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1. INTRODUCTION

In this paper, we consider the following boundary value problem (BVP)

D& u(t)+ f(t,u(t),DS  u(t)) =0, t € (0,+00), .

W(0) =0, lim DG ult) = B u(n), (b
where 1 < @ <2, 1> 0and >0 satisfy 0 < fn?* 2 <T'(2a — 1), DY, is the standard Riemann-
Liouville fractional derivative and I(‘;‘f] is the standard Riemann-Liouville fractional integral.

Fractional equations are natural generalizations of the classical integer-order differential equations.
They turn out to be useful for modeling dynamics of many processes involving complex systems that
can found in science and engineering. For instance, integral boundary conditions appear in blood flow
models as well as in chemical engineering. Fractional integral conditions may provide good information
rather than classical local boundary conditions.

Recently, many results have been concerned with fractional differential equations and great progress
has been made in the study of BVPs involving differential equations; see, e.g., [1]-[14] and references
therein. Guezane-Lakoud, Khaldi [6] studied the following boundary value problem with fractional
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integral boundary conditions in bounded interval
‘D x(t)+ f(t,x(1), Db x(1)) =0, 0<1<1,1<¢g<2,0<p<l
x(0)=0, X(1)=odl.x(1),

where DY denotes the Caputo fractional derivative.
In [9], Shen, Zhou, and Yang established existence of positive solutions for the following BVP

D& u(t) + f(t,u(t), D& u(r))
u(0) =0, u’(0)=0, Dy u(+

- € (0, +20),
( ) Y72 Bu(&),

where 2 < o < 3. Using the Schauder fixed point theorem, they showed the existence of one solution
under suitable growth conditions imposed on the nonlinear term. Su and Zhang [10] discussed the

existence of unbounded solutions and used the Schauder’s fixed point theorem to prove the existence
of solutions for the following BVP

D u(t) + £ (t,u(t), D u(r))
u(0)=0, ' (0)=0, D& 'u

= 7 6(07+°°)7
() =thoo, U €ER,

where 1 < o < 2. Yu, Wang, and Guo [13] considered the solvability for the following integral boundary
value problem of fractional differential equation:

{ D&u(t) + f(t,u(t), D& u(t)) =0, 1€ (0,+),
u(0) =0, D& u(eo) = [+ g(t)ult)dr

where 1 < a <2, f € C([0,4o) x RxR,R), 1 >0, g(t) € L'[0, +o0) and Jo " g()u(t)dt <I'(a).

The result presented in this paper is a continuation of previous works and is concerned with a boundary
value problem of fractional order sets on the half-axis. Our main result is mainly motivated by [6], [9],
[10], [13]. To overcome the compactness difficulty of fixed point operators, a special Banach space is
considered. Our results allow the integral condition to depend on the fractional integral I(‘)’fflu, which
leads to additional difficulties. The organization of the paper is as follows. In Section 2, some definitions
and lemmas, which are crucial to our discussion are presented. Related lemmas, which are necessary to
the fixed point formulation and the main existence theorem of solutions are given in Section 3. We end
this paper by presenting two examples to illustrate our theoretical result.

2. PRELIMINARIES

We first collect some definitions and lemmas on the fractional calculus (see [15] and [16] for more
details). One of the basic tools for the fractional calculus is the Gamma function which extends the
factorial to positive real numbers (and even to complex numbers with positive real parts).

Definition 2.1. For o > 0, the Euler gamma function is defined by

Definition 2.2. Let p > 0, ¢ > 0, the Euler beta function is defined by

1
Blp.)= [ (1=
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Proposition 2.3. Ler ¢ > 0, p > 0, g > 0 and n a positive integer. Then

INa+1)=al(a), F(n—i—;):m, B(p,q):l;((l;’)_l;(;l)),
and
INa+n)=a(a+1)(a+2)...(a+n—1)'(a).
In particular,

F(l):/(:we’dt:l, F(é) =T,
Va(2n)!

22np|

1
I'(n+1)=n!, F(n—l—z) =

Definition 2.4. The fractional integral of order & > 0 for function /% is defined as

k) = g | 0=9 s

provided the right side is point-wise defined on (0, +<o).

Definition 2.5. For a function /4 given on the interval [0, 4-c0), the Riemann-Liouville fractional derivative
of order & > 0 of & is defined by

DC.h(t) = <5I>n[(’)’+—ah(t) _ F(n]—a) <jt>n/0t (Z_}s’gi)_mds,

where n = [a] + 1.
Lemma 2.6. ([16]) Let o« > 0. Then
IEDGu(t) = u(t) +c1t®  Heat® 2 eyt ® "
forsomec;eR,i=1,2,...,n,n=al+1.
Proposition 2.7. In this paper, we need the following composition relations:
(a) DS IS h(t) = h(1), >0, h(r)€L'[0,+oo).
(b) D&Y h(t) =11 %h(t), y>a>0, h(t)€L'0,+oo).
() IE I h(t) =1""h(t), a>0, y>0 h(t)€L'0,+o).
(d) DS‘J;L = LA+) 4i-a for A > —1, giving in particular D§,t*™" = 0,

T(A—a+1)
m=1,2,...,N, where N is the smallest integer greater than or equal to Q.
(e) It = %ta”, a>0, A>-1.

(f) (Properties 1.3, of the Gamma function, in [15]) if 1 < a < 2 then ﬁ > 1

The following result is needed to prove our main existence result. This is a nonlinear alternative for
the Krasnosel’skii’ s fixed point theorem [17].

Theorem 2.8. [17] Let U be an open set in a closed, convex set C of a Banach space E. Assume that
0€ U, F(U) bounded and F : U — C is given by F = F| + Fy, where F| : U — E is continuous and
completely continuous and F> : U — E is a contraction, i.e., there exists a constant 0 < [ < 1 such that
|Ba(x) — B(y)|| <Il|lx—yl|, for all x,y € U. Then either,

(A1) F has a fixed point in U, or

(A2) There is a point u € dU and A € (0, 1) with u = AF (u).
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3. RELATED LEMMAS AND THE EXISTENCE THEOREM

Define the spaces
t
X = {u € C(]0, +),R) : supM < +°°}

with the norm
|u(?)]

e = sup 5

and
Y= {u €X, DY 'uexists, DY 'ueC([0,+),R), sup|DF 'u(t)] < +°°}
>0

with the norm

u(t
||ully :max{sgg ly—ist)‘l" sup\D0+ u( )}
>

Lemma 3.1. (X, ||.|[x) and (Y, ||.||ly) are Banach spaces.
Proof. Let {uy}nen be a Cauchy sequence in the space (X, ||.||x). Then

Ve > 0,3N > 0 such that ||u, — u,||x < € for any n,m > N,
ie.

un(t) — um(t)

Ve > 0,9dN > 0 such that 1@ - T

< g foranyt € [0,+o0) and n,m > N.

Thus {;‘1(;2,} N for r € [0,+<0) is a Cauchy sequence in R, too. So, there exists a /(f) € R such that
ne
Jlim tnlt) —Z(z)] = 0,1 € [0, +e0). This implies lim_[lu, — ullx = 0, where u(t) = I(1)(1 +1). So

(X, ||-]lx) is a Banach space. In a similar way, we can prove that (Y,||.||y) is a Banach space. Let

{un}nen be a Cauchy sequence in (Y, ||.||y). Then {u, },en is also a Cauchy sequence in space (X, ||.||x)-
Thus, hm ?1(2 = 1J£t21 for some u € X, i.e.
(1) _ u(t)

Ve > 0,dN > 0 such that

< eforanyr € [0,+e0)andn > N.

14+*  1+41¢

Then there exists a positive constant M > 0 such that |i’i(t2¢‘ <M, n e N. We claim that {Dg~ Y () b pen

converges. In fact, if o = 2, then

lim u,(t) = % ( lim un(t)> =u'(1).

n——+oo n—r—+oo

In the case 1 < o < 2, we get

1 .d [t _ Un(s)
a—1 _ el Y B0/ oy n
ngrfooD o ua(t) = r2-o) HLHEM dt/o (r=s) " (1+s )1+s°‘ds'
Moreover, for any ¢ € [0, +0) and 1 < & < 2, we get
°t
[ a9 ‘ M/ 1+5%)ds.
0
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Since
t 1
/(t—s)lfa(lﬂa)ds - /tl’“(l—r)l’“(l—i—t“’c“)tdr
Jo 0
1 1
= tz‘“/ (1—1:)1‘“dr+t2/ %(1—1) "%t
0 0
1 2—a 2
= t B 1,2— o)t
o +B(a+1,2—a)
one has

1
l/(t—s)la(l—i-s“)lu:_(iids <3 at2*“+3(a+1,2—a)Mz2
0 _

According to the Lebesgue’s dominated convergence theorem, we deduce that

lim D% 'u (t) = L im d/t(t_s)la(1+sa) Un(s) ds
n—-+too ot n - F(z_a) n*>+ood[ 0 1+Sa
1 d [! o u(s) .
= —— t— 14s%)———ds=D% 1).
F(Z—a)dt/o( $) st s u(t)

Thus (Y, ||.||y) is a Banach space.

Before we proceed with the existence theory, we list some conditions:
(H1)0< Bn** 2 <T(2a—1).
(H2) The function f : [0,+) x R x R — R is continuous such that
Jo "1/ (5,0,0)|ds < -oo.
(H3) There exists nonnegative functions (1+1%)g(t), h(t) € L'[0, +oo) such that
|[f(t,x,3) = f(£,.9)] < g(0)|x =y +h(r)[x—| forall x, y, X, y € R and 1 & [0, +-oo).
Lemma 3.2. Let e(t) € L'[0,+o0). Under Hypothesis (H1), the BVP

{ Df.u(t) +e(t) =0, 1€ (0,+),
— o—1 o—1
W(0)=0.  tim DEu(r) = BIE u(n)

has a unique solution given by
B I el Q2o —1)*! /+°°
) = g /0 (1) e(5)ds + For g 1) B fy s
pre! /n 20-2
(@) (Ca—1)— pr2a2) Jo (1797 7elds
Proof. By Lemma 2.6 and since D, u(t) 4 e(t) = 0, we have

u(t) = —I§ e(t) +c11% 1+ ¢2t% 2 for some constants ¢y, ¢z € R.

So, the solution of (3.1) can be written as

1 t
ult) = ——— | (t—5)%Le(s)ds+ct* '+t ® 2.
(0=~ ) 9" el eu™"
From u(0) = 0, we infer that ¢; = 0. In addition,
DY u(t) = —DY'Se(t)+e DS (1%
= —I&+e(t) +coT (o)

= —/Ze(s)ds—i—cll“((x).
0

3.1
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It follows that
o0
zETooDm tu(t) = —/O e(s)ds+ciI'(a).
Moreover
@) = —I8 UG e(t) 4o I @)
_ ') _
— _1205 1 ¢ t2a 2
or e,
1 ! 20-2 L(@) o4
= [ (t— d e
F(Za—l)/o( )7 el erpn T
Hence
_ 1 n _ I'a) _
o1 _ / 2925\ d 2a-2

which together with hm D0+ "u(t) = BI& 'u(n) yields that

r(2a—1) o 5 , N
(o) (T(2a—1) —ﬁnz"“z)/o e(s)ds = I'(a)(T2a—1) _ﬁnza—z)/o (n —5)**2e(s)ds.

Ccl1 =

Therefore, the unique solution of fractional boundary value problem (3.1) is

B I . (20— 1)1 oo
) =~y ) M g gy s
pre-! T

e T0e 1 ) J, (1 s

Lemma 3.3. Under Assumption (H1), the solution of the BVP (3.1) can also be written as

u(t) = OM G(t,5)e(s)ds,

where G(t,s) is the Green’s function

G(t,s) = Gi(t,s) + Ga(t,s)

with
1 97l (1 —5)% 1 0< s <1t < Foo
Giltys)= ¢ O T=9T 0Sssr<
Iler) | 1%, 0<t<s< oo
and
tafl 1 200-2 __ —g 20672, 0<s<n< +-oo,
Go(t.s) = B x nZH (n—s) n
I2a—1)-pBn I(a) | n**2, 0< N <5< oo
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Proof. The solution of problem (3.1) can be expressed as

ut) = —p(la) /Ot<f—s>“e<s>ds+r(lm / e o(5)ds
L P (20— 1)1 oo
_F(a)/o ¢ 1e(S)ds—|—F(a> (F(Za—l)—ﬁnza—z)/o e(s)ds
,Bl‘a_l n "
T(a) (F(za_1)_pn2a2)/0 (1 —5)** %e(s)ds

1 t a— 1 ! a—
— _r(a)/o(t—s) 1e(s)ds+r(a)/0t Ye(s)ds

1 e 1 too
+1—‘(OC)/, ! le(s)ds—m/o 1% Le(s)ds
(20— 1)*! +oo
+F((X) (C'2a—1) _ﬁn2a—2) /0 e(s)ds

ﬁtafl n "
“T(a) (F(Z(x—l)_ﬁnZa—z)/O (1 —5)**2e(s)ds

B ra)/ot (f“1—(t—s)"‘1)e(s)ds+r(1a)/t+°°tale(s)ds
B2 oo
+F(O€) TF2o— 1)_13172052)/0 t le(s)ds

ﬁtafl n "
_F(OC)(F(MC—1)_[3112&—2)/O (n—5)>* 2e(s)ds

ﬁtafl .
+F(O¢)(F(2a—1)_[3n2a—z)/n n**2e(s)ds

oo oo
= / Gi(t,s)e(s)ds+ Ga(t,5)e(s)ds.
0 0

Remark 3.4. From (H1) and the definition of G;(z,s) and G»(t,s), we observe that
(a) G and G, are continuous and nonnegative functions on [0, 4c0) X [0, +oc0).

(b) Gi) < i for (1,5) € [0, +00) x [0, +0).

s 200-2
(© Gi2+tt‘1 = e )(F(lexn 1)—Bn2e-2) for (z,s) € [0, +e0) X [0, +00).

200-2
(d)Dg lGl(t S) Da 1G2(t S) W,I,S>O.
Define the operators 71, 75, T on Y by
+o0
(Tiu)(t) = Gi(t,5)f (s, u(s), DY u(s))ds,

(Tu) (1) — / Go(t,5)f (5. u(s), D% u(s))ds,
(Tu)(t) = (Tiu)(t) + (Tou)(t).
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BVP (1.1) has a solution u« if and only if u solves the operator equation u = Tu. We shall prove the
existence of a fixed point of 7. For this, we verify that operator 7 satisfies all conditions of Theorem 2.8.
Since the Arzela-Ascoli theorem fails to work in space Y, we need a modified compactness criterion to
prove that 7} is compact.

Lemma 3.5. [10] Let Z C Y be a bounded set. Then Z is relatively compact on'Y if for any u € Z ﬂtt)a

and Dg‘flu(z‘) are equicontinuous on any compact intervals of [0, +o0) and are equiconvergent at infinity.

Definition 3.6. luft)a and Dy~ 'u(r) are said to be equiconvergent at infinity if and only if for all £ > 0,

there exists 8 = 6(€) > 0 such that

u(ty)  u(t)

—1 —1
T Teg <eand |DS u(ty) — DY u(n)| <€,

foranyt;, 7, > 6 andu € Z.
LetQ,={ucY: |ul|ly<r}, (r>0)be the open ball of radius rinY.
Lemma 3.7. If (H1) — (H3) hold, then T (Q,) is bounded set.

Proof. From (H3) we have

|f(t,x,%)| < g(t)|x| +h(t)x| +]£(2,0,0)], forx, ¥ € Randz € [0,+oo). (3.2)

Furthermore, from Remark 3.4, we have, for any u € Q,,

(Tu)(r)
L+

sup
t>0

N

sup
t>0

+e Gy (t, .
7S s ), 5 (s

—+sup
t>0

| A
T ot s

(o)
202 +oo
Jr1“(05) (r(zgn_ 1)_Bn2a—2)/0 | £ (s,u(s), D tu(s))| ds
(20 —1)
(o) (T2 — 1) — Bn2e-2
'2o—1)
(@) (C2a—1)— fn?==

+ /0 o f(s,0,0)\ds) < too

+ Gy (t, .
7D s ), 5 (s

N

N

) /OJFOo |f(s,u(s),D8‘flu(s))‘ds

N

) <r/0+°° (145%)g(s)+h(s))ds
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and

+o0
sup D' Tu(t)| < sup [ D§T'Gi(t,s) | f(s,u(s), DG u(s))| ds
t>0 t>0J0

~+oo
tsup [ DEGa19) | F(5,us). DG )| ds

t>0

N

+oo
/0 |f(s,u(s), D= u(s))| ds

22 400
+F(2af?)_ﬁn2a2/0 |f(s,u(s), D5 u(s))| ds

taan—paas (7] (g0 )

+ /0 ) f(s,0,0)|ds> < foo.

N

So ||Tully < oo for u € Q,. This completes the proof.

Lemma 3.8. If (H1) — (H3) hold, then T, : Q, — Y is completely continuous.

Proof. Step 1. The set T;(€2,) is bounded set.
By definition of operator 7; and relation (3.2), we have that, for any u € Q,,

Tl e )0 (sl
< Far )] +A6IDE )|+ 6.0.0))ds
< g [ s ) ds s [ 160.0)as
<m0 he)dst s [ 10,00 <o
Moreover

DG Thu ()]

N

+o0
U suto). D5 (sl

N

—+oo —+oo
P g) +h)ds+ [ 1£(50,0)lds < +oe
0 0

Hence ||Tiully < +oo foru € Q,.
Step 2. Tj is continuous.
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For this, let u, — u as n — +oo in Q,. From Remark 3.4 and relation (3.2), we have the estimates:

(Tiun) (1) (Tiw)(7)

1412 1+1&

/+°° Gi(t,s)

O (5. Dt 9)) = f (5, (5), DG () s

e b o). DB ) = 509, s
1t
r(a)/o (1£ (5,100 (8), DG un(s)) |+ | f (5, 14(5), DY u(s))|)dls
r<1a>/o+w<g<s>\un<s>| +h(s)[DG= n(s)] + £ (s,0,0) )ds
1

+F(oc)/o (§(9)lu(s)| + h()IDE u(s)] + 1f(5,0,0)])ds

”quHY tee a 1 oo
F(Oc)/o ((1+s )g(s)+h(s))ds+r(a)/o |f(s,0,0)|ds

lally [0 L/
o | s )8(5) +h(s) ds+ Frgn | 176.0.0)ds.

N

N

N

N

Moreover

(Tiun) (1) _ (Tiu)(7)

142 141

F(z(x) <r/0+°°((1 +s“)g(s)+h(s))ds+/0+°°\f(s,o,())yds> < o0,

Using the continuity of f, we obtain that
[ (5,100(5), D& s (5)) — £ (s,1(s), DG u(s))| = 0, as n — +oo,

which implies

(Tiun)(1) — (Thu)(2)

147971 14721

— 0,

| Thu, — Tyu||x = sup
>0

uniformly as n — +oo and

+o0
DY ' Tiuy(t) — DY ' Tu(t)| < /0 | (5,1 (5), DE Mt (5)) — f(s,u(s), DY u(s))|ds
oo oo
< 2 [ (s gls) A5 dst2 [ 1(s.0,0)lds < oo
0 0
Using again the continuity of f, we get

sup |DY; ' Tyuy(t) — DY ' Tyu(t)| — 0, uniformly as n — .
>0

We conclude ||Tju, — Tyu|ly — O uniformly as n — +oo as claimed.
Step 3. T; : Q, — Y is relatively compact.

According to Step 1, the set T; (ﬁr) is uniformly bounded. We show that functions from { ITLE& } and

functions from {Df;~ I71Q,} are equicontinuous on any compact intervals of [0, +eo).
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Let I C [0,+c0) be a compact interval. Then for any ¢, t, € I with #; < t, and for u € Q,, we have

(Tu)(tz) (Thu)(n) /+°° Gi(t2,s) Gi(t1,s) o1
- — D d
1+1§f 1+f 0 1+1§f 1+ (s,u(s), Dy u(s))lds
o0
/0

G](l‘z,s) B Gl(tl,s)
~+oo
+

1415 1415
(s,u(s), DY "u(s))|ds

(s,u(s),Dgflu(s))\ds

Gi(t,s)  Gi(t,s)
1+15 1+

(s,u(s), DS u(s))|ds.

Moreover

/+w
0

Gl(l‘z,s) B Gl(l‘l,s)
1415 1415

N
J

15)
v
151

+o0

Gl(l‘z,s) B Gl(tl,s)
1 +15 1+23
G1<l2,s) B G1(t1,s)
1415 141t5
Gl(lz,s) B Gl(tl,s)
1+3 1+3
Y L (I ) LU ()
1+1f

(s,u(s),DS u(s))|ds

£ (s,u(s), DG u(s)) lds

_l’_

[5)

F(la) /ot1

(s,u(s),Dg‘flu(s))\ds

N

((1+5%) g(s)r+h(s)r

+[£(s,0,0)[) ds
(1 —5)%!

1415

((1+5%)g(s)r+h(s)r+|£(5,0,0)|) ds

o—1 a—1
Ly 4

1t 3
+1"(a)/tz ((1+5%) g(s)r+h(s)r+|f(s,0,0)|) ds,

which converges to 0 uniformly as |t; — ;| — 0. We have also the estimates:

oo s ) S a-
/0 Gi(t,s) Gi(t,s) (s,u(s), DY u(s))|ds

1415 1417
/*“’ i 13| | Guln,s)
o | L4+ |] 1417

< 1 /+°° ¥ —ts
') Jo

1+3
uniformly as [t} —#;| — 0. Similarly, one has

1+15

((1+5%)g(s)r+h(s)r+|f(5,0,0)[) ds

((14+s%)g(s)r+h(s)r+|f(s,0,0)|)ds — 0,

‘Dg‘flTlu(l‘z)—DO+ Tiu( t1 / ‘f (s,u(s),Dg Tu( ))‘ds

< [T+ 5 g(s)r Al +1£5,0,0) s,

n
which converges to 0 uniformly as |t; — ;| — 0. Then, for any € > 0 there exists a § > 0 such that

(Tiu)(r2) — (Thu)(n1)

—1 —1
i v <& and [Df ' Tiu(r) — D' Tiu(n)| <&,
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Tlﬁr
I+1%

forallu € Q,, as |ty —t1| < 8,11, t, € I. This proves that the functions belong to { } and the functions
belong to {Dg~ '71Q,} are locally equicontinuous on [0, +-oo).

hQ,
14+t%

Next, we show that functions from { } and functions from {Dg‘flTlﬁr} are equiconvergent at

infinity. For any u € Q,, we have

/0+oo ‘f(s7u(s)aDg+_lu(S))‘dS < o0,

Considering condition (H2) and relation (3.2), for given € > 0, there exists a constant L > 0 such that
o0 X
/ (s, u(s), D% u(s))|ds < .
L

. . -1 .
On the other hand, since hril iiﬁ = 0, there exists a constant 6; > 0 such that for any #,,1, > 01,
t—5+oo

21 e et !
<=, (i=1,2 - <€
| < = b2 and 170G — G

(l_L)a—l
1+t

In view of lir+n =0, there exists a constant &, > L > 0 such that, forany #;,7, > & and0 < s < L,
t—>+o0

)0571 (1‘2*.5')0671 (l’l*S)a71

1415 1417

(l‘,‘*S
14t

€
<=, (i=1,2) and

<E.
2

Select 6 > max{d;, 6,}. Then, for any t;, 1, > 0, 1] < 2,
Gy (lz,s) . G (tl,S)

~+oo
/0 1+t 1 +17

IR S
I'a) \Jo

141§ 14t
|£(s,u(s), Dg- " u(s))|ds

tr tafl _ <t2 _ s)ocfl tafl
—I—/ 2 i
n

~+oo
+/
1)

1415 141

‘ (Tiu) () (Tiw)(11)

£ (s,u(s), DG u(s)) |ds

|f (s,u(s), DG u(s))|ds

a—1 a—1
I I

1+ 1418

\f<s,u<s>,D€Hu<s>>rds> '
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(L

£ (s, u(s), DG "u(s))lds

+/+m R ) I e U Sk
1+t 1417

Moreover

(Tiu)(2)  (Tiu)(11)
1415 1417

5 — (=) = (—s)*!
1 +15 L+

£ (s, u(s), DG 'u(s))lds

o0 tal t—sa71 tal
+/ 2 (—5)*" 1

1 +13 L+
~+oo
“l

( sup f(,u<s>,D&-1u<s>>|2Le+382>

£ (s,u(s), DG "u(s))lds

ocl al

1+t2 1+t1

| f(s,u(s ),Dg@lu(s))\ds)

F(Ol) s€[0,L],ueQ,

and
DG Tiae) = DG )| < [ 1f(sls). DG o) s

< [ 1t u(s). D s lds < &

TiQ,
I+1%

which imply that the functions from { } and the functions from {Dg,” 7 Q,} are equiconvergent at
infinity. By Lemma 3.5, we deduce that T} : Q, — Y is relatively compact. This ends the proof of the
Lemma. ]
Lemma 3.9. If (H1) — (H3) hold and

200-2

(H4) gl s Jo (145%) 8(5) +h(s)) ds < T(a).
Then Ty : Q, — Y is a contractive mapping.

Proof. According to Remark 3.4 and condition (H3), we have

2 20N < [T uts), D () 105,005, D5 (sl

1+
B2 e u(s) —v(s) o
r(a)(r(za—1)_ﬁn2a—2)/0 <S“P 1+Sa'(1+s )8(s)

+sup DS u(s) — DY v(s) | h(s)) ds, forallu,v € Q,andt > 0.

Hence

Tzu(l) TQV(Z‘)

14+1%  1+41%

< BN 2{lu—vlly
= I(a) (o —1) — pn?e-2

a6+ ds

and

DS Tu(t) — DY ' Tov(r)| <

2002 U—v oo
F([;Z—l)|—ﬁn|2|§2 /0+ ((145%) g(s) +h(s)) ds.
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. 1
Since ) > 1, one has

e -
ITu-Tly < oy ([, (459806 ds ) =l

From (H4), we infer that 75 is contractive. O

Theorem 3.10. Assume that (H1) — (H4) hold and
(HS) There exists p > 0 such that

p(F2a—1)-pn*e?) 1
T(2a—1) (p fo™ (1+5%) g(s)+h(s))ds+ [y | £(5,0,0)|ds) ~ T(c)’

Then problem (1.1) has at least one solution.

Proof. Consider the parameterized BVP

{ Dfou(t) + A £ (t,u(t),D§ " u(t)) = £>0, (33)

u(0) =0, ,grmeg‘ﬂu():m“ u(n),

for A € (0, 1). Solving problem (3.3) is equivalent to solving the fixed point of equation u = ATu.
Let

Q={ucy: |uly<p},

for some positive constant p. From Lemma 3.7, the set T(Q,) is bounded and by Lemma 3.8, the
operator 77 : ﬁp — Y is completely continuous while Lemma 3.9 implies that the operator 75 : ﬁp —Y
is contractive. So it remains to prove that u # A Tu for u € dQp and A € (0, 1). Assume that there exists
u € dQp with u = ATu. The same way in the argument as Lemma 3.7 yields that, for 4 € (0, 1),

u(t)
1+

sup
>0

= Su e
oo | 1%

N

su
I‘Zg 1 +ta

sup! [ S s, u(5), DG uts) s

t>0

N

+sup
t>0

oo s
[ s ), 5 uts))ds

I'2a—1 too
I'a) (F(z(iixl)_)ﬁnzaz) (P/O (145%) g(s)+h(s))ds

+[T1rs00/)

N
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and

sup DY 'u(t)| = sup|ADS ' Tu(r))|
t>0 1>0

N

sup |D§ " Tu(t)]
t>0

—+oco
sup [ DG (1,9) [ (5.u(s). D u(s))| ds
>0

N

+
—|—sup DY 'Go(t,s) | f(s,u(s),DS: u(s))| ds
t>0

5 _(21‘;‘__;2, (o [ 05 6) )

+o0
—i—/o \f(s,0,0)]ds) .
Hence

r(2a—1) Yo oo
Il < e s (0] (@ s)eo e as+ [ I0.0/as)

N

and

F(Z(X— 1) o0 o oo
PS Na)C2a—1)= pn2e2) (P/O ((T+s )g(s)+h(s))ds+/o |f(s,0,0)ds).

This implies that

pI(e) (D20~ 1) — f*2) _
Fa—1) (p fo = (1+5%)g(s) +h(s)) ds+ Jy = |£(5,0,0)[ds) ~

which contradicts condition (H5). With Theorem 2.8, we conclude that BVP (1.1) has at least one

solution.

4. EXAMPLES

Example 4.1. Consider the BVP on infinite interval

l
3
3 u(f) ult)
D8+u(t)+(28+t) (Hf)Jr L +e ' =0, t>0,

u(0) =0, lim D2 u(t) = 1I u(1).

t— oo

l\)\&
!
—~
[\S][o)
SN—
||

In this case, @ = 3 I TRa—1)=T2)=1,p=1n=1Let

_ x Y
e 7y)_(28+r)2(1+\/73) e =1

and
(1 1 W) = —
g\l) = s =
(2812 (1477 3¢! ~1
Choose
1

g

4.1
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We have
/ (1 +s2) g(s)ds = —= < oo, h(s)ds=1In| = | < oo,
0 28 0 2
oo +oo
/ |f(5,0,0)|ds = / e ds =1 < oo
0 0
Then

(H1) 0< Bn** 2 <T(2a—1).

(H2) f:]0,400) x R x R — R is continuous and [, |f(s,0,0)|ds < +oo.

(H3) |f(t,x,%) = f(1,5,5)| < g(t)[x = y| +h(z)|x =], forall x, y, X, y € R and 7 € [0, +eo).
(H4)

Bn>*? oo . N 3
F(za_l)_ﬁnz(x—z/o (1459 g(s)+h(s)ds = 1—2;<28+ln<2>>
< r(%).
(H5)
p (F(2a—1)—pn?*2) B I
T2 —1) (p Jo (1+5%) g(s) +h(s))ds+ [;™ [ /(5,0,0)|ds) (L) p+1
1
— 2
o3+
1
T T

Hence, all conditions of Theorem 3.10 are satisfied and we deduce that BVP (4.1) has at least one
solution.

Example 4.2. Consider the BVP on infinite interval

] lu(r) e 1

Dl u(t) — + +%e7=0, >0,
ot ( ) 6(1+\u(l)|)<1+€7t>5) <1+ D(éiru(t) >(5+Z)2 5 (4 2)
1 EX
u(0) =0, lim D u(t) = 315, u(3).

t—>+oo

In this case, o = 2, ['(3) ~ 0.906402, T(20c— 1) =T(3) = %%, B =3, n = 3. Let

Fltny) e’ " |x| n 1 +4e_’
X, ¥) = — = )
6<1+</75> L+lx[ - (S+0)*(A+) 5

et 1
§) = b=,
( 6(1+\‘775> (5+1)?
and select
307

P73 va-n-1ya
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Then
oo oo 1
/ (1 + \ys?> g(s)ds = — < oo, / h(s)ds = = < oo,
0 6 0 5

[)+w |f(s,0,0)]ds = / < ;l-es) ds=1< o0,

Moreover

e’ [«

6(1+<775)’1+|x|1+|y|
L
(5+1)2

—t

|f(t7x7x)7f(tvyay)| <

1
1+[x 1+
e y lx =yl
6(1+<775) (T+[x]) (T +[y])
1 x -
G+0? " (1T+ ) 1+ )
g(t)lx—y[+h(t)[x -],

N

+

N

forallx, y, X, ye Rand s € [0, +oo).

Then

(H1) 0 < Bn?* 2 <T2a—1).

H2) f:]0,+e0) x R x R — R is continuous and [, |f(s,0,0)|ds < +oo.

(H2) f
(H3) | f(t,x,%) — f(t,9,y)| < g(t)|x—y| +h(t)[x—y| forall x, y, X, y€ Rand 7 € [0, +o).
(H4)

B s [ (158 ¢ h(o)ds s
s s =
T(2a—1)—pn2a2 ) 8 30 (Va—1)
5
r'-).
< 1)
(H5)
p(T(20 1)~ pn>*2) _ (VE-1)p
F2a— 1) (p Jo ™ (1+5%) g(s) + h(s))ds+ o~ 1f(5,0,0)lds) V& (Sp+1)
B VT —1
1,1
va(3-+5)
b
r(3)
Hence, all conditions of Theorem 3.10 are satisfied, which guarantee that BVP (4.2) has at least one
solution.
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