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Abstract. In this paper, we use Ekeland’s variational principle to study the existence of at least three nontrivial solutions for

the following critical nonlocal fractional Hardy elliptic equation (−∆)su− γ
u
|x|2s =

|u|2∗s (α)−2u
|x|α +λ f (x,u) in RN , where N > 2s,

0 < s < 1, γ,λ are real parameters, 2∗s (α) =
2(N−α)

N−2s is critical Hardy-Sobolev exponent with α ∈ [0,2s), f : RN ×R→ R is a
suitable function and (−∆)s is the fractional Laplace operator.
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1. INTRODUCTION

In this paper, we investigate the existence and multiplicity of solutions for the following critical non-
local fractional Hardy elliptic equation

(−∆)su− γ
u
|x|2s =

|u|2∗s (α)−2u
|x|α +λ f (x,u), in RN , (1.1)

where N > 2s, 0 < s < 1, γ,λ are real parameters, 2∗s (α) = 2(N−α)
N−2s is critical Hardy-Sobolev exponent

with α ∈ [0,2s) and f : RN×R→ R is a suitable function and (−∆)s is the fractional Laplace operator,
which, up to normalization factors, may be defined as

(−∆)su(x) =−1
2

∫
RN

u(x+ y)+u(x− y)−2u(x)
|x− y|N+2s dy
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for x ∈ RN . Moreover, Let £ be the Schwartz space of rapidly decaying C∞ functions in RN . Then, for
any u ∈ £ and s ∈ (0,1), (−∆)s is defined as

(−∆)su(x) = C(N,s)P.V.
∫
RN

u(x)−u(y)
|x− y|N+2s dy

= C(N,s) lim
ε→0

∫
£Bε (x)

u(x)−u(y)
|x− y|N+2s dy,

where £Bε(x) = RN \Bε(x) and the symbol P.V. stands for the Cauchy principal value and C(N,s) is a
dimensional constant that depends on N,s, precisely given by

C(N,s) :=
(∫

RN

1− cos(ς1)

|ς |N+2s dς

)−1

.

Fractional and nonlocal operators have recently been studied; see, for instance, [1, 2, 3, 4, 5, 6, 7, 8, 9,
10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21] and the references therein. These types of operators arise in
a quite natural way in many different physical situations such as continuum mechanics, phase transition
phenomena, population dynamics, minimal surfaces and game theory, as they are the typical outcomes
of the stochastic stabilisation of the Levy processes (for more study, see [22, 23, 24] and the references
therein). For the basic properties of fractional Sobolev spaces, we refer the readers to [14, 25]. Also, we
know that the topological methods for fractional problems have been first set in [18, 19]. Recently, by
using the mountain pass lemma, Ghoussoub and Shakerian [26] established the existence of a nontrivial
weak solution to the problem

(−∆)su− γ
u
|x|2s = |u|

2∗s−2u+
|u|2∗s (α)−2u
|x|α

, u > 0, in RN .

Moreover, Yang and Wu [27] showed the existence of nontrivial solutions for doubly critical nonlocal
elliptic problems in RN . For other recent results in fractional and nonlocal operators, the reader is referred
to, for example, [28, 29, 30, 31] and the references therein.

In [32], Chen considered the following doubly critical problem involving the fractional Laplacian

(−∆)su− γ
u
|x|2s =

|u|2∗s (α)−2u
|x|α

+
|u|2∗s (β )−2u
|x|β

, u > 0, in Rn, (1.2)

where s ∈ (0,1), 0 < α,β < 2s < n with α 6= β , γ < γH . Applying the mountain pass lemma and a
concentration compactness principle, Chen proved the existence of positive solutions to (1.2). For other
recent results for related problems, one can see [8, 33, 34].

In this paper, motivated by [35, 36], we study the multiplicity of nontrivial solutions for problem (1.1).
Now, we state our main result.

Theorem 1.1. Assume that f (x,u) is measurable in x and continuously differentiable in u, f (x,0) = 0
for every x ∈ RN , there exist l ∈ (2,2∗s ) and constants µ1 ∈ ( 1

2∗s (α)−1 ,1), µ2 ∈ (2,2∗s (α)), 0 < µ3 < µ4

such that, for any u ∈ Hs
0(RN),

µ3

∫
RN

g(x)|u|ldx ≤ µ2

∫
RN

F(x,u)dx≤
∫

RN
f (x,u)udx

≤ µ1

∫
RN

fu(x,u)u2dx≤ µ4

∫
RN

g(x)|u|ldx, (1.3)

where F(x,u) =
∫ u

0 f (x,s)ds and g(x)> 0, g∈ L∞(RN) and there exists ρ0 > 0 such that suppg⊂ Bρ0(0),
where Bρ0(x) = {y ∈ RN : |y− x| < ρ0}. Then, there exists λ ∗ = λ ∗(N,s,γ,α, l), such that for every
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λ > λ ∗, there exist three different nontrivial weak solutions of problem (1.1). Moreover, these solutions
are one positive, one negative and the other one sign-changing.

2. PRELIMINARIES AND PROOF OF THE MAIN RESULT

In this paper, by employing Ekeland’s variational principle and a similar argument in [37], we inves-
tigate the existence and multiplicity of solutions for critical nonlocal fractional Hardy elliptic equation
1.1. In order to prove our main results, we need need to present some preliminaries of the variational
framework, definitions and lemmas which will play an important role to solve problem (1.1).

We first give some useful notations and basic results of fractional Sobolev space that will be used
in proof of the main results. Let 0 < s < 1 < p < ∞ be real numbers. The fractional Sobolev space
W s,p(RN) is defined by

W s,p(RN) =

{
u ∈ Lp(RN) :

∫∫
R2N

|u(x)−u(y)|p

|x− y|N+ps dxdy
}
,

equipped with the norm

‖u‖W s,p(RN) =

(
‖u‖p

Lp(RN)
+
∫∫

R2N

|u(x)−u(y)|p

|x− y|N+ps dxdy
) 1

p

.

We know that, if p = 2, then W s,2(RN) := Hs(RN). Also, Hs(RN) denotes the fractional Sobolev space
of g ∈ L2(RN) such that the map (x,y) 7→ g(x)−g(y)

|x−y|
N+2s

2
is in L2(RN×RN).

Let us consider Hs(RN) with the norm

‖u‖Hs(RN) =

(
‖u‖2

L2(RN)+
∫∫

R2N

|u(x)−u(y)|2

|x− y|N+2s dxdy
) 1

2

.

We introduce the space Hs
0(RN) as the completion of C∞

0 (RN) with respect to

[u]s =
(∫∫

R2N

|u(x)−u(y)|2

|x− y|N+2s dxdy
) 1

2

.

We know that (Hs
0(RN), [·]s) is a uniformly convex Banach space. By [38, Theorem 1], one has

‖u‖2
2∗s ≤CN

s(1− s)
N−2s

[u]2s , ∀ u ∈ Hs
0(RN), (2.1)

and by [39, Theorem 1.1], one has

γ1

∫
RN

|u(x)|2

|x|2s dx≤ [u]2s , ∀ u ∈ Hs
0(RN), (2.2)

where

γ1 := 2π
N
2

Γ
(N+2s

4

)2 |Γ(−s)|

Γ
(N−2s

4

)2
Γ
(N+2s

2

) . (2.3)

Moreover, the constant γ1 is optimal. If γ < γ1, it follows from the Hardy inequality (2.2) that

‖u‖ :=
(∫∫

R2N

|u(x)−u(y)|2

|x− y|N+2s dxdy− γ

∫
RN

|u(x)|2

|x|2s dx
) 1

2
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is well defined on Hs
0(RN). Since(

1− λ+

γ1

)
[u]2s ≤ ‖u‖2 ≤

(
1+

λ−
γ1

)
[u]2s , ∀ u ∈ Hs

0(RN), (2.4)

where λ+ = max{γ,0} and λ− = max{−γ,0}, then ‖u‖ is comparable to [u]s. Thus, fractional Sobolev
embedding Hs

0(RN) ↪→ L2∗s (RN) and fractional Hardy embedding Hs
0(RN) ↪→ L2(RN , |x|−2s) are contin-

uous, but they are not compact. Combining the Hardy inequality and the Sobolev inequality, we obtain
the Hardy-Sobolev inequality. Indeed, let α ∈ [0,2s) be a real number. Then Hs

0(RN) is continuously
embedded in the weighted space L2∗s (α)(RN , |x|−α). Here, taking the smallest constant associated to this
embedding, we let

S(N,s,γ,α) = inf
u∈Hs

0(RN)\{0}

∫∫
R2N

|u(x)−u(y)|2
|x−y|N+2s dxdy− γ

∫
RN
|u(x)|2
|x|2s dx

(
∫
RN |u(x)|2∗s |x|−αdx)

2
2∗s (α)

. (2.5)

By [25, Proposition 3.6], we have [u]s = ‖(−4)
s
2 u‖L2(RN) for any u ∈ Hs(RN), i.e.∫∫

R2N

|u(x)−u(y)|2

|x− y|N+2s dxdy =
∫
RN
|(−4)

s
2 u(x)|2dx. (2.6)

So, ∫∫
R2N

(u(x)−u(y))(v(x)− v(y))
|x− y|N+2s dxdy =

∫
RN

(−4)
s
2 u(x) ·−4)

s
2 v(x)dx, (2.7)

for any u,v ∈ Hs(RN).

Lemma 2.1. Assume that 0 < s < 1.
(i) (The fractional Hardy inequality [40]) For all u ∈ Hs(RN), we have

γH

∫
RN

|u|2

|x|2s dx≤
∫
RN
|(−∆)s/2u|2 dx, (2.8)

where γH = 4s Γ2(N+2s
4 )

Γ2(N−2s
4 )

is the best constant in the above inequality on RN .
(ii) (The fractional Hardy-Sobolev inequality [26]) Assume 0≤ α ≤ 2s < N. Then, there exist positive

constants c and C, such that for all u ∈ Hs(RN),(∫
RN

|u|2∗s (α)

|x|α
dx
) 2

2∗s (α) ≤ c
∫
RN
|(−∆)s/2u|2 dx := c[u]2s . (2.9)

Moreover, if γ < γH , then(∫
RN

|u|2∗s (α)

|x|α
dx

) 2
2∗s (α)

≤Cα

(∫
RN
|(−∆)s/2u|2 dx− γ

∫
RN

|u|2

|x|2s dx
)
, (2.10)

for all u ∈ Hs(RN).

We say that u ∈ Hs
0(RN) is a weak solution of problem (1.1) if∫∫

R2N

u(x)−u(y)
|x− y|N+2s (ϕ(x)−ϕ(y))dxdy− γ

∫
RN

u(x)
|x|2s ϕ(x)dx

=
∫

RN

|u|2∗s (α)−2

|x|α
u(x)ϕ(x)dx−λ

∫
RN

f (x,u)ϕ(x)dx
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for any ϕ ∈ Hs
0(RN). The energy functional J : Hs

0(RN)→ R, which is defined by the formula

J(u) =
1
2

(∫∫
R2N

|u(x)−u(y)|2

|x− y|N+2s dxdy− γ

∫
RN

|u(x)|2

|x|2s dx
)

− 1
2∗s (α)

∫
RN

|u|2∗s (α)

|x|α
dx−λ

∫
RN

F(x,u)dx. (2.11)

So a solution of (1.1) is a nontrivial critical point of J. From suppg⊂ Bρ0(0), the Hölder inequality and
(2.10), we can get

∫
RN

g(x)|u(x)|ldx ≤ ‖g‖∞

(∫
Bρ0 (0)

1dx

) 2∗s−l
2∗s
(∫

Bρ0 (0)
|u(x)|2∗s dx

) l
2∗s

= ‖ f‖∞

(
π

N
2

Γ(N
2 +1)

ρ
N
0

) 2∗s−l
2∗s
(∫

Bρ0 (0)
|u(x)|2∗s dx

) l
2∗s

≤ ‖g‖∞

(
π

N
2

Γ(N
2 +1)

ρ
N
0

) 2∗s−l
2∗s

C
2∗s
2

0 ‖u‖
l. (2.12)

Recall that a sequence {un}n∈N is a (PS)c sequence for functional J if J(un)→ c and J′(un)→ 0. If any
(PS)c sequence {un}n∈N has a convergent subsequence, we say that J satisfies the (PS)c condition. Set

M1 : =

{
u ∈ Hs

0(RN) :
∫

RN
u+ > 0,

∫∫
R2N

|u+(x)−u+(y)|2

|x− y|N+2s dxdy

−γ

∫
RN

|u+(x)|2

|x|2s dx−
∫
RN

|u+|2
∗
s (α)

|x|α
dx = λ

∫
RN

f (x,u)u+dx

}
,

M2 : =

{
u ∈ Hs

0(RN) :
∫

RN
u− > 0,

∫∫
R2N

|u−(x)−u−(y)|2

|x− y|N+2s dxdy

−γ

∫
RN

|u−(x)|2

|x|2s dx−
∫

RN

|u−|2
∗
s (α)

|x|α
dx =−λ

∫
RN

f (x,u)u−dx

}
,

M3 = M1
⋂

M2,

K1 := {u ∈M1;u≥ 0}, K2 := {u ∈M2;u≤ 0}, K3 := M3,

where u+ := max{u,0} and u− := max{−u,0}.

Lemma 2.2. Under the assumptions of Theorem 1.1, for every u0 ∈Hs
0(RN), u0 > 0(u0 < 0), there exists

tλ > 0 such that tλ u0 ∈M1(∈M2). Furthermore, limλ→∞ tλ = 0.

Proof. For u ∈ Hs
0(RN), we define the functional

χ1(u) :=
∫∫

R2N

|u(x)−u(y)|2

|x− y|N+2s dxdy− γ

∫
RN

|u(x)|2

|x|2s dx−
∫
RN

|u|2∗s (α)

|x|α
dx−λ

∫
RN

f (x,u)udx.



6 S. AMIRI, N. NYAMORADI, A. BEHZADI

Given u0 > 0, we claim that χ1(tλ u0) = 0 for some tλ > 0. To this end, we find from (1.3) and (2.12) that

χ1(tu0) = t2
[∫∫

R2N

|u0(x)−u0(y)|2

|x− y|N+2s dxdy− γ

∫
RN

|u0(x)|2

|x|2s dx
]

−t2∗s (α)
∫
RN

|u0|2
∗
s (α)

|x|α
dx−λ

∫
RN

f (x, tu0)tu0dx

≥ t2
[∫∫

R2N

|u0(x)−u0(y)|2

|x− y|N+2s dxdy− γ

∫
RN

|u0(x)|2

|x|2s dx
]

−t2∗s (α)
∫
RN

|u0|2
∗
s (α)

|x|α
dx−λ t l

µ4

∫
RN

g(x)|u0|ldx

≥ At2−Bt2∗s (α)−λ µ4t lC,

where A =
∫∫

R2N
|u0(x)−u0(y)|2
|x−y|N+2s dxdy− γ

∫
RN
|u0(x)|2
|x|2s dx, B =

∫
RN
|u0|2

∗
s (α)

|x|α dx and

C = ‖g‖∞

(
π

N
2

Γ(N
2 +1)

ρ
N
0

) 2∗s−l
2∗s

C
2∗s
2

0 ‖u0‖l.

Similarly we can get

χ1(tu0)≤ At2−Bt2∗s (α)−λ µ3t lC.

Since 2 < l < 2∗s (α), Bolzano’s theorem yields that there exists t = tλ such that ϕ1(tλ u) = 0. Also,

from χ1(tu0)≤ At2−λ µ3Ct l , we choose t1 such that At2
1 −λ µ3Ct l

1 = 0. So, t1 =
(

A
λ µ3C

) 1
l−2

. Choosing
tλ ∈ [0, t1], we obtain the desired conclusion immediately. �

Corollary 2.3. By Lemma 2.2, for any u0,u1 ∈ Hs
0(RN), u0 > 0 and u1 < 0 with disjoint supports, there

exists t1λ , t2λ > 0 such that t∗
λ

u0 + t∗∗
λ

u1 ∈M3. Moreover t∗
λ
, t∗∗

λ
→ 0 as λ → ∞.

Lemma 2.4. There exist η1 and η2 > 0 such that, for every u ∈ Ki, i = 1,2,3,

‖u‖2 =
∫
RN

|u|2∗s (α)

|x|α
dx+λ

∫
RN

f (x,u)udx≤ η1J(u)≤ η2‖u‖2.

Proof. Since u ∈ Ki, one sees that the equality is clear. In view of (1.3), one can get

J(u) =
1
2

(∫∫
R2N

|u(x)−u(y)|2

|x− y|N+2s dxdy− γ

∫
RN

|u(x)|2

|x|2s dx
)

− 1
2∗s (α)

∫
RN

|u|2∗s (α)

|x|α
dx−λ

∫
RN

F(x,u)dx

=
1
2

(∫
RN

|u|2∗s (α)

|x|α
dx+λ

∫
RN

f (x,u)udx

)
− 1

2∗s (α)

∫
RN

|u|2∗s (α)

|x|α
dx−λ

∫
RN

F(x,u)dx

=

(
1
2
− 1

2∗s (α)

)∫
RN

|u|2∗s (α)

|x|α
+

λ

2

∫
RN

f (x,u)udx−λ

∫
RN

F(x,u)dx

≥
(

1
2
− 1

2∗s (α)

)∫
RN

|u|2∗s (α)

|x|α
+

(
1
2
− 1

µ2

)
λ

∫
RN

f (x,u)udx.

Since 2 < µ2 < 2∗s (α), one finds that the first inequality hold. By F(x,u) ≥ 0, the last inequality is
clear. �
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Lemma 2.5. There exists C > 0 such that

‖u+‖ ≥C, ∀ u ∈ K1,

‖u−‖ ≥C, ∀ u ∈ K2,

‖u+‖,‖u−‖ ≥C, ∀ u ∈ K3.

Proof. By the definition of Ki(i = 1,2,3), 2 < l < 2∗s (α), (1.3), (2.10) and (2.12), one can get

‖u±‖2 = λ

∫
RN

f (x,u)u±dx+
∫
RN

|u±|2
∗
s (α)

|x|α
dx

≤ c1

∫
RN

g(x)|u±|ldx+
∫
RN

|u±|2
∗
s (α)

|x|α
dx

≤ c1‖g‖∞

(
π

N
2

Γ(N
2 +1)

ρ
N
0

) 2∗s−l
2∗s

C
2∗s
2

0 ‖u±‖
l +C

2∗s (α)
2

α ‖u±‖2∗s (α),

where c1 is a positive constant. Therefore, we have the conclusion. �

Lemma 2.6. There exists Θ > 0 such that J(u)≥Θ‖u‖2, ∀u ∈ Hs
0(RN) if ‖u‖ is small enough.

Proof. In view of (1.3), (2.10) and (2.12), we get

J(u) =
1
2

(∫∫
R2N

|u(x)−u(y)|2

|x− y|N+2s dxdy− γ

∫
RN

|u(x)|2

|x|2s dx
)

− 1
2∗s (α)

∫
RN

|u|2∗s (α)

|x|α
dx−λ

∫
RN

F(x,u)dx

≥ 1
2
‖u‖2− 1

2∗s (α)

∫
RN

|u|2∗s (α)

|x|α
dx− c2

∫
RN

g(x)|u|ldx

≥ 1
2
‖u‖2− 1

2∗s (α)
C

2∗s (α)
2

α ‖u‖2∗s (α)− c2‖g‖∞

(
π

N
2

Γ(N
2 +1)

ρ
N
0

) 2∗s−l
2∗s

C
2∗s
2

0 ‖u‖
l

= ‖u‖2

1
2
− 1

2∗s (α)
C

2∗s (α)
2

α ‖u‖2∗s (α)−2− c2‖g‖∞

(
π

N
2

Γ(N
2 +1)

ρ
N
0

) 2∗s−l
2∗s

C
2∗s
2

0 ‖u‖
l−2

 .

Since 2 < l < 2∗s (α), we find that J(u)≥C‖u‖2 if ‖u‖ is small enough. �

Lemma 2.7. Mi is a C1 sub-manifold with co-dimension 1(i = 1,2),2(i = 3). The sets Ki(i = 1,2,3) are
complete. Moreover, for every u ∈Mi,

TuHs
0(RN) = TuM1⊕ span{u+},

TuHs
0(RN) = TuM2⊕ span{u−},

TuHs
0(RN) = TuM3⊕ span{u+,u−},

where TuM is the tangent space at u of the Banach manifold M. Moreover, the projection onto the first
component in this decomposition is uniformly continuous on bounded sets of Mi.
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Proof. Similar to the method in [35], we set

M̄1 :=

{
u ∈ Hs

0(RN) :
∫
RN

u+dx > 0

}
;

M̄2 :=

{
u ∈ Hs

0(RN) :
∫
RN

u−dx > 0

}
;

M̄3 := M̄1
⋂

M̄2.

Notice that Mi ⊂ M̄i and M̄i is open in Hs
0(RN). We claim that Mi is a C1 sub-manifold of M̄i. To this

end, we will construct a C1 function ϕi : M̄i→ Rd with d = 1(i = 1,2),d = 2(i = 3) respectively and Mi

will be the inverse image of a regular value of ϕi. So, we define

ϕ1(u) =
∫∫

R2N

|u+(x)−|u+(y)|2

|x− y|N+2s dxdy− γ

∫
RN

|u+(x)|2

|x|2s dx

−
∫
RN

|u+|2
∗
s (α)

|x|α
dx−λ

∫
RN

f (x,u)u+dx, ∀ u ∈ M̄1,

ϕ2(u) =
∫∫

R2N

|u−(x)−|u−(y)|2

|x− y|N+2s dxdy− γ

∫
RN

|u−(x)|2

|x|2s dx

−
∫
RN

|u−|2
∗
s (α)

|x|α
dx−λ

∫
RN

f (x,u)u−dx, ∀ u ∈ M̄2,

ϕ3(u) = (ϕ1(u),ϕ2(u)), ∀ u ∈ M̄3.

Clearly, Mi = ϕ
−1
i (0). We now claim that ϕi is of class C1 (we will prove that ϕ1 ∈C1, and by similar

method, ϕ2 ∈C1). To this end, set

ψ(u) =
∫
RN

f (x,u)u+dx.

It suffices to show that ψ ∈C1,

< ψ
′(u),u+ >=

∫
RN

[ fu(x,u)u2
++ f (x,u)u+]dx, ∀u ∈ Hs

0(RN).

First we prove the existence of the Gateaux derivative of ψ . Since f (x,u) is continuously differentiable
in u, one finds from the mean value theorem that there exists 0 < θ < 1 and 0 < |µ|< 1 such that

f (x,u(x)+µu+(x))− f (x,u(x))
µu+(x)

= fu(x,u(x)+θ µu+(x)). (2.13)

Using (1.3), (2.13) and the Lebesgue’s dominated convergence theorem, we have

< ψ
′(u),u+ > = lim

µ→0+

ψ(u+µu+)−ψ(u)
µ

= lim
µ→0+

∫
RN

f (x,u(x)+µu+(x))(u+(x)+µu+(x))− f (x,u(x))u+(x)
µ

dx

= lim
µ→0+

∫
RN

[
f (x,u(x)+µu+(x))− f (x,u(x))

µ
u+(x)

+ f (x,u(x)+µu+(x))u+(x)

]
dx

=
∫
RN

[ fu(x,u(x))u2
+(x)+ f (x,u(x))u+(x)]dx.
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Hence, we can easily get

< ϕ
′
1(u),u+ > = 2

∫∫
R2N

|u+(x)−u+(y)|2

|x− y|N+2s −2γ

∫
RN

|u+|2

|x|2s

−2∗s (α)
∫
RN

|u+|2
∗
s (α)

|x|α
−λ

∫
RN

[ fu(x,u)u2
++ f (x,u)u+]dx.

Next, we show that ψ ′(·) : Hs
0(RN)→

(
Hs

0(RN)
)∗ is continuous. Assume that un → u in Hs

0(RN).
From (1.3) and continuity f and fu, one has

‖ψ ′(un)−ψ
′(u)‖Hs

0(RN) = sup
‖u+‖≤1

∫
RN

∣∣∣∣∣( fu(x,un(x))− fu(x,u(x)))u2
+(x)

+( f (x,un(x))− f (x,u(x)))u+(x)dx

∣∣∣∣∣
= sup

‖u+‖≤1

[∫
RN
| fu(x,un(x))− fu(x,u(x))||u2

+(x)|

+| f (x,un(x))− f (x,u(x))||u+(x)|dx

]
→ 0 as n→ ∞.

Hence ‖ψ ′(un)−ψ ′(u)‖Hs
0(RN) → 0. This shows that ψ ′ is continuous and so ϕ1 ∈ C1. Thus, we only

need to prove that 0 is a regular value for ϕi. Note that 2 < 2∗s (α) and 1
2∗s (α)−1 < µ1 < 1. Then for u∈M1,

we conclude from (1.3) that

< ϕ
′
1(u),u+ > = 2

∫∫
R2N

|u+(x)−|u+(y)|
|x− y|N+2s (u+(x)−u+(y))dxdy−2γ

∫
RN

|u+(x)|
|x|2s u+(x)dx

−2∗s (α)
∫
RN

|u+|2
∗
s (α)−2

|x|α
u+(x)dx−λ

(∫
RN

f (x,u)u++ fu(x,u)u2
+

)
dx.

≤ 2‖u‖2−2∗s (α)
∫
RN

|u+|2
∗
s (α)−2

|x|α
u+(x)dx−λ

(∫
RN

f (x,u)u++ fu(x,u)u2
+

)
dx

≤ 2

(
‖u‖2−

∫
RN

|u+|2
∗
s (α)−2

|x|α
u+(x)dx

)
−λ

(∫
RN

f (x,u)u++ fu(x,u)u2
+

)
dx

≤ 2
(

λ

∫
RN

f (x,u)u+dx
)
−λ

∫
RN

f (x,u)u+dx−λ

∫
RN

fu(x,u)u2
+dx

≤ λ

∫
RN

f (x,u)u+dx−λ

∫
RN

fu(x,u)u2
+dx

≤ λ µ1

∫
RN

fu(x,u)u2
+dx−λ

∫
RN

fu(x,u)u2
+dx

≤ λ µ1

(
1− 1

µ1

)∫
RN

fu(x,u)u2
+dx

≤ λ µ4

(
1− 1

µ1

)∫
RN

g(x)|u+|ldx < 0.
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Therefore M1 is a C1 sub-manifold of Hs
0(RN). By similar method, we have that M2 is a C1 sub-manifold

of Hs
0(RN). Also, for u ∈ M3, we have < ϕ ′1(u),u− >=< ϕ ′2(u),u+ >= 0. Then M3 is also a C1 sub-

manifold of Hs
0(RN). The remainder of the proof can be proved by using Lemma 2.5 and Lemma 5 in

[35]. So, we omit it here. �

Lemma 2.8. The restricted functional J|Ki satisfies the (PS)c condition for every

0 < c <
2s−α

2(N−α)
(S(N,s,γ,α))

N−α

2s−α .

Proof. From [34], we have that functional J satisfies the (PS)c condition for every

0 < c <
2s−α

2(N−α)
(S(N,s,γ,α))

N−α

2s−α .

Therefore, by similar method in the proof of Lemma 7 in [35], we have the desired conclusion. �

We note that if u ∈ Ki be a critical point of the restricted functional J|Ki , then we know from Lemma
2.8 that u is also a critical point of the unrestricted functional J, and so a weak solution to (1.1).

We now prove Theorem 1.1 by using Ekeland’s variational principle [37].

Proof of Theorem 1.1. To prove Theorem 1.1, we need to check that functional J|Ki satisfies the hy-
potheses of Ekeland’s variational principle [37]. The fact that J is bounded below over Ki is a direct
consequence of the construction of the manifold Ki. Then, by Ekeland’s variational principle, there
exists vk ∈ Ki such that

J(vk)→ ci := inf
Ki

J(u), J′|Ki(vk)→ 0.

We have to check that if we choose λ large, we have that 0 < c < 2s−α

2(N−α) (S(N,s,γ,α))
N−α

2s−α . This easily
follows from Lemma 2.2. For instance, for µ1, we choose w0 ≥ 0 such that

µ1 ≤ J(tλ w0)≤
1
2

t2
λ
‖w0‖2.

Hence µ1 → 0 as λ → 0. Moreover, it follows from the estimate of tλ in Lemma 2.2 that 0 < c <
2s−α

2(N−α) (S(N,s,γ,α))
N−α

2s−α for λ > λ∗. The other cases are similar. From Lemma 2.8, it follows that vk

has a convergent subsequence that we still call vk. Therefore J has a critical point in Ki, (i = 1,2,3). By
construction, one finds that one of them is positive, other is negative and the last one changes sign. �
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[14] G. Molica Bisci, V. Rădulescu, R. Servadei, Variational methods for nonlocal fractional problems, With a foreword by
Jean Mawhin. Encyclopedia of Mathematics and its Applications, 162. Cambridge University Press, Cambridge, 2016.
xvi+383 pp.

[15] G. Molica Bisci, D. Repovs̆, On doubly nonlocal fractional elliptic equations, Atti Accad. Naz. Lincei Rend. Lincei Mat.
Appl. 26 (2015), 161-176.

[16] P. Pucci, M.Q. Xiang, B.L. Zhang, Multiple solutions for nonhomogeneous Schrödinger-Kirchhoff type equations involv-
ing the fractional p-Laplacian in RN , Calc. Var. Partial Differential Equations 54 (2015), 2785-2806.

[17] S. Secchi, Ground state solutions for nonlinear fractional Schrödinger equations in RN , J. Math. Phys. 54 (2013), Article
ID 031501.

[18] R. Servadei, E. Valdinoci, Mountain pass solutions for non-local elliptic operators, J. Math. Anal. Appl. 389 (2012),
887-898.

[19] R. Servadei, E. Valdinoci, Variational methods for non-local operators of elliptic type, Discrete Contin. Dyn. Syst. 33
(2013), 2105-2137.

[20] R. Servadei, E. Valdinoci, The Brezis-Nirenberg result for the fractional Laplacian, Trans. Amer. Math. Soc. 367 (2015),
67-102.

[21] L. Wang, B. Zhang, H. Zhang, Fractional Laplacian system involving doubly critical nonlinearities in RN , Electron. J.
Qual. Theory Differ. Equ. 2017 (2017), Article ID 57.
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