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GREEN’S FUNCTION APPROACH TO A LARGE TIME BEHAVIOR PROBLEM FOR A
COUPLED SYSTEM OF 1-D WAVE AND PLATE EQUATIONS

CHENGQIANG WANG

School of Mathematics, Chengdu Normal University, Chengdu 611130, China

Abstract. We study a system composed of a 1-D damped wave equation and a 1-D undamped plate equation, in which the
energy of the two parts can be transmitted through the boundary. We show that the spectrum of the infinitesimal generator of
the semigroup associated to a system equivalent to the concerned system is contained in the open left half complex plane, and
prove by establishing a resolvent estimate on the afore-mentioned infinitesimal generator that the energy of the system under
consideration decays at a logarithmic rate. Green’s function and Young’s inequality are the two main ingredients in proving the
afore-mentioned resolvent estimate.
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1. INTRODUCTION

To suppress of the vibration of elastic bodies, engineers and material scientists usually bond some
functional patches to the underlying elastic bodies as active damping “controllers”; see [1]. In this paper,
we are concerned with a model of a elastic body whose vibration is suppressed by a functional patch
whose energy is inhibited by a linear frictional damping, namely, the transmission system

∂
2
t u−∂

2
x u+a∂tu = 0 in (0,1)× (0,+∞),

∂
2
t w+∂

4
x w = 0 in (−1,0)× (0,+∞),

u(1, t) = ∂
2
x w(0, t) = w(−1, t) = ∂

2
x w(−1, t) = 0 for t ∈ (0,+∞),

u(0, t) = w(0, t), ∂xu(0, t) =−∂
3
x w(0, t) for t ∈ (0,+∞),

u(·,0) = u0, ∂tu(·,0) = u1 in (0,1),

w(·,0) = w0, ∂tw(·,0) = w1 in (−1,0),


(1.1)

where the equation ∂ 2
t w+∂ 4

x w= 0 is used to describe the vibration of the elastic body, while the equation
∂ 2

t u− ∂ 2
x u+ a∂tu = 0 is incorporated to characterize the suppression of the functional patch. In this
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model, constant a > 0 reflects the intensity of the frictional damping; the vibration of the elastic body is
suppressed by the functional patch via the the “law”: u(0, t) = w(0, t), ∂xu(0, t) =−∂ 3

x w(0, t).
Aside from the above model, transmission systems of partial differential equations can be widely

used to describe such diverse physical processes as fluid-structure interactions, electromagnetic coupling,
coupled chemical reactions and so on. Therefore, these systems have been extensively investigated in
the literature; see [1, 2, 3, 4] and the references therein. Our main goal in this paper is to understand
better the longtime behavior of solutions to system (1.1), and our study has been motivated by some
newly obtained results in this research field. Ammari and Nicaise [5] proved under a certain geometric
condition that the energy of the transmission system of a damped wave equation and a damped plate
equation decayed exponentially by a multiplier argument. Zhang and Zhang [6] studied the stabilization
of transmission coupled wave and Euler-Bernoulli equations on Riemannian manifolds by introducing
nonlinear feedbacks. Hassine [7] proved by the Carleman estimate an energy decay estimate for the
transmission system of an undamped Euler-Bernoulli plate and a wave equation with a localized Kelvin-
Voigt damping. Fu and Lü [8] considered a weakly coupled system wave-plate equations, where a
localized damping is added either in the wave part or plate part, and proved under some condition on the
damping and the coupling terms that sufficiently smooth solutions of the system decayed logarithmically
at infinity without any geometric conditions on the effective damping domain. Gong, Yang and Zhao
[9] studied the stabilization of a wave/plate transmission system via an Riemannian geometric approach.
The controllability of wave/plate transmission systems was also investigated in the literature; see [10]
and the references. Inspired by the afore-mentioned results, and in view of the presence of the damping
in the wave equation, we are interested in the large-time behavior of solutions to system (1.1).

To study the dynamics of system (1.1), we introduce the auxiliary function v(x, t) = w(−x, t), and plug
it into (1.1) to yield a system, which is equivalent to (1.1), that is,

∂
2
t u−∂

2
x u+a∂tu = 0 in (0,1)× (0,+∞),

∂
2
t v+∂

4
x v = 0 in (0,1)× (0,+∞),

u(1, t) = ∂
2
x v(0, t) = v(1, t) = ∂

2
x v(1, t) = 0 for t ∈ (0,+∞),

u(0, t) = v(0, t), ∂xu(0, t) = ∂
3
x v(0, t) for t ∈ (0,+∞),

u(·,0) = u0, ∂tu(·,0) = u1 in (0,1),

v(·,0) = v0, ∂tv(·,0) = v1 in (0,1).


(1.2)

Therefore, the study of the longtime behavior of system (1.1) is equivalent to that of system (1.2).
Let us now introduce the space

H = {(ϕ, ϕ̃,ψ, ψ̃) ∈H1(0,1)×L2(0,1)×H2(0,1)×L2(0,1);

ϕ(1) = ψ(1) = ϕ(0)−ψ(0) = 0}.
(1.3)

Indeed, H , equipped with the sesquilinear form

H 2 3 ((ϕ, ϕ̃,ψ, ψ̃),( f , f̃ ,g, g̃)) 7→
∫ 1

0
(ϕ ′ f ′+ ϕ̃ f̃ +ψ

′′g′′+ ψ̃ g̃)dx ∈ C

where z denotes the complex conjugate of z ∈ C, is a Hilbert space. H is the so-called finite energy
space of system (1.2). And, E(t) (resp. Ẽ(t)) is the natural energy functional associated to system (1.1)
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(resp. (1.2)), where E(t) and Ẽ(t) are defined respectively by

E(t) =
1
2

∫ 1

0

(
|∂tu(x, t)|2 + |∂xu(x, t)|2

)
dx+

1
2

∫ 0

−1

(
|∂tw(x, t)|2 + |∂ 2

x w(x, t)|2
)

dx and (1.4)

Ẽ(t) =
1
2

∫ 1

0

(
|∂tu(x, t)|2 + |∂xu(x, t)|2

)
dx+

1
2

∫ 1

0

(
|∂tv(x, t)|2 + |∂ 2

x v(x, t)|2
)

dx.

Let us define an unbounded linear operator A in space H by

A(ϕ, ϕ̃,ψ, ψ̃) = (ϕ̃,ϕ ′′−aϕ̃, ψ̃,−ψ
(4)), ∀(ϕ, ϕ̃,ψ, ψ̃) ∈D(A),

D(A) = {(ϕ, ϕ̃,ψ, ψ̃) ∈H ∩ (H2(0,1)×H1(0,1)×H4(0,1)×H2(0,1));

ϕ̃(1) = ψ̃(1) = ϕ̃(0)− ψ̃(0) = ψ
′′(0)

= ψ
′′(1) = ϕ

′(0)−ψ
′′′(0) = 0}.


(1.5)

The following is one of our main results.

Theorem 1.1.

• A is the infinitesimal generator of a strongly continuous semigroup of contractions on H .
• σ(A) is contained in the open left half complex plane C− and consists merely of eigenvalues
{λ1k,λ2`} of A. And moreover, the eigenvalues are distributed as follows:

λ1k =
−a± i

√
4k2π2−a2

2
+O(k−

1
2 ) as k→+∞ with k ∈ N,

λ2` =±π
2
(
`+

1
4

)2

i+O(|`|−
1
2 ) as |`| →+∞ with ` ∈ Z.


The fact that σ(A) is contained in the open left half complex plane implies that energy Ẽ(t) (or

equivalently E(t)) decreases to 0 as t → +∞; see [11, 12, 13] and the references therein. Motivated by
this, we study operator A and obtain the following logarithmic decaying estimate on E(t).

Theorem 1.2. There exists a C > 0 such that, for every quadruple (u0,u1,w0,w1) ∈D(A),

E(t)6
C

ln2(2+ t)

(
‖u0‖2

H2(0,1)+‖u
1‖2

H1(0,1)+‖w
0‖2

H4(−1,0)+‖w
1‖2

H2(−1,0)

)
, ∀ t ∈ [0,+∞).

Note that E(t) and Ẽ(t) share the same decaying rate. To obtain a decaying estimate on Ẽ(t), we
analyze in detail the resolvent (λ idH −A)−1 and obtain an useful estimate on it along the imaginary axis.
Green’s function and Young’s inequality are key ingredients in obtaining the afore-claimed resolvent
estimate.

The rest of the paper is planned as follows. In Section 2, we prove Theorem 1.1. In Section 3, we
prove Theorem 1.2. In last section, Section 4, a concluding remark is provided.

2. PROOF OF THEOREM 1.1

The principal goal of this section is to analyze in detail the spectral structure of A. First, we prove that
IBVP (1.2) is well-posed in H .

Proposition 2.1. A is the infinitesimal generator of a strongly continuous semigroup of contractions
{etA}t∈[0,+∞) on H .
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Proof. Define an unbounded linear operator A∗ in H by

A∗(ϕ, ϕ̃,ψ, ψ̃) = (−ϕ̃,−ϕ
′′−aϕ̃,−ψ̃,ψ(4)), ∀(ϕ, ϕ̃,ψ, ψ̃) ∈D(A∗),

D(A∗) = D(A).

}

Indeed, A∗ is the adjoint of A in H . By using integration-by-parts, we have

2ℜe〈A∗(ϕ, ϕ̃,ψ, ψ̃),(ϕ, ϕ̃,ψ, ψ̃)〉H

=
∫ 1

0

[
−ϕ̃

′(x)ϕ ′(x)−ϕ
′′(x)ϕ̃(x)−a|ϕ̃(x)|2− ψ̃

′′(x)ψ ′′(x)+ψ
(4)(x)ψ̃(x)

]
dx

+
∫ 1

0

[
−ϕ̃ ′(x)ϕ ′(x)−ϕ ′′(x)ϕ̃(x)−a|ϕ̃(x)|2− ψ̃ ′′(x)ψ ′′(x)+ψ(4)(x)ψ̃(x)

]
dx

=
[
ψ
′′′(x)ψ̃(x)−ψ

′′(x)ψ̃ ′(x)+ψ ′′′(x)ψ̃(x)−ψ ′′(x)ψ̃ ′(x)− ϕ̃(x)ϕ ′(x)− ϕ̃(x)ϕ ′(x)
]1

0

−2a‖ϕ̃‖L2(0,1)

=−2a‖ϕ̃‖L2(0,1), ∀(ϕ, ϕ̃,ψ, ψ̃) ∈D(A∗),

which implies

ℜe〈A∗(ϕ, ϕ̃,ψ, ψ̃),(ϕ, ϕ̃,ψ, ψ̃)〉H =−a‖ϕ̃‖2
L2(0,1), ∀(ϕ, ϕ̃,ψ, ψ̃) ∈D(A∗).

Similarly, we can show

ℜe〈A(ϕ, ϕ̃,ψ, ψ̃),(ϕ, ϕ̃,ψ, ψ̃)〉H =−a‖ϕ̃‖2
L2(0,1), ∀(ϕ, ϕ̃,ψ, ψ̃) ∈D(A). (2.1)

In addition, A is densely defined and closed in H . By [14, Corollary 4.4, p. 15], A is the infinitesimal
generator of a strongly continuous semigroup of contractions {etA}t∈[0,+∞) on H . This completes the
proof. �

Remark 2.1. In light of (2.1), A is dissipative and therefore λ /∈ σ(A) whenever ℜeλ > 0. In particular,
this implies that the resolvent set of A is nonempty.

Remark 2.2. In view of the embedding D(A)⊂H by the Rellich-Kondrachov theorem, A has compact
resolvents. Therefore, σ(A) consists merely of a sequence of eigenvalues.

Next, we prove that σ(A) is contained in the open left half complex plane.

Proposition 2.2. σ(A)⊂ C−, where C− = {λ ∈ C; ℜeλ < 0}.

Proof. By Remark 2.1, it suffices to show that iR∩σ(A) = /0. Indeed, 0 /∈ σ(A). Otherwise, there exists,
by Remark 2.2, a nonzero quadruple (ϕ, ϕ̃,ψ, ψ̃) such that A(ϕ, ϕ̃,ψ, ψ̃) = (ϕ̃,ϕ ′′− aϕ̃, ψ̃,−ψ(4)) =

0(ϕ, ϕ̃,ψ, ψ̃). We have ϕ̃ = 0, ψ̃ = 0, ϕ ′′ = 0 and ψ(4) = 0. Therefore, ϕ and ψ assume the forms
ϕ(x) = c11x+c12 and ψ(x) = c21x3+c22x2+c23x+c24, respectively. Recalling the boundary conditions
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to which ϕ and ψ are subject, we have

ϕ(1) = 0 =⇒ c11 + c12 = 0, ,

ψ(1) = 0 =⇒ c21 + c22 + c23 + c24 = 0,

ϕ(0)−ψ(0) = 0 =⇒ c12− c24 = 0,

ψ
′′(0) = 0 =⇒ 2c22 = 0,

ψ
′′(1) = 0 =⇒ 6c21 +2c22 = 0,

ϕ
′(0)−ψ

′′′(0) = 0 =⇒ c11−6c21 = 0.


It is ready to check that

det



1 1 0 0 0 0
0 0 1 1 1 1
0 1 0 0 0 −1
0 0 0 2 0 0
0 0 6 2 0 0
1 0 −6 0 0 0


=−12 6= 0. (2.2)

Then c11 = c12 = c21 = c22 = c23 = c24 = 0, that is, ϕ = 0 and ψ = 0. This, together with the observation
that ϕ̃ = 0 and ψ̃ = 0, contradicts the the fact that quadruple (ϕ, ϕ̃,ψ, ψ̃) is nonzero. That is, 0 ∈ ρ(A).

It remains to show that iµ /∈ σ(A) for every µ ∈ R \ {0}. Let (ϕ, ϕ̃,ψ, ψ̃) ∈ D(A) be such that
A(ϕ, ϕ̃,ψ, ψ̃) = iµ(ϕ, ϕ̃,ψ, ψ̃) for some µ ∈ R\{0}. We have

〈A(ϕ, ϕ̃,ψ, ψ̃),(ϕ, ϕ̃,ψ, ψ̃)〉H = iµ‖(ϕ, ϕ̃,ψ, ψ̃)‖2
H

which implies ℜe〈A(ϕ, ϕ̃,ψ, ψ̃),(ϕ, ϕ̃,ψ, ψ̃)〉H = 0. This, together with (2.1), implies

ℜe〈A(ϕ, ϕ̃,ψ, ψ̃),(ϕ, ϕ̃,ψ, ψ̃)〉H =−a‖ϕ̃‖2
L2(0,1).

We therefore have ϕ̃(x) = 0, x ∈ [0,1]. Thus, equation A(ϕ, ϕ̃,ψ, ψ̃) = iµ(ϕ, ϕ̃,ψ, ψ̃) is reduced to the
boundary value problem

ψ
(4) = µ

2
ψ in (0,1),

ψ(0) = ψ
′′(0) = ψ

′′(1) = ψ
′′′(0) = 0.

}
(2.3)

The solution to BVP (2.3) can be written as

ψ(x) = ĉ1 cosh(x
√
|µ|)+ ĉ2 sinh(x

√
|µ|)+ ĉ3 cos(x

√
|µ|)+ ĉ4 sin(x

√
|µ|)

where ĉ1, ĉ2, ĉ3 and ĉ4 are chosen such that

ĉ1 + ĉ3 = 0,

ĉ1− ĉ3 = 0,

ĉ1 cosh(
√
|µ|)+ ĉ2 sinh(

√
|µ|)− ĉ3 cos(

√
|µ|)− ĉ4 sin(

√
|µ|) = 0,

ĉ2− ĉ4 = 0.


We deduce from the first two equations that ĉ1 = ĉ3 = 0. Substitute this into the third equation, use the
fact that sinh(

√
|µ|) >

√
|µ| > sin(

√
|µ|) for µ ∈ R \ {0}, and conduct some routine calculations, to

obtain ĉ2 = ĉ4 = 0. Therefore, ψ(x) = 0, x ∈ [0,1]. To sum, (ϕ, ϕ̃,ψ, ψ̃) = 0. This means that iµ /∈ σ(A)
for every µ ∈ R\{0}. The proof is complete. �
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Proposition 2.3. Let λ ∈R\{0}. Then λ ∈ σ(A) if and only if λ satisfies the equation Σ(λ ) = 0, where

Σ(λ ) =λ
√

iλ sinh(
√

λ (λ +a))
[
cosh(

√
iλ )sinh(i

√
iλ )− i cosh(i

√
iλ )sinh(

√
iλ )
]

+2i
√

λ (λ +a)cosh(
√

λ (λ +a))sinh(i
√

iλ )sinh(
√

iλ ). (2.4)

Proof. We should note that λ ∈ σ(A) if and only if the following boundary value problem admits a
nonzero solution:

λ
2
ϕ−ϕ

′′+aλϕ = 0 in (0,1),

λ
2
ψ +ψ

(4) = 0 in (0,1),

ϕ(1) = ψ
′′(0) = ψ(1) = ψ

′′(1) = 0,

ϕ(0) = ψ(0), ϕ
′(0) = ψ

′′′(0).


By the classical theory of ODEs, (ϕ,ψ) can be written as

ϕ(x) =c1 cosh((1− x)
√

λ (λ +a))+ c2 sinh((1− x)
√

λ (λ +a)), and

ψ(x) =c3 cosh((1− x)
√

iλ )+ c4 sinh((1− x)
√

iλ )

+ c5 cosh((1− x)i
√

iλ )+ c6 sinh((1− x)i
√

iλ ).

The coefficients c1,c2,c3,c4,c5,c6 are determined by the boundary conditions on ϕ and ψ . More pre-
cisely, we have

ϕ(1) = 0 =⇒ c1 = 0,

ψ(1) = 0 =⇒ c3 + c5 = 0,

ψ
′′(1) = 0 =⇒ c3iλ − c5iλ = 0,

ψ
′′(0) = 0 =⇒ c4iλ sinh(

√
iλ )− c6iλ sinh(i

√
iλ ) = 0,

ϕ(0)−ψ(0) = 0 =⇒ c2 sinh(
√

λ (λ +a))− c4 sinh(
√

iλ )− c6 sinh(i
√

iλ ) = 0,

ϕ
′(0)−ψ

′′′(0) = 0 =⇒ − c2
√

λ (λ +a)cosh(
√

λ (λ +a))+ c4iλ
√

iλ cosh(
√

iλ )

+ c6λ
√

iλ cosh(i
√

iλ ) = 0.



(2.5)

By the related classical theory from Linear Algebra, Equation (2.5) has a nontrivial solution if and only
if

det



1 0 0 0 0 0
0 0 1 0 1 0
0 0 iλ 0 −iλ 0
0 0 0 iλ sinh(

√
iλ ) 0 −iλ sinh(i

√
iλ )

0 sinh(
√

λ (λ +a)) 0 −sinh(
√

iλ ) 0 −sinh(i
√

iλ )
0 −

√
λ (λ +a)cosh(

√
λ (λ +a)) 0 iλ

√
iλ cosh(

√
iλ ) 0 λ

√
iλ cosh(i

√
iλ )


=2iλ 2

Σ(λ ) = 0.

Taking into the fact that λ 6= 0, we obtain the desired conclusion immediately. �
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Proposition 2.4. σ(A) is contained in the open left half complex plane C− and consists merely of eigen-
values {λ1k,λ2`} of A. Moreover, the eigenvalues are distributed as follows:

λ1k =
−a± i

√
4k2π2−a2

2
+O(k−

1
2 ) as k→+∞ with k ∈ N,

λ2` =±π
2
(
`+

1
4

)2

i+O(|`|−
1
2 ) as |`| →+∞ with ` ∈ Z.


Proof. Recall that σ(A) ⊂ C−. We consider the situation λ ∈ D1 ∪D2, where D1 = {λ ∈ C−; argλ ∈
[3π

4 ,π]} and D2 = {λ ∈ C−; argλ ∈ [π

2 ,
3π

4 ]}. For the sake of simplification, we would use λ = |λ |eiθ

for complex numbers. We next study the eigenvalues of A in D1∪D2.
Case 1 (λ ∈ D1). By applying Taylor’s expansion, we have

e
√

λ (λ+a) = e
√

λ (λ+a) = e−λ
√

1+ a
λ = e−λ [1+ a

2λ
+O(|λ |−2)] = e−λ− a

2+O(|λ |−1) (2.6)

for λ with sufficiently large modules. In addition, we also have

e
√

iλ =exp
(√
|λ |ei( θ

2−
3π

4 )
)
= exp

(√
|λ |cos

(
θ

2
− 3π

4

))
exp
(

i
√
|λ |sin

(
θ

2
− 3π

4

))
, and (2.7)

ei
√

iλ =exp
(√
|λ |cos

(
θ

2
− π

4

))
exp
(

i
√
|λ |sin

(
θ

2
− π

4

))
. (2.8)

Therefore,

lim
|λ |→+∞

∣∣∣e√λ (λ+a)
∣∣∣=+∞, lim

|λ |→+∞

∣∣∣e√iλ
∣∣∣=+∞, and lim

|λ |→+∞

∣∣∣ei
√

iλ
∣∣∣=+∞. (2.9)

By analyzing the definition (2.4) of Σ(λ ), we have

lim
λ∈D1, |λ |→+∞

Σ(λ )

λ
√

iλe
√

λ (λ+a)+
√

iλ+i
√

iλ
=

1− i
8
6= 0.

This, together with (2.9), implies that λ ∈D1 cannot be a solution to equation Σ(λ ) = 0, or equivalently,
λ cannot be an eigenvalue of A, whenever its module |λ | is sufficiently large.
Case 2 (λ ∈ D2). We deduce from (2.6), (2.7), and (2.8) that∣∣∣e−√λ (λ+a)

∣∣∣= ∣∣∣eλ+ a
2+O(|λ |−1)

∣∣∣6C1,

for some C1 > 0, ∣∣∣e−√iλ
∣∣∣= ∣∣∣∣exp

(
−
√
|λ |cos

(
θ

2
− 3π

4

))∣∣∣∣6 1, and∣∣∣e−i
√

iλ
∣∣∣=exp

(
−
√
|λ |cos

(
θ

2
− π

4

))
6 e−

√
2|λ |
2 .

Divide the both hand sides of the equation Σ(λ ) = 0 by λ
√

iλe
√

λ (λ+a)+
√

iλ+i
√

iλ , and conduct some
routine calculations to obtain(

1− e−2
√

λ (λ+a)
)(

i− e−2
√

iλ
)
= O(|λ |−

1
2 )

as |λ |→+∞ with λ ∈D2. Note that the equation
(

1− e−2
√

λ (λ+a)
)(

i− e−2
√

iλ
)
= 0 with the restriction

λ ∈ D2 has the solutions

λ̂1k =
−a+ i

√
4k2π2−a2

2
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with k ∈ N, and

λ̂2` = π
2
(
`+

1
4

)2

i

with ` ∈ Z. By applying Rouché’s theorem (see [15]) and Proposition 2.3, we obtain the spectral asymp-
totics for A:

λ1k =
−a+ i

√
4k2π2−a2

2
+O(k−

1
2 )

as k→ ∞ with k ∈ N, and λ2` = π2
(
`+ 1

4

)2 i+O(|`|− 1
2 ) as `→ ∞ with ` ∈ Z.

Finally, since λ ∈ σ(A) iff λ̄ ∈ σ(A), we know that there are eigenvalues of A which are distributed
as follows:

λ1k =
−a− i

√
4k2π2−a2

2
+O(k−

1
2 )

as k→ ∞ with k ∈ N, and λ2` =−π2
(
`+ 1

4

)2 i+O(|`|− 1
2 ) as `→ ∞ with ` ∈ Z. This, together with the

afore-conducted analysis, implies that the proof is complete. �

Proof of Theorem 1.1. From Propositions 2.2 and 2.4, we can obtain the desired conclusion immediately.
�

3. PROOF OF THEOREM 1.2

The main objective of this section is to prove that the energy E(t) for system (1.1) defined by (1.4)
decreases at a logarithmic decay rate. First, by using the result in [11, 12, 13], we can deduce energy
decreasing property for system (1.1) from Propositions 2.2.

Proposition 3.1. Along every solution (u,w) to system (1.1), E(t) decreases to 0 as t→+∞, where E(t)
is given by (1.4).

One of our main ingredients in the processes of proving logarithmic energy decay for system (1.1) is
to compute Green’s functions for the following boundary value problem:

ϕ
′′− (λ 2 +aλ )ϕ = f in (0,1),

ψ
(4)+λ

2
ψ = g in (0,1),

ϕ(0)−ψ(0) = ϕ
′(0)−ψ

′′′(0) = 0,

ϕ(1) = ψ(1) = ψ
′′(0) = ψ

′′(1) = 0.


(3.1)

Lemma 3.1. Let λ ∈ iR.

• For every pair ( f ,g)∈L2(0,1)×L2(0,1), BVP (3.1) admits a unique solution (ϕ,ψ)∈H2(0,1)×
H4(0,1) such that (ϕ,0,ψ,0) ∈D(A).
• There exist four bivariate functions G11(x,ξ ), G12(x,ξ ), G21(x,ξ ), and G22(x,ξ ) such that every

solution (ϕ,ψ) of BVP (3.1) can be expressed by

ϕ(x) =
∫ 1

0
G11(x,ξ ) f (ξ )dξ +

∫ 1

0
G12(x,ξ )g(ξ )dξ , and

ψ(x) =
∫ 1

0
G21(x,ξ ) f (ξ )dξ +

∫ 1

0
G22(x,ξ )g(ξ )dξ .
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Remark 3.1. The bivariate functions G11(x,ξ ), G12(x,ξ ), G21(x,ξ ), and G22(x,ξ ) are so smooth so to
qualify all the following calculations, and can be viewed as Green’s functions for BVP (3.1).

Proof. The first statement follows immediately from Proposition 2.2. It remains to prove the second
statement.

Inspired by the idea of finding Green’s function for an boundary value problem for a single ODE, we
guess that

G11(x,ξ ) =c11
1 eµ1(x−ξ )+ c11

2 eµ2(x−ξ )+H(x−ξ )
[
č11

1 eµ1(x−ξ )+ č11
2 eµ2(x−ξ )

]
,

G12(x,ξ ) =c12
1 eµ1(x−ξ )+ c12

2 eµ2(x−ξ ),

G21(x,ξ ) =c21
1 eν1(x−ξ )+ c21

2 eν2(x−ξ )+ c21
3 eν3(x−ξ )+ c21

4 eν4(x−ξ ),

G22(x,ξ ) =c22
1 eν1(x−ξ )+ c22

2 eν2(x−ξ )+ c22
3 eν3(x−ξ )+ c22

4 eν4(x−ξ )

+H(x−ξ )
[
č22

1 eν1(x−ξ )+ č22
2 eν2(x−ξ )+ č22

3 eν3(x−ξ )+ č22
4 eν4(x−ξ )

]
,


∀(x,ξ ) ∈ [0,1]2, (3.2)

where H is the celebrated Heaviside function. µi (i = 1,2) and ν j ( j = 1,2,3,4) are solutions to the
characteristic equations µ2−λ (λ +a) = 0 and ν4−λ 2 = 0, respectively, and are given by

µ1 =
√

λ 2 +aλ = λ +
a
2
− a2

8λ
+O(|λ |−2),

µ2 =−
√

λ 2 +aλ =−λ − a
2
+

a2

8λ
+O(|λ |−2),

ν1 =
√

λ , ν2 =−
√

λ ,

ν3 = i
√

λ , ν4 =−i
√

λ .


(3.3)

č11
i (i = 1,2) and č22

1 ( j = 1,2,3,4) are given by

č11
1 =

1
µ1−µ2

=
1

2µ1
,

č11
2 =

1
µ2−µ1

=− 1
2µ1

 (3.4)

and
č22

1 =
1

4λ
3
2
, č22

2 =− 1

4λ
3
2
,

č22
3 =

i

4λ
3
2
, č22

4 =− i

4λ
3
2
,

 (3.5)

and are determined by
č11

1 + č11
2 = 0,

µ1č11
1 +µ2č11

2 = 1

}
and

č22
1 + č22

2 + č22
3 + č22

4 = 0,

ν1č22
1 +ν2č22

2 +ν3č22
3 +ν4č22

4 = 0,

(ν1)
2č22

1 +(ν2)
2č22

2 +(ν3)
2č22

3 +(ν4)
2č22

4 = 0,

(ν1)
3č22

1 +(ν2)
3č22

2 +(ν3)
3č22

3 +(ν4)
3č22

4 = 1,


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respectively. c11
i ,c12

i (i = 1,2) and c21
j ,c

22
j ( j = 1,2,3,4) are yet to be determined shortly. By taking fully

use of boundary conditions of BVP (3.1), we have

ϕ(1) = 0, ∀( f ,g) ∈ L2(0,1;R2) =⇒ G11(1,ξ ) = 0, G12(1,ξ ) = 0,

ψ(1) = 0, ∀( f ,g) ∈ L2(0,1;R2) =⇒ G21(1,ξ ) = 0, G22(1,ξ ) = 0,

ψ
′′(1) = 0, ∀( f ,g) ∈ L2(0,1;R2) =⇒ ∂

2
x G21(1,ξ ) = 0, ∂

2
x G22(1,ξ ) = 0,

ϕ
′′(0) = 0, ∀( f ,g) ∈ L2(0,1;R2) =⇒ ∂

2
x G21(0,ξ ) = 0, ∂

2
x G22(0,ξ ) = 0,

ϕ(0) = ψ(0), ∀( f ,g) ∈ L2(0,1;R2) =⇒ G11(0,ξ ) = G21(0,ξ ),

G12(0,ξ ) = G22(0,ξ ),

ϕ
′(0) = ψ

′′′(0), ∀( f ,g) ∈ L2(0,1;R2) =⇒ ∂xG11(0,ξ ) = ∂
3
x G21(0,ξ ),

∂xG12(0,ξ ) = ∂
3
x G22(0,ξ ).


With the aid of this and (3.2), we have

G11(1,ξ ) = 0 =⇒ c11
1 eµ1(1−ξ )+ c11

2 eµ2(1−ξ ) =−č11
1 eµ1(1−ξ )− č11

2 eµ2(1−ξ ),

G12(1,ξ ) = 0 =⇒ c12
1 eµ1(1−ξ )+ c12

2 eµ2(1−ξ ) = 0,

G21(1,ξ ) = 0 =⇒ c21
1 eν1(1−ξ )+ c21

2 eν2(1−ξ )+ c21
3 eν3(1−ξ )+ c21

4 eν4(1−ξ ) = 0,

G22(1,ξ ) = 0 =⇒ c22
1 eν1(1−ξ )+ c22

2 eν2(1−ξ )+ c22
3 eν3(1−ξ )+ c22

4 eν4(1−ξ )

=−č22
1 eν1(1−ξ )− č22

2 eν2(1−ξ )− č22
3 eν3(1−ξ )− č22

4 eν4(1−ξ ),

∂
2
x G21(1,ξ ) = 0 =⇒ (ν1)

2c21
1 eν1(1−ξ )+(ν2)

2c21
2 eν2(1−ξ )+(ν3)

2c21
3 eν3(1−ξ )+(ν4)

2c21
4 eν4(1−ξ ) = 0,

∂
2
x G22(1,ξ ) = 0 =⇒ (ν1)

2c22
1 eν1(1−ξ )+(ν2)

2c22
2 eν2(1−ξ )+(ν3)

2c22
3 eν3(1−ξ )+(ν4)

2c22
4 eν4(1−ξ )

=−(ν1)
2č22

1 eν1(1−ξ )− (ν2)
2č22

2 eν2(1−ξ )− (ν3)
2č22

3 eν3(1−ξ )− (ν4)
2č22

4 eν4(1−ξ ),

∂
2
x G21(0,ξ ) = 0 =⇒ (ν1)

2c21
1 e−ν1ξ +(ν2)

2c21
2 e−ν2ξ +(ν3)

2c21
3 e−ν3ξ +(ν4)

2c21
4 e−ν4ξ = 0,

∂
2
x G22(0,ξ ) = 0 =⇒ (ν1)

2c22
1 e−ν1ξ +(ν2)

2c22
2 e−ν2ξ +(ν3)

2c22
3 e−ν3ξ +(ν4)

2c22
4 e−ν4ξ = 0,


and

G11(0,ξ ) = G21(0,ξ ) =⇒ c21
1 e−ν1ξ + c21

2 e−ν2ξ + c21
3 e−ν3ξ + c21

4 e−ν4ξ

− c11
1 e−µ1ξ − c11

2 e−µ2ξ = 0,

G12(0,ξ ) = G22(0,ξ ) =⇒ c22
1 e−ν1ξ + c22

2 e−ν2ξ + c22
3 e−ν3ξ + c22

4 e−ν4ξ

− c12
1 e−µ1ξ − c12

2 e−µ2ξ = 0,

∂xG11(0,ξ ) = ∂
3
x G21(0,ξ ) =⇒ (ν1)

3c21
1 e−ν1ξ +(ν2)

3c21
2 e−ν2ξ +(ν3)

3c21
3 e−ν3ξ +(ν4)

3c21
4 e−ν4ξ

−µ1c11
1 e−µ1ξ −µ2c11

2 e−µ2ξ = 0,

∂xG12(0,ξ ) = ∂
3
x G22(0,ξ ) =⇒ (ν1)

3c22
1 e−ν1ξ +(ν2)

3c22
2 e−ν2ξ +(ν3)

3c22
3 e−ν3ξ +(ν4)

3c22
4 e−ν4ξ

−µ1c12
1 e−µ1ξ −µ2c12

2 e−µ2ξ = 0.


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The afore-obtained twelve equations can be regrouped into the following two systems of equations:

c11
1 eµ1(1−ξ )+ c11

2 eµ2(1−ξ ) =−č11
1 eµ1(1−ξ )− č11

2 eµ2(1−ξ ),

c21
1 eν1(1−ξ )+ c21

2 eν2(1−ξ )+ c21
3 eν3(1−ξ )+ c21

4 eν4(1−ξ ) = 0,

(ν1)
2c21

1 eν1(1−ξ )+(ν2)
2c21

2 eν2(1−ξ )+(ν3)
2c21

3 eν3(1−ξ )+(ν4)
2c21

4 eν4(1−ξ ) = 0,

(ν1)
2c21

1 e−ν1ξ +(ν2)
2c21

2 e−ν2ξ +(ν3)
2c21

3 e−ν3ξ +(ν4)
2c21

4 e−ν4ξ = 0,

c21
1 e−ν1ξ + c21

2 e−ν2ξ + c21
3 e−ν3ξ + c21

4 e−ν4ξ − c11
1 e−µ1ξ − c11

2 e−µ2ξ = 0,

(ν1)
3c21

1 e−ν1ξ +(ν2)
3c21

2 e−ν2ξ +(ν3)
3c21

3 e−ν3ξ +(ν4)
3c21

4 e−ν4ξ −µ1c11
1 e−µ1ξ −µ2c11

2 e−µ2ξ = 0,


and

c12
1 eµ1(1−ξ )+ c12

2 eµ2(1−ξ ) = 0,

c22
1 eν1(1−ξ )+ c22

2 eν2(1−ξ )+ c22
3 eν3(1−ξ )+ c22

4 eν4(1−ξ )

=−č22
1 eν1(1−ξ )− č22

2 eν2(1−ξ )− č22
3 eν3(1−ξ )− č22

4 eν4(1−ξ ),

(ν1)
2c22

1 eν1(1−ξ )+(ν2)
2c22

2 eν2(1−ξ )+(ν3)
2c22

3 eν3(1−ξ )+(ν4)
2c22

4 eν4(1−ξ )

=−(ν1)
2č22

1 eν1(1−ξ )− (ν2)
2č22

2 eν2(1−ξ )− (ν3)
2č22

3 eν3(1−ξ )− (ν4)
2č22

4 eν4(1−ξ ),

(ν1)
2c22

1 e−ν1ξ +(ν2)
2c22

2 e−ν2ξ +(ν3)
2c22

3 e−ν3ξ +(ν4)
2c22

4 e−ν4ξ = 0,

c22
1 e−ν1ξ + c22

2 e−ν2ξ + c22
3 e−ν3ξ + c22

4 e−ν4ξ − c12
1 e−µ1ξ − c12

2 e−µ2ξ = 0,

(ν1)
3c22

1 e−ν1ξ +(ν2)
3c22

2 e−ν2ξ +(ν3)
3c22

3 e−ν3ξ +(ν4)
3c22

4 e−ν4ξ

−µ1c12
1 e−µ1ξ −µ2c12

2 e−µ2ξ = 0.


These two systems, together with Carmer’s rule, imply

c11
1 =

∆
f
1

∆
, c11

2 =
∆

f
2

∆
,

c21
1 =

∆
f
3

∆
, c21

2 =
∆

f
4

∆
, c21

3 =
∆

f
5

∆
, c21

4 =
∆

f
6

∆
,

c12
1 =

∆
g
1

∆
, c12

2 =
∆

g
2

∆
,

c22
1 =

∆
g
3

∆
, c22

2 =
∆

g
4

∆
, c22

3 =
∆

g
5

∆
, c22

4 =
∆

g
6

∆
,


(3.6)

where

∆ =e
−(µ1+µ2+

4
∑

k=1
νk)ξ

det



eµ1 eµ2 0 0 0 0
0 0 eν1 eν2 eν3 eν4

0 0 (ν1)
2eν1 (ν2)

2eν2 (ν3)
2eν3 (ν4)

2eν4

0 0 (ν1)
2 (ν2)

2 (ν3)
2 (ν4)

2

−1 −1 1 1 1 1
−µ1 −µ2 (ν1)

3 (ν2)
3 (ν3)

3 (ν4)
3


=2(1+ i)λ

7
2 (eµ1− eµ2)

[
e(1−i)

√
λ + ie(1+i)

√
λ − ie−(1+i)

√
λ − e(−1+i)

√
λ

]
+4λ

2(µ1eµ2−µ2eµ1)
[
−e(1−i)

√
λ + e(1+i)

√
λ + e−(1+i)

√
λ − e(−1+i)

√
λ

]
, (3.7)
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∆
f
1 =− (č11

1 eµ1(1−ξ )+ č11
2 eµ2(1−ξ ))

×det


0 eν1(1−ξ ) eν2(1−ξ ) eν3(1−ξ ) eν4(1−ξ )

0 (ν1)
2eν1(1−ξ ) (ν2)

2eν2(1−ξ ) (ν3)
2eν3(1−ξ ) (ν4)

2eν4(1−ξ )

0 (ν1)
2e−ν1ξ (ν2)

2e−ν2ξ (ν3)
2e−ν3ξ (ν4)

2e−ν4ξ

−e−µ2ξ e−ν1ξ e−ν2ξ e−ν3ξ e−ν4ξ

−µ2e−µ2ξ (ν1)
3e−ν1ξ (ν2)

3e−ν2ξ (ν3)
3e−ν3ξ (ν4)

3e−ν4ξ


=4λ

2
µ2(č11

1 eµ1 + č11
2 eµ2(1−2ξ ))

[
−e(1−i)

√
λ + e(1+i)

√
λ + e−(1+i)

√
λ − e(−1+i)

√
λ

]
−2λ

7
2 (1+ i)(č11

1 eµ1 + č11
2 eµ2(1−2ξ ))

[
e(1−i)

√
λ + ie(1+i)

√
λ − ie−(1+i)

√
λ − e(−1+i)

√
λ

]
, (3.8)

∆
f
2 =(č11

1 eµ1(1−ξ )+ č11
2 eµ2(1−ξ ))

×det


0 eν1(1−ξ ) eν2(1−ξ ) eν3(1−ξ ) eν4(1−ξ )

0 (ν1)
2eν1(1−ξ ) (ν2)

2eν2(1−ξ ) (ν3)
2eν3(1−ξ ) (ν4)

2eν4(1−ξ )

0 (ν1)
2e−ν1ξ (ν2)

2e−ν2ξ (ν3)
2e−ν3ξ (ν4)

2e−ν4ξ

−e−µ1ξ e−ν1ξ e−ν2ξ e−ν3ξ e−ν4ξ

−µ1e−µ1ξ (ν1)
3e−ν1ξ (ν2)

3e−ν2ξ (ν3)
3e−ν3ξ (ν4)

3e−ν4ξ


=2λ

7
2 (1+ i)(č11

1 eµ1(1−2ξ )+ č11
2 eµ2)

[
e(1−i)

√
λ + ie(1+i)

√
λ − ie−(1+i)

√
λ − e(−1+i)

√
λ

]
−4λ

2
µ1(č11

1 eµ1(1−2ξ )+ č11
2 eµ2)

[
−e(1−i)

√
λ + e(1+i)

√
λ + e−(1+i)

√
λ − e(−1+i)

√
λ

]
, (3.9)

∆
f
3 =− (č11

1 eµ1(1−ξ )+ č11
2 eµ2(1−ξ ))

×det


0 0 eν2(1−ξ ) eν3(1−ξ ) eν4(1−ξ )

0 0 (ν2)
2eν2(1−ξ ) (ν3)

2eν3(1−ξ ) (ν4)
2eν4(1−ξ )

0 0 (ν2)
2e−ν2ξ (ν3)

2e−ν3ξ (ν4)
2e−ν4ξ

−e−µ1ξ −e−µ2ξ e−ν2ξ e−ν3ξ e−ν4ξ

−µ1e−µ1ξ −µ2e−µ2ξ (ν2)
3e−ν2ξ (ν3)

3e−ν3ξ (ν4)
3e−ν4ξ


=2λ

2e
√

λξ (µ1−µ2)(č11
1 eµ1(1−ξ )+ č11

2 eµ2(1−ξ ))
[
e(−1+i)

√
λ − e−(1+i)

√
λ

]
, (3.10)

∆
f
4 =− (č11

1 eµ1(1−ξ )+ č11
2 eµ2(1−ξ ))

×det


0 0 eν1(1−ξ ) eν3(1−ξ ) eν4(1−ξ )

0 0 (ν1)
2eν1(1−ξ ) (ν3)

2eν3(1−ξ ) (ν4)
2eν4(1−ξ )

0 0 (ν1)
2e−ν1ξ (ν3)

2e−ν3ξ (ν4)
2e−ν4ξ

−e−µ1ξ −e−µ2ξ e−ν1ξ e−ν3ξ e−ν4ξ

−µ1e−µ1ξ −µ2e−µ2ξ (ν1)
3e−ν1ξ (ν3)

3e−ν3ξ (ν4)
3e−ν4ξ


=2λ

2e−
√

λξ (µ1−µ2)(č11
1 eµ1(1−ξ )+ č11

2 eµ2(1−ξ ))
[
e(1+i)

√
λ − e(1−i)

√
λ

]
, (3.11)
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∆
f
5 =− (č11

1 eµ1(1−ξ )+ č11
2 eµ2(1−ξ ))

×det


0 0 eν1(1−ξ ) eν2(1−ξ ) eν4(1−ξ )

0 0 (ν1)
2eν1(1−ξ ) (ν2)

2eν2(1−ξ ) (ν4)
2eν4(1−ξ )

0 0 (ν1)
2e−ν1ξ (ν2)

2e−ν2ξ (ν4)
2e−ν4ξ

−e−µ1ξ −e−µ2ξ e−ν1ξ e−ν2ξ e−ν4ξ

−µ1e−µ1ξ −µ2e−µ2ξ (ν1)
3e−ν1ξ (ν2)

3e−ν2ξ (ν4)
3e−ν4ξ


=2λ

2ei
√

λξ (µ1−µ2)(č11
1 eµ1(1−ξ )+ č11

2 eµ2(1−ξ ))
[
e(1−i)

√
λ − e−(1+i)

√
λ

]
, (3.12)

∆
f
6 =− (č11

1 eµ1(1−ξ )+ č11
2 eµ2(1−ξ ))

×det


0 0 eν1(1−ξ ) eν2(1−ξ ) eν3(1−ξ )

0 0 (ν1)
2eν1(1−ξ ) (ν2)

2eν2(1−ξ ) (ν3)
2eν3(1−ξ )

0 0 (ν1)
2e−ν1ξ (ν2)

2e−ν2ξ (ν3)
2e−ν3ξ

−e−µ1ξ −e−µ2ξ e−ν1ξ e−ν2ξ e−ν3ξ

−µ1e−µ1ξ −µ2e−µ2ξ (ν1)
3e−ν1ξ (ν2)

3e−ν2ξ (ν3)
3e−ν3ξ


=2λ

2e−i
√

λξ (µ1−µ2)(č11
1 eµ1(1−ξ )+ č11

2 eµ2(1−ξ ))
[
e(1−i)

√
λ − e(−1+i)

√
λ

]
, (3.13)

∆
g
1 =(č22

1 eν1(1−ξ )+ č22
2 eν2(1−ξ )+ č22

3 eν3(1−ξ )+ č22
4 eν4(1−ξ ))

×det


eµ2(1−ξ ) 0 0 0 0

0 (ν1)
2eν1(1−ξ ) (ν2)

2eν2(1−ξ ) (ν3)
2eν3(1−ξ ) (ν4)

2eν4(1−ξ )

0 (ν1)
2e−ν1ξ (ν2)

2e−ν2ξ (ν3)
2e−ν3ξ (ν4)

2e−ν4ξ

−e−µ2ξ e−ν1ξ e−ν2ξ e−ν3ξ e−ν4ξ

−µ2e−µ2ξ (ν1)
3e−ν1ξ (ν2)

3e−ν2ξ (ν3)
3e−ν3ξ (ν4)

3e−ν4ξ


− ((ν1)

2č22
1 eν1(1−ξ )+(ν2)

2č22
2 eν2(1−ξ )+(ν3)

2č22
3 eν3(1−ξ )+(ν4)

2č22
4 eν4(1−ξ ))

×det


eµ2(1−ξ ) 0 0 0 0

0 eν1(1−ξ ) eν2(1−ξ ) eν3(1−ξ ) eν4(1−ξ )

0 (ν1)
2e−ν1ξ (ν2)

2e−ν2ξ (ν3)
2e−ν3ξ (ν4)

2e−ν4ξ

−e−µ2ξ e−ν1ξ e−ν2ξ e−ν3ξ e−ν4ξ

−µ2e−µ2ξ (ν1)
3e−ν1ξ (ν2)

3e−ν2ξ (ν3)
3e−ν3ξ (ν4)

3e−ν4ξ


=4λ

7
2 eµ2(1−ξ )(eν4 + ieν1− eν3− ieν2)

[
č22

1 eν1(1−ξ )+ č22
2 eν2(1−ξ )+ č22

3 eν3(1−ξ )+ č22
4 eν4(1−ξ )

]
−4λ

5
2 eµ2(1−ξ )(eν4 + ieν1− eν3− ieν2)

[
(ν1)

2č22
1 eν1(1−ξ )+(ν2)

2č22
2 eν2(1−ξ )+(ν3)

2č22
3 eν3(1−ξ )

+(ν4)
2č22

4 eν4(1−ξ )
]
, (3.14)
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∆
g
2 =−

[
č22

1 eν1(1−ξ )+ č22
2 eν2(1−ξ )+ č22

3 eν3(1−ξ )+ č22
4 eν4(1−ξ )

]

×det


eµ1(1−ξ ) 0 0 0 0

0 (ν1)
2eν1(1−ξ ) (ν2)

2eν2(1−ξ ) (ν3)
2eν3(1−ξ ) (ν4)

2eν4(1−ξ )

0 (ν1)
2e−ν1ξ (ν2)

2e−ν2ξ (ν3)
2e−ν3ξ (ν4)

2e−ν4ξ

−e−µ1ξ e−ν1ξ e−ν2ξ e−ν3ξ e−ν4ξ

−µ1e−µ1ξ (ν1)
3e−ν1ξ (ν2)

3e−ν2ξ (ν3)
3e−ν3ξ (ν4)

3e−ν4ξ


+
[
(ν1)

2č22
1 eν1(1−ξ )+(ν2)

2č22
2 eν2(1−ξ )+(ν3)

2č22
3 eν3(1−ξ )+(ν4)

2č22
4 eν4(1−ξ )

]

×det


eµ1(1−ξ ) 0 0 0 0

0 eν1(1−ξ ) eν2(1−ξ ) eν3(1−ξ ) eν4(1−ξ )

0 (ν1)
2e−ν1ξ (ν2)

2e−ν2ξ (ν3)
2e−ν3ξ (ν4)

2e−ν4ξ

−e−µ1ξ e−ν1ξ e−ν2ξ e−ν3ξ e−ν4ξ

−µ1e−µ1ξ (ν1)
3e−ν1ξ (ν2)

3e−ν2ξ (ν3)
3e−ν3ξ (ν4)

3e−ν4ξ


=−4λ

7
2 eµ1(1−ξ )(eν4 + ieν1− eν3− ieν2)

[
č22

1 eν1(1−ξ )+ č22
2 eν2(1−ξ )+ č22

3 eν3(1−ξ )+ č22
4 eν4(1−ξ )

]
+4λ

5
2 eµ1(1−ξ )(eν4 + ieν1− eν3− ieν2)

[
(ν1)

2č22
1 eν1(1−ξ )+(ν2)

2č22
2 eν2(1−ξ )+(ν3)

2č22
3 eν3(1−ξ )

+(ν4)
2č22

4 eν4(1−ξ )
]
, (3.15)

∆
g
3 =(č22

1 eν1(1−ξ )+ č22
2 eν2(1−ξ )+ č22

3 eν3(1−ξ )+ č22
4 eν4(1−ξ ))

×det


eµ1(1−ξ ) eµ2(1−ξ ) 0 0 0

0 0 (ν2)
2eν2(1−ξ ) (ν3)

2eν3(1−ξ ) (ν4)
2eν4(1−ξ )

0 0 (ν2)
2e−ν2ξ (ν3)

2e−ν3ξ (ν4)
2e−ν4ξ

−e−µ1ξ −e−µ2ξ e−ν2ξ e−ν3ξ e−ν4ξ

−µ1e−µ1ξ −µ2e−µ2ξ (ν2)
3e−ν2ξ (ν3)

3e−ν3ξ (ν4)
3e−ν4ξ


− ((ν1)

2č22
1 eν1(1−ξ )+(ν2)

2č22
2 eν2(1−ξ )+(ν3)

2č22
3 eν3(1−ξ )+(ν4)

2č22
4 eν4(1−ξ ))

×det


eµ1(1−ξ ) eµ2(1−ξ ) 0 0 0

0 0 eν2(1−ξ ) eν3(1−ξ ) eν4(1−ξ )

0 0 (ν2)
2e−ν2ξ (ν3)

2e−ν3ξ (ν4)
2e−ν4ξ

−e−µ1ξ −e−µ2ξ e−ν2ξ e−ν3ξ e−ν4ξ

−µ1e−µ1ξ −µ2e−µ2ξ (ν2)
3e−ν2ξ (ν3)

3e−ν3ξ (ν4)
3e−ν4ξ


=e−ν2ξ

[
č22

1 eν1(1−ξ )+ č22
2 eν2(1−ξ )+ č22

3 eν3(1−ξ )+ č22
4 eν4(1−ξ )

]
×
[
λ

7
2 (eµ2− eµ1)((i−1)ei

√
λ +(1+ i)e−i

√
λ −2ie−

√
λ )−2λ

2(µ1eµ2−µ2eµ1)(ei
√

λ − e−i
√

λ )
]

− e−ν2ξ

[
(ν1)

2č22
1 eν1(1−ξ )+(ν2)

2č22
2 eν2(1−ξ )+(ν3)

2č22
3 eν3(1−ξ )+(ν4)

2č22
4 eν4(1−ξ )

]
×
[
λ

5
2 (eµ2− eµ1)((1− i)ei

√
λ −2ie−

√
λ − (1+ i)e−i

√
λ )

−2λ (µ1eµ2−µ2eµ1)(e−i
√

λ − ei
√

λ )
]
, (3.16)
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∆
g
4 =− (č22

1 eν1(1−ξ )+ č22
2 eν2(1−ξ )+ č22

3 eν3(1−ξ )+ č22
4 eν4(1−ξ ))

×det


eµ1(1−ξ ) eµ2(1−ξ ) 0 0 0

0 0 (ν1)
2eν1(1−ξ ) (ν3)

2eν3(1−ξ ) (ν4)
2eν4(1−ξ )

0 0 (ν1)
2e−ν1ξ (ν3)

2e−ν3ξ (ν4)
2e−ν4ξ

−e−µ1ξ −e−µ2ξ e−ν1ξ e−ν3ξ e−ν4ξ

−µ1e−µ1ξ −µ2e−µ2ξ (ν1)
3e−ν1ξ (ν3)

3e−ν3ξ (ν4)
3e−ν4ξ


+((ν1)

2č22
1 eν1(1−ξ )+(ν2)

2č22
2 eν2(1−ξ )+(ν3)

2č22
3 eν3(1−ξ )+(ν4)

2č22
4 eν4(1−ξ ))

×det


eµ1(1−ξ ) eµ2(1−ξ ) 0 0 0

0 0 eν1(1−ξ ) eν3(1−ξ ) eν4(1−ξ )

0 0 (ν1)
2e−ν1ξ (ν3)

2e−ν3ξ (ν4)
2e−ν4ξ

−e−µ1ξ −e−µ2ξ e−ν1ξ e−ν3ξ e−ν4ξ

−µ1e−µ1ξ −µ2e−µ2ξ (ν1)
3e−ν1ξ (ν3)

3e−ν3ξ (ν4)
3e−ν4ξ


=− e−ν1ξ

[
č22

1 eν1(1−ξ )+ č22
2 eν2(1−ξ )+ č22

3 eν3(1−ξ )+ č22
4 eν4(1−ξ )

]
×
[
λ

7
2 (eµ2− eµ1)((1+ i)ei

√
λ +(i−1)e−i

√
λ −2ie

√
λ )−2λ

2(µ1eµ2−µ2eµ1)(ei
√

λ − e−i
√

λ )
]

+ e−ν1ξ

[
(ν1)

2č22
1 eν1(1−ξ )+(ν2)

2č22
2 eν2(1−ξ )+(ν3)

2č22
3 eν3(1−ξ )+(ν4)

2č22
4 eν4(1−ξ )

]
×
[
λ

5
2 (eµ2− eµ1)((1− i)e−i

√
λ −2ie

√
λ − (1+ i)ei

√
λ )

−2λ (µ1eµ2−µ2eµ1)(e−i
√

λ − ei
√

λ )
]
, (3.17)

∆
g
5 =e−ν4ξ

[
č22

1 eν1(1−ξ )+ č22
2 eν2(1−ξ )+ č22

3 eν3(1−ξ )+ č22
4 eν4(1−ξ )

]
×
[
λ

7
2 (eµ2− eµ1)(2e−i

√
λ +(i−1)e

√
λ − (1+ i)e−

√
λ )−2λ

2(µ1eµ2−µ2eµ1)(e
√

λ − e−
√

λ )
]

− e−ν4ξ

[
(ν1)

2č22
1 eν1(1−ξ )+(ν2)

2č22
2 eν2(1−ξ )+(ν3)

2č22
3 eν3(1−ξ )+(ν4)

2č22
4 eν4(1−ξ )

]
×
[
λ

5
2 (eµ2− eµ1)((i−1)e−

√
λ −2e−i

√
λ − (1+ i)e

√
λ )

−2λ (µ1eµ2−µ2eµ1)(e
√

λ − e−
√

λ )
]
, (3.18)

and

∆
g
6 =− e−ν3ξ

[
č22

1 eν1(1−ξ )+ č22
2 eν2(1−ξ )+ č22

3 eν3(1−ξ )+ č22
4 eν4(1−ξ )

]
×
[
λ

7
2 (eµ2− eµ1)(2ei

√
λ +(i−1)e−

√
λ − (1+ i)e

√
λ )−2λ

2(µ1eµ2−µ2eµ1)(e
√

λ − e−
√

λ )
]

+ e−ν3ξ

[
(ν1)

2č22
1 eν1(1−ξ )+(ν2)

2č22
2 eν2(1−ξ )+(ν3)

2č22
3 eν3(1−ξ )+(ν4)

2č22
4 eν4(1−ξ )

]
×
[
λ

5
2 (eµ2− eµ1)((i−1)e−

√
λ −2e−i

√
λ − (1+ i)e

√
λ )

−2λ (µ1eµ2−µ2eµ1)(e
√

λ − e−
√

λ )
]
. (3.19)

The proof is complete. �

Lemma 3.2. There exists a C > 0 such that

|∆|>C|λ |
7
2 e
√

2|λ |, ∀λ ∈ iR,
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where ∆ is given as in (3.7).

Proof. It is ready to find that, for every λ ∈ iR,∣∣∣4λ
2(µ1eµ2−µ2eµ1)

[
−e(1−i)

√
λ + e(1+i)

√
λ + e−(1+i)

√
λ − e(−1+i)

√
λ

]∣∣∣
6C|λ |3

[∣∣∣e(1−i)
√

λ

∣∣∣+ ∣∣∣e(1+i)
√

λ

∣∣∣+ ∣∣∣e−(1+i)
√

λ

∣∣∣+ ∣∣∣e(−1+i)
√

λ

∣∣∣]
=C|λ |3

(
e
√

2|λ |+ e−
√

2|λ |+2
)
.

Therefore,

lim
λ∈iR,|λ |→+∞

∣∣∣4λ 2(µ1eµ2−µ2eµ1)
[
−e(1−i)

√
λ + e(1+i)

√
λ + e−(1+i)

√
λ − e(−1+i)

√
λ

]∣∣∣
|λ | 72 e

√
2|λ |

= 0. (3.20)

On the other hand, we have∣∣∣2(1+ i)λ
7
2 (eµ1− eµ2)

[
ie(1+i)

√
λ − ie−(1+i)

√
λ − e(−1+i)

√
λ

]∣∣∣
6C|λ |

7
2

(
e−
√

2|λ |+2
)

for every λ ∈ iR with ℑmλ > 0,

and ∣∣∣2(1+ i)λ
7
2 (eµ1− eµ2)

[
e(1−i)

√
λ − ie−(1+i)

√
λ − e(−1+i)

√
λ

]∣∣∣
6C|λ |

7
2

(
e−
√

2|λ |+2
)

for every λ ∈ iR with ℑmλ < 0.

These two observations imply immediately

lim
λ∈iR,ℑmλ→+∞

2(1+ i)λ
7
2 (eµ1− eµ2)

[
ie(1+i)

√
λ − ie−(1+i)

√
λ − e(−1+i)

√
λ

]
|λ | 72 e

√
2|λ |

= 0, (3.21)

and

lim
λ∈iR,ℑmλ→−∞

2(1+ i)λ
7
2 (eµ1− eµ2)

[
e(1−i)

√
λ − ie−(1+i)

√
λ − e(−1+i)

√
λ

]
|λ | 72 e

√
2|λ |

= 0, (3.22)

respectively. By using (3.3), we have

lim
λ∈iR, |λ |→+∞

|e2µ2 |= lim
λ∈iR, |λ |→+∞

∣∣∣∣exp(−λ − a
2
+

a2

8λ
+O(|λ |−2))

∣∣∣∣
= lim

λ∈iR, |λ |→+∞

exp(−a
2
+ℜeO(|λ |−2)) = e−

a
2 .

With the aid of this, and (3.20), (3.21), and (3.22), we can obtain the desired estimate

|∆|=
∣∣∣2(1+ i)λ

7
2 (eµ1− eµ2)

[
e(1−i)

√
λ + ie(1+i)

√
λ − ie−(1+i)

√
λ − e(−1+i)

√
λ

]
+4λ

2(µ1eµ2−µ2eµ1)
[
−e(1−i)

√
λ + e(1+i)

√
λ + e−(1+i)

√
λ − e(−1+i)

√
λ

]∣∣∣
>
∣∣∣2(1+ i)λ

7
2 (eµ1− eµ2)

[
e(1−i)

√
λ + ie(1+i)

√
λ − ie−(1+i)

√
λ − e(−1+i)

√
λ

]∣∣∣
−
∣∣∣4λ

2(µ1eµ2−µ2eµ1)
[
−e(1−i)

√
λ + e(1+i)

√
λ + e−(1+i)

√
λ − e(−1+i)

√
λ

]∣∣∣
>C|λ |

7
2 e
√

2|λ | for λ ∈ iR with |λ | sufficiently large. �
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Lemma 3.3 (Young’s inequality). For every f ∈ L1(R) and g ∈ Lp(R) (1 6 p 6 +∞), we have ‖ f ∗
g‖Lp(R) 6 ‖ f‖L1(R)‖g‖Lp(R), in which, ( f ∗g)(x) =

∫ +∞

−∞
f (x− y)g(y)dy, ∀x ∈ R.

Proposition 3.2. There exists a C > 0 such that ‖(λ idH −A)−1‖L (H ) 6CeC|λ |, ∀λ ∈ iR, where idH

is the identity operator on H .

Proof. Let λ ∈ iR, (ϕ, ϕ̃,ψ, ψ̃)∈D(A), and write ( f , f̃ ,g, g̃) = (λ idH −A)(ϕ, ϕ̃,ψ, ψ̃). (ϕ, ϕ̃,ψ, ψ̃)∈
D(A) and ( f , f̃ ,g, g̃) are such that

λϕ− ϕ̃ = f in (0,1),

λϕ̃−ϕ
′′+aϕ̃ = f̃ in (0,1),

λψ− ψ̃ = g in (0,1),

λψ̃ +ψ
(4) = g̃ in (0,1),

ϕ(0)−ψ(0) = ϕ
′(0)−ψ

′′′(0) = 0,

ϕ(1) = ψ(1) = ψ
′′(0) = ψ

′′(1) = 0,


(3.23)

or equivalently
ϕ̃ = λϕ− f in (0,1),

ϕ
′′− (λ 2 +aλ )ϕ =−(λ +a) f − f̃ in (0,1),

ψ̃ = λψ−g in (0,1),

ψ
(4)+λ

2
ψ = λg+ g̃ in (0,1),

ϕ(0)−ψ(0) = ϕ
′(0)−ψ

′′′(0) = 0,

ϕ(1) = ψ(1) = ψ
′′(0) = ψ

′′(1) = 0.


(3.24)

By Lemma 3.1, ϕ and ψ can be represented respectively by

ϕ(x) =
∫ 1

0
G11(x,ξ )(−(λ +a) f − f̃ )(ξ )dξ +

∫ 1

0
G12(x,ξ )(λg+ g̃)(ξ )dξ and (3.25)

ψ(x) =
∫ 1

0
G21(x,ξ )(−(λ +a) f − f̃ )(ξ )dξ +

∫ 1

0
G22(x,ξ )(λg+ g̃)(ξ )dξ . (3.26)

To accomplish the proof of Proposition 3.2, it is essential to obtain the estimate ‖(ϕ,0,ψ,0)‖H 6
C‖( f , f̃ ,g, g̃)‖H and to find an upper bound on the constant C. Let us start this long procedure by
analyzing the term

∫ 1
0 G11(x,ξ )(−(λ +a) f − f̃ )(ξ )dξ . We have by some routine calculations that∥∥∥∥∫ x

0
eµ2(1−2ξ )eµ1(x−ξ )(−(λ +a) f − f̃ )(ξ )dξ

∥∥∥∥
L2(0,1)

=

∥∥∥∥eµ2(1−2x)
∫ x

0
e−(µ1+µ2)ξ eµ2(x−ξ )(−(λ +a) f − f̃ )(ξ )dξ

∥∥∥∥
L2(0,1)

6C
∥∥∥∥∫ x

0
eµ2(x−ξ )(−(λ +a) f − f̃ )(ξ )dξ

∥∥∥∥
L2(0,1)

6C‖eµ2x‖L1
x(0,1)‖− (λ +a) f − f̃‖L2(0,1)

6C[(|λ |+a)‖ f‖L2(0,1)+‖ f̃‖L2(0,1)], (3.27)
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where the “6” in the third line follows from the fact that ℜeλ is bounded and from the algebraic identity
µ1 +µ2 = 0, while the “6” in the forth line follows from Young’s inequality. With the aid of (3.4), (3.5),
(3.6), (3.8), (3.9), (3.27) and Lemma 3.2, we have by some routine calculations that∥∥∥∥∫ x

0
(c11

1 + č11
1 )eµ1(x−ξ )(−(λ +a) f − f̃ )(ξ )dξ

∥∥∥∥
L2(0,1)

6

∥∥∥∥∫ x

0
c11

1 eµ1(x−ξ )(−(λ +a) f − f̃ )(ξ )dξ

∥∥∥∥
L2(0,1)

+

∥∥∥∥∫ x

0
č11

1 eµ1(x−ξ )(−(λ +a) f − f̃ )(ξ )dξ

∥∥∥∥
L2(0,1)

6

∣∣∣4λ 2µ2č11
1 eµ1

[
−e(1−i)

√
λ + e(1+i)

√
λ + e−(1+i)

√
λ − e(−1+i)

√
λ

]∣∣∣
|∆|

×
∥∥∥∥∫ x

0
eµ1(x−ξ )(−(λ +a) f − f̃ )(ξ )dξ

∥∥∥∥
L2(0,1)

+

∣∣∣4λ 2µ2č11
2

[
−e(1−i)

√
λ + e(1+i)

√
λ + e−(1+i)

√
λ − e(−1+i)

√
λ

]∣∣∣
|∆|

×
∥∥∥∥∫ x

0
eµ2(1−2ξ )eµ1(x−ξ )(−(λ +a) f − f̃ )(ξ )dξ

∥∥∥∥
L2(0,1)

+

∣∣∣−2λ
7
2 (1+ i)č11

1 eµ1

[
e(1−i)

√
λ + ie(1+i)

√
λ − ie−(1+i)

√
λ − e(−1+i)

√
λ

]∣∣∣
|∆|

×
∥∥∥∥∫ x

0
eµ1(x−ξ )(−(λ +a) f − f̃ )(ξ )dξ

∥∥∥∥
L2(0,1)

+

∣∣∣−2λ
7
2 (1+ i)č11

2

[
e(1−i)

√
λ + ie(1+i)

√
λ − ie−(1+i)

√
λ − e(−1+i)

√
λ

]∣∣∣
|∆|

×
∥∥∥∥∫ x

0
eµ2(1−2ξ )eµ1(x−ξ )(−(λ +a) f − f̃ )(ξ )dξ

∥∥∥∥
L2(0,1)

+
C
|λ |

[(|λ |+a)‖ f‖L2(0,1)+‖ f̃‖L2(0,1)]

6C
(
|λ |−1 + |λ |−

3
4

)
[(|λ |+a)‖ f‖L2(0,1)+‖ f̃‖L2(0,1)]

6C(‖ f‖L2(0,1)+‖ f̃‖L2(0,1)), (3.28)

where the “6” in the penultimate line follows from Lemma 3.2. Similarly, we have∥∥∥∥∫ x

0
(c11

2 + č11
2 )eµ2(x−ξ )(−(λ +a) f − f̃ )(ξ )dξ

∥∥∥∥
L2(0,1)

6C(‖ f‖L2(0,1)+‖ f̃‖L2(0,1)). (3.29)

Combine (3.28) and (3.29), we obtain∥∥∥∥∫ x

0
G11(x,ξ )(−(λ +a) f − f̃ )(ξ )dξ

∥∥∥∥
L2(0,1)

6C(‖ f‖L2(0,1)+‖ f̃‖L2(0,1)). (3.30)



A LARGE TIME BEHAVIOR PROBLEM FOR A COUPLED SYSTEM OF 1-D WAVE AND PLATE EQUATIONS 19

Now it turns to analyze
∫ 1

x G11(x,ξ )(−(λ +a) f − f̃ )(ξ )dξ . By changing of variables, we have∥∥∥∥∫ 1

x
eµ1(x−ξ )(−(λ +a) f − f̃ )(ξ )dξ

∥∥∥∥
L2(0,1)

=

∥∥∥∥∫ 1−x

0
e−µ1((1−x)−ξ )(−(λ +a) f − f̃ )(1−ξ )dξ

∥∥∥∥
L2(0,1)

=

∥∥∥∥∫ x

0
e−µ1(x−ξ )(−(λ +a) f − f̃ )(1−ξ )dξ

∥∥∥∥
L2(0,1)

6‖e−µ1x‖L1
x(0,1)‖− (λ +a) f − f̃‖L2(0,1)

6C[(|λ |+a)‖ f‖L2(0,1)+‖ f̃‖L2(0,1)].

It follows that ∥∥∥∥∫ 1

x
eµ2(1−2ξ )eµ1(x−ξ )(−(λ +a) f − f̃ )(ξ )dξ

∥∥∥∥
L2(0,1)

=

∥∥∥∥eµ2(1−2x)
∫ 1

x
eµ2(x−ξ )(−(λ +a) f − f̃ )(ξ )dξ

∥∥∥∥
L2(0,1)

6C‖e−µ2x‖L1
x(0,1)‖− (λ +a) f − f̃‖L2(0,1)

6C[(|λ |+a)‖ f‖L2(0,1)+‖ f̃‖L2(0,1)]. (3.31)

Taking the same route as in (3.28), we have∥∥∥∥∫ 1

x
c11

1 eµ1(x−ξ )(−(λ +a) f − f̃ )(ξ )dξ

∥∥∥∥
L2(0,1)

6

∣∣∣4λ 2µ2č11
1 eµ1

[
−e(1−i)

√
λ + e(1+i)

√
λ + e−(1+i)

√
λ − e(−1+i)

√
λ

]∣∣∣
|∆|

×
∥∥∥∥∫ 1

x
eµ1(x−ξ )(−(λ +a) f − f̃ )(ξ )dξ

∥∥∥∥
L2(0,1)

+

∣∣∣4λ 2µ2č11
2

[
−e(1−i)

√
λ + e(1+i)

√
λ + e−(1+i)

√
λ − e(−1+i)

√
λ

]∣∣∣
|∆|

×
∥∥∥∥∫ 1

x
eµ2(1−2ξ )eµ1(x−ξ )(−(λ +a) f − f̃ )(ξ )dξ

∥∥∥∥
L2(0,1)

6C
(
|λ |−1 + |λ |−

3
4

)
[(|λ |+a)‖ f‖L2(0,1)+‖ f̃‖L2(0,1)]

6C(‖ f‖L2(0,1)+‖ f̃‖L2(0,1)). (3.32)

We also have ∥∥∥∥∫ 1

x
c11

2 eµ2(x−ξ )(−(λ +a) f − f̃ )(ξ )dξ

∥∥∥∥
L2(0,1)

6C(‖ f‖L2(0,1)+‖ f̃‖L2(0,1)).

This, together with (3.32), implies∥∥∥∥∫ 1

x
G11(x,ξ )(−(λ +a) f − f̃ )(ξ )dξ

∥∥∥∥
L2(0,1)

6C(‖ f‖L2(0,1)+‖ f̃‖L2(0,1)),
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which, together with (3.30), implies

∥∥∥∥∫ 1

0
G11(x,ξ )(−(λ +a) f − f̃ )(ξ )dξ

∥∥∥∥
L2(0,1)

6C(‖ f‖L2(0,1)+‖ f̃‖L2(0,1)). (3.33)

By mimicking the steps in obtaining (3.33), we can prove

∥∥∥∥∫ 1

0
∂xG11(x,ξ )(−(λ +a) f − f̃ )(ξ )dξ

∥∥∥∥
L2(0,1)

6C|λ |(‖ f‖L2(0,1)+‖ f̃‖L2(0,1)). (3.34)

Let us now analyze
∫ 1

0 G12(x,ξ )(λg+ g̃)(ξ )dξ . Using (3.4), (3.5), (3.6), (3.14), (3.15), and Lemma 3.2,
we have∥∥∥∥∫ 1

0
c12

1 eµ1(x−ξ )(λg+ g̃)(ξ )dξ

∥∥∥∥
L2(0,1)

6‖eµ1x‖L2
x(0,1)

∣∣∣∣∣4λ
7
2 eµ2(eν4 + ieν1− eν3− ieν2)

∆

×
∫ 1

0

[
č22

1 eν1(1−ξ )+ č22
2 eν2(1−ξ )+ č22

3 eν3(1−ξ )+ č22
4 eν4(1−ξ )

]
(λg+ g̃)(ξ )dξ

∣∣∣∣
+‖eµ1x‖L2

x(0,1)

∣∣∣∣∣4λ
5
2 eµ2(eν4 + ieν1− eν3− ieν2)

∆

×
∫ 1

0

[
(ν1)

2č22
1 eν1(1−ξ )+(ν2)

2č22
2 eν2(1−ξ )+(ν3)

2č22
3 eν3(1−ξ )+(ν4)

2č22
4 eν4(1−ξ )

]
(λg+ g̃)(ξ )dξ

∣∣∣∣
6C
|λ |2(e

√
2|λ |
2 )2

|∆|
‖λg+ g̃‖L2(0,1)

6
C√
|λ |

(‖g‖L2(0,1)+‖g̃‖L2(0,1)). (3.35)

With similar routine calculations, we also have∥∥∥∥∫ 1

0
c12

2 eµ2(x−ξ )(λg+ g̃)(ξ )dξ

∥∥∥∥
L2(0,1)

6
C√
|λ |

(‖g‖L2(0,1)+‖g̃‖L2(0,1)).

This, along with 3.35, implies

∥∥∥∥∫ 1

0
G12(x,ξ )(λg+ g̃)(ξ )dξ

∥∥∥∥
L2(0,1)

6
C√
|λ |

(‖g‖L2(0,1)+‖g̃‖L2(0,1)). (3.36)

By mimicking steps as in deriving estimate (3.36), we have

∥∥∥∥∫ 1

0
∂xG12(x,ξ )(λg+ g̃)(ξ )dξ

∥∥∥∥
L2(0,1)

6C
√
|λ |(‖g‖L2(0,1)+‖g̃‖L2(0,1)). (3.37)
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In view of (3.4), (3.5), (3.6), (3.10), (3.11), (3.12), (3.13), and Lemma 3.2, we have∥∥∥∥∫ 1

0
c21

1 eν1(x−ξ )(−(λ +a) f − f̃ )(ξ )dξ

∥∥∥∥
L2(0,1)

6‖eν1x‖L2(0,1)

∣∣∣∣∣∣
2λ 2(µ1−µ2)

[
e(−1+i)

√
λ − e−(1+i)

√
λ

]
∆

×
∫ 1

0
(č11

1 eµ1(1−ξ )+ č11
2 eµ2(1−ξ ))(−(λ +a) f − f̃ )(ξ )dξ

∣∣∣∣∣∣
6

C√
|λ |

e
√

2|λ |
2 (‖ f‖L2(0,1)+‖ f̃‖L2(0,1)). (3.38)

It follows that∥∥∥∥∫ 1

0
c21

k eνk(x−ξ )(−(λ +a) f − f̃ )(ξ )dξ

∥∥∥∥
L2(0,1)

6
C√
|λ |

e
√

2|λ |
2 (‖ f‖L2(0,1)+‖ f̃‖L2(0,1)), k = 2,3,4.

This, together with (3.38), implies∥∥∥∥∫ 1

0
G21(·,ξ ) f (ξ )dξ

∥∥∥∥
L2(0,1)

6
C√
|λ |

e
√

2|λ |
2 (‖ f‖L2(0,1)+‖ f̃‖L2(0,1)). (3.39)

We also have ∥∥∥∥∫ 1

0
∂

2
x G21(·,ξ ) f (ξ )dξ

∥∥∥∥
L2(0,1)

6C
√
|λ |e

√
2|λ |
2 (‖ f‖L2(0,1)+‖ f̃‖L2(0,1)). (3.40)

Let us analyze here
∫ 1

0 G22(x,ξ )(λg+ g̃)(ξ )dξ . By (3.4), (3.5), (3.6), (3.16), (3.17), (3.18), (3.19), and
Lemma 3.2, we have∥∥∥∥∫ x

0
(c22

1 + č22
1 )eν1(x−ξ )(λg+ g̃)(ξ )dξ

∥∥∥∥
L2(0,1)

6
C√
|λ |

e
√

2|λ |
2 (‖g‖L2(0,1)+‖g̃‖L2(0,1))

+‖eν1x‖L∞(0,1)

∥∥∥∥∫ x

0
c22

1 e−ν1ξ (λg+ g̃)(ξ )dξ

∥∥∥∥
L2(0,1)

6Ce
√

2|λ |
2

[
1√
|λ |

(‖g‖L2(0,1)+‖g̃‖L2(0,1))+
∫ 1

0

∣∣∣c22
1 e−ν1ξ (λg+ g̃)(ξ )

∣∣∣ dξ

]

6Ce
√

2|λ |
2

[
1√
|λ |

(‖g‖L2(0,1)+‖g̃‖L2(0,1))+‖c22
1 e−ν1ξ‖L∞

ξ
(0,1)‖λg+ g̃‖L2(0,1)

]

6
C√
|λ |

e
√

2|λ |
2 (‖g‖L2(0,1)+‖g̃‖L2(0,1))

+Ce
√

2|λ |
2 ‖λg+ g̃‖L2(0,1)

[
|λ |− 3

2 e
√

2|λ |(|λ | 72 + |λ |3)
|∆|

+
|λ ||λ |− 3

2 e
√

2|λ |(|λ | 52 + |λ |2)
|∆|

]

6
C√
|λ |

e
√

2|λ |
2 (‖g‖L2(0,1)+‖g̃‖L2(0,1)), (3.41)
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and ∥∥∥∥∫ x

0
(c22

k + č22
k )eνk(x−ξ )(λg+ g̃)(ξ )dξ

∥∥∥∥
L2(0,1)

6
C√
|λ |

e
√

2|λ |
2 (‖g‖L2(0,1)+‖g̃‖L2(0,1)), k = 2,3,4. (3.42)

This, together with (3.41), implies∥∥∥∥∫ x

0
G22(x,ξ )(λg+ g̃)(ξ )dξ

∥∥∥∥
L2(0,1)

6
C√
|λ |

e
√

2|λ |
2 (‖g‖L2(0,1)+‖g̃‖L2(0,1)). (3.43)

By applying similar argument as in obtaining (3.41) and (3.42), we can prove∥∥∥∥∫ 1

x
c22

1 eν1(x−ξ )(λg+ g̃)(ξ )dξ

∥∥∥∥
L2(0,1)

6‖eν1x‖L∞(0,1)

∥∥∥∥∫ 1

x
c22

1 e−ν1ξ (λg+ g̃)(ξ )dξ

∥∥∥∥
L2(0,1)

6Ce
√

2|λ |
2

∥∥∥∥∫ 1

x
c22

1 e−ν1ξ (λg+ g̃)(ξ )dξ

∥∥∥∥
L∞(0,1)

6Ce
√

2|λ |
2

∫ 1

0

∣∣∣c22
1 e−ν1ξ (λg+ g̃)(ξ )

∣∣∣ dξ

6Ce
√

2|λ |
2 ‖c22

1 e−ν1ξ‖L∞

ξ
(0,1)‖λg+ g̃‖L2(0,1)

6Ce
√

2|λ |
2 ‖λg+ g̃‖L2(0,1)

[
|λ |− 3

2 e
√

2|λ |(|λ | 72 + |λ |3)
|∆|

+
|λ ||λ |− 3

2 e
√

2|λ |(|λ | 52 + |λ |2)
|∆|

]

6
C√
|λ |

e
√

2|λ |
2 (‖g‖L2(0,1)+‖g̃‖L2(0,1)) (3.44)

and ∥∥∥∥∫ 1

x
c22

k eνk(x−ξ )(λg+ g̃)(ξ )dξ

∥∥∥∥
L2(0,1)

6
C√
|λ |

e
√

2|λ |
2 (‖g‖L2(0,1)+‖g̃‖L2(0,1)), k = 2,3,4,

respectively. This, together with 3.44, implies∥∥∥∥∫ 1

x
G22(x,ξ )(λg+ g̃)(ξ )dξ

∥∥∥∥
L2(0,1)

6
C√
|λ |

e
√

2|λ |
2 (‖g‖L2(0,1)+‖g̃‖L2(0,1)),

which, together with (3.43), implies∥∥∥∥∫ 1

0
G22(x,ξ )(λg+ g̃)(ξ )dξ

∥∥∥∥
L2(0,1)

6
C√
|λ |

e
√

2|λ |
2 (‖g‖L2(0,1)+‖g̃‖L2(0,1)). (3.45)

In a similar way, we can prove∥∥∥∥∫ 1

0
∂

2
x G22(x,ξ )(λg+ g̃)(ξ )dξ

∥∥∥∥
L2(0,1)

6C
√
|λ |e

√
2|λ |
2 (‖g‖L2(0,1)+‖g̃‖L2(0,1)). (3.46)

Combine (3.25), (3.33) and (3.36), we obtain

‖ϕ‖L2(0,1) 6C(‖ f‖L2(0,1)+‖ f̃‖L2(0,1)),
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which, together with (3.24)1, implies

‖ϕ̃‖L2(0,1) 6C|λ |(‖ f‖L2(0,1)+‖ f̃‖L2(0,1)). (3.47)

Combine (3.26), (3.39) and (3.45), to get

‖ψ‖L2(0,1) 6
C√
|λ |

e
√

2|λ |
2 (‖g‖L2(0,1)+‖g̃‖L2(0,1)),

which, together with (3.24)3, implies

‖ψ̃‖L2(0,1) 6C
√
|λ |e

√
2|λ |
2 (‖g‖L2(0,1)+‖g̃‖L2(0,1)). (3.48)

Combine (3.25), (3.34) and (3.37), we obtain

‖∂xϕ‖L2(0,1) 6C|λ |(‖ f‖L2(0,1)+‖ f̃‖L2(0,1)). (3.49)

Combine (3.26), (3.40) and (3.46), we get

‖∂ 2
x ψ‖L2(0,1) 6C

√
|λ |e

√
2|λ |
2 (‖g‖L2(0,1)+‖g̃‖L2(0,1)). (3.50)

In view of ( f , f̃ ,g, g̃) = (λ idH −A)(ϕ, ϕ̃,ψ, ψ̃), we find from (3.47), (3.48), (3.49) and (3.50) that

‖(ϕ, ϕ̃,ψ, ψ̃)‖H 6C
√
|λ |e

√
2|λ |
2 ‖(λ idH −A)(ϕ, ϕ̃,ψ, ψ̃)‖L2(0,1;R4)

6C
√
|λ |e

√
2|λ |
2 ‖(λ idH −A)(ϕ, ϕ̃,ψ, ψ̃)‖H ,

which is equivalent to

‖(λ idH −A)−1 ( f , f̃ ,g, g̃)‖H 6C
√
|λ |e

√
2|λ |
2 ‖( f , f̃ ,g, g̃)‖H .

Since ( f , f̃ ,g, g̃) is arbitrary in H , we have

‖(λ idH −A)−1 ‖L (H ) 6C
√
|λ |e

√
2|λ |
2 6 ĈeĈ|λ |,

for sufficiently large constant Ĉ, say, Ĉ >max(
√

2
2 , C

2 e
√

2
4 ). The proof is complete. �

Lemma 3.4 (see [11, 12, 13]). Let Ǎ be the infinitesimal generator of a strongly continuous semigroup
{etǍ}t∈[0,+∞) of contractions on a complex Hilbert space Ȟ. If there there exists a C1 > 0 such that

‖(λ idȞ − Ǎ)−1‖L (Ȟ) 6C1eC1|λ |, ∀λ ∈ iR,

then there exists a C2 > 0 such that, for every ȟ ∈D(Ǎ),

‖etǍȟ‖Ȟ 6
C

ln(t +2)
‖ȟ‖D(Ǎ), ∀ t ∈ [0,+∞).

Proof of Theorem 1.2. Using Proposiiton 3.2 and Lemma 3.4, we can obtain the desired conclusion im-
mediately. �
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4. CONCLUSION

We investigated in this paper transmission system (1.1) of a 1-D damped wave equation and a 1-D
undamped plate equation for its large time behavior. We proved that the spectrum of the infinitesimal
generator of the semigroup associated to the system under consideration consists merely of eigenvalues
which lie to the left of the imaginary axis. Indeed, we obtained more information on the spectrum: The
spectrum has two distinct vertical lines as its asymptote lines in which the one on the right hand side is
the imaginary axis. Inspired by the spectral structure, we analyze the spectrum and prove by establishing
a resolvent estimate that the energy of (1.1) decreases to zero as at a logarithmic decaying rate. We
conclude this paper with an interesting question: Can one obtain a polynomial decaying rate for the
energy functional E(t) defined by (1.4)?
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