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Abstract. In this paper, we use Ekeland’s variational principle to study the existence of at least three nontrivial solutions for
|| (@2

i " 4 Af(x,u) in RN, where N > 2s,

the following critical nonlocal fractional Hardy elliptic equation (—A)Su — y‘x"‘b =

0 < s <1, 7,7 are real parameters, 2} (o) = 2%\]:2?) is critical Hardy-Sobolev exponent with o € [0,2s), f: R¥ xR — Risa

suitable function and (—A)* is the fractional Laplace operator.
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1. INTRODUCTION

In this paper, we investigate the existence and multiplicity of solutions for the following critical non-
local fractional Hardy elliptic equation

28 ()2 .
(_A)SM_Yﬁ:M‘xTM_‘_A‘f(xau)a n RN? (11)
where N > 25, 0 < s < 1, 7,A are real parameters, 2} (a) = 25\1,\’:2?) is critical Hardy-Sobolev exponent

with @ € [0,2s) and f : RY x R — R is a suitable function and (—A)? is the fractional Laplace operator,
which, up to normalization factors, may be defined as

1ulx+y) fulx—y) —2u(x)
T2 )y o — y[N+2s

dy
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for x € RV. Moreover, Let £ be the Schwartz space of rapidly decaying C* functions in RV. Then, for
anyu € £and s € (0,1), (—A)* is defined as

u(x) —u(y)

RY |x— y|[N+2s

. u(x) —u(y)
== C(N, S) llm m 5
e=0JtBe(x) [x =)

(—=A)’u(x) = C(N,s)PV.

where £B,(x) = RV \ B¢(x) and the symbol P.V. stands for the Cauchy principal value and C(N,s) is a
dimensional constant that depends on N,s, precisely given by

C(N,s):= (/RN de> B :

Fractional and nonlocal operators have recently been studied; see, for instance, [1, 2, 3,4,5,6,7, 8,9,
10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21] and the references therein. These types of operators arise in
a quite natural way in many different physical situations such as continuum mechanics, phase transition
phenomena, population dynamics, minimal surfaces and game theory, as they are the typical outcomes
of the stochastic stabilisation of the Levy processes (for more study, see [22, 23, 24] and the references
therein). For the basic properties of fractional Sobolev spaces, we refer the readers to [14, 25]. Also, we
know that the topological methods for fractional problems have been first set in [18, 19]. Recently, by
using the mountain pass lemma, Ghoussoub and Shakerian [26] established the existence of a nontrivial
weak solution to the problem

— ()2
AT T

Moreover, Yang and Wu [27] showed the existence of nontrivial solutions for doubly critical nonlocal

= |u|>2u+ u>0, inRY,

elliptic problems in RV . For other recent results in fractional and nonlocal operators, the reader is referred
to, for example, [28, 29, 30, 31] and the references therein.
In [32], Chen considered the following doubly critical problem involving the fractional Laplacian
u . ’l/l 2;((1)72” ‘Mzz(ﬁ)72M
2 e .

where s € (0,1), 0 < a,B < 2s <n with & # 8, ¥ < vy. Applying the mountain pass lemma and a

u>0, inR" (1.2)

(=AY u—y

concentration compactness principle, Chen proved the existence of positive solutions to (1.2). For other
recent results for related problems, one can see [8, 33, 34].
In this paper, motivated by [35, 36], we study the multiplicity of nontrivial solutions for problem (1.1).
Now, we state our main result.

Theorem 1.1. Assume that f(x,u) is measurable in x and continuously differentiable in u, f(x,0) =0
for every x € RN, there exist | € (2,2}) and constants | € (W, 1), r € (2,25(@)), 0 < U3 < U4
such that, for any u € H(RYN),

,ug/ g |ulldx < ,uz/ F(x,u)dxg/ f(x,u)udx
RN RV RN

< m/ ﬁ,(x,u)uzdx§u4/ g(x)|u|'dx, (1.3)
RN RN

where F(x,u) = [¢ f(x,s)ds and g(x) >0, g € L*(RY) and there exists py > 0 such that suppg C Bp,(0),
where Bp,(x) = {y € RN : |y —x| < po}. Then, there exists A* = A*(N,s,y,,1), such that for every
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A > A¥, there exist three different nontrivial weak solutions of problem (1.1). Moreover, these solutions

are one positive, one negative and the other one sign-changing.

2. PRELIMINARIES AND PROOF OF THE MAIN RESULT

In this paper, by employing Ekeland’s variational principle and a similar argument in [37], we inves-
tigate the existence and multiplicity of solutions for critical nonlocal fractional Hardy elliptic equation
1.1. In order to prove our main results, we need need to present some preliminaries of the variational
framework, definitions and lemmas which will play an important role to solve problem (1.1).

We first give some useful notations and basic results of fractional Sobolev space that will be used
in proof of the main results. Let 0 < s < 1 < p < oo be real numbers. The fractional Sobolev space
WP (RV) is defined by

p
s,p (TN (N ’
WSP(RY) = {MEL (R™) //RZN — y‘Nﬂm a’xdy},

equipped with the norm

1
DI
e (A e

We know that, if p = 2, then W*2(R") := H*(RM). Also, H*(R") denotes the fractional Sobolev space

of g € L*(R") such that the map (x,y) — ‘g( >|N33 isin L?(RN x RV).
Let us consider H*(RV) with the norm

1
‘2 2
e = (Il [ sty )

We introduce the space H3(RY) as the completion of C3(RY) with respect to

|2 %
(//R - y|N+ZS Ty 4 dy) |

We know that (Hj(R"), [-]) is a uniformly convex Banach space. By [38, Theorem 1], one has
s(1—-5)

ull3: < Cy N o [u]?, ¥ ue Hy(RN), 2.1)
and by [39, Theorem 1.1], one has
2
yl/ O e < 2, e HYRM), 2.2)
RN ‘X|2S S

where

y I (M2)?|0(~9)|

—zS 2 S )
()T ()

nhi=2r (2.3)

Moreover, the constant y; is optimal. If y < 7, it follows from the Hardy inequality (2.2) that

[ul| := <//sz dedy_},/lw ’b‘t)(c)‘cz)syzdx)i
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is well defined on H§(R"). Since

(12 Yz < i < (142 ) i, vwe e, e
N N

where A, = max{y,0} and A_ = max{—7,0}, then ||u|| is comparable to [u];. Thus, fractional Sobolev
embedding Hj(RV) < L% (RY) and fractional Hardy embedding Hj(RY) < L*(R", |x|~2*) are contin-
uous, but they are not compact. Combining the Hardy inequality and the Sobolev inequality, we obtain
the Hardy-Sobolev inequality. Indeed, let o € [0,2s) be a real number. Then H§(R") is continuously
embedded in the weighted space L%(®) (R" |x|~¥). Here, taking the smallest constant associated to this
embedding, we let

JJr2 dedy ¥ Jan xzs dx

S(N,s,v,a) = inf (2.5)
EHENOL(fo u(x) 2 x| -dn) F
By [25, Proposition 3.6], we have [u]s = H(—A)%MHLZ(RN) for any u € H*(RV), i.e
)] s
S i sy = [ 1) P 26
So,
(u(x) —u(y))(v(x) —v(y)) s s
S e sty = [ ()5, eE
for any u,v € H*(RY).
Lemma 2.1. Assume that 0 <s < 1.
(i) (The fractional Hardy inequality [40]) For all u € H*(RY), we have
RN ’x‘zs - JrN ’

N42s
LS - 23) is the best constant in the above inequality on RV.

2(%57)
(ii) (The fracnm;al Hardy-Sobolev inequality [26]) Assume 0 < o0 < 25 < N. Then, there exist positive

constants ¢ and C, such that for all u € H* (RN ),

|“\2§(a) 2*%a> (/212 2
(L, )™ e |1y uf ax:=cful} 29)
R

Moreover, if Y < Yu, then

2
|u|2§(oc) 25 (o) o212 |M‘2
(/RN @ dx <Cq /RN](—A) ul dx—}//RN FE dx |, (2.10)

forallu € HS(RV).

where Yy = 4’

We say that u € Hj(R") is a weak solution of problem (1.1) if

//]RZN x— y|N+2s (@(x) — @(y))dxdy—y /R ) ‘u(;)

B |u|2s o)-2
_/RN |x|au(x)w(x)dx—A/RNf(x,u)w(X)dx
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for any @ € Hj(RY). The energy functional J : H(R") — R, which is defined by the formula

0P |u(x)]?
<//RzN o — y‘N+2v o dxdy =Y SO dx

1 |u|2s
_2:(06) /]RN R dx—?L/RNF(x,u)dx. (2.11)

So a solution of (1.1) is a nontrivial critical point of J. From suppg C By, (0), the Holder inequality and
(2.10), we can get

[, o u)
R

AN
x
=

/
—_
S
=
=
=
~
[
23
7
S
S
=
=
—~
Rad

o 5 %
= Il o) ([ luwPax
F(%—i—]) 0 BP()(O)
N 21
T2 5o
< gl (WP{)\/) Co' Ilul"- (2.12)
2

Recall that a sequence {u, },en is a (PS). sequence for functional J if J(u,) — ¢ and J'(u,) — 0. If any
(PS), sequence {u, },cn has a convergent subsequence, we say that J satisfies the (PS), condition. Set

. N s (x) —us (9)?
M,: = {MGHO(]R /u+>0//RzN x— s dxdy

Jur (V)] / g2 /
Y/]RN peex dx o @ dx A fx,u)uydx

o s (RN - Ju—(x) —u-_()P?
M,: = {MEHO(R )'/szu_>0’//RzN o —y dxdy

Ju—(x)? /!u—\z‘t(“) _ /
Y/RN e dx oy @ dx=—-1 RNf(x,u)u,dx,

M; =M (\M>,
Ky :={ueMj;u>0}, Kry:={uecMyzu<0}, Kz:=Ms,

where 1, := max{u,0} and u_ := max{—u,0}.

Lemma 2.2. Under the assumptions of Theorem 1.1, for every uy € H3(RY), ug > 0(ug < 0), there exists
t), > 0 such that tyuy € M\ (€ My). Furthermore, lim)_,.,t; = 0.

Proof. Foru € Hj(R"), we define the functional

) lu(x)|? % (@)
//RZN P y‘ng e el e dx—/RN pE dx—?L/RNf(x,u)udx_
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Given ug > 0, we claim that x; (¢, up) = 0 for some z; > 0. To this end, we find from (1.3) and (2.12) that

_ | (x) — uo( )|2 Juo(x) >
Xl(tMO) - |://]RZN |x y|N+23 dy—’)/ RN ‘x|2s dx
—tzi(‘x)/ o1 dx—?t/ £ (x, tug ) tupdx
RN ’X‘a s LUQ 0
Juo(x) — uo(y)? / Juo(x) >
> ———————dxdy d
2 [//Rzzv o y|N+2s v RV |x]% X
_tZ;(a)/ ol dx—Ad! / (x)|uo|'dx
RN ]x\"‘ Ha ]RNg 0
> At? — B> ).‘LL4Z‘C

where A = [[gov dedy ¥ fp 0l |dX,B:fRN |”°|||a dx and

|x|2§'

21

LI N S
C=gll- mpo Co’ luoll"-

11 (tug) < A2 — Br%(®) — pusi'C.

ST PN

Similarly we can get

Since 2 < I < 2}(a), Bolzano’s theorem yields that there exists # = #; such that ¢;(f,u) = 0. Also,
1

-2

AU
from x(tup) < At> — AuzCt', we choose ¢ such that At12 — lmCt{ =0.So, | = (Mt c) . Choosing
1), € [0,11], we obtain the desired conclusion immediately. O

Corollary 2.3. By Lemma 2.2, for any ug,u; € HS(]RN), uo > 0 and uy < 0 with disjoint supports, there
exists ty),,ty, > 0 such that t;uo +1t; u; € Mz. Moreover t; ,t;* — 0 as A — .

Lemma 2.4. There exist Ny and 1, > 0 such that, for everyu € K;, i =1,2,3,

O e 2
lall™= [ dxtd | SO ujudx <t (u) < maffull”

Proof. Since u € K;, one sees that the equality is clear. In view of (1.3), one can get

J(u) = < / /sz T y|N+2J2d dy=v [ ’Tif;’zdx>
2;()/RN|M||;“ /1/ F(x,u)dx
% (/RN ‘u”; dx +7L/ f(x,u udx) — 2;(105) /RN |u"f;a)dx—l/RNF(x,u)dx
_ <;_2§‘(106)>/RN WS:‘) —|—g/RNf(x,u)udx—k/NF(x,u)dx
> (3 zaw) e+ (3 )2 s

Since 2 < up < 25 (o), one finds that the first inequality hold. By F(x,u) > 0, the last inequality is
clear. O
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Lemma 2.5. There exists C > 0 such that

lus| >C, Vuek,
lu|>C, Vuek,
lusll u-l| > €, Vueks.

Proof. By the definition of K;(i = 1,2,3),2 <1 < 2}(a), (1.3), (2.10) and (2.12), one can get

2:(
lusl® = l/ fxuuidx—l—/ ’i‘

\x\“
cl/ g(x |ui\dx+/ ‘ iyz
IXI"‘

2’5
n S
ctllglle (F(’;’ P6V> Co2 Huﬂ:Hl—{—Coc Huﬂcll2

IN

IN

where ¢ is a positive constant. Therefore, we have the conclusion. O

Lemma 2.6. There exists ® > 0 such that J(u) >

2, Yu € HY(RN) if ||ul| is small enough.
Proof. In view of (1.3), (2.10) and (2.12), we get

- |2 2
J(u) = (//RZN — y’N-i-ZS = dxdy — }// |x|2s dx

@

_2}‘(06) /RN [

dx A/qud

> Ao [ M e [ atolula
—ul|” - x—c x)|u| dx
= 2 25 (a) Jrv [x]® 2 Jun®
N 251
1 | (I T2 o
> Sllull~ 575Ca > —eallglle | sy —pb" | Gt lull
2 2:(a) © r(¥+1) 0
N 2% -1
1 1 2;5(01) * T2 % g
= Jul*| 5= 5775Ca” [ul> 97 —callglle | = | Gt llull ™
2 2 (a) ) r(§+1)
Since 2 < I < 2¥(at), we find that J(u) > C||ul|? if ||u|| is small enough. O

Lemma 2.7. M; is a C' sub-manifold with co-dimension 1(i = 1,2),2(i = 3). The sets K;(i = 1,2,3) are

complete. Moreover, for every u € M;,
T,HY(RY) = T,M, @ span{u, },
T,HY(RY) = T,M, ® span{u_},

T,HY(RY) = T,M3 @ span{u,,u_},

where T,M is the tangent space at u of the Banach manifold M. Moreover; the projection onto the first
component in this decomposition is uniformly continuous on bounded sets of M.
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Proof. Similar to the method in [35], we set

M := {MGHS(RN) :/ u+dx>0};
RN

M, := {MEHS(RN) : /Nu_dx>0};
R

M3 = M] ﬂMz

Notice that M; C M; and M; is open in Hj(RY). We claim that M; is a C! sub-manifold of M;. To this
end, we will construct a C! function ¢; : M; — R? with d = 1(i = 1,2),d = 2(i = 3) respectively and M;
will be the inverse image of a regular value of ¢;. So, we define

_ s () = |us ()P / ()
oi(u) = //R2N [x — y[VF2s dxdy—y ‘X‘Z_s dx

2 .
—/RNwdx—l/ O u)urdx, Yue M,

M”‘

_ Ju—( /
() = //Rzzv |x y|N+2s dd - ‘X‘ZS

25( ;
_/Nwdx_,x/Nf(x,u)udx, Y ue My,
R R

||
P3(u) = (@i1(u),p2(u)), VueMs.

Clearly, M; = ¢;"' (0). We now claim that ¢; is of class C' (we will prove that ¢; € C', and by similar
method, ¢, € C'). To this end, set

v = [ Fleu.ds

It suffices to show that y € C!,

<y (u),uy >= /sz[f”(x’ W)+ f(x,u)uy]dx, Yuc Hy(RY).

First we prove the existence of the Gateaux derivative of y. Since f(x,u) is continuously differentiable
in u, one finds from the mean value theorem that there exists 0 < 8 < 1 and 0 < |u| < 1 such that
SO ux) +puy (x) — f(xu(x))
M (x)
Using (1.3), (2.13) and the Lebesgue’s dominated convergence theorem, we have
Yt ) — y(u)

= fu(x,u(x) 4+ Opu (x)). (2.13)

<y (u),uy > = lim
u—0t u
e [ Sl e () (s () e (3) S () ()
u—0t JRN u
— lim [f(%”(x)‘i‘#mr(x)) _f<xau(x))u+(x)
pu—0+ JRN u

() 4 pan () (3) | dx

= /R e (o)) () + f (x 0(x) i ()] dx.
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Hence, we can easily get

/ _ g (x) —us () Jus|?
<@i(u)ur > = 2//RZN - y’N—l—Zv _ZY/RN [

u 2%(
it [ M8 | e+ i

[

Next, we show that y'(-) : Hj(RY) — (Hj(RN ))* is continuous. Assume that u, — u in Hj(RY).
From (1.3) and continuity f and f,, one has

Iy () = W' () gy = sup /RN (1 (x)) = fule, (), (x)

flus <1

+(f O ua(x)) = f (O, ux)) Juy (x)dx

= sup [RNIfu(x,un(X))—fu(xju(X))Hui(X)l

e[ <1
+1 (ot (x)) —f(xyu(x))\lqu(X)!dx] =0 as n—ee.
Hence ||/ (un) — W' (u)|| ggwvy — O. This shows that y' is continuous and so @ € C'. Thus, we only

need to prove that 0 is a regular value for ¢;. Note that 2 < 27 () and 5 PHCIES] ) 7 <ty < 1. Then foru € M,
we conclude from (1.3) that

<oian > = 2 ff OB w2y [ 1 was

|x|2v

—2i(a) /RN M’j:‘azwr(x)dx—l </RNf(x,u)u+ +fu(x,u)ui> dx.

25 (o)—2
< 2P -2i(a) [ T e ([ s+ ) ds
25 ()2
< 2 <Hu||2 _/RN |u+x‘au+(x)dx> -2 </RNf(x,u)u+ +fu(x,u)u2+> dx
< 2 <7L /RNf(x,u)u+dx) —7L/RNf(x,u)u+dx—),/RNfu(x,u)uidx
< 7L/RNf(x,u)qudx—)L/RNfu(x,u)uidx
< A [ fvaddx=a [ feod ds
< )L[.L] <1_/jl) /RNfu(xvu)ui-dx
<

1
s (1=1) [ o <o.
u4< M) [ gl
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Therefore M; is a C' sub-manifold of Hj(RY). By similar method, we have that M, is a C ! sub-manifold
of HY(RN). Also, for u € M3, we have < @] (u),u_ >=< @}(u),u; >=0. Then M3 is also a C! sub-
manifold of H3(RY). The remainder of the proof can be proved by using Lemma 2.5 and Lemma 5 in
[35]. So, we omit it here. O

Lemma 2.8. The restricted functional J |k, satisfies the (PS). condition for every

2s— o N—a
0 — (S(N Z—a
<o gy W 7.@)

Proof. From [34], we have that functional J satisfies the (PS). condition for every
2s—Q N—«a
O0<c< ——(S(V,s,7,a)) 2.
< 5= S5 1.)

Therefore, by similar method in the proof of Lemma 7 in [35], we have the desired conclusion. U

We note that if u € K; be a critical point of the restricted functional J|x., then we know from Lemma
2.8 that u is also a critical point of the unrestricted functional J, and so a weak solution to (1.1).
We now prove Theorem 1.1 by using Ekeland’s variational principle [37].

Proof of Theorem 1.1. To prove Theorem 1.1, we need to check that functional J|x, satisfies the hy-
potheses of Ekeland’s variational principle [37]. The fact that J is bounded below over K; is a direct
consequence of the construction of the manifold K;. Then, by Ekeland’s variational principle, there
exists v, € K; such that

J(vi) = cii= i}(lf](u), J|k.(vi) = 0.

We have to check that if we choose A large, we have that 0 < ¢ < % (S(N,s,7, a))g%i . This easily

follows from Lemma 2.2. For instance, for u;, we choose wy > 0 such that
1
1 < J(two) < Ef,%HWon-
Hence u; — 0 as A — 0. Moreover, it follows from the estimate of 7, in Lemma 2.2 that 0 < ¢ <

z(zjflioé) (S(N,s,7, Oc))évs%3 for A > Ax. The other cases are similar. From Lemma 2.8, it follows that vy

has a convergent subsequence that we still call v;. Therefore J has a critical point in K;, (i = 1,2,3). By

construction, one finds that one of them is positive, other is negative and the last one changes sign. [
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