemma 3.2. There exists a C > 0 such that

Al>CAZeVIA va iR
Al > C| , :
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where A is given as in (3.7).
Proof. Ttis ready to find that, for every A € iR,

‘4)& (e — ppet) [_e(l—i)ﬂ+e(1+i)ﬁ+e—(1+i)\/%_e(-m)\/x}‘
<C|AP H (- 1\F‘+‘ 1+1f‘+‘ 1+1f’+‘ 1+1fH

—C|AP (evZVL +e VA +2> :

Therefore,
’412(“16;12 et [_6(171)\/I+e(1+i)\/I+ef(1+i)\/I_ e@m)ﬁ} ’
lim =0.
AEIR A |—+eo ’M%e\/zw
On the other hand, we have
‘2(1 + i)?L% (et —et?) [ie(lﬂ)‘ﬁL — e (VA _ e(in)ﬂ} ‘
<C|7L|% (e* V24| +2> for every A € iR with SmA >0,
and
’2(1 —i—i))L% (et —et?) [e(lfi)\/I —ie (VA _ e(*lﬁ)ﬁ} ’
gC\M% (e’ V2IA] —|—2> for every A € iR with SmA < 0.
These two observations imply immediately
2(14+1)A % (k1 — ek2) [w(lﬂw e (VA _ eHWﬂ
lim =0,
ACIR,SmA—+oo ‘M%e 2|7
and
2(1+1)A% (et — ek2) [eufM —je (VA _eHWI]
lim =0,
A€iR,SmA——oo M‘%e 2|4
respectively. By using (3.3), we have
a2
li M= QL—— ———
leiR,T/Ilr\lﬁﬁo‘e | leiR,T/III\lﬁﬂo exp(= + 81 +O(1A] ))‘
a a
= 1 —~ 4+ ReO(A|2) =e2.
= R ﬁr‘lﬁmexp( 5 T ReO(A[)) =e
With the aid of this, and (3.20), (3.21), and (3.22), we can obtain the desired estimate
|A| _ ‘2(1 +1)l%(e“’ _e/,tz) |:e(17i)\/x+ie(l+i)\/7t —(1+H)VA —1+4i) \/I}
AN (e — ppett) [_e(l—i)ﬂ+e(1+i)ﬂ+e—(1+l —1+) \/I} ‘
> ‘2(1 +i)l%(e“1 —el?) [e(l_i)‘/’f+ie(l+i)‘/x—ie_(“rl —1+) \/E} ‘
B ‘412(u1e“2 et [_e(l—i)\/%+e(1+i)\/x+e (H)VA _(—1+i) \/IH

>C\M%e\/ 22 for A € iR with || sufficiently large.

(3.20)

(3.21)

(3.22)
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Lemma 3.3 (Young’s inequality). For every f € L'(R) and g € LP(R) (1 < p < +o), we have ||f *
gllrry < oy llgllze @), in which, (fxg)(x) = [2Z f(x—y)g(y)dy, Vx € R.

Proposition 3.2. There exists a C > 0 such that |[(Aidy —A) || o) < CeC YA € iR, where id
is the identity operator on F.

Proof. Let A €iR, (0,0, v, W) € 2(A), and write (f, f,2,8) = (Aidy —A) (0,0, ¥, ). (0,9, v, W) €
Z(A) and (f, f,g,g) are such that

rp—o=f in (0,1),
Ao—¢"+ap=f in (0,1),
;Lll,_ilv’:g in(()?l))
(3.23)
Ay =g in (0,1),
¢(0) — w(0) = ¢'(0) —y"(0) =0,
o(1) =w(1) =y"(0) = y"(1) =0, ,
or equivalently
(fi)/:k(p_f in(071)7
¢'— (A +ar)p=—(A+a)f-f in(0,1),
v=Ay—g in (0,1),
@ 12 (3.24)
v+ ATy =Ag+g in (0,1),
¢(0) —w(0) = ¢'(0) —y"(0) =
o(1) = (1) =y"(0) = y"(1)=0.
By Lemma 3.1, ¢ and y can be represented respectively by
/ G (x5, E)(—(A+a)f—f)(& d§+/ G (x,E)(Ag+8)(&)dE and (3.25)
/ G (5, &) (—(A+a)f — )(&) d& +/ G2 (x,)(Ag+8)(£)dE. (3.26)

To accomplish the proof of Proposition 3.2, it is essential to obtain the estimate ||(¢,0,y,0)|,» <
C||(f,f,& 8)|l» and to find an upper bound on the constant C. Let us start this long procedure by
analyzing the term [y G''(x,€)(—(A +a)f — f)(€)d&. We have by some routine calculations that

/xeuz(Hé)eun(xfé)(_(;L +a)f—f)(&)d

0

12(0,1)

|| 2120 /Oxe—wuz)éeuz J(~(A+a)f— 1))

12(0,1)

<C

/oxe““"*é%—u +a)f—f)(&)déE

<Clle™™ || 1ol = (A +a)f—fHL2(o,1)
<Cl(IA+a) £z 00 + 12 0.0)s (3.27)

12(0,1)
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where the “<” in the third line follows from the fact that Re A is bounded and from the algebraic identity
U1+t = 0, while the “<” in the forth line follows from Young’s inequality. With the aid of (3.4), (3.5),

(3.6), (3.8), (3.9), (3.27) and Lemma 3.2, we have by some routine calculations that

| [ +athentiarar - e

12(0,1)

<

[ el ra)r - &) ag

0 12(0,1)

| a8 (2 a)f - e e
0 12(0,1)

’4&21125%16#1 [_e(lfi)ﬂ+e(1+i)\/1+ef(1+i)ﬁ_EHH)\/I}‘

+

A
[ e+ arf - (e
0 12(0,1)

’4/12‘[12511 { (171)\/I+e(1+i)ﬂ+67(1+i)\/%_e(fl+i)\/x}‘

X

A
e 0 —(a) - (&) d

0

X

12(0,1)
)—ZA%(I Fi)elem [6(171)\/%+ie(1+i)\/1_ief(1+i)\/1_e(fm)ﬂ} ’

+
A

[ e -(hrarr-F&)ag
0 12(0,1)

)—ZA%(I ! [e(]—i)ﬁ+ie(l+i)ﬁ_ie—(l—&-i)\/i_e(—l—i-i)ﬁ} ‘

X

A

/Oeuz(l 28) phtr (x— ( (A+a)f— f)(é)d

X

12(0,1)
Ill [(Ill +a)l|fllz0.1) + I fl2o,n)

<C (I + A1) (A + @l ez + 1 F20.)

<C([[fll20,1) + Hf”y(o,l)),

where the “<” in the penultimate line follows from Lemma 3.2. Similarly, we have

| [ e ee o ar -

£2(0,1)

Combine (3.28) and (3.29), we obtain

<CUfllz0,1) + HJ?HLz(O,l))'

/’“c;n<x,5><—<z+a>f—f><¢> dé

0 12(0,1)

<CUIf 20,1y + HfHLZ(O,l))‘

(3.28)

(3.29)

(3.30)
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Now it turns to analyze fxl G (x,E)(—(A+a)f — f)(E)dE. By changing of variables, we have

/xle“‘“‘@(—(z +a)f — )(6)d¢

12(0,1)

_ /0“‘ (=08 (A £a)f — F)(1— &)

2(0,1)
| [ e -@rayr-f1-&)ds
0 L2(0,1)
<le ™ Nzl = A +a)f = fllzen
<Cl(A+a) | 20,0y + Hf”Lz(O,l)]-
It follows that
I
[ e (A +a)7 - F)(E)d
x 2(0,1)
1 -
— e#z(lflv)/ 0 (— (A +a)f — F)(E)
x 12(0,1)
<Clle™™ ol = A +a)f = fllrz)
<ClIAL+a)llf 2 0.0) + 1 ll20.1))- (3.31)

Taking the same route as in (3.28), we have

[ ettt a7 (&)

X

12(0,1)
‘412“25%16;11 [_e(lfi)\/z_'_e(lﬂ)\/z+ef(l+i)\/z _ e(fm)ﬂ} ‘

]
1 ~

[ e ta)f - 7(E)dg

x 12(0,1)

‘4/12“25%1 [_e(lfi)\/z+e(l+i)\/x+ef(l+i)\/7t _ e(fm)ﬂ} ‘

X

4]
[ et a)f - &)

X

X

12(0,1)
_ _3 ~
<C(JA7 + A7) 102+ @) 2o, + 1 20,0
<C(f 120,y + ||f||L2(0,1))- (3.32)

We also have

/xlcneu2 (~A+a)f-1)&)d

CUIf 120,y + ||f||L2(0,1))~

12(0,1)

This, together with (3.32), implies

[ 6w - (v - ig)de

< CUI 20,1 + Hf”v(o,l)),

12(0,1)
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which, together with (3.30), implies

[ 6" wa-0rar-Hie

C(Iflz20.1) + Hf\lem,l))- (3.33)
12(0,1)

By mimicking the steps in obtaining (3.33), we can prove

1 ~ ~
(G (x,E)(—~(A+a)f— f)(€)d S CIAf 20,1y + 1Al 20,1)- (3.34)

12(0,1)

Let us now analyze fol G (x,&)(Ag+8)(E)dE. Using (3.4), (3.5), (3.6), (3.14), (3.15), and Lemma 3.2,
we have

[ eent g 2oz

12(0,1)

7 . .
4h2eH2(e¥ 41V —e*? —ie"?)
A

X /01 [5%Zevl(lf§)+5gze”(175) + &7 1me) el }(lg+@(§)d§’

5 . .
4L 22 (Y 41eV — €3 —ie"?)
A

< HeuleLf(O,l)

+ e 20,1

1
></ [(Vl)zcv%zevl(l_é)—i-(V2)25%2e"2(]_§)—I—(V3)zc€2€v3(l_‘§)+(V4)2V4212 va(l é}(lg+§) dé’
0

VI

ccMPe=T) -
ng—FgHLZ(o,l)
C
<\/W(||8”L201 )+ 118l z20.1))- (3.35)
With similar routine calculations, we also have
[ e @) (gl + 1El20.0)
cy e (Ag+g < ——==(ll&llr20,1) T lI&8llz2(0,1))-
0o on VAl oy oy
This, along with 3.35, implies
[ e e+ <oy + Blzon). 630
n o VIAl
By mimicking steps as in deriving estimate (3.36), we have
[ acreouns @, | <ovllson oo 63
20,1
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In view of (3.4), (3.5), (3.6), (3.10), (3.11), (3.12), (3.13), and Lemma 3.2, we have

[ @9 (rayr - ie)a

0

12(0,1)
222 (1 — ) [e(fm)\/%_ e*“*i)ﬂ}

A

gHeVMHLZ(O,l)

§ /OlV“e*““ Vo) (-t a)f - f)(6)dE

C VA ~
<—=¢ 2 ([[fllzo,n + [1f20,1)- (3.38)

SVIAl

It follows that

I ~ c .
/ e (—(A+a)f - f)(E)d < e 2 ([[fllzny + 1 o), k=2,3,4.
0 12(0,1) 4]
This, together with (3.38), implies
I c -
G*'(-, d < e + . 3.39
feeara| < e (o +Hlson) (339
We also have
[ e e oy SOV Wllon +1flon) G40
0,1

Let us analyze here fol Gzz(x,é)(lg+§)(§)d§. By (3.4), (3.5), (3.6), (3.16), (3.17), (3.18), (3.19), and
Lemma 3.2, we have

H/ & +-E) (g +)(E)

12(0,1)

e
< |7L| (llgllz2 0.1y + 118l z20.1))
X
1o | [ e e+ &)
0 L2(0,1)
V| . 22
<ce™s [mamnmw||g||Lz<o,1)>+ | fee V15<xg+@<é>]d5]

VIR . P R— 5
<Ce 2 ﬁ(”g”LZ(OJ)‘FHg||L2(o,1))+||Cl e HL?(OJ)H)“g"_gHLZ(O,l)

C Vi ~
g\/me > (llgll2,1) + gl 2 0,1))
e _ ARV £ AP AN eVIRI(ALE + A2
et ng,ml)[r | |£|| E+IAP) | AI1A |A|<r E[AP)
C Vi ~
< e 2 (lgllzz o, + 18ll20,1)) (3.41)

=

|A
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and
| [ @@
12(0,1)
C v
<767(IIgI\L2 ot l&lzon), k=234
\/W (0,1) (0,1)

This, together with (3.41), implies

| a2 +21)ag

12(0,1)

By applying similar argument as in obtaining (3.41) and (3.42), we can prove

(g +8)(8)dE

1
22 V1
1
X

<||ev]x”L°°(0,1)

12(0,1)

| e miigrae)

V2
<Ce 2

[ eviig e

m/ e g+ 9)(E)| dé

gCeT Hc%ze—vlé HLZC(OJ) Ag+ 2201

12(0,1)

L=(0,1)

A2V + (AP
A[72eVIR(ALZ +[AF)

7 N
(gl 20,1y + 1811 22(0,1))-

C V2
< ——=e 2
VIA]

A eV2H(ALE + (A7)

N
<Ce 2 [Ag+2lr200)

A A
C o -
< |7L|e (llgllz20.1) + 18l z20,1))
and
1
| et g+ ()
x 12(0,1)
C 212 ] -
<ﬁ€ > (lgllz0) t18ll20,1)),  k£=2,3,4,
respectively. This, together with 3.44, implies
C i -
[ P wots+ D@ <~ gl + @)
12(0,1) A
which, together with (3.43), implies
1 C Vo
G?(x,&)(Ag+8)(8)dE < e 7 (lellz,1) + l1gllz20,1))-
) 2oy V1Al sen ey
In a similar way, we can prove
V2l ~
| orw0srn@ae| | <oV el + Rl
12(0,1

Combine (3.25), (3.33) and (3.36), we obtain

o201y < CULFll20,1) + HfNHLZ(O,l))a

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)
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which, together with (3.24), implies

101l200,1) < CIAI(If 20,1y + HfHLZ(o,l))- (3.47)
Combine (3.26), (3.39) and (3.45), to get

Cc -
HWHLZ(OJ)g\/We > (llgll2,1) + &l 20.1))

which, together with (3.24)3, implies

W20y <C We e (||g”L2 o1y T 118l 20,1))- (3.43)
Combine (3.25), (3.34) and (3.37), we obtain
19x@ll20,1y < CIA(If I 200,1) + ”f”LZ(OJ))' (3.49)

Combine (3.26), (3.40) and (3.46), we get

S
”aleVHLZ(O.,l) (Ale 2 (llgllzz0.1) + Igllz20,1))- (3.50)
In view of (f,f,g,gf) = (Aidy —A) (@, 9, y, V), we find from (3.47), (3.48), (3.49) and (3.50) that
~ ~ 2 o~ ~
1(@,0,v,¥)|l» <C Il\e 2| (Aidye - A) (9,0, W, ¥)ll120,1:r4)
V2] -~
[Ale™ 2 [[(Aidr —A) (0,0, 9. ¥) ||,

which is equivalent to

| Ridye —4) (£, o2 D)lle < OV TN T e

Since (f ,f,g,@ is arbitrary in .77, we have

I(Aidsy —A) " 20 SCVIAe T < Ce,

for sufficiently large constant C, say, C> max (5 V2 % %) The proof is complete. U

Lemma 3.4 (see [11, 12, 13]). Let A be the infinitesimal generator of a strongly continuous semigroup
{etA}te[OﬂLm) of contractions on a complex Hilbert space H. If there there exists a Cy > 0 such that

I(Aidg —A) | o) < Qe VA € iR,

then there exists a Cy > 0 such that, for every h € Z(A),

c
< Mg
ln(t—|—2)” lo)

AP

Vit € ]0,4oo).

Proof of Theorem 1.2. Using Proposiiton 3.2 and Lemma 3.4, we can obtain the desired conclusion im-
mediately. O
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4. CONCLUSION

We investigated in this paper transmission system (1.1) of a 1-D damped wave equation and a 1-D
undamped plate equation for its large time behavior. We proved that the spectrum of the infinitesimal
generator of the semigroup associated to the system under consideration consists merely of eigenvalues
which lie to the left of the imaginary axis. Indeed, we obtained more information on the spectrum: The
spectrum has two distinct vertical lines as its asymptote lines in which the one on the right hand side is
the imaginary axis. Inspired by the spectral structure, we analyze the spectrum and prove by establishing
a resolvent estimate that the energy of (1.1) decreases to zero as at a logarithmic decaying rate. We
conclude this paper with an interesting question: Can one obtain a polynomial decaying rate for the
energy functional E(z) defined by (1.4)?
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