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1. INTRODUCTION

In this paper, we use I to denote an interval on the real line R = (—oo,0). Let a and b be real numbers
inIsuchthata #b. If f: I CR — R is a convex mapping defined on I, then we have the Hadamard-type
inequality grips:

If f : [a,b] — R is a four times continuously differentiable mapping on (a, b), then we have the succeeding
Simpson’s inequality

a+b 1 1

slr@+ar(S50) s - L [ < ol e-at a2

where || @], = supye o | fD ()] < oo.
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For recent results with respect to (1.1) and (1.2), we refer to [1, 2, 3, 4, 5, 6, 7, 8, 9, 10] and the
references therein.

In 2013, Sarikaya et al. [11] established the subsequent Hadamard-type inequality by utilizing Riemann-
Liouville fractional integrals.

Theorem 1.1. [11] Let f : [a,b] — R be a positive function along with 0 < a < b and let f € L'([a,b]).
If f is a convex function on |a,b), then the forthcoming inequalities for fractional integrals clasp:

1(50) < b o o] < L9570, =

where Jg +f and Jlil_ f denote, respectively, the left-sided and right-sided Riemann-Liouville fractional
integrals of order | > 0 defined by

1AW = g [ =0t a <

and
B = e [ 0w, v<p
_J\X)=—=——= —X y X ’
b T(p) Js
where T'(1) is the gamma function defined by T'(p) = [;"e~'t#~1de. J, f(x) = J) f(x) = f(x).
In 2016, Sarikaya and Yildirim [12] obtained another presentation of the Riemann-Liouville fractional
Hadamard-type inequality as follows.

Theorem 1.2. [12] Let f : [a,b] — R be a positive function with 0 < a < b and f € L' ([a,b]). If f is a
convex mapping on |a,b|, then the following inequalities for fractional integrals hold:

a+b 2410 (u 1) F(a)+ f(b)
f( 2 )S b—a)k f(‘@ﬁf(b)JrJf#),f(a)]éf (1.4)

with i > 0.

In view of the wide applications of the Riemann-Liouville fractional integrals, many authors studied
problems which involves this integral operator; see, for example, [13, 14, 15, 16, 17] and the references
therein. In [18], Mubeen and Habibullah introduced the following class of fractional integrals.

Definition 1.3. [18] Let f € L'([a,b]). k-fractional integrals «J, f(x) and J;" f(x) of order u > 0 are
defined as

“ﬁﬂ”:knhol7»4ﬂ‘fmw,wSa<x<m
and
b u
Vi) = 1R / (-0 f()dr, (0<a<x<b)

&
respectively, where k > 0 and [y (1) is the k-gamma function given as Ty (i) = [5°t#~'e~ % dt with the
properties I (t + k) = uTy (1) and Ty (k) = 1. Note that ;JO, f(x) = xJ)- f(x) = f(x).

If k = 1, then the k-fractional integrals are reduced to the Riemann-Liouville fractional integrals. For
recent results on the k-fractional integral inequalities; see [17, 19, 20] and the references therein.

In 2016, Farid Rehman and Zahra [21] extended Theorem 1.2 to the following form of k-fractional
integrals.
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Theorem 1.4. [21] Let f : [a,b] — R be a positive function with 0 < a < b and f € L'([a,b]). If f is a
convex mapping on |a, b, then, for |1,k > 0, the successive inequalities for k-fractional integrals hold:
n_
f(a+b><2klrﬂu+k)b# fla)+f(b)

u —_—
2 (b—a)% J(#)Jrf(b) +k.](%),f(a)] < 3 . (1.5)

The paper aims to establish, based on the k-fractional calculus, some new Hadamard-type and Simpson-
type inequalities with multi-parameters via a general k-fractional integral identity. We investigate the
functions which have absolute values of the first derivatives which are generalized s-(a,m)-preinvex.
We also prove Hadamard-type inequalities for products of two generalized s-( o, m)-preinvex functions
in the second sense.

Next, we end this section by recalling some special functions and definitions.

(1) The beta function:

B(x,y) = LITO) /1tx—1(1 —iPldr, x,y >0,

Cx+y) Jo

(2) The hypergeometric function:

1 1
2F1(a,b;c;z):ﬁ(bc_b)/0 P11 =) (1 — ) dr, > b>0,|z < 1.

Definition 1.5. [22] A set K C R” is said to be m-invex with respect to the mapping n : K x K x (0,1] —
R” for some fixed m € (0, 1], if mx+ An(y,x,m) € K holds for each x,y € K and any A € [0, 1].

Definition 1.6. [23] A function f : [0,00) — [0, 00) is said to be s-( ¢, m)-convex in the first sense if, for
all x,y € [0,00) and 7 € [0, 1], the following inequality holds for some fixed s € (0, 1]:

Flex+ (1=0)y) S1“f () +m(1—1%)f (), (1.6)
where (o,m) € (0,1] x (0,1].

Definition 1.7. [23] A function f : [0,00) — [0, o) is said to be s-(ot,m)-convex in the second sense if,
for all x,y € [0,0) and ¢ € [0, 1], the following inequality holds for some fixed s € (0, 1]:

Flox+(1=1)y) <% f(x) +m(1 —t“)ff%), (1.7)
where (o,m) € (0,1] x (0,1].

Definition 1.8. [24] Let K C R” be an invex set with respect to 1 : K x K — R". For every x,y € K, the
1n-path Py, joining the points x and v = x+ 1(y,x) is defined as

vaZ{Z\Z:x+m()’7x)J€[Oal]}- (1.8)

Definition 1.9. [25] Let K C R” be an m-invex set with respect to 1 : K x K x (0,1] — R". For every
u,v € K and m € (0, 1], the n,-path P,,, joining the points mv and w = mv + 1 (u,v,m) is defined by

vaz{zlzzmv+tn(u,vam),f€[071]}- (1.9)

Remark 1.10. If m = 1 in mapping 1 («,v,m), then Definition 1.9 is reduced to Definition 1.8.
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2. PRELIMINARIES

First, we give the following definitions.

Definition 2.1. Let A C R” be an open m-invex subset with respectto 17 : A X A x (0, 1] — R”. For some
fixed (a,m) € (0,1] x (0,1] and s € (0,1], f : A — [0,0) is said to be generalized s-(ct, m)-preinvex in
the first sense if

f(mx+m(y,x,m)) <m(1—1%)f(x)+1* f(y)

is valid for all x,y € Aand ¢ € [0, 1].

Definition 2.2. Let A C R” be an open m-invex subset with respectto 17 : A x A x (0, 1] — R”. For some
fixed (ot,m) € (0,1] x (0,1] and s € (0,1], f: A — [0,00) is said to be generalized s- (o, m)-preinvex in
the second sense if

f(mx+m(yx,m)) <m(1—1%)"f(x) +1%f(y),

is valid for all x,y € A and ¢ € [0, 1].

For one dimension, if we put s = 1 in Definition 2.1, then we get the definition of the generalized
(o, m)-preinvex function in [21]. Similarly, if we put @ = 1 in Definition 2.2, then we have the definition
of the generalized (s,m)-preinvex function in [22]. Hence, Definitions 2.1 and 2.2 are extensions of
preinvex functions.

Throughout this paper, let A C R be an open m-invex subset with respect to 1 : A x A x (0, 1] — R\{0}
for some fixed m € (0, 1] and let a,b € A with a < b. Assume that f : A — R is a differentiable mapping
and f’ is intergreble on the 1,,-path P,,, : w = mv+ 1 (u,v,m) for arbitrary u,v € [a,b]. Before stating our
main results, we give the following notations:

=

1-2 [
n(b,a,m)
+(=D¥n

A u
" nb.am) 0% (xa,m) fma) + (= 1)

Te(+k) T u )
- n(b,a,m) [k](maJrn(xvavm))*f (M) +1J Gty ey - (mb)} -

If-,TI (."L?k;xaa’?n%aab) = n%(xvaﬂn)f(ma"i_ n(x7a7m))

u
k

(x,b,m)f(mb+ T](x,b,m))

= —

=3
k

=~

(x,b,m) f(mb)}

Next, we give some important lemmas for our main results.

Lemma 2.3. The following identity for k-fractional integrals along with x € (a,b), A € [0,1], u > 0 and
k > 0 exists

=

van(u,k;x,l,m,a,b) =

TRl ) [* i) b+ mc b )
0

n(b,a,m)

241 1
_77" (x,a,m)/ ()L—t
n<b7aam) 0

2.1)

~e=

)f (ma+m(x,a,m))dr.
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Proof. By integration by parts and changing the variable, we can state
1
/(l—t%)f’(mb+tn(x,b,m))dt
0

f(mb—i—tn (x,b,m)) ‘(1)

n(x,b,m)
+/ by xlb m)f(mertT](x,b,m))dt]
_ n(xlbm) [(/1 1) f (mb + 1 (x.bym)) — A (mb)
. s f(mb+tn(x,b,m))dt] 22)
_ n(xlbm) (A= 1)f (mb 4 1(xb,m)) — A5 (mb)|
i mb+1 (x,b,m) Lmb %71 Ddu
+n(b,a,m) /mb (n(x>bvm)> f( )d
- n(xlbm) (A= 1)f (mb+n(x.b,m)) — A f(mb)|
" Ly (1 +k) W ooy (D)

n(bya,m)n’ (x,b,m)
Similarly, one has

/0.1 (A —ﬁ)f’(ma%—m(x,a,m))dt

|
_ W[(A—l)f(ma+n(x,a,m)) —)Lf(ma)} 23
Ti(p +k) "

1 amynE ,a ) nesncsam) 01

Multiplying both sides of (2.2) and (2.3) by nt (b(:;fl)m ) and ™ I;](b(jrtrl;)m)’ respectively, and adding the

resulting identities, we get the desired result immediately. 0
Remark 2.4. (a) In Lemma 2.3, if k = u = 1 and 1n(b,a,m) = b —ma with m = 1, then we get [26,
Lemma 2.1].

(b) In Lemma 2.3, if A =0, k = u = 1 and n(b,a,m) = b — ma with m = 1, then we have [27, Lemma
1].

(¢) InLemma 2.3, if A = 1 =k, then we get [28, Lemma 4.1].

In addition, we also have the following:

(ci) for u =1, we have [28, Lemma 3.1],

(cii) for n(b,a,m) = b —ma with m = 1, we obtain [29, Lemma 2],

(ciii) for n(b,a,m) = b —ma withm = 1 = u, we get [30, Lemma 1].

Lemma 2.5. Fort € [0,1], we have (1 —t%)* <2175 — 5% for some fixed a € (0,1] and s € (0, 1].

Proof. Let f(t) =t* + (1 —1t%)’ fort € [0, 1] with a, s € (0, 1]. Obviously, f(-) is increasing on [0,2*5}
and decreasing on [2‘# 1]. So, f(r) < f(2 _’) = 2" for V¢ € [0, 1]. This ends the proof. O



6 C.LUO, T. DU, M.U. AWAN, M.V. MIHAI
3. MAIN RESULTS

Using Lemma 2.3, we now state the forthcoming theorem.

Theorem 3.1. If|f'| for ¢ > 1 is generalized s-(ot,m)-preinvex in the second sense with (a,s) € (0,1] x
(0,1], then for x € (a,b), A € [0,1], u > 0 and k > 0, the following inequality for k-fractional integral
holds:

1
2U kK \'a
(i, ki, A, ,,b‘< ,1k+1_/l+>

u+k
Nt (x,a,m) ) / 1
a£ A q .
X ’ n(b,a,m) ‘[Cl(“7a7k7s7l)|f (x)\ +mC2(,LL,OC,k,s77L)’f (a)’ :| (3.1)
= | 1
M / q ’ q q
+‘ n(b,a,m) Ci(i, ok, s, A)|f' ()7 +mCo(u, 0, k,5,2)| f'(B)| ¢,
where
_ kS Kt A E(sotl)
Ci(p, ok, ,4) = u+ksa+k(1 24 )+ (220 1)
and
B s+ 1), A=0,
2 +1
21 (ufk“ ’l+u+k>
CZ(IJ,OC,k,S,A): _m< 1-24%1 k(as+1)+ 1)
sOH—l (22' wlesth) 1)7 0< A<,
ké[ﬁ(éyHl)—ﬁ(%,sH)}, A=1.
Here, we denote
L= [ |f (mb+im(x,b,m) ‘ M_[k‘dt

and
1 y q n
L= / ‘f (mathn(x,a,m))‘ |7L —1*k ’dt.
0
Proof. Using Lemma 2.3, the s-(o¢,m)-preinvexity of |f’|? and the power mean inequality, we have

‘If’n(/,t,k;x,k,m,a,b))

< </01 M_,‘Z‘dty_‘l’ [‘W‘(11)3+'W’(12)é]7

n(b,a,m) n(b,a,m)
where

lﬁ+1—l k

+k u+k

[p-r-
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and
1
11§|f’(x)|q/ A — e8|t de +mlf (b |q/ A —cE[(1—r®)dr.
0
Note that
/‘A—t% k ( _ug(m+1)+1>+ A (2/15@%1)_1).
,u—l-ksoc—l—k sot+1
If A =0, then
k+ u
/M—rk |(1—1%)dr = B( ol +1>
If A =1, then

/01 A — k| (1= %) dr = é {B(;,S—H) —B(kI:ral"L,H—l)].

If0 < A < 1, we find from Lemma 2.5 that

1 i 1 I ,
/ M—t?\(l—t“)‘ydtgf A=t (2" —r*)dr
0 0

:2175(2—“l§+1—l+i>

u+k u-+k
ke ke A E(satl)
/,L+ksoc+k<1 24 ) sa+1(2M 1)'

Similarly, one has
L <Cy(u,a,k,s,)|f (x)|7+mCy(u, oc,k,sj)‘f/(a)}q.
This completes the proof of Theorem 3.1.

As a special case Theorem 3.1, we give the following result.

Corollary 3.2. In Theorem 3.1,
(a)if s =1, then

|1f,,7 (,u,k;x,?t,m,a,b)‘

1-1
<<2”7L+1 7L+k> '
u-+k u-+k

1

ni (x,a,m) N el
X{‘ (b, a,m) HCMu,a,k,l,k)\f( )| +mCa (1, ok, 1,4) | f( )w

‘n‘kf“(x,b,m)

/x q m , q é '
1(.am) Hcl(u,oc,k,m){f( )|+ Cz(u,a,k,l,l)}f(b)‘] }
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(b) if x = M, A= %, s=1and n(b,a,m) = b—ma with m = 1, then
B 1

G2 (k3 5 na0)
[glrarar(“3) +ro)

25T (u+ 1)
W [k«]él#)ff(a) +k‘]él#)+f(b)} ‘

2 %U—u \" b—a
= ((u-%;gﬁ+l+_301+i)) ( 4 )
g

1
+ |G (.u’aavkvlag)

1

() +afmary)iror]

/(a;b>‘+4k(u(xk], 317 ®) \];}.

In particular, if U = o« = k = 1, then we get the following Simpson type inequality

1
Cl (.u*vavk717§>

b1
110 (115 “; 5 1a.b)

'3’
a+b fb}—

s @ rar(" .
<(3) ) [
[l eI i
(c)ifx= #, A= % s=1and n(b,a,m) =b—ma withm = 1, then
(2" (w50 510

b an(43) o)

2 (u+@[

(b—a)t
<( 206 aats)
X {[Cﬁ(u,a,hl,;)

1
+ |:C1 (.u“aa7k717§)

ICON

»D:

T @)+ 1)

1

(30 e (wakr )@l

/(a;b>‘+{k(u(xkl, )V \]l}.
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In particular, if W = o = 1 =k, then we have the following averaged midpoint-trapezoid type inequality

(45 ] [ |
<@ e el ver

Remark 3.3. Put u = o =1 =k and n(b,a,m) = b — ma with m = 1 in (a) of Corollary 3.2.

(1) If A = 1, then we have Theorem 7 in [30].
(i) if A =0o0r A =1 withx = #, then we can get the same inequality as (2.3) and (2.4) of Corollary

2.1 in [26], respectively.
If |f'| is generalized s-( o, m)-preinvex, then we obtain the following result.

Theorem 3.4. If | |7 for g > 1 is generalized s-(ot,m)-preinvex in the second sense with (a,s) € (0,1] X
(0,1] and p~' + ¢! =1, then, for x € [a,b], 2 € [0,1], 0 < u and k > 0, the following inequality for
k-fractional integral holds:

A ’
‘Qﬂ%k&&mﬁ¢mgwﬁ@aéﬁ)
{‘nﬁrlxbm)‘[ |f( )’q—f—m’f/(b)’q(zlfs_ 1 ):|fli (32)
’ o+1 p

+bﬁ“@ﬂmw[a+ﬂf<w+muwm%fS—M;H)r},

where

k _
up+k? A =0,

o(u,k: A, p) = M(2ﬁ—1)+—<1—2/1“ ) 0<A<l,

p+k

kg(k -
£ (u,p—i—l), A=1.
Proof. Using Lemma 2.3 and Holder’s inequality, we have

1

+1( 1 »
(i ki, Am,a,b)| < ‘"k “""K/O! t‘i\”dt> ]

b,a,m

T

1

et fiatpe)
/ ‘)’_t% k+k'
[

If A =0, then

If A =1, then

—B<i,p—|—l>.
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If0 <A <1, then

k
p AR p 1 p
dt:/ )L—t%) de+ | (t%—l) dr
0 AH

/l‘l—tﬁ
0

Here we use
k
forr € [0,A+], and

fort € [lﬁ , 1] which follow from (A — B)? < A? — B forany A > B > 0 and p > 1. Using the generalized
s-(a,m)-preinvexity of | f'|9 and Lemma 2.5, one arrives at

Ji :/01 ‘f’(merm(x,b,m))‘th
< /01 [(Za)s|f/(x)‘q+m‘f/(b)‘q(1 —ta)s]dt

<1www+mfww<ff—l)

—so+1 so+1
and
1
J = / ’f'(ma—l—tn (x,a,m)) |th
0
LA mlf @) (21 -
Tosa+1 sa+1)°
This completes the proof. U

Next, we give a special case of Theorem 3.4.

Corollary 3.5. In Theorem 3.4,

(a) if x = #, A =0, a=1and n(b,a,m) =b—ma with m =1, then

u

2 \r~! a+b
I ( 7k;770717 7b>
(bfa) G ¢

< () ([

[ - ]}

AN e ]
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In particular, if W = k =1 =5, then we get the following Hadamard-type inequality

‘f<a;b> _bia/bf(”)d”
bma( Ly} <\f’( #)»"ﬂf’(an) <!f’( D)+ |7 \)é]
4 \p+1 2 2 |
(b)ifx= 2 A =1, a=1andn(b,a,m) =b—ma withm =1, then

(120) a2 110
< (gp(er ) CaN [l (30 sipron]
[l ]

In particular, U = k =1 = s, then we get the following Hadamard-type inequality

fla+f0B) 1 b
5 _b—a/a f(u)du

b—ay/ 1 \s[(1F(SD + L@\ | (175D + £ @)\
< (73 () |(FE RN (R
(c)ifx:%,l:%,(x:1andn(b,a,m):b—mawithmzl,then

2\ b at+b 1
‘(b—a) If”(”k 2 3’1’“1’)‘

(e o)) [T+
(-

s+1
|Gl W)! @]

In particular, if W = k =1 =5, then we get the following Simpson type inequality

IN

1

1
q

Q=

slr@rsorar ()] L [ e
< (Stn) S el sirar]

o]}

‘ 1
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(d)if x= % A =1 a=1andn(b,a,m)=b—mawithm=1, then
2

Irn (,uk ath ;,l,a b)‘
< (o(wshn)) (5 [ GE (DI @ o]
( f

,(a+b\ |4 l—s !
A @ dror] |
=5, then we have the following averaged midpoint-trapezoid type inequality
a+b 1 b
‘4[ +2f< 2 )+f(b)}_b—a/af(x)dx
1 1

2P —1 b—a) 1| catb\ie 1., qle [l ratbye 1, ql?

<(en) Bl @] [l sror] |

We next establish k-fractional integral inequality related to products of two generalized s-(cot,m)-
preinvex functions.

1

In particular, if 4 =

=

Theorem 3.6. If f is s-(oy,m)-preinvex in the second sense, g is s-(0,m)-preinvex in the second sense
for (ay,s) € (0,1] x (0,1] and i = 1,2, then the following inequality holds:

2N (MR T "
W [k'](ma+%n(b7a,m))+ (fg) (ma + 77(1770;’”)) +kJ(ma+%n(b7a,m))* (fg) (ma)}

< @y’ f(a)g(a) + Pamf(a)g(b) + Psmf(b)g(a) +Paf (b)g(b),

(3.3)

where
9225 s B [ P b _ pp 1
P =2 2 2F1[ 061S,k,k+1,2} 2 2F1[ 062S,k,k+1,2}
1
2—(a1+a2)s—] :u’ 2—1 F |:_ E,E 1’7:|
+ —u+((x1+a2)ks+ 211 (Oll—i-az)s,k k—i— >
_ 2—S—a1SL _ 2—s—a2sL
U+ oks ‘u—i-OCsz’
P Bou 7}_ i [_ mop .1]
D, =2 2F][ Otzs,k,k +1; ) 279K (OC]-i-OCQ)S,k,k-l-l,z
+ 27_3‘7062& ‘LL o 27(0{14’0{2)&71 I’l’
U+ oks U+ (o +0p)ks’
s u u 1 -1 u u 1
® :2“F[— Rty 1;7}—2 F[— R 1;7]
3 2P| —ous, i+ 1 2F (061+062)skk+ 5
+ 2—S—Otls u _ 2—((11+O!2)S—1 u
U+ oks n—+ (OC] + Otz)ks
and

uzf(OCH*(Xz)Sfl
+ ;f} T
2 n—+ (OC] + Otg)ks
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Proof. Using the generalized s-(oy,m)-preinvexity of f, the generalized s-(,m)-preinvexity of g and

Lemma 2.5, we get

26 T (u k)
k% (ma+ i (b.am))*

ma b,a,m
b (fg)(ma+n(b,a,m))

i oty )=
2k/ —1f<ma+ . m>>f<ma+ lzﬂn(b,a,m)dr
S [m(l () s+ (T)mlﬂb)]
) [m <1_ (12+Z)%>sg(a)+ <12+t>m2g(b)] )
< B ot m<21“— (12“)“”>f(a> = <12+’>m1f<b>]

y [m<21s 1+t w@)g <1+z> (b)]dt

1
— <212s —27S2F] {_ as,

+1;5

]

+1; 5} —27%F [— 0,

"
k k

1
b ] e reta)

_ u u 1
2SF{—a —=—+1;=
+< 21 255 >

+27L,F [ (o) + 0)s,

+
1
2 [ (s i 5] s @)

_ u u 1
275, F; [— —=—4+1;=
+< 201 alsvk k )

and

26 T +k)
Wk (ma-+ 3 (b.am))- (fg)(ma)

<& La-ottm(i- (") s+ (45 0)
x [m(l _ (12")“2)}(54) + (?)Sazg(b)]dt
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<B oo m(@e (5 P (50 o)
{ (21S (1—t>saz> <1;t> g(b)]dl‘

21 —2s 2—S s _ 2—S (0% IJ’
nu —|— ks U+ ks

[\

7(a1+a2)571# 2
2 s )@@

—s— H - ~1 u
+ 2 s—0ps & -2 (a1+a2)s ) b
( U+ aaks 1+ (o + ao)ks mf(a)g(b)

s M . . u
2 s—0os _2 (061+062)S 1 > b
+ < U+ o ks U+ (o + op)ks mf(b)g(a)

‘uzf((xﬁtaz)sfl

—u+<a1+a2)ksf(b)g(b)-

This completes the proof.

Corollary 3.7. In Theorem 3.6, if 1(b,a,m) with m = 1 is reduced to 1 (b,a) and oy = 0

L(1+k)

I Ples s (8 @+ 100) 440 (F8)(@)

_ _ 1 e u
< 22 2s _21 s F |: H E 1: 7i| 21 s—as
< ( 2 as, Kk + &)

1
_’_27205.?71‘“_'_%0‘]{_’_2*12}71[—ZQS,%Q%‘FR Df(a)g(a)

+<2_s2Fl[_as"l]j I;{t"’_l *} 2_12F1[—2as,%;%+1;%}

pae g B [10ee) + bl

u+ oks u—+2oks
. U E 1 uz 200s—1
+<2 ZF[ 2, i+ 2] ATy f(b)g(b).

In particular, if N(b,a) =b—aand s =1 = @, then

21
W[J% (f8)(B) + 1 (fo)(@)]

%+ 3k + u?
< H 0 (T 28) [f(a)g(a)+ f(b)g(b)]

3uk+u?
+ A+ k) (u+24) [f(a)g(b)+f(b)g(a)].

= «, then
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Corollary 3.8. In Theorem 3.6, if n(b,a,m) =b—mawithm=1=s, o0y = 0p = o and g(x) = 1, then

20Ty (u +k)[
& |k

(b—a)x

- nop 1 1ea_ M
< -1 P o ot e a_ M
< <1 2 2Fl[ a,k,k—i—l,z} 2 >f(a)

P SO+l f(@)]

2

u-+ok
—1 . EH 1 —1-a H
+<2 zFl[ a,k,k+1,2}+2 u+ak>f(b)-
In particular, if @ = 1, then
26Ty (p + k) f(a)+f(b)

et iy SOy f(@)] <

which is the right hand side of inequality (1.4) proved by Farid, Rehman and Zahra in [21].

Another k-fractional integral inequality with respect to the products of two generalized s-(o,m)-
preinvex functions as follows.

Theorem 3.9. If f is s1-(a,m)-preinvex in the second sense, g is s,-(0,m)-preinvex in the second sense
for (a,s;i) € (0,1] x (0,1] and i = 1,2, then the following inequality holds:

e(u+k
L ) (a1 (b)) + 1Ty )0
n*(b,a,m) (3.4)
< 4 [T @(a) (@) + T Bt + X 01,
where
—a—n k- u _ H
_93=s1—s2 " Al-—sy Y al-s Lad
Y =2 2 B(asz—i—l,k) 2 B(as1+1,k>
py o 2k 2k k
+[3(Oc(s1+sz)+l,k> U+ akss /.L+Otks1+,u+06k(s1+s2)’
k21 k
—_nl-s 1 H _ 1 lad _
=2 ﬁ(asﬁ— ’k) B(a(s1+sz)+ ’k>+,u+ocksz U+ otk(sy +52)’
k2152 k
—nl=s 1 AP 1 H —
=2 ﬁ(aS2+ ’k) ﬁ(a(s1+sz)+ ’k)+u+aks1 U+ ak(s) +52)
and

_ Lt k
Yo=B (a1 ) ety

Proof. The proof of Theorem 3.9 is analogous to that of Theorem 3.6 and so is omitted here. U
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Corollary 3.10. In Theorem 3.9, if n(b,a,m) with m = 1 is reduced to 1(b,a) and s| = sy = s, then

D (1 + k)
't (ba) [kJ5+ (£8)(a+n(b,a) + 1Tl s p ey fg)(a)}
H 3k o u u
52,{{[2 i Bas+1.%) +B(2as+1,%)
22—sk k o U "
P+ oks + u+2aks]f(“)g(a)+ [2 5(0‘5+ 1,%> —B(Zas+ 1,%>
kzl—s k

Tutaks g Haks] [f(a)g(b)+ f(b)g(a)]

+ [/3 (2as+1, %) + ‘H_];m]f(b)g(b)}.

In particular, if N(b,a) =b—aandk =1 =5 = «, then

w L £(B)g(b) + I f(@)g(a)]
Wi p+2 "

which is Theorem 2.1 established by Chen in [31].

Corollary 3.11. In Theorem 3.9, if n(b,a,m) =b—mawithm=1= o, s; =1 = s, and g(x) = 1, then

Ly(p +k) )4 £(5)
M [k-]5+f(b) +/<J1’;‘,f(a)} R

In particular, if k = 1, then

F(u+1)

fla)+f(b)
2(b—a)t

I p(0)+ I fla)] < FESE

which is the right side of inequality 1.3 proved by Sarikaya et al. in [11].

4. CONCLUSION

In this paper, we introduced the class of generalized s-( o, m)-preinvex mappings defined on m-invex,
and we proved two multi-parameterized inequalities and two product-type inequalities of k-fractional
Hadamard-type for such mappings. Some subresults can be derived from our main results by choosing
different mappings 1 and the special parameter values for A, k and L.
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