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Abstract. In this paper, we prove some Krasnoselskii-type fixed point theorems in Banach spaces with the help of weak
topologies. An example is provided to prove the existence of solutions for nonlinear integral inclusions in reflexive Banach
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1. INTRODUCTION

In 1958, Krasnosel’skii [1] proved the following fixed point theorem which is an important supplement
to both the Banach contraction principle and the Schauder fixed point theorem.

Theorem 1.1. Let M be a nonempty closed convex subset of a Banach space X . Suppose that G and
D map M into X such that

(i) G is continuous and G(M ) is contained in a compact subset of X ;
(ii) D is a contraction with constant α < 1;

(iii) For any u,v ∈M imply Du+Gv ∈M .

Then there exists u ∈M with Du+Gu = u.

This is a significant result for solving nonlinear differential equations of the form:

Gu+Du = u. (1.1)
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Recently, some authors investigated Theorem 1.1 in the weak topology and some authors focused on the
assumptions of Theorem 1.1; see, e.g., [2, 3, 4, 5, 6, 7, 8] and the references therein.

In [2], Barroso obtained a new version of Theorem 1.1 based on the weak topology of a Banach
space. His result requires the weak continuity of G while D must be a linear operator with ‖Dp‖< 1 for
some integer p ≥ 1. The proof is based on the Schauder-Tychonoff fixed point theorem and the weak
continuity of (I−D)−1. In 2012, Garcia-Falset and Latrach [9] established a fixed point theorem for
the sum G+D of a weakly sequentially continuous mapping G and a weakly sequentially continuous
pseudocontractive, continuous and w-k-contraction D. Recently, Xiang and Yuan [10] formulated and
proved some fixed point results of Krasnoselskii type for the sum G+D, where G is weakly continuous
and D may not be continuous. Their results improved and unified many the previous ones. Moreover,
the multivalued forms of Krasnoselskii’s theorem deal with the notion of selection. Auxiliary results are
needed to ensure that a multivalued operator admits a continuous selection. There is also a vast literature
concerning these aspects in nonlinear analysis, see, for example, [11, 12, 13] and the references therein.

In 2008, Boriceanu [12] established a Krasnoselskii’s fixed point theorem for multivalued mappings
which was used to solve the following inclusion:

u ∈ Gu+Du. (1.2)

Recently, many authors extended a number of existing generalizations or modifications of the multi-
valued forms of the Krasnosel’skii fixed point theorem for the weak topology; see, e.g., [9, 14, 15, 16]
and the references therein.

In this paper, we introduce some single and multivalued versions of Krasnoselskii-type fixed point
theorems which are important to analyze the situations that were not covered by previous literatures.

As an application of our main results, we discuss the existence of solutions of the nonlinear integral
inclusion

u(t) ∈ f (u(t))+
∫ t

0
B(s,x(s))ds, t ∈ [0,T ],T > 0, (1.3)

in C([0,T ],X ), where X is a reflexive Banach space, f is function defined on X and B is a multivalued
mapping satisfying some conditions.

2. PRELIMINARIES

In this section, we introduce the notation and state some preliminary results which will be needed later
in the paper.

Let X be a Hausdorff linear topological space. Define

P(X ) = {Y ⊆X : Y 6= /0},

Pb(X ) = {Y ⊆X : Y bounded},

Pcv(X ) = {Y ⊆X : Y convex},

Pcp(X ) = {Y ⊆X : Y compact},

Pcl,cv(X ) = {Y ⊆X : Y closed and convex},

Pwk,cp(X ) = {Y ⊆X : Y weakly compact},

Pwk,cp,cv(X ) = {Y ⊆X : Y weakly compact convex}.

Now we suppose that X is a metrizable locally convex space and M is weakly closed in X .
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Definition 2.1. Let M be a non-empty subset of a metrizable locally convex space X and let D : M →
P(X ) be a multivalued mapping. D is said to be weakly sequentially closed if for every sequence
(un)n ⊂M with un ⇀ u in M and for every sequence (vn)n with vn ∈ D(un), ∀n ∈ N, vn ⇀ v in X

implies v ∈ D(u), where ⇀ denotes weak convergence.

Definition 2.2. Let M be a non-empty subset of a metrizable locally convex space X and let D : M →
P(X ) be a multivalued mapping. D is said to be weakly completely continuous if D has a weakly
sequentially closed graph and, if F is a bounded subset of M , then D(F) is a relatively weakly compact
subset of X .

Theorem 2.3. [17] Let M be a closed and convex subset of X and let D : M →Pcv(M ) be a multi-
valued mapping. Suppose that

(i) D is weakly completely continuous;
(ii) The set D(M ) is a bounded set of X .

Then there exists u ∈M such that u ∈ D(u).

Definition 2.4. Let (X ,d) be a metric space and let M be a subset of X . The mapping G : M →X

is said to be expansive if there exists a constant h > 1 such that

d(Gu,Gv)≥ hd(u,v), ∀u,v ∈M .

Lemma 2.5. [8] Let (X ,‖ · ‖) be a linear normed space and M ⊂ X . Suppose that the mapping
G : M →X is expansive with constant h > 1. Then the inverse of F exists, where F := I−G : M →
(I−G)(M ) and

‖F−1u−F−1v‖ ≤ 1
h−1

‖u− v‖ u,v ∈ F(M ). (2.1)

Lemma 2.6. [8] Let M be a closed subset of a complete metric space X . Assume that the mapping
G : M →X is expansive and G(M )⊃M . Then there exists a unique point u ∈M such that Gu = u.

Lemma 2.7. [6] Let G : X →X be a map such that Gn (n–power) is expansive for some n∈N. Assume
further that there exists a closed subset M of X such that M ⊂G(M ). Then there exists a unique fixed
point of G in M .

Theorem 2.8. [18, Schauder-Tychonoff Theorem for the weak topology] Let X be a Banach space and
let M be a weakly compact convex subset of X . Then, any weakly continuous map f : M →M has at
least one fixed point.

3. THE EXPANSIVE KRASNOSEL’SKII-TYPE FIXED POINT THEOREM

Let us now state and prove our first result for expansive mappings in the single-valued case.

Theorem 3.1. Let X be a Banach space and let M be a closed convex subset of X . Let G : M →X

be a weakly continuous map, and let D ∈L (X ) be a linear continuous operator. Assume that D and G
satisfy the following hypotheses:

(i) D is an expansive mapping,
(ii) For each w ∈ G(M ) we have M ⊂ D(M )+w, where

D(M )+w = {v+w : v ∈ D(M )},
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(iii) G(M) is relatively weakly compact,
(iv) D(u)+G(v) ∈M , ∀u,v ∈M .

Then, equation u = G(u)+D(u) possesses a solution in M .

Proof. Let v ∈M . Let Fv : M →X be an operator defined by

Fv(u) = D(u)+G(v), u ∈M .

It is clear that Fv is expansive. Then, by (ii) and Lemma 2.6, there exists a unique u(v) ∈M such that

u(v) = D(u(v))+G(v).

In view of assumptions (i), (iv) and Lemma 2.5, we obtain that

u(v) = (I−D)−1G(v) ∈M .

Let us define {
N : M →M ,

v → N(v) = u(v),

which is weakly continuous since (I−D)−1 and G are weakly continuous. Let M̃ = co(N(M )) be the
closed convex hull of N(M ). Using assumption (iii) and the Krein Šmulian theorem, we obtain that M̃

is a weakly compact and convex subset of X .
Now, we only prove that N(M̃ )⊆ M̃ . Indeed,

M̃ = co(N(M ))⊂ co(M ) = M .

Hence,

N(M̃ )⊂ N(M )⊂ co(N(M )) = M̃ .

Then, N(M̃ )⊆ M̃ . Thanks to Theorem 2.8, there exists u ∈ M̃ , which is a fixed point of N. Therefore,
there exists u ∈M such that Gu+Du = u. �

Due to Lemma 2.7, we can obtain the following result immediately.

Theorem 3.2. Let X be a Banach space and let M be a closed convex subset of X . Let G : M →X

be a weakly continuous map and let D ∈L (X ) be a linear continuous operator. Assume that D and G
satisfy the conditions of Theorem 3.1, but replacing condition (i) by the fact that Dn is expansive. Then,
equation u = G(u)+D(u) possesses a solution in M .

4. THE KRASNOSEL’SKII THEOREM FOR MULTIVALUED OPERATORS

Now, we establish our first result for multivalued operators.

Theorem 4.1. Let (X ,‖.‖) be a Banach space and let M be a closed and convex subset of X . Assume
that G : M →Pwk,cp,cv(X ) is weakly sequentially continuous and D ∈L (X ) satisfies

(i) D is expansive,
(ii) For each w ∈ G(M ) we have M ⊂ D(M )+w, where

D(M )+w = {v+w : v ∈ D(M )}.

Then there exists u ∈M such that u ∈ G(u)+D(u).
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Proof. For each v ∈M , let Fv : M →P(X ) be the multivalued operator defined by

Fv(u) = D(u)+G(v), u ∈M .

From Lemma 2.6, there exists a unique u(v) ∈M such that

u(v) ∈ D(u(v))+G(v).

By (i), we obtain that
u(v) ∈ (I−D)−1G(v).

Since G(v) ∈Pwk,cp,cv(X ), the multivalued operator N : M →Pwk,cp,cv(X ) defined by N(v) = (I−
D)−1G(v) is well defined.

Now, we show that N is weakly completely continuous. Let (un)n ⊂M and vn ∈ N(un) such that
un ⇀ u in M and vn ⇀ v in X . It is easy to prove that

(I−D)−1 ∈L (X ).

Thus, (I−D)−1 is weakly continuous. Then vn ⇀ ṽ ∈ (I−D)−1G(u) by uniqueness v = ṽ ∈ N(u). This
prove that N has a weakly sequentially closed graph.

Let K be a bounded set in M . We next prove that N(K ) is relatively weakly compact. To see that,
let un ∈K and vn ∈N(un). There exists (wn)n ∈G(vn) such that vn = (I−D)−1wn or, equivalently, wn =

(I−D)vn. Since G(v) is weakly compact, there exists w∈G(v) such that wn ⇀ w. This implies that vn ⇀

(I−D)−1w. This prove that N(K ) is sequentially relatively compact. By Eberlein Šmulian theorem [19,
Theorem 3.14], N(K ) is relatively weakly compact. Thus N is weakly completely continuous.

On the other hand, N(M )⊂Pwk,cp,cv(X ). Consequently, N(M ) is a bounded set of X . By Theo-
rem 2.3, we conclude that there exists u ∈M such that u ∈ N(u). �

Finally, we prove our last result in this paper.

Theorem 4.2. Let (X ,‖.‖) be a Banach space and let M be closed and convex subset of X . Assume
that G : M →Pwk,cp,cv(X ) is sequentially weakly continuous and D ∈L (X ) satisfies

(i) D is expansive and onto,
(ii) (I−D)(M )⊂ G(M ).

Then there exists u ∈M such that u ∈ G(u)+D(u).

Proof. Let v ∈M . From (ii), there exists u ∈M such that (I−D)(u) ∈ G(v). From (i), we can prove
that (I−D)−1 exists and u ∈ (I−D)−1G(v). Using the same technique as that in Theorem 4.1, we find
u ∈M such that u ∈ G(u)+D(u). This completes the proof. �

5. APPLICATIONS TO NONLINEAR INTEGRAL EQUATIONS

We provide now an example for which we can prove the existence of solutions of nonlinear integral
inclusion (5.1) under conditions (H1)−(H5) below. However, it is worth mentioning that the same result
cannot be guaranteed by previous results in the literatures under assumptions (H1)− (H5).

Let X be a reflexive Banach space. The objective of this section is to prove the existence of solutions
for the following nonlinear integral inclusion

u(t) ∈ f (u(t))+
∫ t

0
B(s,u(s))ds, t ∈ [0,T ],T > 0, (5.1)
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in C([0,T ],X ), f : X →X and B : [0,T ]×X → Pcv(X ) and u ∈X . We pose

‖ B(t,u) ‖= sup{|x|,x ∈ B(t,u)}.

The integral in (5.1) is the Pettis integral and the solutions of (5.1) are in Banach space E =C([0,T ],X ).
We consider (5.1) inclusion under the following assumptions.

(H1) f ∈L (X ) is expansive and onto;
(H2) For each continuous function u : [0,T ] → X there exists a function y : [0,T ] → X weakly

continuous with y(t) ∈ B(t,u(t)) for all t ∈ [0,T ], and y is Pettis integrable;
(H3) There exists r > 0, and hr ∈ L1([0,T ]) with ‖ B(t,u) ‖≤ hr(t) for a.e. t ∈ [0,T ] and all x ∈X

with |x| ≤ r. We let

Mr =
∫ t

0
hr(s)ds≤ r;

(H4) For all t ∈ [0,T ], B(t, ·) is weakly completely continuous;
(H5) For each v ∈ (I− f )(M ) there exist u ∈M and y(s) ∈ B(s,u(s)) pettis integrable such that

v(t) =
∫ t

0
y(s)ds.

Theorem 5.1. Assume that hypotheses (H1)–(H5) hold. Then nonlinear integral inclusion (5.1) has a
solution in C([0,T ],X ).

Proof. Inclusion (5.1) can be written in the form

u(t) ∈ Gu(t)+Du(t),

where

G : E →P(E ),Gu(t) = {x(t) =
∫ t

0
y(s)ds,y is Pettis integrable,y(t) ∈ B(t,u(t))},

D : E → E ,Du(t) = f (u(t)).

Let

M = {u ∈X ,‖u‖≤ r}.

It is clear that M is convex closed subset of X . We next show that mappings G and D satisfy all the
conditions of Theorem 4.2.

Step 1. D ∈ L(X ) is expansive and onto.

Step 2. We prove that Gu∈Pwk,cp,cv(C([0,T ],X )) for all u∈ E . We show that G(u) is convex, bounded
and closed subset of X . Let u,u′ ∈ E and v,v′ ∈ G(u) such that

v(t) =
∫ t

0
y(s)ds,

v′(t) =
∫ t

0
y′(s)ds,

where y,y′ are Pettis integrable with y(s), y′(s) ∈ B(s,u(s)) for all s ∈ [0,T ]. Letting λ ∈ [0,1], we have

λv(t)+(1−λ )v′(t) =
∫ t

0
(λy(s)+(1−λ )y′(s))ds.
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Since B(t,u(t)) is a convex subset of X , one has (λy(s)+(1−λ )y′(s)) ∈ B(t,u(t)), which proves that
G(u) is convex. Let u ∈M . By the Hahn-Banach Theorem, there exists ϕ ∈X ∗ such that ‖ ϕ ‖= 1 and
ϕ (Gu(t)) = ‖G(u(t))‖

‖ G(u(t)) ‖=
∫ t

0
y(s)ds

≤
∫ t

0
‖ B(s,u(s)) ‖ ds

≤
∫ t

0
hr(s)ds≤ r.

This proves that G(u) ∈M . So, it is a closed and bounded set. Since X is reflexive, one concludes that
G(u) is weakly compact.

Step 3. G is weakly sequentially continuous. Let un ∈X such that un ⇀ u. We prove that Gun ⇀ Gu.
Let vn ∈ G(un) such that vn ⇀ v, v ∈X . There exists yn(t) ∈ B(t,un(t)) such that

vn(t) =
∫ t

0
yn(s)ds.

By assumption (H2), there exist y(s) ∈ B(t,u(t)) such that

vn(t) =
∫ t

0
yn(s)ds ⇀

∫ t

0
y(s).

By the uniqueness of the weak limit and assumption (H4), we have

v(t) =
∫ t

0
y(s) ∈ G(u).

Then vn(t)⇀ v(t). By the Dobrokov’s Theorem [20, Theorem 1.4.1 ], we prove that G is sequentially
weakly continuous. Then G and D satisfy the conditions of Theorem 4.2. So, equation (5.1) has a
solution in C([0,T ],X ). This completes the proof. �

Acknowledgement
The authors are grateful to the referees for the careful reading and the helpful remarks.

REFERENCES

[1] M.A. Krasnoselskii, Some problems of nonlinear analysis, Amer. Math. Soc. Transl. 10 (1958), 345-409.
[2] C.S. Barroso, Krasnoselskii’s fixed point theorem for weakly continuous maps, Nonlinear Anal. 55 (2003), 25-31.
[3] C.S. Barroso, C.S. Barroso, E.V. Teixeira, A topological and geometric approach to fixed points results for sum of opera-

tors and applications, Nonlinear Anal. 60 (2005), 625-650.
[4] T. A. Burton, Krasnoselskii’s inversion principle and fixed points, Nonlinear Anal. 30 (1997), 3975-3986.
[5] T. A. Burton, C. Kirk, A fixed point theorem of Krasnoselskii-Schaefer type, Math. Nachr. 189 (1998), 23-31.
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