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1. INTRODUCTION AND PRELIMINARIES

In this paper, we suppose that X is a real Banach space and X* is its the dual space. We suppose that
C is the nonempty closed and convex subset of X. (x, ) denotes the value of f € X* at x € X. We use
X, — x (or x, — x) to denote {x,} converges strongly (or weakly) to x, respectively.

A Banach space X is said to be uniformly convex [1] if, for any two sequences {x, } and {y,} in X such
that ||x,|| = |[y.|| = 1 and lim, s ||X, 4 ya|| = 2, then lim,,_,c. ||x,, — ¥ || = 0. The function Ny : [0, +e0) —
[0, +<0) is said to be the modulus of smoothness of X [1] if

1
Mx (1) = sup{5 ([e+yl[ + e =yl) = 1:xy € X, x| = 1, [lyl] < 1}

A Banach space X is said to be uniformly smooth [1] if lim,_,¢ nxf(t) — 0, ast — 0. A Banach space X is

said to have Property (H): if for any sequence {x,} C X, which satisfies both x,, — x and ||x,|| — ||x|| as
n — oo, then x,, — x as n — oo, The uniformly convex and uniformly smooth Banach space has Property
(H). |

The normalized duality mapping J : X — 2% is defined by

J@) ={f X" {x.f) = |Al* = IFI*} x € X.
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It is known that if X is a real uniformly convex and uniformly smooth Banach space, then the nor-
malized duality mapping J is single-valued, surjective and J(ex) = €J(x) for x € X, € € (—oo,+o0).
Moreover, J~! is also the normalized duality mapping from X* into X and both J and J~! are uniformly
continuous on each bounded subset of X or X*, respectively [2]. Recall that the Lyapunov functional
¢ : X xX — (0,+00) is defined as follows [3]:

(x,y) = [lx]? = 2x, i) + V1%, Yx,y € X, j(y) € ().

Let S : C — C be a single-valued mapping.

(1) If Sp = p, then p is called a fixed point of S. The set of fixed points of S is denoted by F(S);

(2) if there exists a sequence {x,} C C with x, — p € C such that x, — Sx, — 0, as n — oo, then p is
called an asymptotic fixed point of S [4]. The set of asymptotic fixed points of § is denoted by F (S);

(3) if there exists a sequence {x,} C C with x, — p € C such that x,, — Sx,, — 0, as n — oo, then p is
called a strong asymptotic fixed point of S [4]. The set of strong asymptotic fixed points of S is denoted
by F(S);

(4) S is called strongly relatively nonexpansive [4] if F(S) = F(S) # 0 and ¢ (p,Sx) < ¢(p,x) forx e C
and p € F(S);

(5) S is called weakly relatively nonexpansive [4] if F(S) = F(S) # 0 and ¢ (p,Sx) < ¢(p,x) forxe C
and p € F(S).

It is obvious that strongly relatively nonexpansive mappings are weakly relatively non-expansive map-
pings. If X is a real reflexive, strictly convex and smooth Banach space and C is a nonempty closed and
convex subset of X, then, for all x € X, there exists a unique point xo € C such

®(xp,x) = inf{d(y,x) : y € C}.

In this case, we can define the generalized projection mapping II¢ : X — C by Ilcx = xp, for all x € X
[3]. Weakly (or strongly) relatively nonexpansive mappings are important nonlinear mappings. Recently,
much attention has been paid to fixed points of weakly (or strongly) relatively nonexpansive mappings
in both Hilbert spaces and Banach spaces (see, e.g., [4, 5, 6, 7, 8, 9, 10, 11] and the references therein).

In 2005, Matsushita and Takahashi [5] presented the following hybrid iterative scheme to approximate
fixed points of a strongly relatively nonexpansive mapping 7 in a real uniformly convex and uniformly
smooth Banach space X:

uy € C,
vy =J 7 BuJuy + (1 — Bo)J Tuy),
Co={p€C:9(p,va) < O(p,un)}, (1.1)

On={peC:(p—uy,Juy —Ju,) <0},
un+1 :HCnﬂQn(ul)7 n €N7

where {f,} is a real sequence in (0,1). They proved that {u,} generated by (1.1) is strongly convergent
without compact assumptions on operator 7 and space X.

In 2009, Wei, Cho and Zhou [6] presented the following hybrid iterative scheme for two strongly
relatively nonexpansive mappings 7" and S in a real uniformly convex and uniformly smooth Banach
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space X:

uy €C,

v = J o Ju, + (1 — 04,)J Ty,

wo = J BTy + (1 — ;) JSv,),

Co={p€C:¢(p,wn) < Bud(p,un)+ (1= Bu)®(p,vn) < 9(p,un)},
On={peC:{(p—un,Juy —Ju,) <0},

un1 =Te,ng, (1), n €N,

(1.2)

where {a, } and {f,} are two real number sequences in (0, 1). They proved that {u, } generated by (1.2)
converges strongly to Iy 7y p(s)(#1) under some conditions.

In 2010, Su, Xu and Zhang [7] presented the following hybrid iterative scheme for two infinite families
of weakly relatively nonexpansive mappings {7} and {S,} in a real uniformly convex and uniformly
smooth Banach space X:

uy € C,

v = I B Tty + BT Tyt + B IS ],

Wi = J 0w, + (1 — 0,)Iv,],
Co={p€Cia1NQu1:0(p,wn) < O(p,un)},
Co={p€C:9(p,wo) < 9(p,uo)},

0w =1{pP€Ci1NQn-1:(p—ttn,Jup —Ju,) <0},
0o =C,

| 4nt1 =g, ng, (o), n € NU{O},

(1.3)

{0y, }, {[3,1(1)}, {[3,52)} and {ﬁ,ﬁ”} are four real number sequences in (0, 1). They proved that {u,} gener-
ated by (1.3) converges strongly to ITin=  r1.))n(nz, F(S,,))(”O) under some conditions.

In 2012, Zhang, Su and Cheng [8] removed the projection set Q, in algorithms (1.1), (1.2) and (1.3),
and introduced the following hybrid iterative scheme for a multi-valued weakly relatively nonexpansive

mapping 7 in a real uniformly convex and uniformly smooth Banach space X:

ug € C,
v = I VBN Jug + B Jup + B Tw),
wy, € Tuy,
(1.4)
Cn = {p € Cn*l : ‘P(P»Vn) g (1 - Ocn)(])(p,un) + Otn(])(p,uo)},
Co=0C,
un1 = I, (uo), n € NU{0},

where { [5,5” A ﬁn(z)} and { [3,53)} are three real number sequences in (0,1). They proved that {u,}
generated by (1.4) converges strongly to ITp(7)(uo) under some conditions.

If X is a real reflexive and strictly convex Banach space and C is a nonempty closed and convex subset
of X, then, for each x € X, there exists a unique point xo € C such that ||x —xo|| = inf{||x—y|| : y € C}.
In this case, we can define the metric projection mapping Pc : X — C by Pcx = xo, for all x € X; see [3].
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Suppose A is a multi-valued mapping from X into X*. Recall that A is said to be monotone [12] if,
for all v; € Au;, i = 1,2, (u) —up,vi —v2) > 0. A monotone mapping A is said to be maximal monotone
if R(J+AA) =X*, for A >0, A point x € D(A) is called a zero of A if Ax = 0. The set of zeros of A is
denoted by N(A).

In 2018, Wei and Agarwal [13] constructed new projection sets and investigated the following hy-
brid iterative scheme for approximating a common point which lies in the zero set of infinite maximal
monotone operators A; and in the fixed point set of infinite weakly relatively nonexpansive mappings B;:

x1€X,r1;€(0,400), i €N,

Vi = (J+1iA) (i +en), i €N,

Zni =J 0%, + (1 — 04,)JBiy], i €N,

Vi=X =W,

Visrri={peX: (ni—p,J(xn+en) —Jyni) >0}, i €N,

Va1 = (NZ1 Vas1.i) N Vas

Wit =4{P € Vag1,i 1 0(py2ni) < 0,0 (p,xn) + (1 — )@ (p,yni)}, i EN,
Wt = (MZ1 Was1,) W,

Unt1=1{p € Wap1 : 1 = plI* < [Py, (x1) = x1[[> + Ans1 },

(Xn+1 € Uny1, nEN,

(1.5)

where {a;, } is a real number sequence in (0, 1) and {r,;} is positive real number sequence for each i.
They proved that {x, } generated by (1.5) converges strongly to P w, (x1) € (N2 N(A:) (N7~ F(B;))
under some conditions.

In [14], Wei and Agarwal further studied the following iterative process

x1€X,e1 €X,

Yo =J oy + (1= 04) X2y @ id (J + 1 iAi) T (0 + €0)]
20 =J 7 [Budxn 4 (1= Bu) L7 biJ Biya,

U =X=V,

Une1 ={v E€Un: ¢(v,yn) < 0 (v,x) + (1 — ) (v, +€n),
O (vizn) < Bu@ (v, xn) + (1= Ba)@(v,yn) }

Varr = {v € Upsr = o =v|* < |Py,.., (x1) =21 [> + Ans1 },
Xnt1 € Vg1, nEN,

(1.6)

where {a,} and {f,} are real number sequences in (0,1). They proved that {x,} generated by (1.6)
converges strongly to Pny=_ ¢, (x1) € (M7= N(A;) (N F(B;)) under some conditions.

Compared to traditional hybrid iterative schemes (e.g., (1.1), (1.2), (1.3) and (1.4)), the main different
ideas in (1.5) and (1.6) are the iterative item x,, 11, which can be chosen arbitrarily in U,y or V,, for
each n € N. This may provide different choices for different uses. Can we borrow the ideas presented
in [13] and [14] and construct new projection sets in hybrid iterative schemes for two infinite families
of weakly relatively nonexpansive mappings? In this paper, we will provide a positive answer to this
questions.
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We also need the following tools to prove our main results.

Lemma 1.1. [4] Suppose that X is a uniformly convex and uniformly smooth Banach space and C is a
nonempty closed and convex subset of X. If S : C — C is weakly relatively nonexpansive, then F(S) is a

closed and convex subset of X.

Lemma 1.2. [13] Let X be a real uniformly smooth and uniformly convex Banach space and let {x,}
and {yn} be two sequences of X. If either {x,} or {yn} is bounded and ¢ (x,,y,) — 0, as n — oo, then
Xp—Yn — 0asn— oo,

Let {C,} be a sequence of nonempty closed and convex subsets of X. The strong lower limit of {C,},
s-liminfC,,, is defined as the set of all x € X such that there exists x,, € C,, for almost all n and it tends to
x as n — oo in the norm, the weak upper limit of {C,, }, w-limsupC, is defined as the set of all x € X such
that there exists a subsequence {C,, } of {C,} and x,,, € C,,, for every n,, and it tends to x as n,, — e in
the weak topology, and the limit of {C,}, imC,, is the common value when s-liminfC, = w-limsupC,;
see [15].

Lemma 1.3. [15] Let {C,,} be a decreasing sequence of closed and convex subsets of X, i.e. C, C Cy, as
n > m. Then {C,} converges in X and limC, =(,_; C,.

Lemma 1.4. [16] Suppose that X is a real uniformly convex Banach space. If limC,, exists and is not
empty, then {Pc x} converges weakly to Pjiyc,x for every x € X. Moreover, if X has Property (H), the

convergence is in norm.

Lemma 1.5. [17] Let X be a real uniformly convex Banach and r € (0,+o0). Then there exists a contin-
uous, strictly increasing and convex function 1 : [0,2r] — [0, +o0) with n(0) = 0 such that

1) Kaxill* < ) killxill? = Kkt (s — 0],
i=1 i=1
forall {x,}7_, C{xeX:|x|| <r} {kn};ry C(0,1) withY,, 1k, =1andmeN.

Lemma 1.6. [12] Let A : X — 25" be a maximal monotone operator. Then
(1) N(A) is a closed and convex subset of X;
(2) if x, = x and y, € Ax, with y, =y, or x, — x and y, € Ax, with y, — y, then x € D(A) and y € Ax.

2. MAIN RESULTS

In this section, our discussion is based on the following conditions:

(I1) X is areal uniformly convex and uniformly smooth Banach space and J : X — X* is the normalized
duality mapping;

(L) S;,T; : X — X are weakly relatively nonexpansive mappings, for each i € N, and

oo oo

(NF@((F(Si)) #0:

i=1 i=1
() {a,} and {B,} are two real number sequences in [0,1);
(I4) {A,} is a real number sequence in (0, +o0) with A, — 0 as n — oo;
(I5) {a;} and {b;} are two real number sequences in (0,1) and Y7 ,a;=1=Y7", b;.
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Theorem 2.1. Let {u,} be a sequence generated by the following hybrid iterative scheme

uy €X,
v = J g Juy + (1 — 04 Y2y aid Tiuy),
wn = J 7 [Budun + (1= Bo) X5y biJSiva),
U =X=V, (2.1)
Unv1 ={p € Un: 0(p,v) < O(p,un), 9 (P, wn) < P (psttn) + (1= Pu)@(p.va) },
Va1 = {p € Upyr 2 lur — p|* < [|Py, ., (1) — w1 [|> + Any1 },
[ Unt1 € Vyr1, nEN.

If0 <sup, &0, < 1 and 0 <sup, B, < 1, then u, — Pry=_ v, (1) € (= F(T3)) N(NZ1 F(Si)), as n— oo

Proof. We split the proof into eight steps.

Step 1. Prove that (N2, F(T;) N(N=; F(S;)) C U, forn € N.

Fix g € (N~ F(T;) (M= F(S:)). If n = 1, it is obvious that ¢ € U; = X. It follows from the defini-
tions of the Lyapunov functional and weakly relatively nonexpansive mappings that

¢(g,v1) = llqlI> —2(g, onJus + (1 — a01) Y aiJTuy)
i=1

+laJur +(1— ) Y aid Ty ||?

i=1

<oud(g,um)+(1—a) im(b(q,Tim)
i=1
<o (g,ur)+(1—o)9(q,u1) = ¢(q,u1)

and
6(am) < llalP —2B1 (g, Jur) —2(1 — By) f‘ibxq,fsim
P
BillalP+ (1 —mibl-usimuz
P
— Bio(g.un) +(1 —Boibi«p(q,sivl) < Bi9(g,un)+ (1 - B)(g.m1).
P
Therefore, g € U,. Suppose the result is true for n = k+ 1. If n = k+ 2, then
O (q,vi1) = llal* —2{q, O 1Jups1 + (1 — Qsr) ia WJ Tty 1)
+ [0 1Tt 1 + (1 — ey 1) Zai-]Tiuk+l I

i=1

< 04 19(q 1) + (1= 0s1) Y aid (g, T 1)
i=1

< O 19(q, uiey1) + (1 —041)0(q, uns1) = O(q, Uiy 1).
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Moreover,

O (g wier1) < Nlgl* = 2B (g, Jur) — 2(1 = Biir) Y bilg, ISivicr)
=1

+ Best [t |2+ (1= Beg1) Y billSivest |2

i=1
< Brr19(q, 1) + (1= Brrr) Y bid (g, Sivir1)
i=1
< Brer19(q,uir1) + (1= Bt 1) 0 (g5 vier1)-
Therefore, g € Up,». By induction,

07AO ﬂﬂF

Step 2. Prove that U, is a closed and convex subset of X, foreachn € N.

If n = 1, the result is trivial. For n € N\ {1}, we have the facts that ¢ (p,v,) < ¢(p,u,) is equivalent
to
2, Jun = Ivn) < uw|* = [|va]l®
and

O (p,wn) < Bud(pyun) + (1= Bn)9(p,vn)

is equivalent to

2B psJun) +2(1 = Ba) (P, vn) = 2(p,Jwn) < Bullutn® + (1= Ba)l|val|* — [Iwal>.

Then we can easily know that U, is closed and convex, for each n € N.
Step 3. Prove that V,, is a nonempty subset of X, for n € N, which ensures that {u, } is well-defined.
In fact, if n = 1, the result is trivial. If n € N\ {1}, then we see from the definition of metric projection
that

1Py, (1) =i || = yei{}f ly —ui]].

n+l1

For A, 1, there exists &, € U, such that

et — G |1 < (dnf =D+ At = 1Py, () =t [P + A

n+1
This ensures that V.| # 0 forn € N.
Step 4. Prove that Py, (u1) — Pr=_ y, (u1), as n — oo.
It follows from Steps 1 and 2 and Lemma 1.3 that limU, exists and limU, = (,—; U, # 0. Since X
has Property (H), then Lemma 1.4 ensures that Py, , (u1) — Pn=_ y, (u1) as n — oo
Step 5. Prove that both {u,} and {Py,, (u1)} are bounded.
It immediately follows from Step 4 that {Py, ., (u1)} is bounded. Since u,11 € V,,11, one sees that

ut = i1 |1* < (| P,y (ur) =t || + Ayt

Since A, — 0 and {Py,,, (1)} is bounded, it is easy to see that {u,} is also bounded.
Step 6. Prove that u,, .1 — Py, (u1) — 0, as n — oo.
Since up+1 € Vyi1 C Uy and Uy, is a convex subset of X, for V¢ € (0, 1), one has

tPUrHrl (ul) + (1 *t)un+l € Ups1.
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It follows from the definition of metric projection that
1P, (1) = ]| < [Py, (1) + (1 = ttyr —ua ]

Lemma 1.5 ensures that
1Py, () —wr]* < ||, (ur) + (1= )utp1 — ||
<t||Py,,, (ur) =i [P+ (1= 1) [t — wr|> =1 (L =)0 (|| Py, (1) — tns1]])-
Thus,
M (1Py, ., (u1) = ni1|]) < [un1 —w | = | P, (1) = wr|[* < Auir.

Letting t — 1 and n — oo, we know that Py, (1) — tty41 — 0 as n — oo

Step 7. Prove that u, — Pr=_ y,(u1), Vo — Pn=_ y, (1) and w, — P g, (1), as n — eo.

In fact, it follows from Step 4 and Step 6 that u, — Pr=_ y, (u1) as n — co. Then ¢ (uyy1,u,) — 0 as

n — 0. Since w11 € Vi1 C Uyt 1, one has @ (u,41,v,) < @ (upy1,u,) — 0. Using Lemma 1.2, we obtain
that u, 1 —v, — 0, which ensures that v, — Pn=_ ¢, (u1) as n — eo. Since u, 41 € Vyy1 C Uyy1, We have

(])(un—i-lywn) < ﬁn¢(un+laun) + (1 _ﬁn)(])(un-i-l?vn) — Ov

as n — oo. Thus u, 1 —w, — 0, which implies that w, — Pn=_ , (u1) as n — co.

Step 8. Prove that Py~ y, (u1) € (21 F(T:)) (N1 F(Si))-
First, we show that Pn- g, (u1) € F(T1). For Vg € (N2, F(T;)) (M2, F(Si)), we conclude from
Lemma 1.5 that

Za JTun) = |lql* = 2(q, Y aid Tun) + | Y aid T |1*
i=1 i=1

< HQHZ - 22“1‘<Q7JTiun> + ZaiHTi”nHZ —aramM ([ Thun — I Tptan||)
i=1 i=1

a;i0(q, Tiun) — aramM (N T1utn — I Tutty]]).

|
™

Il
_

Then
alamn(HJTlun_JT;nunH)éz (P(anun ZaJTun
i=1
< 0(q,un) — Za JTit)) 2.2)
= llunl* —2{q, Jutn) +2Za,-<q,JT,-un> — 1Y @i Tiua||*.
i=1 i=1
Since
v =J o Ju, + (1 — o) Za,-JT,-un],
i=1

one has

Jvy —Ju, = (1— Ocn)(Za,-JT,-un —Juy).
i=1

Note that both J and J~! are uniformly continuous on each bounded subset of X and X*, respectively.
From u, — Py, v, (u1), va — Pz v, (u1) and O < sup, o, < 1, one has ¥, aiJTiu,, — Ju, — 0, which
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implies that
T (Y aidTun) = Pz u, (u1), (2.3)
i=1

as n — oo. Moreover, from (2.2), we also know that JTyu, — JT,,u, — 0 as n — o for m # 1. Note that
(gl = 1Tunl))* < 9(q, Trun) < ¢(q,un) < (llgll + lunl)?, for Vg € (N2 F(T) N(NZ1 F(Si)), {Trun}
is bounded for Vi € N since {u,} is bounded. We may assume that M = sup{||T;u,|| : i,n € N}. Since
Y2 a;i =1, for V6 > 0, there exists sufficiently large integer Ny such that
5 oo

i —_— .
i=No+1 am
From the fact that JTyu, — JT,,u, — 0, as n — oo, for Vm € {1,2,--- Ny}, we see that there exists suffi-
ciently large integer My such that ||JTyu, — JTuy|| < % foralln>Myandm € {2,--- ,No}. If n > M,

=) N() e
[Ty = Y aid Tun|| < Y aill JTiuy — I T ||+ Y. aillJThun — I Ty |
i=1 i=2 i=Np+1
No 6 o
<(), ai)E +( )Y a)2m
i=2

i:N()-i—l

AN
S S TY)

+

NS 7]

Therefore, JTiu, — Y72y aiJTiu, — 0 as n — oo. Then (2.3) implies that Tju, — Pn= v, (u1) as n — oo.
Combining with the fact that u,, — P=_ y, (u1), and by using Lemma 1.1, Py~ ¢, (u1) € F (T3 ). Repeating
the above process, we can also prove that Py ¢, (u1) € F(T,,), Vm € N. Therefore,

oo

Pne v, (u1) € (F(T;).
i=1

Next, we show that Py= ¢, (u1) € F(S1). For Vg € (N2, F(T;)) V(M= F(Si)), we have
b6y M ([[JS1vn — ISmval]) < HVnH2 —2(q,Jvn) +2Zbi<q7jsivn> —l Zbi]SiVnHz' (2.4)
i=1 i=1
Since w, = J B, Ju, + (1 — B,) ¥ biJSiv,], one has

Jwy —Ju, = (1 — ﬁn)(z biJSivy — Juy).
i=1

From the facts that u, — Pn=_ y, (u1), wp — Pn=, v, (u1) and O < sup,B, < 1, we have Y2 biJS;v, —
Ju,, — 0, which implies that

I Y bl Siva) = Prz v, (1), (2.5)

i=1

as n — oo. Coming back to (2.4), JS1v, — JS,v, — 0 as n — oo for m # 1. In the same way, we can show
that {S;v, } is bounded for Vi € N. We may assume that M’ = sup{||S;v,|| : i,n € N}. Since };> | b; = 1,
for V& > 0, there exists sufficiently large integer Ny such that

> 0
b < —.
L b<ar
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Since JS1v, —JSuvy — 0 as n — oo, for Vm € {1,2,--- Ny}, we find that there exists sufficiently large
integer My such that ||JS;v, — Sy, < % foralln>Myandm € {2,--- ,No}. If n > M, then

=) N() e
[IS1ve — Y bidSivall < Y billJS1va —ISivall + Y, billJS1ve — ISiva
i=1 i=2 i=Np+1

No 6 oo ,
< (Zb,-)z +( Y bi)2Mm
i=2 i=No+1
8.8
2 2
=39.
Therefore, JS1v, — }.;2 biJSivy — 0. From (2.5), one implies that Syv, — Py v, (u1) as n — co. Com-
bining with the fact that v, — Pr=_ ¢, (u1), we have Py~ ¢, (u1) € F(S1). Repeating the above process

again, we can also prove that Py~ ¢ (u1) € F(S;), Vm € N. Therefore, Py= ¢, (u1) € N2y F(S;). This
completes the proof. g

Remark 2.2. From algorithm (2.1), we see that we have infinite choices of iterative sequence {u,},
which is the main difference compared with the traditional hybrid method (e.g. (1.1), (1.2), (1.3) and
(1.4)) on this topic.

Theorem 2.3. Let {uy,} be a sequence generated by the following hybrid iterative scheme

u €X,

v =J 7 odur + (1 — ) Uy aid Tiun),

Wi =J 7 [BuJur + (1= Bu) Ty biJ Siva)

U =X=Vv,

Uni1 ={p € Un: 0(p,va) < 0@ (p,ur) + (1= )9 (p,uun), 0 (p,wn) < Br (p,ur) + (1= Ba) 9 (p,vn)},
Virt = {p € Upgr : lur = pI* < [Py, (u1) = u | + A 3,

[ Un+1 €Vyr1, nEN.

(2.6)
If oy — 0 and B, — 0. Then u, — Pr=_ y,(u1) € (N2 F(T)) NN F(Si)) as n— oo.

Proof. The proof is also split into eight steps. Steps 3,4, 5 and 6 are the same with Theorem 2.1. Next,
we only give the proof for Steps 1, 2, 7 and 8.

Step 1. Prove that (N2, F(T;) V(N F(S;)) C U, forn € N.

Fix g € (N F(T)N(NZ, F(S)). Ifn=1, g € Uy = X is obvious. In view of the convexity of || - |2
and the definition of weakly relatively nonexpansive mappings, we have

0(q,v1) = |lq]|* — 2(q, onJus + (1 — oty Za,JT,-uQ + |l Ju; + (1 —o0y) ZaiJTl-u] 12
=1

i= i=1

ailq,JTur) + o |lur|* + (1= on) Y ail | Tun ||?
i=1 i=1

= ¢(q,ur)+(1—0y) ia@(%Tiul)
i=1

<aud(q,ur)+(1—ou)p(q,ur)

agk

< llgll* — 20 {g.Jur) —2(1 — o)
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and

(=5}

0(g,w1) < llglI*> —2Bi (g, Jur) —2(1—B1) Y bi(g,JSiv1)
i=1

+ Bl 1P+ (1= B1) Y bill Sova |17
i=1

— Bid(g ) + (1 —mibmq,&vl) < Bi(gour) +(1- B)9(g ).

Thus g € U,. Suppose the result is true forn = k+ 1. If n = k+ 2, then

(=)

0(q,vir1) = llgll> = 2(q, o1 Jus + (1 — 0gi1) Y @i Ty 1)
i=1

+ ||Otk+1Ju1 + (1 — Olk_H) ZaiJTika ||2
i=1

s

< Hf1H2 =200 1(g,Ju1) —2(1 — 04y1) }_aiq,JTiug 1)

i=1

+ Ot [Jun P+ (1 = 0esr) Y @il T |12
=1

1

— o419 (q ) + (1~ 0 ) Y b (g, Tgr)
i=1

< Oy 19(q,ur) + (1 — 04y 1)O(q, gy 1)-

Moreover,

oo

0 (g, wi1) < llgl* — 2Bir1 (g, Jur) —2(1 = Bigr) Y bilg, ISiviesr)
i=1

+ Bt 1P+ (1= Berr) Y bill Sives 1 [
i=1

oo

= Bri10(q,11) + (1= Bir1) Y bid (g, Sivis1)

i=1
< Ber19(q,ur) + (1= Brs1) (g, vier1)-
Then g € Uy,. Therefore,
0 # ((VFIN(F(S:) C U
i=1 i=1

Step 2. Prove that U, is a closed and convex subset of X.

Notice that
¢(pavn) < OCn(P(paul) + (1 - an)(p(pa”n)
— 20‘n<pvjul> +2(1 - an)<pa~]un> *2<pvjvn>
< o lun ||+ (1 = o) || an||* = [[va |
and

¢(p,Wn) < ﬁnq)(p,ul) + (1 _ﬁn)q)(pvvn)
<= 2Bu(p,Jur) +2(1 = Bu) (P, Jvn) — 2{p,Jwn)
< Ballua [+ (1= B [vall® = [[wall*-

Thus U, is closed and convex forn € N.
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Step 7. Prove that u, — Pry=_ , (u1), va — Pn=_ y, (u1) and w, — Pp=_ g, (u1) as n — oo,
Following from the results of Step 4 and Step 6, u, — Pn=_ , (u1) as n — oo. It follows that w1 —
u, — 0 as n — o. Note that
0 < O (unt1,un) = |[tn41 Hz — 2(up+1,Jun) + H”nHZ
= (et 2 = lloaal®) + 2000 = 1, )
< (ot |17 = el *) 21t — 1 [ ]| = O,
as n — oo. Since Uyt € Vyy1 C Uyyg, and o, — 0, we have 0 < @ (uy11,vy) < 0,0 (upy1,u1) + (1 —

0) O (n11,uy) — 0 as n — oo. It follows from Lemma 1.2 that u,,1 —v, — 0. So, v, — P ¢, (u1) as
n — oo, Since u, 1 € Vyo1 C Uyyq and B, — 0, we have

0 S (P(un—l—lawn) S ﬁn¢(un+lau1> + (1 _ﬁn)(,b(un—i-l 7vn) — O;
as n — oo, Lemma 1.2 implies that u,+; —w, — 0. Hence, w, — Pz v, (u1) as n — oo.

Step 8. Prove that Pﬂ;‘;lUn(“l) (M F(T) NNy F(Si)-

First, we show that Pn=_ ¢ (u1) € F(T1). For Vg € ("2, F(T;)) N(N=1 F(S;)), by using Lemma 1.5,
we know that (2.2) in Theorem 2.1 is still true. Since v, = J~ [, Jus + (1 — ot,) ¥ | aiJ Tiu,], we have
T = Jup = 04y (Juy = Jup) + (1= 06,) (Y. aid Trup — Juy).

i=1
Note that both J and J~! are uniformly continuous on each bounded subset of X and X*, respectively.
From u, — Py, (u1), va — Pz, v, (u1) and @, — 0, we have ¥ | a;JTiu, — Ju, — 0, which implies
that (2.3) is still true. Copy the corresponding part of Step 8 in Theorem 2.1, we have Pn= ¢, (u1) €
F(T1). Repeating the process above, we have Pny= ¢, (u1) € F(T,), Vm € N. Therefore, Py~ ¢, (u1) €
=1 F(T;). Next, we show that Py ¢, (u1) € F(S1). For Vg € (N2 F(T:)) NN, F(Si)), (2.4) is still
true. Since w, = J~[B,Ju; + (1 B,,) Y= biJSivy], we have

IWp = Juy = By (Jur — Juy) + (1= Ba) (Y bid Sivy — Juy).

i=1
From the facts that u, — Pr=_ ¢, (u1), wp — Pn=_ v, (u1) and B, — 0, we have Y2 bJSiv,, — Ju, — 0,
which implies that (2.5) is still true. Copy the corresponding part of Step 8 in Theorem 2.1, we have

Pn=_ v, (u1) € F(S1). Repeating the process above, we can also prove that P ¢, (u1) € F(Sp), Vm € N.
Therefore, Pn=_ ¢, (u1) € (=) F(S;). This completes the proof. O

From Theorem 2.1 and Theorem 2.3, we can obtain the following results.
Theorem 2.4. Let {u,} be a sequence generated by the following hybrid iterative scheme

uy €X,

v =J o Juy + (1 — 04 Y7y aid Tiuy),

wp = J[Budur + (1= By) X5y bi Siva),

U=X=Vp, 2.7
Uit ={p € Un: 0(p,vn) < O(p,un), 9 (p,wn) < B (pur) + (1= Pu)@(p.va) },
Va1 = {p € Upyr : lur — p||* < [|Py, ., (1) — w1 ||> + Any1 },

[ Un+1 € Vyr1, nEN.
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If0 <sup, o, < 1 and B, — O, then u, — Pn;olen(ul) € (N F(T))NNZ, F(S)) as n— oo.

Theorem 2.5. Let {u,} be a sequence generated by the following hybrid iterative scheme

u € X,

v =J o Juy + (1 — 0, X2, aid Ty,
wp =J U BuJun + (1 — B,) Yoo biSival,
U=X=W,

Unt1={p €Up: 9(p,vn) < 00 (p,u1) + (1 — )9 (p,un), 9 (P, wn) < B¢ (p,un) + (1= Ba)@(p,va) },
Var1 = {p € Upy1 : [l — p|* < [|Py,,, (1) = ||> + Anir },
Up+1 € Vyp1, n €N.

(2.8)
If0 <sup, B, < 1and o, — 0, then u, — Pn=_ v, (u1) € (Mizy F(Ti)) N(Ni=y F(Si)) as n— oo,

3. APPLICATIONS

In this section, our discussion is still based on conditions (1;), (53), (I4) and (I5) in Section 2. In
addition, we assume that A;,B; : X — X* are maximal monotone mappings and S; : X — X is weakly
relatively for each i € V.

Lemma 3.1. [14] Let X be a real uniformly smooth and uniformly convex Banach space and let A :
X — 2X" be a maximal monotone mapping with N(A) # 0. Then, for ¥x € X,¥y € N(A) and r > 0,
O (J+7A) ")+ 9((J +rA) " x,x) < 9(v,).

Lemma 3.2. If N(A) # 0, then under the assumptions of Lemma 3.1, one has that (J+rA)~"'J: X — X
is strongly relatively nonexpansive, and F((J +rA)~'J) = N(A) for Vr > 0.

Proof. The result of F((J+rA)~'J) = N(A) (Vr > 0) follows from [18]. From Lemma 3.1, we know that
¢(p,(J+rA)"1Jx) < ¢(p,x) forx € X and p € N(A). Itis obvious that F ((J+rA)~'J) C F((J+rA)~J).
We next show that F((J+rA)~'J) C F((J+rA)"'J). In fact, Vp € F ((J4rA)~J), there exists {x,} C X
such that x, — p € X and x,, — (J +rA)~'Jx, — 0 as n — co. Denote u,, = (J +rA)~Jx,. Then x, — u, —
0, which implies that u, — p as n — oo. Rewriting u,, we have Ju, + rAu,, = Jx,, which implies from
Lemma 1.1 that Au,, — O for 7 > 0 as n — oo. It follows from Lemma 1.6 that p € N(A) = F ((J+rA)~1J).
Therefore, F((J+rA)~'J) = F((J+rA)~'J) for r > 0. Hence (J+rA)~'J : X — X is strongly relatively
nonexpansive, which is of course weakly relatively nonexpansive. This completes the proof. O

From Lemma 3.2 and Theorems 2.1, 2.3, 2.4 and 2.5, we can get the following results.



14 L.L. DUAN, A.F.SHI, L. WEIL, R.P. AGARWAL

Theorem 3.3. Suppose (i N(A;)) NNy F(Si)) # 0. Let {u,} be a sequence generated by the fol-

lowing hybrid iterative scheme

.
u € X,r >0,

v =J o Juy + (1 — 06,) X2 aild (T +rA;) ™y,

wp = J BuJuy + (1= B,) X5 biSivy],

U =X=W, 3.1
Uni1 ={p €Un: 9(p,vn) < ¢(p,utn), 9(P,wn) < P (p,un) + (1= Bn)@(p.va)},
Va1 = {p € Un1 ¢ [lur = plI> < [Py, (1) =[P+ Anir },

[ Un+1 € Vyr1, nEN.

If0 <sup,a, <1and 0 <sup, B, <1, then u, — Pn=_ v, (u1) € (M= N(A;)) (N2 F(Si)) as n— oo.

Theorem 3.4. Suppose (i N(A;)) NNy F(Si)) # 0. Let {u,} be a sequence generated by the fol-

lowing hybrid iterative scheme

uy € X,r >0,

v =J o Juy + (1 — o) X2 aild (J +rA) "y,

wp =J U BuJur + (1= B,) Yo biSival,

U=X=V,

Uns1 ={p € Un: 9(p,va) < @ (p,ur) + (1= 06) 9 (P, ttn), 9 (P, wn) < B (p,ur) + (1= Bu)@(p,va) }
Vast ={p € Upsr : [lur — plI* < ||Py,,, (1) —wr || + Anyi },

Uny1 € Vpy1, nEN.

3.2)
If &y — 0 and B, — 0, then u, — Pn=_ v, (u1) € (MiZy N(A:)) NNy F(Si)) as n — oo.

Theorem 3.5. Suppose (Ni—y N(A;)) (Mg F(Si)) # 0. Let {u,} be a sequence generated by the fol-
lowing hybrid iterative scheme

(ul eX,r>0,

v =J o Juy + (1 — 00,) X2 aild (T +rA;) ™ Vuy),

wy =J BuJuy + (1= Bo) X5y biSival,

U=X=V, (3.3)
U1 ={p € Up: 9(p,va) < 9(p,utn), ¢(p,wn) < B (pyur) + (1= Bu)9(p,va) }s
Vot ={p € Upsr ¢ [lur = plI* < ||Py,,, (1) — ur | + Ani1 },

[ Un+1 € Vyr1, nEN.

If0 <sup,a, < 1and B, — 0, then u, — Pn=_ v, (u1) € (NiZ; N(A:)) (N1 F(Si)) as n — oo.
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Theorem 3.6. Suppose (i N(A;)) NNy F(Si)) # 0. Let {u,} be a sequence generated by the fol-

lowing hybrid iterative scheme

u €X,r>0,

v =J o duy + (1= o) Y2y aild (T + rA) "V uy),
wyp =T BuJun+ (1= Bo) X2 bid Sival,
Uy=X=W,

Un+1 = {P € Ul’l : ¢(p,Vn) S an¢(P7”1)+(1 _an)¢(l77”n)a¢(pawn) S ﬁn¢(p7un) +(1 _ﬁn)q)(pvvn)}?
Virt = {p € U & [lur = pl* < [Py, (ur) —ut >+ A,
kunH GVn+1, neN.

(3.4)
If0 <sup, B, < 1 and o, — 0, then u, — Py, (u1) € (M= N(A))N(N7=1 F(Si)) as n — oo.

Using Theorems 3.3, 3.4, 3.5 and 3.6 and replacing S; by (J +sB;)~'J, we can obtain the following
results.

Theorem 3.7. Suppose (N7 N(A;)) (N2 N(B;)) # 0. Let {u,} be a sequence generated by the fol-
lowing hybrid iterative scheme

.
uy € X,r>0,5s >0,

lun]7

)

v =J o Juy + (1 — 0) X2 aild (J+rA;) 71
wy =J BuJuy + (1 — Bo) X5y biJ (J +5B;) " Jv,]
U =X=V, (3.5)
Uni1 ={p €Un: (P, vn) < 0(P,un), 9(p,wn) < Bu (P, un) + (1= Bu)9 (P, va)},

Vit ={p € Uns1 : [lur = plI* < ||Py,.., (1) —ur > + Ans1 },
Up+1 € Vyy1, nEN.

If0 <sup, &, < 1 and 0 <sup, B, < 1, then u, — Py, (u1) € (M= N(A;)) (N2 N(Bi)) as n— oo.

Theorem 3.8. Suppose (M= N(A:)) (N N(B;)) # 0. Let {u,} be a sequence generated by the fol-

lowing hybrid iterative scheme

up €X,r>0,5 >0,
v =J oduy + (1= 04) Y52 aild (T +rA;) Wy,
= J Budus + (1= Bo) X521 bid (I +5B;) v,
U=X=WV,
Un1 ={p € Un: @(p,vn) < 0@ (p,ur) + (1 = )¢ (p,un), 9 (p:wn) < Bu(pyur) + (1= Bn)¢(p,va) },
Vart = {p € Uns1 : [lur = plI* < [Py, (1) —ur >+ Ans1 },
Upt1 € Va1, n €N.

(3.6)
If oy — 0 and B, — O, then u, — Py, (u1) € (M= N(A)) N(NZ 1 N(Bi)) as n— oo.
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Theorem 3.9. Suppose (M= N(A:)) (N~ N(B;)) # 0. Let {u,} be a sequence generated by the fol-

lowing hybrid iterative scheme

u € X,r>0,5s >0,
v =J o Juy + (1 — 06,) X2 aid (T +rA;) = Vuy),
wy =J Y BuJuy + (1= By) X5 bid (J+sB:) ~1Iv,],
U =X=W, (3.7
Unt1 ={p €Un: 9(p,vn) < ¢(p,utn), 9(p,wn) < Pud(pur) + (1= Ba)o(p,va)},
Vit = {p € Upsr : [lur = p|> < [Py, (1) — ur[[> + Api },
Up+1 € Vyy1, nE€N.

If0 <sup, &, < 1and B, — 0, then u, — Pn=_ (1) € (N2 N(A)) NN N(Bi)) as n — oo.

Theorem 3.10. Suppose (—; N(A;))N(Ni=; N(B;)) # 0. Let {u,} be a sequence generated by the
following hybrid iterative scheme

up €X,r>0,5s>0,

v =J ogJuy + (1 — o) X2 aid (J +rA) "y,

wn = J BuJun + (1 — Bo) X2y biJ (J 4 5B;) ™ Jv,],

U=X=V,

Unt1={p €Up: 9(p,vn) < 09 (p,u1) + (1 — ) (psun), 9 (P, wn) < Bu@ (p,un) + (1= Bu)d(p,va) }
Var1 = {p € Ups1 ¢ lur = plI*> <[Py, (1) — w1 [|* + Ay},

Up+1 € Vop1, n €N.

(3.8)
If0 <sup, B, < 1and o, — 0, then u, — Pn=_ v, (u1) € (NiZ1 N(A:)) (N2 N(Bi)) as n — oo.

Remark 3.11. From theorems 3.3, 3.4, 3.5 and 3.6, we see that Theorems 2.1, 2.3, 2.4 and 2.5 are
extensions of the corresponding results in [13] and [14] on the design of iterative schemes for common
points of the set of zeros of infinite maximal monotone mappings and the set of fixed points of infinite
weakly relatively nonexpansive mappings. From Theorems 3.7, 3.8, 3.9 and 3.10, we see that Theorems
2.1, 2.3, 2.4 and 2.5 are applicable for common zeros of two infinite families of maximal monotone

mappings.
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