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1. INTRODUCTION

The concept of partial metric spaces was introduced by Matthews [1] in 1994. A partial metric space
is a generalized metric space. In a partial metric space, the distance of a point to its self may not be
zero. In [1], Matthews extended the Banach contraction principle from metric spaces to partial metric
spaces. Based on the concept of partial metric spaces, several authors obtained some fixed point results
for mappings satisfying different contractive conditions; see, e.g., [2, 3,4, 5, 6, 7, 8, 9] and the references
therein. Recently, Haghi, Rezapour and Shahzad [10] proved that some of fixed point theorems in partial
metric spaces can be obtained from metric spaces.

The definition of partial metric spaces is given as follows.

Definition 1.1. [1] A partial metric on a nonempty set X is a function p : X x X — R such that, for
all x,y,z € X,

(p1) x =y < plx,x) = p(x,y) = p(,y),

(p2) p(x,.x) < p(x,y),

(p3) p(x,y) = p(y,%),
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(pa) p(x,y) < p(x,2) + p(z,y) = p(z,2).
A partial metric space is a pair (X, p) such that X is a nonempty set and p is a partial metric on X.

Remark 1.2. It is clear that if p(x,y) = 0, then one has from (p;) and (p;) that x =y. But if x =y, then
p(x,y) may not be 0.

Each partial metric p on X generates a Ty topology 7, on X, which has as base the family of open
p—balls {B,(x,€) : x € X,& > 0}, where B,(x,€) = {y € X : p(x,y) < p(x,x) + €} for all x € X and
€>0.

It is remarkable that if p is a partial metric on X, then the function d,, : X x X — R™ given by

dp(x,y) = 2p(x,y) — p(x,x) — p(»,y) (1.1)

18 a usual metric on X.

Definition 1.3. [1, 7] Let (X, p) be a partial metric space. Then

(i) a sequence {x,} in a partial metric space (X, p) is said to be convergent to a point x € X if and only
if p(x,x) = lim, 0 p(x, Xx,);

(ii) a sequence {x,} in a partial metric space (X, p) is called a Cauchy sequence if there exists (and is
finite) 1imy, jy—y00 P (X0, Xim);

(iii) a partial metric space (X, p) is said to be complete if every Cauchy sequence {x,} in X converges,
with respect to 7,, to a point x € X such that p(x,x) = limy, u—se0 P(Xn, Xm).

In 2006, Bhaskar and Lakshmikantham [11] introduced the concept of coupled fixed points and studied
some nice coupled fixed point theorems. Later, Lakshmikantham and Ciri¢ [12] introduced the definition
of a coupled coincidence point of mappings. For recent results on a coupled fixed point, we refer the
reader to [13, 14, 15, 16, 17].

Definition 1.4. [11] Let X be a nonempty set. We call an element (x,y) € X x X a coupled fixed point

of the mapping F : X x X — X if F(x,y) =x and F(y,x) = y.

Definition 1.5. [12] An element (x,y) € X x X is called
(i) a coupled coincidence point of the mapping F : X x X — X and g : X — X if F(x,y) = gx and

F(y,x) = gy;
(i) a common coupled fixed point of mappings F : X x X — X and g: X — X if F(x,y) = gx =x and

F(y,x) =gy=y.

In 2010, Abbas, Khan and Radenovic [18] introduced the concept of w-compatible mappings as fol-
lows.

Definition 1.6. Let X be a nonempty set. We say that the mappings F : X x X — X and g: X — X are
w-compatible if gF (x,y) = F(gx,gy) whenever gx = F(x,y) and gy = F (y,x).

Recently, Aydi [13] obtained the following.

Theorem 1.7. Let (X, p) be a partial metric space. Suppose that the mapping F : X x X — X satisfies
the following contractive condition, for all x,y,u,v € X,

P(F(x,y),F(u,v)) < kp(x,u)+1p(y,v), (1.2)

where k,l are nonnegative constants with k+1 < 1. Then F has a unique coupled fixed point.
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The purpose of this paper is to use the concept of w-compatible mappings to discuss some new com-
mon coupled fixed point problems for two hybrid pairs of mappings in the framework of partial metric
spaces. We do not use the continuity of any mapping for finding the coupled coincidence and common
coupled fixed points. The results presented in this paper extend and improve some known corresponding
results in the literature.

We need the following useful lemmas to prove our main results.

Lemma 1.8. [2] Let (X, p) be a partial metric space. Then the following statements hold

(1)if plx.y) =0, then x = y;

(2) if x #y, then p(x,y) > 0.
Lemma 1.9. [1, 4, 7] Let (X, p) be a partial metric space.

(1) {x,} is a Cauchy sequence in (X,p) if and only if it is a Cauchy sequence in the metric space
(X,dp).

(2) A partial metric space (X,p) is complete if and only if the metric space (X,d,) is complete.
Moreover,

lim dp,(x,x,) =0 <:>’}i_r>r.}op(x,xn) = lim p(xn,xm) = p(x,x). (1.3)

n—oo n,m—o0
Lemma 1.10. [2, 3, 8] Let (X, p) be a partial metric space and x, — z with p(z,z) =0. Then lim,_,. p(x,,y) =
p(z,y) for everyy € X.

2. MAIN RESULTS

Theorem 2.1. Let (X, p) be a partial metric space. Let F,G : X xX — X, f,g:X — X be four mappings.
Suppose that there exist ky,ka, k3, k4 and ks in [0, 1) with

ki +ky+ ks 4+ 2kq +2ks < 1 2.1)

such that

p(F(x,y),G(u,v)) + p(F(y,x),G(v,u))
< kilp(fx,gu)+ p(fy,gv)] +ka[p(fx,F(x,y)) + p(fy,F (y,x))]
+k3[p(gu, G(u,v)) + p(gv,G(v,u))] +ka[p(fx,G(u,v)) + p(fy,G(v,u))]
+ks|p(gu, F(x,y)) + p(gv, F (y,x))] (22)

forall x,y,u,v € X. Also, suppose the following hypotheses:
(i) F(X xX) C g(X) and G(X x X) C f(X),
(ii) either f(X) or g(X) is a complete subspace of X,
(iii) (F, f) and (G, g) are w-compatible.
Then F, G, f and g have a unique common coupled fixed point in X X X. Moreover, the common coupled
fixed point of F, G, f and g has the form (u,u).
Proof. Let xo,yo € X. From (i), there exist sequences {x,}, {y»}, {z»} and {w,} in X such that
F(x2n,y20) = 8Xan+1 = 220, 1 > 0,
F y2n7x2n) = 8Vown+1 = w2,V n >0,

(
G(xX2n41,Y2n+1) = fXon+2 = 22041,V 0 >0,
G(Yont1,X2m+1) = fYan+2 = Wont1,Vn > 0.

(2.3)
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It follows from (2.2), (p2) and (p4) that

P(22n,20n4+1) + PW2ns Wans1) = P(F (X210, ¥20) G(X2n41,Y2041) ) + P(F (Y2n:%20), G (Y2041, X20+1))

<

IN

IN

ki[p(fx2n, 8X2n+1)+P(fY2n, 8V2n+1)]+ka [P (fX2n, F (X2n,Y20) ) +P(fy2n, F (Y2n,%2n))]
+k3[p(gxan+1,G(%2n+1,Y20+1)) +P(8V2n+1, G(Yant1,X2n+1))]

+ka[p(fx2, G(x2n+1,Y20+1)) + P(fY20, G(Y2nt1, %20 +1))]

+ks[p(8x2n+1, F (X2n,y20)) + P(8Y2n+1, F (Y2n: X2n))]

ki[p(z2n-1,220) +P(W2n—1,W2n) | +k2[P(220-1,220) + P(W2n—1,W2n)]
+k3[p(zan, 20+1) +P(Wons Won 1) | +-ka[p(zan—1,22041) +P(W2n—1, Want1)]
+ks[p(z2n,220) + P(W2n, Wan)]

(ki +k2)[p(z2n-1,220) FP(Wan—1,W2n) | k3 [P(220, 2204 1) +P(Wan, Want 1))
+ka[p(2on—1,200) F P (220, 2204 1) = P(220, 220) +P(W2n—1, W2n) +P(W2n, Wan 1)
—p(Wan, won)] + ks [p(zan, 220+1) + P(W2n, Wan11)]

(ki + ko +ka)[p(22n-1,220) + P(W2n—1,W2n)]

+(ks + ks +ks) [p(22n, 220+1) + P(Wan, Wan+1)],

which implies that

ki+ky+ky

n—1+<2n n—1,W2n)|- 2.4
P — [p(z2n-1,22n) +P(Wan—1,W2n)] (2.4)

P(z2nsz2n41) + P(Wan, Wang1)

Similarly, we can obtain

p(ZZn—
kl[ (fx2n7gx2n—1)+p(fy2n7gy2n—l)]+k2[p(fx2n7F(XvayZn))+p(fy2n7F(y2n7x2n))]

<

IA

IN

1,22n) + P(Wan—1,w2n) = p(F (X2n,¥20), G(x20—1,Y2n—1) ) + P(F (y2n,%20), G(Y2n—1,%20—1))

+k3[p(gx2n—1,G(x2n-1,Y20—-1) ) +P(8V21—1, G(Y2n—1,X2n—-1))]
+ka[p(fx20, G(x2n-1,Y20-1)) + P(fY20, G(Y2n—1,%20-1) )]
+k5[p 8X2n—1, (x2n7y2n>)+p(gy2n—17F(y2nax2n))]

ki[p(zan—1,20n—2)+p(Wan—1,Wan—2)|+ka[p(z2n—1,220) +P(W2n—1,w2n)]

+k3[p(z2n-2,220-1)F+P(Wan—2,Wan—1)]+ka[P(220-1,220-1) +P(W2n—1,W2n—1)]
+ks[p(zon—2,220) + P(Wan—2,W2n)]

(k1 +k3)[p(z2n-2,220-1) +P(W2n—2,Wan—1)]+ka [P(22n-1,220) +P(W2n—1,W2n)]
+ka[p(z2n-1,220) +P(W2n—1,W2n)]

+ks[p(zan-2,220-1)+P(220-1,220) = P(220-1,220-1) +P(W2n—2,W2n—1) +P(W2n—1,W2n)
—p(Wan—1,w2n-1)]

(ki + k3 +ks)[p(z2n-2,220-1) + P(W2n—2,W2n—1)]

+(ka + kg +ks) [p(z20-1,220) + P(Wan—1,w20)],
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which implies that

ki +ks+k
P(2on-1,220) + P(Wan—1,w2,) < ¥[P(Zzn—2,zzn—1)-i-p(Wzn—z,Wzn—l)]- (2.5)
1—ky — kg —ks
By combining (2.4) and (2.5), we obtain
P(Zn,zn—l-l) +p(Wna Wn-H) < k[P(Zn—l,Zn)"‘P(Wn—l,Wn)]a (2.6)

where

& — max ki +ky+ky ki + k3 +ks
N l—ky—ksa—ks' 1 —ky—ka—ks |~
Obviously, 0 < k < 1. Repetition of the above inequality (2.6) n-times, we get

P(Zn>Zn1) + PWnsWat1) < K'[q1(20,21) + g1 (wo, wi)]. (2.7)

Next, we prove that {z,} and {w, } are Cauchy sequences in X.
In fact, for each n,m € N, m > n, we obtani from (p4) and (2.7) that

m—1

p(zn,zm) + p(Wn, Wm) < Z [p(Zi,Zi+1) + p(WhWiJrl)]

i=n

m—1
< Y Klpzo,z0) +plwo, w1)]

kn
< 7glP(z0:20) + pwo, w)l. (2.8)
This implies that

im [p(zn,2m) + p(Wn,wm)] = 0.

n,m—sco

It follows that
lim p(z;,2,) =0 and  lLim p(wy,,wy,) = 0. (2.9)

n,m—soo 1, 1m—so0

Hence {z,} and {w,} are Cauchy sequences in the partial metric space (X,p). By Lemma 1.9, {z,} and
{wy} are Cauchy sequences in (X,d,). Therefore, {z2,11} and {wz,;1} are Cauchy sequences in the
subspace (f(X),d,). Suppose that f(X) is complete. Since {z2,+1} C f(X) and {wa,+1} C f(X) are
Cauchy sequences in (f(X),d,), it follows that the sequences {z2n41} and {w2,41} are convergent in
(f(X),d,). Hence, there exist u,v € f(X) such that

r}ii?odp(ZQn+1,u) =0 and r}ilgodp(wz,1+1,v) =0.

Since u,v € f(X), there exist s, € X such that u = fs and v = fr. Since {z,} and {w,} are Cauchy
sequences in X and {zp,+1} — u and {wy,4+1} — v, it follows that {zp,} — u and {wp,} — v. From
Lemma 1.9, we have

plu;u) = lim p(zon, u) = lim p(eon,u) = lm_p(an;2m) (2.10)
and
p(V7 V) = lim p(WQI’U V) = lim p(WZI’l-H ) V) = lim p(wrh Wm)' (211)
n—oo n—yoo n,m—oo

Combining (2.9), (2.10) with (2.11), we have that

pluu) =0 = p(vv). (2.12)
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By (p4), we obtain

IN

p F St 7u)+p(uaz2n+l)7p(uau)
F(s,t

(5,1)
(5,7)
(5,7)
(5,7)

p(F(S;t),ZZn+1>

D 7”)+P(u522n+1)

IN

F(s,1),22n+1) + P(2on41,1) — P(22n41,20n+1) + P(U; 22011)
F

p

(
(
(
(

IN

p s, t 722n+1)+P(22n+1,”)+l7(”712n+1)-

Letting n — o in the above inequalities and using (2.10) and (2.12), we have
lim p(F(S7t)aZZn+l) < p(F(Svt)au) < lim p(F(svt))ZZnJrl)-
n—soo n—soo

That is,
lim p(F(s,t),z0n+1) = p(F (s,1),u).

n—soo

Similarly, using (2.11) and (2.12), we have

lim p(F (t,s),wani1) = p(F(t,5),v).

n—soo

2.13)

(2.14)

Now we prove that F(s,7) = u = fs and F(t,s) = v = ft. In fact, it follows from (2.2) and (2.3) that

p(F(s,1),22n+1) + p(F (t,5), wan+1)
= p(F(s,1),G(x2n+1,y2041)) + P(F(1,5), G(y2nt1,X2041))
< ki[p(fs,gxanv1) + p(ft,8yon+1)] +ko[p(fs,F (s,1)) + p(f1,F (t,5))]
+k3[p(gxan+1,G(X2m+1,Y20+1)) + P(&Y20+1, G(Y2n+1,%20+1))]
+ka[p(f5,G(x2nr1,y2011)) + P(f1,G(Y2ns1,%2n41))]
+ks[p(8x2n+1,F (5,1)) + p(gyani1, F (,5))]
= hkilp(u,z20) + p(v,wan) +ka[p(u, F (s,1)) + p(v, F (1,5))]
+hs|
+ks[p(zon, F (s,1)) + p(wan, F (2, 5))]
ki[p(u,z2n) + p(v,wan)] + ka[p(u, F (5,2)) + p(v. F (1,5))]
~+k3
~+ks

P(zons 22n4+1) + PWan, wans1)] + ka[p(u, 22041) + p(v,wont1)]

IN

[P(zans 22n41) + P(Wany Woni1)] + kap(u, z2n+1) + p(v,wans1)]
[P(22n,22011) + P(22041,F (5,1)) — p(220+1,220+41)
+p(Wans Want1) + p(Want1, F (2,5)) — p(Wans 1, Won1)]
ki[p(u,z2n) + p(v,wan)] +ka[p(u, F (s,1)) + p(v, F (1,5))]

[p

+k3[p(zon, 22n41) + P(Won, Wont1)] +ka

IN

(u,22041) + P(V,W2n41)]

+ks[p(z2n;22041) + P(22041,F (5,1)) + p(Wan, Wang 1) + p(Woni1, F (2,5))].

Letting n — oo in the above inequality and using (2.9)-(2.14), we arrive at

p(F(s,2),u) + p(F(1,5),v) < (ky +ks)[p(F (s,1),u) + p(F (t,5),)].

(2.15)

By (2.1), we have that k, + ks < 1. Hence, it follows from (2.15) that p(F(s,t),u) = p(F(t,s),v) = 0.
By Lemma 1.8, we get F(s,r) =u = fs and F(t,s) = v = ft. Hence, (s,7) is a coincidence point of
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mappings F and f. Since (F,f) is w-compatible, we have fu = f(F(s,t)) = F(fs, ft) = F(u,v) and

fv=F1(FQ,

s)) = F(ft, fs) = F(v,u). Suppose that fu # u or fv # v. Hence
dp(fu,22n) = 2p(fus220) = p(fu, ft) = p(220, 220)-

Letting n — oo, we get

dp(f”a”) = Zr}iigop(f”7z2n) _p(fu’fu)’

which implies that

2p(fu,u) *p(fbt,fbt) 7p(u’u) = dp(fu,u) = 2r}l_r>130p(f”’z2n> *P(f”»f”)

By using (2.12), we obtain

Similarly, we have

Thus

From (2.2),

p(fu,u) = lim p(fu,z2,). (2.16)
p(fv;v) = lim p(fv,wan). (2.17)
lim [p(fu,z2n) + p(fv,w2n)] = p(fu,u) + p(fv,v) > 0. (2.18)

n—yoo

(2.3), (p2) and (pa), we get

p(fu,u)+ p(fv,v)

<

IN

IN

IN

p(fu,z20+1) + p(22n+1,4) — p(Z2n+1,22n+1)
+p(fviwant1) + pP(Want1,v) — P(Want1, Want1)
p(fu,zon11) + p(zon+1,u) + p(fv,wani1) + p(Want1,v)
p(F(u,v), G(x2nt1,y2n+1)) + P(F (v, ), G(yant1,%2041)) + P(220+1,4) + p(Want1,V)
ki[p(fu, 8xant1) + p(fv; gyant )] +ka[p(fu, F (u,v)) + p(fv, F (v,u))]
+k3[p(8x2n+1, G (x2n+1,Y20+1)) + P(8V2n+1, G(Yont1,X2n+1))]
Fka[p(fu, Glxanr1,y20+1)) + P(Fv G(y2nt1s Xonr1))]
+ks[p(gxant1, F (u,v)) + p(gyan+1, F (v,u))| + p(z2n41,4) + p(Want1,v)
k[p(fu,z2n) + p(fv,wan)] + ka[p(fu, fu) + p(fv, )]
+k3[p(z2n;220+1) + P(Wan, Want1)] + ka[p(fut, z2n11) + p(fv, want1)]
+ks[p(zan; fu) + p(wan, fv))] + P(22n+1,u) + p(Want1,v)

kilp(fu,z2n) + p(fv,wan)] + ka[p(fu,u) + p(fv,v))]
+k3[p(z2n;220+1) + P(Wan, Want1)] + ka[p(fut; 22n11) + p(fv, want1)]
+ks[p(fu,z20) + p(fv,wan)| + P(22n+1,u) + P(Wont1,v).

Letting n — oo in the above inequality, using (2.9)-(2.12) and (2.16)-(2.18), we obtain

p(fu,u)+p(fv,v) < (kl —|—k2—|—k4+k5))[p(fu,u)—|—p(fv,v)] <p(fu,u)—|—p(fv,v).

It is a contradiction. Hence fu = u and fv = v. Thus

F(u,v) = fu=u and F(v,u) = fv=v. (2.19)
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Since F(X x X) C gX, there exist a,b € X such that u = F(u,v) = ga and v = F (v,u) = gb. Hence, it

follows from (2.2) that

p(u,G(a,b))+ p(v,G(b,a))
= p(F(u,v),G(a,b))+ p(F (v,u),G(b,a))
< ki[p(fu,ga)+p(fv,gb)] +ka[p(fu,F (u,v)) + p(fv,F (v,

+k3
~+ks

p(ga,G(a,b))
p(ga,F(u,v))+ p(gh,F (v,u))]
= ki[p(u,u)+p(v,v)] +ka[p(u,u)) + p(v,v))]
+k3[p(u,G(a, b)) + p(v,G(b,a))| +ka[p(u
[
P

[ +
[ +

+hs[p(u,u)) + p(v,v))]

)
= (k3 +k4)[p(”7G(a’b)) + (VvG(b’a))]v

p(gb,G(b,a))] +ka[p(fu,G(a,b)) +

u))]
p(fv,G(b,a))]

,G(a,b))+ p(v,G(b,a))]

which implies that p(u,G(a,b)) + p(v,G(b,a)) = 0. So, G(a,b) = u = ga and G(b,a) =v = gb. Since

the pair (G, g) is w-compatible, we have gu = g(G(a,b)) =
G(gb,ga) = G(v,

p(u,gu) +p(v,gv)

G(ga,gb) =
u). Suppose gu # u or gv # v. It follows from (2.2) that

G(u,v) and gv = g(G(b,a)) =

= p(F(u,v),G(u,v)) + p(F (v,u),G(v,u))
< kilp(fu,gu) + p(fv.gv)] +ka[p(fu,F(u,v)) + p(fv.F(v,u))]
+k3[p(gu,G(u,v)) + p(gv, G(v,u))] + ka[p(fu,G(u,v)) + p(fv,G(v,u))]
+ks[p(gu,F(u,v)) + p(gv, F (v,u))]
= ki[p(u,gu)+p(v,gv)] +ko[p(u,u)) + p(v,v))]
+k3[ (gu,gu) + p(gv,gv)] +ka[p(u, gu)) + p(v,gv))]
[

ks[p(gu,u)) + p(gv,v))]

kl[ (u, gu) + p(v,gv)] + ka[p(u, u)) + p(v,v))]

+k3[p(u, gu) + p(v,gv)] +ka[p(u, gu)) + p(v,gv))]
+ks[p(u,gu)) + p(v,gv))]

= (ki +hks+ka+ks)[p(u,gu) + p(v,gv)]

IN

< plu,gu)+p(v,gv),
which is a contradiction. It follows that gu = u and gv = v. Hence
G(u,v)

=gu=u and G(v,u) =gv=v.

(2.20)

From (2.19) and (2.20), it follows that (u«,v) is a common coupled fixed point of F, G, f and g.



COMMON COUPLED FIXED POINTS OF TWO HYBRID PAIRS OF MAPPINGS 9

Next, we show that (u,v) is unique common coupled fixed point of F, G, f and g. Suppose that (u*,v*)
be another common coupled fixed point of F', G, f and g. Using (2.2) and (p,), we obtain

p(uu™) + p(v,v*)
= p(F(u,v),Gu",v"))+ p(F(v,u),G(v",u"))
ki[p(fu,gu*) + p(fv,gv*)] +kalp(fu, F (u,v)) + p(fv,F (v,u))]
+hks[p(gu,G(u",v*)) + p(gv*, G(V",u"))] + ka[p(fu,G(u",v*)) + p(fv,G(v*,u"))]
+ks[p(gu”, F(u,v)) + p(gv", F(v,u))]
= ki[p(u,u”) 4+ p(v,v)]+ka[p(u,u) + p(v,v)] + k3 [p(u”,u”) + p(v*,v7)]
Fha[p(u,u”) + p(v,v*)| +ks[p(u”,u) + p(v",v)]
ki[p(u,u™) + p(v,v)] +ka[p(u,u”) + p(v,v*)] + k3 [p(u, u”) + p(v,v")]
+ka[p(u,u”) + p(v,v*)] +ks[p(u,u”) + p(v,v")]
= (ki +ka+ks+ka+ks)p(u,u*)+py,v*)]. (2.21)

IN

IN

From (2.2) and (2.21), we have p(u,u*) = p(v,v*) = 0. By Lemma 1.8, we get u* = u and v* = v, which
implies that the uniqueness of the common coupled fixed point of F', G, f and g.
Next, we show that u = v. In fact, we find from (2.2) and (2.12) that
p(u,v) + p(v,u)
= p(F(,v),G(v,u)) + p(F (v,u), G(u,v))
< ki[p(fu,gv) +p(fv,gu)] +ka[p(fu, F(u,v)) + p(fv,F (vu))]
+ka[p(gv,G(v,u)
+ks[p(gv,F(u,v)
ki [p(u,v) + p(v,u)| +ka[p(u,u) + p(v,v)] + ka[p(v,v) + p(u, u)]
+ha[p(u,v) + p(v,u)] +ks[p(v,u) + p(u,v)]
= (ki +ka+ks)[p(u,v)+ p(v,u)].

+p(gu, G(u,v))] + kal[p(fu, G(v,u)) + p(fv, G(u,v))]
+p(gu, F(v,u))]

)
)

From (2.1), we have p(u,v) = p(v,u) = 0. By Lemma 1.8, we get that u =v. Thus u = fu = F(u,u) =
G(u,u) = gu, that is, the common coupled fixed point of F, G, f and g has the form (u,u). If g(X) is a
complete subspace of X, we obtain the desired conclusion immediately. O

Corollary 2.2. Let (X, p) be a partial metric space. Let F,G: X x X — X, f,g: X — X be four mappings.
Suppose that there exist k € [0, 1) such that

p(F(x,y),G(u,v)) + p(F (v,x), G(v,u)) < k[p(fx,gu) + p(fy,8v)] (2.22)
forall x,y,u,v € X. Also, suppose the following hypotheses:
(i) F(X x X) C g(X) and G(X x X) C f(X),
(ii) either f(X) or g(X) is a complete subspace of X,
(iii) (F, f) and (G, g) are w-compatible.

Then F, G, f and g have a unique common coupled fixed point in X X X. Moreover, the common coupled
fixed point of F, G, f and g have the form (u,u).
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Corollary 2.3. Let (X, p) be a partial metric space. Let F,G : X x X — X, g : X — X be three mappings.
Suppose that there exist k € [0,1) such that

p(F(x,y),G(u,v)) + p(F(y,x),G(v,u)) < k[p(gu,F (x,y)) + p(gv, F (y,x))] (2.23)

forall x,y,u,v € X. Also, suppose the following hypotheses:
(i) F(X xX) C g(X) and G(X x X) C g(X),
(ii) g(X) is a complete subspace of X,
(iii) (F,g) and (G,g) are w-compatible.
Then F, G and g have a unique common coupled fixed point in X X X. Moreover, the common coupled

fixed point of F, G and g have the form (u,u).

Theorem 2.4. Let (X, p) be a partial metric space. Let F,G : X x X — X, f,g:X — X be four mappings.
Suppose that there exist a; € [0,1) (i=1,2,3,---,10) with

a)+ay+az+as+as—+ag+2(a;+ag+ag+aj) <1 (2.24)

such that

p(F(x,y),G(u,v))
< aip(fx,gu) +axp(fy,gv) +asp(fx,F(x,y)) +asp(fy,F(y,x))
+asp(gu,G(u,v)) +acp(gv,G(v,u)) +arp(fx,G(u,v)) +agp(fy,G(v,u))
+agp(gu, F(x,y)) +aop(gv, F (y,%)) (2.25)
forall x,y,u,v € X. Also, suppose the following hypotheses:

(i) F(X x X) C g(X) and G(X x X) C f(X),
(ii) either f(X) or g(X) is a complete subspace of X,
(iii) (F, f) and (G, g) are w-compatible.

Then F, G, f and g have a unique common coupled fixed point in X x X. Moreover, the common coupled
fixed point of F, G, f and g have the form (u,u).
Proof. Fix x,y,u,v € X. It follows from (2.25) that

p(F(x,y),G(u,v))
< arp(fx,gu)+axp(fy.gv) +asp(fx,F(x,y)) +asp(fy,F(x))
+asp(gu,G(u,v)) +asp(gv,G(v,u)) +arp(fx,G(u,v)) +agp(fy,G(v,u))
+aop(gu, F(x,y)) +aiop(gv,F(y,x)) (2.26)

and

p(F(,x),G(v,u))
< a1p(fy,gv) +axp(fx,gu) +asp(fy, F(y,x)) +asp(fx,F(x,y))
+asp(gv,G(v,u)) +aep(gu, G(u,v)) +arp(fy, G(v,u)) +asp(fx,G(u,c))
+aop(gv, F (y,x)) +aiop(gu, F (x,)). (2:27)
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From (2.26) and (2.27), we get

p(F(x,),G(u,v)) + p(F (y,x),G(v,u))
< (a1 +a2)[p(fx,gu) + p(fy.gv)] + (a3 +aa) [p(fx,F (x,y)) + p(f3, F (y,x))]
+(as +ae)[p(gu, G(u,v)) + p(gv,G(v,u))] + (a7 +as) [p(fx,G(u,v)) + p(fy, G(v,u))]
+(ag +aio)[p(gu, F (x,y)) + p(gv, F (y,x))]. (2.28)

Therefore, the result follows from Theorem 2.4 immediately. O

Remark 2.5. Theorem 2.4 improves and extends Theorem 1.7 from one mapping to two hybrid pairs
of mappings, and the contractive condition (1.2) is replaced by the new contractive condition defined by
(2.25).

Remark 2.6. Corollary 2.3 of Aydi and Abbas [14] is a particular case of Theorem 2.4 by taking a4 =
ags=ag=ay;p=0,F =G and f = g =1, the identity on X.

Corollary 2.7. Let (X, p) be a partial metric space. Let F,G : X x X — X, f : X — X be three mappings.
Suppose that there exist k,1 € [0,1) with k+1 < 1 such that

p(F(x,y),G(u,v)) < kp(fx,gu) +1p(fy,gv) (2.29)

for all x,y,u,v € X. Also, suppose the following hypotheses:
(i) F(X xX) C f(X) and G(X x X) C f(X),
(ii) f(X) is a complete subspace of X,
(iii) (F, f) and (G, f) are w-compatible.

Then F, G and f have a unique common coupled fixed point in X x X. Moreover, the common coupled
fixed point of F, G and f have the form (u,u).

Remark 2.8. Corollary 2.7 generalizes and extends the corresponding results in Aydi [13, Theorem 2.1]
from one mapping to two hybrid pairs of mappings. In fact, if ¥ = G and f = g = I, Corollary 2.7 is
reduced to Theorem 2.1 of Aydi [13].

Corollary 2.9. Let (X, p) be a partial metric space. Let F,G: X x X — X, f,g: X — X be four mappings.
Suppose that there exist k,1 € [0,1) with k+1 < 1 such that

P(F(x,y),G(u,v)) < kp(fx,F(x,y)) +1p(gu,G(u,v)) (2.30)

forall x,y,u,v € X. Also, suppose the following hypotheses:
(i) F(X xX) C g(X) and G(X xX) C f(X),
(ii) f(X) or g(X) is a complete subspace of X.
(iii) (F, f) and (G, g) are w-compatible.
Then F, G, f and g have a unique common coupled fixed point in X x X. Moreover, the common coupled

fixed point of F, G, f and g have the form (u,u).

Remark 2.10. (1) If F = G and f = g = [ in Corollary 2.9, then Corollary 2.9 is reduced to Theorem
2.4 of Aydi [13].
2)If wetake F = G, f = g =1 and k = [, then Corollary 2.9 is reduced to Corollary 2.6 of Aydi [13].
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Corollary 2.11. Let (X,p) be a partial metric space. Let F,G: X xX — X, f,g:X — X be four
mappings. Suppose that there exist k,1 € [0,1) withk+1 < % such that

p(F(x,y),G(u,v)) < kp(fx,G(u,v)) +Ip(gu,F (x,y)) 2.31)
forall x,y,u,v € X. Also, suppose the following hypotheses:
(i) F(X x X) C g(X) and G(X x X) C f(X),
(ii) f(X) or g(X) is a complete subspace of X,
(iii) (F, f) and (G, g) are w-compatible.

Then F, G, f and g have a unique common coupled fixed point in X X X. Moreover, the common coupled
fixed point of F, G, f and g have the form (u,u).

Remark 2.12. (1) If F = G and f = g =1 in Corollary 2.11, Corollary 2.11 is reduced to Theorem 2.5
of Aydi [13].

Q2)If F=G, f=g=1Iand k=1[in Corollary 2.11, Corollary 2.11 is reduced to Corollary 2.7 of Aydi
[13].

Corollary 2.13. Let (X,p) be a partial metric space. Let F,G : X xX — X, f,g:X — X be four
mappings. Suppose that there exist k,l € [0,1) withk+1 < % such that

P(F(x,),G(u,v)) < kp(fy,G(v,u)) +1p(gv.F (y,x)) (2.32)

holds for all x,y,u,v € X. Also, suppose the following hypotheses:

(i) F(X xX) Cg(X) and G(X xX) C f(X),

(ii) either f(X) or g(X) is a complete subspace of X,

(iii) (F, f) and (G, g) are w-compatible.
Then F, G, f and g have a unique common coupled fixed point in X x X. Moreover, the common coupled
fixed point of F, G, f and g have the form (u,u).

Let f = g =1 in Theorem 2.4 and Corollaries 2.7-2.13, we have the following results.

Corollary 2.14. Let (X, p) be a complete partial metric space. Let F,G : X x X — X be two mappings.
Suppose that there exist a; € [0,1) (i=1,2,3,---,10) with
ay+ay+az+as+as+ag+2(a7 +ag +ag +ayg) < 1 such that
p(F(x,y),G(u,v))
< arp(x,u)+axp(y,v) +asp(x,F(x,y)) +aap(y, F (y,x))
+asp(u, G(u,v)) +asp(v,G(v,u)) +arp(x,G(u,v)) +asp(y, G(v,u))
+aop(u,F(x,y)) +awop(v,F(y,x)) (2.33)

for all x,y,u,v € X. Then F and G have a unique common coupled fixed point in X X X. Moreover, the
common coupled fixed point of F and G have the form (u,u).

Remark 2.15. Corollary 2.14 improves and extends the corresponding results in Aydi [13, Theorem
2.1] from one self-mappings to two self-mappings, and the contractive condition is replaced by the new
contractive condition defined by (2.33).
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Corollary 2.16. Let (X,p) be a complete partial metric space. Let F,G : X X X — X be two mappings.
Suppose that there exist k,1 € [0,1) with k+1 < 1 such that

P(F(x,y),G(u,v)) < kp(x,u)+1p(y,v) (2.34)
for all x,y,u,v € X. Then F and G have a unique common coupled fixed point in X X X. Moreover, the

common coupled fixed point of F and G have the form (u,u).

Remark 2.17. (1) If F = G in Corollary 2.16, then Corollary 2.16 is reduced to Theorem 2.1 of Aydi
[13].

() If F = G and k = [ in Corollary 2.16, then Corollary 2.16 is reduced to Corollary 2.2 of Aydi [13].

Corollary 2.18. Let (X, p) be a complete partial metric space. Let F,G : X x X — X be two mappings.
Suppose that there exist k,1 € [0,1) with k+1 < 1 such that

p(F(x,y),G(u,v)) < kp(x,F(x,y)) +1p(u, G(u,v)) (2.35)
for all x,y,u,v € X. Then F and G have a unique common coupled fixed point in X X X. Moreover, the

common coupled fixed point of F and G have the form (u,u).

Remark 2.19. (1) If F = G in Corollary 2.18, then Corollary 2.18 is reduced to Theorem 2.4 of Aydi
[13].

(2)If F = G and k = [ in Corollary 2.18, then Corollary 2.18 is reduced to Corollary 2.6 of Aydi [13].

Corollary 2.20. Let (X,p) be a complete partial metric space. Let F,G : X x X — X be two mappings.
Suppose that there exist k,l € [0,1) with k+1 < % such that

p(F(x,y),G(u,v)) < kp(x,G(u,v)) +1p(u, F(x,y)) (2.36)
for all x,y,u,v € X. Then F and G have a unique common coupled fixed point in X X X. Moreover, the

common coupled fixed point of F and G have the form (u,u).

Remark 2.21. (1) If F = G in Corollary 2.20, then Corollary 2.20 is reduced to Theorem 2.5 of Aydi
[13].

(1) If F = G and k = [ in Corollary 2.20, then Corollary 2.20 is reduced to Corollary 2.7 of Aydi [13].

Now, we give some examples to support our main results.

Example 2.22. Let X = [0, 1] be a partial metric space with p(x,y) = max{x,y}, and let the mappings
F,G:XxX — Xand f,g: X xX — X be defined by
_ X +y?

x+y X
F(%)’)— 6 G(XJ):vv fx:x2 and gxzi

for all x,y € X. Then
() F(X xX) Cg(X)and G(X xX) C f(X),
(i) either f(X) is a complete subspace of X,
(iii) (F, f) and (G, g) are w-compatible,
(iv) for any x,y,u,v € X, we have

P(F(x,y),G(u,v)) + p(F(y,x), G(v;u)) < Z[p(fx, gu) + p(fy, &v)]-

W | =
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Proof. (i), (i1) and (iii) are obvious. Next we show that (iv). In fact, for x,y,u,v € X, we have
p(F(x,y),G(u,v)) + p(F (y,x),G(v,u))

232
— omax X +y ’u+v
6 12

= 2<max{x62 1M2}+mal {yﬁ 1;})
_ %(max{xz,g}—l-max{ })

- %[p(fx,gu)-kp(fyvg")]-

Thus, F, G, f and g satisfy all the hypotheses of Corollary 2.2. So, F, G, f and g have a unique common

coupled fixed point. Here (0,0) is the unique common coupled fixed point of F, G, f and g. U

Example 2.23. Let X = R" be a partial metric space with p(x,y) = max{x,y}. Let F,G: X x X — X
and f,g: X x X — X be mapping defined by
2x+ 3y 3x+4y X
F = = z
('x7y) 72 Y G(x7y) 72 2
We find that all the hypotheses of Corollary 2.7 are satisfied. Clearly, F(X x X) C g(X), G(X xX) C
f(X), f(X) is a complete subspace of X, and the pairs (F,f) and (G,g) are w-compatible. For all

p(F(x,y),G(u,v)) = max{2x+3y 3u+4v}

, fx —fandgx— Vx,y e X.

x,y,u,v € X, we have

727 72

Thus, F, G, f and g satisfy all the hypotheses of Corollary 2.7. So, F, G, f and g have a unique common
coupled fixed point. Here (0,0) is the unique common coupled fixed point of F, G, f and g.

Example 2.24. Let X = {0, 1,2} be endowed with the partial metric p given by p(x,y) = max{x,y} for
all x,y € X. Tt is clear that (X, p) is a complete partial metric. Define the mappings F,G : X x X — X and
f,8: X —Xby

TABLE 1. The definition of maps f and g on X

f() 8(x)

N = O =

0 0
2 2
1 2
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and

TABLE 2. The definition of maps F and G on X x X

(x,) F(
0,0)
0.1)
0,2)
(1,0)
(1,1
(1,2)
(2,0)
2.1
22

Ra
~
~—
Q
—
<
~—

—_— == 0 O O O O O

S O O O O o o o O

Clearly, f(X) =X is complete, F(X x X) C g(X) and G(X x X) C f(X). It is easy to show that (F, f)
and (G,g) are w-weakly compatible. To check contractive condition (2.30) for all x,y € X, k = % and
[ = %, we consider the following cases:

Case (I) (x,y) € X x X and (u,v) € {(0,0),(0,1),(0,2),(1,0),(1,1),(1,2)}. Then p(F(x,y),G(u,v)) =
p(0,0) = 0. Hence (2.30) is satisfied.

Case (II) (x,y) € X x X and (u,v) € {(2,0),(2,1),(2,2)}. Then

kp(fx,F(x,y)) +Ip(gu,G(u,v)) > Ip(gu,G(u,v))
= Ip(2,1)=20=1.
Thus
p(F(x,y),G(u,v)) = p(0,1) =1 < kp(fx,F(x,y)) +Ip(gu,G(u,v)).

Hence, all of the conditions of Corollary 2.9 are satisfied. Moreover, (0,0) is the unique common coupled
fixed point of F, G, f and g.
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