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1. INTRODUCTION

In this paper, we use I to denote an interval on the real line R = (−∞,∞). Let a and b be real numbers
in I such that a 6= b. If f : I ⊆R→R is a convex mapping defined on I, then we have the Hadamard-type
inequality grips:

f
(

a+b
2

)
≤ 1

b−a

∫ b

a
f (x)dx≤ f (a)+ f (b)

2
. (1.1)

If f : [a,b]→R is a four times continuously differentiable mapping on (a,b), then we have the succeeding
Simpson’s inequality∣∣∣∣∣16

[
f (a)+4 f

(a+b
2

)
+ f (b)

]
− 1

b−a

∫ b

a
f (x)dx

∣∣∣∣∣≤ 1
2880

∥∥ f (4)
∥∥

∞
(b−a)4 (1.2)

where
∥∥ f (4)

∥∥
∞
= supx∈(a,b)

∣∣ f (4)(x)∣∣< ∞.
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For recent results with respect to (1.1) and (1.2), we refer to [1, 2, 3, 4, 5, 6, 7, 8, 9, 10] and the
references therein.

In 2013, Sarikaya et al. [11] established the subsequent Hadamard-type inequality by utilizing Riemann-
Liouville fractional integrals.

Theorem 1.1. [11] Let f : [a,b]→ R be a positive function along with 0≤ a < b and let f ∈ L1([a,b]).
If f is a convex function on [a,b], then the forthcoming inequalities for fractional integrals clasp:

f
(a+b

2

)
≤ Γ(µ +1)

2(b−a)µ

[
Jµ

a+ f (b)+ Jµ

b− f (a)
]
≤ f (a)+ f (b)

2
, (1.3)

where Jµ

a+ f and Jµ

b− f denote, respectively, the left-sided and right-sided Riemann-Liouville fractional
integrals of order µ > 0 defined by

Jµ

a+ f (x) =
1

Γ(µ)

∫ x

a
(x− t)µ−1 f (t)dt, a < x

and

Jµ

b− f (x) =
1

Γ(µ)

∫ b

x
(t− x)µ−1 f (t)dt, x < b,

where Γ(µ) is the gamma function defined by Γ(µ) =
∫

∞

0 e−ttµ−1dt. J0
a+ f (x) = J0

b− f (x) = f (x).

In 2016, Sarikaya and Yildirim [12] obtained another presentation of the Riemann-Liouville fractional
Hadamard-type inequality as follows.

Theorem 1.2. [12] Let f : [a,b]→ R be a positive function with 0 ≤ a < b and f ∈ L1([a,b]). If f is a
convex mapping on [a,b], then the following inequalities for fractional integrals hold:

f
(a+b

2

)
≤ 2µ−1Γ(µ +1)

(b−a)µ

[
Jµ

( a+b
2 )+

f (b)+ Jµ

( a+b
2 )−

f (a)
]
≤ f (a)+ f (b)

2
(1.4)

with µ > 0.

In view of the wide applications of the Riemann-Liouville fractional integrals, many authors studied
problems which involves this integral operator; see, for example, [13, 14, 15, 16, 17] and the references
therein. In [18], Mubeen and Habibullah introduced the following class of fractional integrals.

Definition 1.3. [18] Let f ∈ L1([a,b]). k-fractional integrals kJµ

a+ f (x) and kJµ

b− f (x) of order µ > 0 are
defined as

kJµ

a+ f (x) =
1

kΓk(µ)

∫ x

a
(x− t)

µ

k −1 f (t)dt, (0≤ a < x < b)

and

kJµ

b− f (x) =
1

kΓk(µ)

∫ b

x
(t− x)

µ

k −1 f (t)dt, (0≤ a < x < b)

respectively, where k > 0 and Γk(µ) is the k-gamma function given as Γk(µ) =
∫

∞

0 tµ−1e−
tk
k dt with the

properties Γk(µ + k) = µΓk(µ) and Γk(k) = 1. Note that kJ0
a+ f (x) = kJ0

b− f (x) = f (x).

If k = 1, then the k-fractional integrals are reduced to the Riemann-Liouville fractional integrals. For
recent results on the k-fractional integral inequalities; see [17, 19, 20] and the references therein.

In 2016, Farid Rehman and Zahra [21] extended Theorem 1.2 to the following form of k-fractional
integrals.
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Theorem 1.4. [21] Let f : [a,b]→ R be a positive function with 0 ≤ a < b and f ∈ L1([a,b]). If f is a
convex mapping on [a,b], then, for µ,k > 0, the successive inequalities for k-fractional integrals hold:

f
(a+b

2

)
≤ 2

µ

k −1Γk(µ + k)

(b−a)
µ

k

[
kJµ

( a+b
2 )+

f (b)+ kJµ

( a+b
2 )−

f (a)
]
≤ f (a)+ f (b)

2
. (1.5)

The paper aims to establish, based on the k-fractional calculus, some new Hadamard-type and Simpson-
type inequalities with multi-parameters via a general k-fractional integral identity. We investigate the
functions which have absolute values of the first derivatives which are generalized s-(α,m)-preinvex.
We also prove Hadamard-type inequalities for products of two generalized s-(α,m)-preinvex functions
in the second sense.

Next, we end this section by recalling some special functions and definitions.
(1) The beta function:

β (x,y) =
Γ(x)Γ(y)
Γ(x+ y)

=
∫ 1

0
tx−1(1− t)y−1dt, x,y > 0.

(2) The hypergeometric function:

2F1(a,b;c;z) =
1

β (b,c−b)

∫ 1

0
tb−1(1− t)c−b−1(1− zt)−adt, c > b > 0, |z|< 1.

Definition 1.5. [22] A set K ⊆Rn is said to be m-invex with respect to the mapping η : K×K× (0,1]→
Rn for some fixed m ∈ (0,1], if mx+λη(y,x,m) ∈ K holds for each x,y ∈ K and any λ ∈ [0,1].

Definition 1.6. [23] A function f : [0,∞)→ [0,∞) is said to be s-(α,m)-convex in the first sense if, for
all x,y ∈ [0,∞) and t ∈ [0,1], the following inequality holds for some fixed s ∈ (0,1]:

f
(
tx+(1− t)y

)
≤ tαs f (x)+m(1− tαs) f

( y
m

)
, (1.6)

where (α,m) ∈ (0,1]× (0,1].

Definition 1.7. [23] A function f : [0,∞)→ [0,∞) is said to be s-(α,m)-convex in the second sense if,
for all x,y ∈ [0,∞) and t ∈ [0,1], the following inequality holds for some fixed s ∈ (0,1]:

f
(
tx+(1− t)y

)
≤ tαs f (x)+m(1− tα)s f

( y
m

)
, (1.7)

where (α,m) ∈ (0,1]× (0,1].

Definition 1.8. [24] Let K ⊆ Rn be an invex set with respect to η : K×K→ Rn. For every x,y ∈ K, the
η-path Pxv joining the points x and v = x+η(y,x) is defined as

Pxv =
{

z|z = x+ tη(y,x), t ∈ [0,1]
}
. (1.8)

Definition 1.9. [25] Let K ⊆ Rn be an m-invex set with respect to η : K×K× (0,1]→ Rn. For every
u,v ∈ K and m ∈ (0,1], the ηm-path Pvw joining the points mv and w = mv+η(u,v,m) is defined by

Pvw =
{

z|z = mv+ tη(u,v,m), t ∈ [0,1]
}
. (1.9)

Remark 1.10. If m = 1 in mapping η(u,v,m), then Definition 1.9 is reduced to Definition 1.8.
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2. PRELIMINARIES

First, we give the following definitions.

Definition 2.1. Let A⊆Rn be an open m-invex subset with respect to η : A×A× (0,1]→Rn. For some
fixed (α,m) ∈ (0,1]× (0,1] and s ∈ (0,1], f : A→ [0,∞) is said to be generalized s-(α,m)-preinvex in
the first sense if

f
(
mx+ tη(y,x,m)

)
≤ m(1− tαs) f (x)+ tαs f (y)

is valid for all x,y ∈ A and t ∈ [0,1].

Definition 2.2. Let A⊆Rn be an open m-invex subset with respect to η : A×A× (0,1]→Rn. For some
fixed (α,m) ∈ (0,1]× (0,1] and s ∈ (0,1], f : A→ [0,∞) is said to be generalized s-(α,m)-preinvex in
the second sense if

f
(
mx+ tη(y,x,m)

)
≤ m(1− tα)s f (x)+ tαs f (y),

is valid for all x,y ∈ A and t ∈ [0,1].

For one dimension, if we put s = 1 in Definition 2.1, then we get the definition of the generalized
(α,m)-preinvex function in [21]. Similarly, if we put α = 1 in Definition 2.2, then we have the definition
of the generalized (s,m)-preinvex function in [22]. Hence, Definitions 2.1 and 2.2 are extensions of
preinvex functions.

Throughout this paper, let A⊆R be an open m-invex subset with respect to η : A×A×(0,1]→R\{0}
for some fixed m ∈ (0,1] and let a,b ∈ A with a < b. Assume that f : A→ R is a differentiable mapping
and f ′ is intergreble on the ηm-path Pvw : w = mv+η(u,v,m) for arbitrary u,v ∈ [a,b]. Before stating our
main results, we give the following notations:

I f ,η(µ,k;x,λ ,m,a,b) :=
1−λ

η(b,a,m)

[
η

µ

k (x,a,m) f
(
ma+η(x,a,m)

)
+(−1)

µ

k η
µ

k (x,b,m) f
(
mb+η(x,b,m)

)]
+

λ

η(b,a,m)

[
η

µ

k (x,a,m) f (ma)+(−1)
µ

k η
µ

k (x,b,m) f (mb)
]

− Γk(µ + k)
η(b,a,m)

[
kJµ

(ma+η(x,a,m))− f (ma)+ kJµ

(mb+η(x,b,m))+ f (mb)
]
.

Next, we give some important lemmas for our main results.

Lemma 2.3. The following identity for k-fractional integrals along with x ∈ (a,b), λ ∈ [0,1], µ > 0 and
k > 0 exists

I f ,η(µ,k;x,λ ,m,a,b) =
(−1)

µ

k +1η
µ

k +1(x,b,m)

η(b,a,m)

∫ 1

0

(
λ − t

µ

k
)

f ′
(
mb+ tη(x,b,m)

)
dt

− η
µ

k +1(x,a,m)

η(b,a,m)

∫ 1

0

(
λ − t

µ

k
)

f ′
(
ma+ tη(x,a,m)

)
dt.

(2.1)
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Proof. By integration by parts and changing the variable, we can state∫ 1

0

(
λ − t

µ

k
)

f ′
(
mb+ tη(x,b,m)

)
dt

=

[(
λ − t

µ

k
) 1

η(x,b,m)
f
(
mb+ tη(x,b,m)

)∣∣∣1
0

+
∫ 1

0

(
µ

k
t

µ

k −1
) 1

η(x,b,m)
f
(
mb+ tη(x,b,m)

)
dt
]

=
1

η(x,b,m)

[
(λ −1) f

(
mb+η(x,b,m)

)
−λ f (mb)

+
∫ 1

0

µ

k
t

µ

k −1 f
(
mb+ tη(x,b,m)

)
dt
]

=
1

η(x,b,m)

[
(λ −1) f

(
mb+η(x,b,m)

)
−λ f (mb)

]
+

µ

k
η(b,a,m)

∫ mb+η(x,b,m)

mb

(
u−mb

η(x,b,m)

) µ

k −1

f (u)du

=
1

η(x,b,m)

[
(λ −1) f

(
mb+η(x,b,m)

)
−λ f (mb)

]
+(−1)

µ

k
Γk(µ + k)

η(b,a,m)η
µ

k (x,b,m)
kJµ

(mb+η(x,b,m))+ f (mb).

(2.2)

Similarly, one has ∫ 1

0

(
λ − t

µ

k
)

f ′
(
ma+ tη(x,a,m)

)
dt

=
1

η(x,a,m)

[
(λ −1) f

(
ma+η(x,a,m)

)
−λ f (ma)

]
+

Γk(µ + k)

η(b,a,m)η
µ

k (x,a,m)
kJµ

(ma+η(x,a,m))− f (ma).

(2.3)

Multiplying both sides of (2.2) and (2.3) by η
µ

k +1(x,b,m)
η(b,a,m) and η

µ

k +1(x,a,m)
η(b,a,m) , respectively, and adding the

resulting identities, we get the desired result immediately. �

Remark 2.4. (a) In Lemma 2.3, if k = µ = 1 and η(b,a,m) = b−ma with m = 1, then we get [26,
Lemma 2.1].
(b) In Lemma 2.3, if λ = 0, k = µ = 1 and η(b,a,m) = b−ma with m = 1, then we have [27, Lemma
1].
(c) In Lemma 2.3, if λ = 1 = k, then we get [28, Lemma 4.1].
In addition, we also have the following:
(ci) for µ = 1, we have [28, Lemma 3.1],
(cii) for η(b,a,m) = b−ma with m = 1, we obtain [29, Lemma 2],
(ciii) for η(b,a,m) = b−ma with m = 1 = µ , we get [30, Lemma 1].

Lemma 2.5. For t ∈ [0,1], we have (1− tα)s ≤ 21−s− tsα for some fixed α ∈ (0,1] and s ∈ (0,1].

Proof. Let f (t) = tαs+(1− tα)s for t ∈ [0,1] with α,s∈ (0,1]. Obviously, f (·) is increasing on
[
0,2−

1
α

]
and decreasing on

[
2−

1
α ,1
]
. So, f (t)≤ f

(
2−

1
α

)
= 21−s for ∀ t ∈ [0,1]. This ends the proof. �
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3. MAIN RESULTS

Using Lemma 2.3, we now state the forthcoming theorem.

Theorem 3.1. If | f ′|q for q≥ 1 is generalized s-(α,m)-preinvex in the second sense with (α,s)∈ (0,1]×
(0,1], then for x ∈ (a,b), λ ∈ [0,1], µ > 0 and k > 0, the following inequality for k-fractional integral
holds: ∣∣∣I f ,η(µ,k;x,λ ,m,a,b)

∣∣∣≤ ( 2µ

µ + k
λ

µ

k +1−λ +
k

µ + k

)1− 1
q

×

{∣∣∣∣η µ

k +1(x,a,m)

η(b,a,m)

∣∣∣∣[C1(µ,α,k,s,λ )| f ′(x)|q +mC2(µ,α,k,s,λ )| f ′(a)|q
] 1

q

+

∣∣∣∣η µ

k +1(x,b,m)

η(b,a,m)

∣∣∣∣[C1(µ,α,k,s,λ )| f ′(x)|q +mC2(µ,α,k,s,λ )| f ′(b)|q
] 1

q
}
,

(3.1)

where

C1(µ,α,k,s,λ ) =
k

µ + ksα + k

(
1−2λ

k
µ
(sα+1)+1

)
+

λ

sα +1

(
2λ

k
µ
(sα+1)−1

)
and

C2(µ,α,k,s,λ ) =



1
α

β ( k+µ

kα
,s+1), λ = 0,

21−s
(

2µ

µ+k λ
k
µ
+1−λ + k

µ+k

)
− k

µ+ksα+k

(
1−2λ

k
µ
(αs+1)+1

)
− λ

sα+1

(
2λ

k
µ
(αs+1)−1

)
, 0 < λ < 1,

1
α

[
β ( 1

α
,s+1)−β ( k+µ

kα
,s+1)

]
, λ = 1.

Here, we denote

I1 =
∫ 1

0

∣∣∣ f ′(mb+ tη(x,b,m)
)∣∣∣q∣∣λ − t

µ

k
∣∣dt

and

I2 =
∫ 1

0

∣∣∣ f ′(ma+ tη(x,a,m)
)∣∣∣q∣∣λ − t

µ

k
∣∣dt.

Proof. Using Lemma 2.3, the s-(α,m)-preinvexity of | f ′|q and the power mean inequality, we have∣∣∣I f ,η(µ,k;x,λ ,m,a,b)
∣∣∣

≤
(∫ 1

0

∣∣λ − t
µ

k
∣∣dt
)1− 1

q
[∣∣∣∣η µ

k +1(x,b,m)

η(b,a,m)

∣∣∣∣(I1
) 1

q +

∣∣∣∣η µ

k +1(x,a,m)

η(b,a,m)

∣∣∣∣(I2
) 1

q

]
,

where ∫ 1

0

∣∣∣λ − t
µ

k

∣∣∣dt =
2µ

µ + k
λ

k
µ
+1−λ +

k
µ + k
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and

I1 ≤ | f ′(x)|q
∫ 1

0

∣∣λ − t
µ

k
∣∣(tα)sdt +m| f ′(b)|q

∫ 1

0

∣∣λ − t
µ

k
∣∣(1− tα)sdt.

Note that ∫ 1

0

∣∣∣λ − t
µ

k

∣∣∣(tα)sdt =
k

µ + ksα + k

(
1−2λ

k
µ
(sα+1)+1

)
+

λ

sα +1

(
2λ

k
µ
(sα+1)−1

)
.

If λ = 0, then ∫ 1

0

∣∣λ − t
µ

k
∣∣(1− tα)sdt =

1
α

β

(k+µ

kα
,s+1

)
.

If λ = 1, then ∫ 1

0

∣∣λ − t
µ

k
∣∣(1− tα)sdt =

1
α

[
β

( 1
α
,s+1

)
−β

(k+µ

kα
,s+1

)]
.

If 0 < λ < 1, we find from Lemma 2.5 that

∫ 1

0

∣∣λ − t
µ

k
∣∣(1− tα)sdt ≤

∫ 1

0

∣∣λ − t
µ

k
∣∣(21−s− tsα

)
dt

= 21−s
( 2µ

µ + k
λ

k
µ
+1−λ +

k
µ + k

)
− k

µ + ksα + k

(
1−2λ

k
µ
(sα+1)+1

)
− λ

sα +1

(
2λ

k
µ
(sα+1)−1

)
.

Similarly, one has

I2 ≤C1(µ,α,k,s,λ )| f ′(x)|q +mC2(µ,α,k,s,λ )
∣∣ f ′(a)∣∣q.

This completes the proof of Theorem 3.1. �

As a special case Theorem 3.1, we give the following result.

Corollary 3.2. In Theorem 3.1,
(a) if s = 1, then∣∣∣I f ,η(µ,k;x,λ ,m,a,b)

∣∣∣
≤
(

2µ

µ + k
λ

µ

k +1−λ +
k

µ + k

)1− 1
q

×

{∣∣∣∣η µ

k +1(x,a,m)

η(b,a,m)

∣∣∣∣[C1(µ,α,k,1,λ )
∣∣ f ′(x)∣∣q +mC2(µ,α,k,1,λ )

∣∣ f ′(a)∣∣q] 1
q

+

∣∣∣∣η µ

k +1(x,b,m)

η(b,a,m)

∣∣∣∣[C1(µ,α,k,1,λ )
∣∣ f ′(x)∣∣q +mC2(µ,α,k,1,λ )

∣∣ f ′(b)∣∣q] 1
q
}
.
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(b) if x = a+b
2 , λ = 1

3 , s = 1 and η(b,a,m) = b−ma with m = 1, then

∣∣∣( 2
b−a

) µ

k −1
I f ,η

(
µ,k;

a+b
2

,
1
3
,1,a,b

)∣∣∣
=

∣∣∣∣16[ f (a)+4 f
(a+b

2

)
+ f (b)

]
− 2

µ

k −1Γk(µ +1)

(b−a)
µ

k

[
kJµ

( a+b
2 )−

f (a)+ kJµ

( a+b
2 )+

f (b)
]∣∣∣∣

≤
(

2µ

(µ + k)3
µ

k +1
+

2k−µ

3(µ + k)

)1− 1
q(b−a

4

)

×

{[
C1

(
µ,α,k,1,

1
3

)∣∣∣ f ′(a+b
2

)∣∣∣q +C2

(
µ,α,k,1,

1
3

)∣∣ f ′(a)∣∣q] 1
q

+

[
C1

(
µ,α,k,1,

1
3

)∣∣∣ f ′(a+b
2

)∣∣∣q +C2

(
µ,α,k,1,

1
3

)∣∣ f ′(b)∣∣q] 1
q
}
.

In particular, if µ = α = k = 1, then we get the following Simpson type inequality

∣∣∣I f ,η

(
1,1;

a+b
2

,
1
3
,1,a,b

)∣∣∣
=

∣∣∣∣16
[

f (a)+4 f
(a+b

2

)
+ f (b)

]
− 1

b−a

∫ b

a
f (x)dx

∣∣∣∣
≤
( 5

18

)1− 1
q
(b−a

4

){[ 8
81

∣∣ f ′(a)∣∣q + 29
162

∣∣∣ f ′(a+b
2

)∣∣∣q] 1
q

+

[
29

162

∣∣∣ f ′(a+b
2

)∣∣∣q + 8
81

∣∣ f ′(b)∣∣q] 1
q
}
,

(c) if x = a+b
2 , λ = 1

2 , s = 1 and η(b,a,m) = b−ma with m = 1, then

∣∣∣( 2
b−a

) µ

k −1
I f ,η

(
µ,k;

a+b
2

,
1
2
,1,a,b

)∣∣∣
=

∣∣∣∣14[ f (a)+2 f
(a+b

2

)
+ f (b)

]
− 2

µ

k −1Γk(µ + k)

(b−a)
µ

k

[
kJµ

( a+b
2 )−

f (a)+ kJµ

( a+b
2 )+

f (b)
]∣∣∣∣

≤
( 2µ

µ + k

(1
2

) µ

k +1
+

k−µ

2(µ + k)

)1− 1
q
(b−a

4

)
×

{[
C1

(
µ,α,k,1,

1
2

)∣∣∣ f ′(a+b
2

)∣∣∣q +C2

(
µ,α,k,1,

1
2

)∣∣ f ′(a)∣∣q] 1
q

+

[
C1

(
µ,α,k,1,

1
2

)∣∣∣ f ′(a+b
2

)∣∣∣q +C2

(
µ,α,k,1,

1
2

)∣∣ f ′(b)∣∣q] 1
q
}
.
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In particular, if µ = α = 1 = k, then we have the following averaged midpoint-trapezoid type inequality∣∣∣1
4

[
f (a)+2 f

(a+b
2

)
+ f (b)

]
− 1

b−a

∫ b

a
f (x)dx

∣∣∣
≤
(1

2

) 1
q
(b−a

16

){[∣∣ f ′(a)∣∣q + ∣∣∣ f ′(a+b
2

)∣∣∣q] 1
q

+

[∣∣∣ f ′(a+b
2

)∣∣∣q + ∣∣ f ′(b)∣∣q] 1
q
}
.

Remark 3.3. Put µ = α = 1 = k and η(b,a,m) = b−ma with m = 1 in (a) of Corollary 3.2.
(i) If λ = 1, then we have Theorem 7 in [30].
(ii) if λ = 0 or λ = 1 with x = a+b

2 , then we can get the same inequality as (2.3) and (2.4) of Corollary
2.1 in [26], respectively.

If | f ′|q is generalized s-(α,m)-preinvex, then we obtain the following result.

Theorem 3.4. If | f ′|q for q > 1 is generalized s-(α,m)-preinvex in the second sense with (α,s)∈ (0,1]×
(0,1] and p−1 + q−1 = 1, then, for x ∈ [a,b], λ ∈ [0,1], 0 < µ and k > 0, the following inequality for
k-fractional integral holds:∣∣∣I f ,η(µ,k;x,λ ,m,a,b)

∣∣∣≤ (φ(µ,k;λ , p)
) 1

p∣∣η(b,a,m)
∣∣

×

{∣∣∣η µ

k +1(x,b,m)
∣∣∣[ 1

sα +1
| f ′(x)|q +m| f ′(b)|q

(
21−s− 1

sα +1

)] 1
q

+
∣∣∣η µ

k +1(x,a,m)
∣∣∣[ 1

sα +1
| f ′(x)|q +m| f ′(a)|q

(
21−s− 1

sα +1

)] 1
q
}
,

(3.2)

where

φ(µ,k;λ , p) =



k
µ p+k , λ = 0,

λ p
(

2λ
k
µ −1

)
+ k

µ p+k

(
1−2λ

p+ k
µ

)
, 0 < λ < 1,

k
µ

β

(
k
µ
, p+1

)
, λ = 1.

Proof. Using Lemma 2.3 and Hölder’s inequality, we have∣∣∣I f ,η(µ,k;x,λ ,m,a,b)
∣∣∣≤ ∣∣∣∣η µ

k +1(x,b,m)

η(b,a,m)

∣∣∣∣(∫ 1

0

∣∣λ − t
µ

k
∣∣pdt

) 1
p [

J1
] 1

q

+

∣∣∣∣η µ

k +1(x,b,m)

η(b,a,m)

∣∣∣∣(∫ 1

0

∣∣λ − t
µ

k
∣∣pdt

) 1
p [

J2
] 1

q .

If λ = 0, then ∫ 1

0

∣∣∣λ − t
µ

k

∣∣∣pdt =
k

µ p+ k
.

If λ = 1, then ∫ 1

0

∣∣∣λ − t
µ

k

∣∣∣pdt =
k
µ

β

( k
µ
, p+1

)
.
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If 0 < λ < 1, then

∫ 1

0

∣∣∣λ − t
µ

k

∣∣∣pdt =
∫

λ
k
µ

0

(
λ − t

µ

k

)p
dt +

∫ 1

λ
k
µ

(
t

µ

k −λ

)p
dt

≤
∫

λ
k
µ

0

(
λ

p− t
µ p
k

)
dt +

∫ 1

λ
k
µ

(
t

µ p
k −λ

p
)

dt

= λ
p
(

2λ
k
µ −1

)
+

k
µ p+ k

(
1−2λ

p+ k
µ

)
.

Here we use (
λ − t

µ

k
)p ≤ λ

p− t
µ p
k

for t ∈ [0,λ
k
µ ], and (

t
µ

k −λ
)p ≤ t

µ p
k −λ

p

for t ∈ [λ
k
µ ,1] which follow from (A−B)p≤ Ap−Bp for any A≥ B≥ 0 and p≥ 1. Using the generalized

s-(α,m)-preinvexity of | f ′|q and Lemma 2.5, one arrives at

J1 =
∫ 1

0

∣∣ f ′(mb+ tη(x,b,m)
)∣∣qdt

≤
∫ 1

0

[
(tα)s| f ′(x)|q +m| f ′(b)|q(1− tα)s

]
dt

≤ 1
sα +1

| f ′(x)|q +m| f ′(b)|q
(

21−s− 1
sα +1

)
and

J2 =
∫ 1

0

∣∣ f ′(ma+ tη(x,a,m)
)∣∣qdt

≤ 1
sα +1

| f ′(x)|q +m| f ′(a)|q
(

21−s− 1
sα +1

)
.

This completes the proof. �

Next, we give a special case of Theorem 3.4.

Corollary 3.5. In Theorem 3.4,

(a) if x = a+b
2 , λ = 0, α = 1 and η(b,a,m) = b−ma with m = 1, then∣∣∣∣∣( 2

b−a

) µ

k −1
I f ,η

(
µ,k;

a+b
2

,0,1,a,b
)∣∣∣∣∣

≤
( k

µ p+ k

) 1
p
(b−a

4

){[ 1
s+1

∣∣∣ f ′(a+b
2

)∣∣∣q +(21−s− 1
s+1

)
| f ′(b)|q

] 1
q

+

[
1

s+1

∣∣∣ f ′(a+b
2

)∣∣∣q +(21−s− 1
s+1

)
| f ′(a)|q

] 1
q
}
.
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In particular, if µ = k = 1 = s, then we get the following Hadamard-type inequality

∣∣∣∣ f(a+b
2

)
− 1

b−a

∫ b

a
f (u)du

∣∣∣∣
≤ b−a

4

( 1
p+1

) 1
p

[(∣∣ f ′(a+b
2

)∣∣q + ∣∣ f ′(a)∣∣q
2

) 1
q

+

(∣∣ f ′(a+b
2

)∣∣q + ∣∣ f ′(b)∣∣q
2

) 1
q
]
.

(b) if x = a+b
2 , λ = 1, α = 1 and η(b,a,m) = b−ma with m = 1, then∣∣∣∣∣( 2

b−a

) µ

k −1
I f ,η

(
µ,k;

a+b
2

,1,1,a,b
)∣∣∣∣∣

≤
(

k
µ

β

( k
µ
, p+1

)) 1
p(b−a

4

){[ 1
s+1

∣∣∣ f ′(a+b
2

)∣∣∣q +(21−s− 1
s+1

)
| f ′(b)|q

] 1
q

+

[
1

s+1

∣∣∣ f ′(a+b
2

)∣∣∣q +(21−s− 1
s+1

)
| f ′(a)|q

] 1
q
}
.

In particular, µ = k = 1 = s, then we get the following Hadamard-type inequality

∣∣∣∣∣ f (a)+ f (b)
2

− 1
b−a

∫ b

a
f (u)du

∣∣∣∣∣
≤
(b−a

4

)( 1
p+1

) 1
p

[(∣∣ f ′(a+b
2

)∣∣q + ∣∣ f ′(a)∣∣q
2

) 1
q

+

(∣∣ f ′(a+b
2

)∣∣q + ∣∣ f ′(b)∣∣q
2

) 1
q
]
.

(c) if x = a+b
2 , λ = 1

3 , α = 1 and η(b,a,m) = b−ma with m = 1, then

∣∣∣( 2
b−a

) µ

k −1
I f ,η

(
µ,k;

a+b
2

,
1
3
,1,a,b

)∣∣∣
≤
(

φ

(
µ,k;

1
3
, p
)) 1

p(b−a
4

){[( 1
s+1

)∣∣∣ f ′(a+b
2

)∣∣∣q +(21−s− 1
s+1

)∣∣ f ′(a)∣∣q] 1
q

+

[( 1
s+1

)∣∣∣ f ′(a+b
2

)∣∣∣q +(21−s− 1
s+1

)∣∣ f ′(b)∣∣q] 1
q
}
.

In particular, if µ = k = 1 = s, then we get the following Simpson type inequality

∣∣∣∣16
[

f (a)+ f (b)+4 f
(a+b

2

)]
− 1

b−a

∫ b

a
f (x)dx

∣∣∣∣
≤
(

3p+1− p−3
3p+1(p+1)

) 1
p b−a

4

{[
1
2

∣∣∣ f ′(a+b
2

)∣∣∣q + 1
2

∣∣ f ′(a)∣∣q] 1
q

+

[
1
2

∣∣∣ f ′(a+b
2

)∣∣∣q + 1
2

∣∣ f ′(b)∣∣q] 1
q
}
.
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(d) if x = a+b
2 , λ = 1

2 , α = 1 and η(b,a,m) = b−ma with m = 1, then∣∣∣( 2
b−a

) µ

k −1
I f ,η

(
µ,k;

a+b
2

,
1
2
,1,a,b

)∣∣∣
≤
(

φ

(
µ,k;

1
2
, p
)) 1

p(b−a
4

){[( 1
s+1

)∣∣∣ f ′(a+b
2

)∣∣∣q +(21−s− 1
s+1

)∣∣ f ′(a)∣∣q] 1
q

+

[( 1
s+1

)∣∣∣ f ′(a+b
2

)∣∣∣q +(21−s− 1
s+1

)∣∣ f ′(b)∣∣q] 1
q
}
.

In particular, if µ = k = 1 = s, then we have the following averaged midpoint-trapezoid type inequality

∣∣∣1
4

[
f (a)+2 f

(a+b
2

)
+ f (b)

]
− 1

b−a

∫ b

a
f (x)dx

∣∣∣
≤
(

2p−1
2p(p+1)

) 1
p b−a

4

{[
1
2

∣∣∣ f ′(a+b
2

)∣∣∣q + 1
2

∣∣ f ′(a)∣∣q] 1
q

+

[
1
2

∣∣∣ f ′(a+b
2

)∣∣∣q + 1
2

∣∣ f ′(b)∣∣q] 1
q
}
.

We next establish k-fractional integral inequality related to products of two generalized s-(α,m)-
preinvex functions.

Theorem 3.6. If f is s-(α1,m)-preinvex in the second sense, g is s-(α2,m)-preinvex in the second sense
for (αi,s) ∈ (0,1]× (0,1] and i = 1,2, then the following inequality holds:

2
µ

k −1Γk(µ + k)

η
µ

k (b,a,m)

[
kJµ

(ma+ 1
2 η(b,a,m))+

( f g)
(
ma+η(b,a,m)

)
+ kJµ

(ma+ 1
2 η(b,a,m))−

( f g)(ma)
]

≤Φ1m2 f (a)g(a)+Φ2m f (a)g(b)+Φ3m f (b)g(a)+Φ4 f (b)g(b),

(3.3)

where

Φ1 = 22−2s−2−s
2F1

[
−α1s,

µ

k
;

µ

k
+1;

1
2

]
−2−s

2F1

[
−α2s,

µ

k
;

µ

k
+1;

1
2

]
+2−(α1+α2)s−1 µ

µ +(α1 +α2)ks
+2−1

2F1

[
− (α1 +α2)s,

µ

k
;

µ

k
+1;

1
2

]
−2−s−α1s µ

µ +α1ks
−2−s−α2s µ

µ +α2ks
,

Φ2 = 2−s
2F1

[
−α2s,

µ

k
;

µ

k
+1;

1
2

]
−2−1

2F1

[
− (α1 +α2)s,

µ

k
;

µ

k
+1;

1
2

]
+2−s−α2s µ

µ +α2ks
−2−(α1+α2)s−1 µ

µ +(α1 +α2)ks
,

Φ3 = 2−s
2F1

[
−α1s,

µ

k
;

µ

k
+1;

1
2

]
−2−1

2F1

[
− (α1 +α2)s,

µ

k
;

µ

k
+1;

1
2

]
+2−s−α1s µ

µ +α1ks
−2−(α1+α2)s−1 µ

µ +(α1 +α2)ks

and

Φ4 = 2−1
2F1

[
− (α1 +α2)s,

µ

k
;

µ

k
+1;

1
2

]
+

µ2−(α1+α2)s−1

µ +(α1 +α2)ks
.
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Proof. Using the generalized s-(α1,m)-preinvexity of f , the generalized s-(α2,m)-preinvexity of g and
Lemma 2.5, we get

2
µ

k −1Γk(µ + k)

η
µ

k (b,a,m)
kJµ

(ma+ 1
2 η(b,a,m))+

( f g)
(
ma+η(b,a,m)

)
=

µ2
µ

k −1

kη
µ

k (b,a,m)

∫ ma+η(b,a,m)

ma+ 1
2 η(b,a,m)

(
ma+η(b,a,m)−u

) µ

k −1 f (u)g(u)du

=
µ

2k

∫ 1

0
(1− t)

µ

k −1 f
(

ma+
1+ t

2
η(b,a,m)

)
f
(

ma+
1+ t

2
η(b,a,m)

)
dt

≤ µ

2k

∫ 1

0
(1− t)

µ

k −1

[
m
(

1−
(1+ t

2

)α1
)s

f (a)+
(

1+ t
2

)sα1

f (b)

]

×

[
m
(

1−
(1+ t

2

)α2
)s

g(a)+
(

1+ t
2

)sα2

g(b)

]
dt

≤ µ

2k

∫ 1

0
(1− t)

µ

k −1

[
m
(

21−s−
(1+ t

2

)sα1
)

f (a)+
(

1+ t
2

)sα1

f (b)

]

×

[
m
(

21−s−
(1+ t

2

)sα2
)

g(a)+
(

1+ t
2

)sα2

g(b)

]
dt

=

(
21−2s−2−s

2F1

[
−α1s,

µ

k
;

µ

k
+1;

1
2

]
−2−s

2F1

[
−α2s,

µ

k
;

µ

k
+1;

1
2

]
+2−1

2F1

[
− (α1 +α2)s,

µ

k
;

µ

k
+1;

1
2

])
m2 f (a)g(a)

+

(
2−s

2F1

[
−α2s,

µ

k
;

µ

k
+1;

1
2

]
−2−1

2F1

[
− (α1 +α2)s,

µ

k
;

µ

k
+1;

1
2

])
m f (a)g(b)

+

(
2−s

2F1

[
−α1s,

µ

k
;

µ

k
+1;

1
2

]
−2−1

2F1

[
− (α1 +α2)s,

µ

k
;

µ

k
+1;

1
2

])
m f (b)g(a)

+

(
2−1

2F1

[
− (α1 +α2)s,

µ

k
;

µ

k
+1;

1
2

])
f (b)g(b)

and

2
µ

k −1Γk(µ + k)

η
µ

k (b,a,m)
kJµ

(ma+ 1
2 η(b,a,m))−

( f g)(ma)

≤ µ

2k

∫ 1

0
(1− t)

µ

k −1
[

m
(

1−
(1− t

2

)α1
)s

f (a)+
(

1− t
2

)sα1

f (b)
]

×
[

m
(

1−
(1− t

2

)α2
)s

g(a)+
(

1− t
2

)sα2

g(b)
]

dt
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≤ µ

2k

∫ 1

0
(1− t)

µ

k −1
[

m
(

21−s−
(1− t

2

)sα1
)

f (a)+
(

1− t
2

)sα1

f (b)
]

×
[

m
(

21−s−
(1− t

2

)sα2
)

g(a)+
(

1− t
2

)sα2

g(b)
]

dt

=

(
21−2s−2−s−α1s µ

µ +α1ks
−2−s−α2s µ

µ +α2ks

+2−(α1+α2)s−1 µ

µ +(α1 +α2)ks

)
m2 f (a)g(a)

+

(
2−s−α2s µ

µ +α2ks
−2−(α1+α2)s−1 µ

µ +(α1 +α2)ks

)
m f (a)g(b)

+

(
2−s−α1s µ

µ +α1ks
−2−(α1+α2)s−1 µ

µ +(α1 +α2)ks

)
m f (b)g(a)

+
µ2−(α1+α2)s−1

µ +(α1 +α2)ks
f (b)g(b).

This completes the proof. �

Corollary 3.7. In Theorem 3.6, if η(b,a,m) with m = 1 is reduced to η(b,a) and α1 = α2 = α , then

Γk(µ + k)

2η
µ

k (b,a)

[
kJµ

(a+ 1
2 η(b,a))+

( f g)
(
a+η(b,a)

)
+ kJµ

(a+ 1
2 η(b,a))−

( f g)(a)
]

≤
(

22−2s−21−s
2F1

[
−αs,

µ

k
;

µ

k
+1;

1
2

]
−21−s−αs µ

µ +αks

+2−2αs−1 µ

µ +2αks
+2−1

2F1

[
−2αs,

µ

k
;

µ

k
+1;

1
2

])
f (a)g(a)

+

(
2−s

2F1

[
−αs,

µ

k
;

µ

k
+1;

1
2

]
−2−1

2F1

[
−2αs,

µ

k
;

µ

k
+1;

1
2

]
+2−s−αs µ

µ +αks
−2−2αs−1 µ

µ +2αks

)[
f (a)g(b)+ f (b)g(a)

]
+

(
2−1

2F1

[
−2αs,

µ

k
;

µ

k
+1;

1
2

]
+

µ2−2αs−1

µ +2αks

)
f (b)g(b).

In particular, if η(b,a) = b−a and s = 1 = α , then

2
µ

k −1Γk(µ + k)

(b−a)
µ

k

[
kJµ

( a+b
2 )+

( f g)(b)+ kJµ

( a+b
2 )−

( f g)(a)
]

≤ 4k2 +3µk+µ2

4(µ + k)(µ +2k)

[
f (a)g(a)+ f (b)g(b)

]
+

3µk+µ2

4(µ + k)(µ +2k)

[
f (a)g(b)+ f (b)g(a)

]
.
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Corollary 3.8. In Theorem 3.6, if η(b,a,m) = b−ma with m = 1 = s, α1 = α2 = α and g(x) = 1, then

2
µ

k −1Γk(µ + k)

(b−a)
µ

k

[
kJµ

( a+b
2 )+

f (b)+ kJµ

( a+b
2 )−

f (a)
]

≤
(

1−2−1
2F1

[
−α,

µ

k
;

µ

k
+1;

1
2

]
−2−1−α µ

µ +αk

)
f (a)

+

(
2−1

2F1

[
−α,

µ

k
;

µ

k
+1;

1
2

]
+2−1−α µ

µ +αk

)
f (b).

In particular, if α = 1, then

2
µ

k −1Γk(µ + k)

(b−a)
µ

k

[
kJµ

( a+b
2 )+

f (b)+ kJµ

( a+b
2 )−

f (a)
]
≤ f (a)+ f (b)

2
,

which is the right hand side of inequality (1.4) proved by Farid, Rehman and Zahra in [21].

Another k-fractional integral inequality with respect to the products of two generalized s-(α,m)-
preinvex functions as follows.

Theorem 3.9. If f is s1-(α,m)-preinvex in the second sense, g is s2-(α,m)-preinvex in the second sense
for (α,si) ∈ (0,1]× (0,1] and i = 1,2, then the following inequality holds:

Γk(µ + k)

2η
µ

k (b,a,m)

[
kJµ

(ma)+( f g)
(
ma+η(b,a,m)

)
+ kJµ

(ma+η(b,a,m))−( f g)(ma)
]

≤ µ

2k

[
m2

ϒ1 f (a)g(a)+mϒ2 f (a)g(b)+mϒ3 f (b)g(a)+ϒ4 f (b)g(b)
]
,

(3.4)

where

ϒ1 = 23−s1−s2
k
µ
−21−s1β

(
αs2 +1,

µ

k

)
−21−s2β

(
αs1 +1,

µ

k

)
+β

(
α(s1 + s2)+1,

µ

k

)
− 21−s1k

µ +αks2
− 21−s2k

µ +αks1
+

k
µ +αk(s1 + s2)

,

ϒ2 = 21−s2β

(
αs1 +1,

µ

k

)
−β

(
α(s1 + s2)+1,

µ

k

)
+

k21−s1

µ +αks2
− k

µ +αk(s1 + s2)
,

ϒ3 = 21−s1β

(
αs2 +1,

µ

k

)
−β

(
α(s1 + s2)+1,

µ

k

)
+

k21−s2

µ +αks1
− k

µ +αk(s1 + s2)

and

ϒ4 = β

(
α(s1 + s2)+1,

µ

k

)
+

k
µ +αk(s1 + s2)

.

Proof. The proof of Theorem 3.9 is analogous to that of Theorem 3.6 and so is omitted here. �
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Corollary 3.10. In Theorem 3.9, if η(b,a,m) with m = 1 is reduced to η(b,a) and s1 = s2 = s, then

Γk(µ + k)

2η
µ

k (b,a)

[
kJµ

a+( f g)
(
a+η(b,a)

)
+ kJµ

(a+η(b,a))−( f g)(a)
]

≤ µ

2k

{[
23−2s k

µ
−22−s

β

(
αs+1,

µ

k

)
+β

(
2αs+1,

µ

k

)
− 22−sk

µ +αks
+

k
µ +2αks

]
f (a)g(a)+

[
21−s

β

(
αs+1,

µ

k

)
−β

(
2αs+1,

µ

k

)
+

k21−s

µ +αks
− k

µ +2αks

][
f (a)g(b)+ f (b)g(a)

]
+

[
β

(
2αs+1,

µ

k

)
+

k
µ +2αks

]
f (b)g(b)

}
.

In particular, if η(b,a) = b−a and k = 1 = s = α , then

Γ(µ +1)
2(b−a)µ

[
Jµ

a+ f (b)g(b)+ Jµ

b− f (a)g(a)
]

≤ µ2 +µ +2
2(µ +1)(µ +2)

[
f (a)g(a)+ f (b)g(b)

]
+

µ

(µ +1)(µ +2)

[
f (a)g(b)+ f (b)g(a)

]
,

which is Theorem 2.1 established by Chen in [31].

Corollary 3.11. In Theorem 3.9, if η(b,a,m) = b−ma with m = 1 = α , s1 = 1 = s2 and g(x) = 1, then

Γk(µ + k)

2(b−a)
µ

k

[
kJµ

a+ f (b)+ kJµ

b− f (a)
]
≤ f (a)+ f (b)

2
.

In particular, if k = 1, then

Γ(µ +1)
2(b−a)µ

[
Jµ

a+ f (b)+ Jµ

b− f (a)
]
≤ f (a)+ f (b)

2
,

which is the right side of inequality 1.3 proved by Sarikaya et al. in [11].

4. CONCLUSION

In this paper, we introduced the class of generalized s-(α,m)-preinvex mappings defined on m-invex,
and we proved two multi-parameterized inequalities and two product-type inequalities of k-fractional
Hadamard-type for such mappings. Some subresults can be derived from our main results by choosing
different mappings η and the special parameter values for λ , k and µ .
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