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1. INTRODUCTION AND PRELIMINARIES

Throughout this work, we denote by R the set of all real numbers, by R™ the set of all positive
real numbers, by N the set of all positive integers and by N(X) the class of all nonempty subsets of
X. It is known that the Banach contraction mapping principle is a very useful, simple and classical
tool in modern analysis. Many mathematicians have investigated and generalized the Banach contraction
mapping principle in different frameworks, such as, fuzzy metric spaces, C*-algebra valued metric spaces
and soon [1, 2]. In 1961, Edelstein [3] extended the well known Banach contraction principle to the fixed
point theorem of uniformly locally contractive mappings in a £-chainable complete metric space.

Definition 1.1. [3] A metric space (X,d) is called a e-chainable metric space for some € > 0 if, for given
x,y € X, there is n € N and a sequence {x;}"_, such that

xo=x, x,=yandd (x;i_j,x;) <¢g, Vi=1,2,--- ,n.
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Definition 1.2. [3] Let (X,d) be a complete metric space. Let € >0 and 0 < A < 1. A mapping
T :X — X is said to be (€, 1) uniformly locally contractive if

0<d(x,y) <e=H(T(x),T(y)) <Ad(x,y), Vx,yeX.

Let (X,d) be a metric space. For x € X and A C X, we denote by CB(X) the class of all nonempty
closed and bounded subsets of X. Let H be the Hausdorff metric induced by metric d, that is,

H(A,B) = max {supD(x,B), supD(y,A)} ,
X€EA yEB

where
D(x,A) = inf{d(x,y):y€A}.
For every A, B € CB(X), we call the metric H a Pompeiu-Hausdorff metric induced by d. Let T : X —
CB(X) be a multi-valued mapping. A point g € X is said to be a fixed point of 7 if ¢ € Tq.
In 1969, Nadler [4] gave the following multivalued version of the the famous Banach contraction
principle in complete metric space.

Theorem 1.3. [4] Let (X,d) be a complete metric space. Let T : X —» CB(X) be a multivalued mapping
such that, for all x,y € X,
H(T(x),T(y)) < Ad(x,y)

where 0 < A < 1. Then T has a fixed point.
After Nadler’s fixed point theorems, a number of authors obtained various multivalued fixed-point
theorems; see, for example, [5, 6, 7, 8, 9, 10] and the references therein. Recently, Liu ef al. [11]

introduced the notion of (Y, A)-type Suzuki contractions and established new fixed point theorems for
such kind of mappings in complete metric spaces as follows.

Definition 1.4. Let (X,d) be a metric space. A mapping 7 : X — X is said to be a (Y, A)-type Suzuki
contraction if there exists a comparison function Y and A € E such that, for all, x,y € X with Tx # Ty,

26T <d(xy) = A(d (T ) < YA M (5)],

d(x,Ty)+d(y,T
M (xy) = max {a 1) (0 T2) a3 1y), ST AT,
E is the set of functions A : (0,00) — (0, o) satisfying the following conditions:
(E1) A is non-decreasing,
(£2) for each sequence {#,} C (0,00),

lim A(z,) = 0 if and only if limz, =0,

n—oo n—oo

(E3) A is continuous.

Recall that a function Y : (0,00) — (0,00) is called a comparison function [12] if it satisfies the
following conditions:
(1) Y is monotone increasing, that is, 1} <, = Y (1) <Y (f2),
(2) lim,,—, Y"*(¢) = O for all 7 > o, where Y" stands for the nth iterate of Y.

Clearly, if Y is a comparison function, then Y () < ¢ for each t > 0.
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Lemma 1.5. [11] Let A : (0,00) — (0,0) be a non-decreasing and continuous function with inf,c ( o) A(ty) =
0 and {ty }, a sequence in (0,o0). Then the following conclusion holds.

lim A(#;) = 0 if and only if lim# = 0.
k—yo0 k—yoo

Example 1.6. [12] The following functions Y : (0,00) — (0,0) are comparison functions:
(H)Y(r)=ar,0<a<1,foralls >0,

5, 0<r<1

2)Y(r)=3 % ’

(2) Y(1) Loo1<y,

(3)X(t) = 47, forallt >0

Example 1.7. Define some functions as follows: for all # € (0,0),

() AL(t) =1,

(2) Aa(t) = V1A,
3) As(t) =1t¢,

@) A4(t) =5

Then A1,Az,A3,A4 € E.

On the other hand, we consider a directed graph G such that the set of its vertices coincides with X
(that is, V(G) = X) and the set of its edge E(G) = {(x,y) € X x X,x # y} and assume that G has no
parallel edge and weighted graph by assigning to each edge the distance between the vertices; see [13].
We can identify G as (V(G),E(G)). G~! denotes the conversion of a graph G, the graph obtained from
G by reversing the direction of its edges and (N? denotes the undirected graph obtained from G by ignoring
the direction of edge of G. We consider (N} as a directed graph for which the set of its edges is symmetric,
thus E(G) = E(G) UE(G™).

A subgraph of a graph G is a graph H such that V(H) C V(G) and E(H) C E(G) and for any edge
(x,y) € E(H), x,y € V(H). The number of edge in G constituting the path is called the length of the path.

A graph G is connected if there is a path between any two vertices of G. If a graph G is not connected,
then it is called disconnected. Moreover, G is weakly connected if 5 is connected. Assume that G is
such that E(G) is symmetric and x is a vertex in G. Then, the subgraph G, consisting of all edges and
vertices, which are contained in some path in G beginning at x, is called the component of G containing
x. In this case the equivalence class [x]; defined on V(G) by the rule R (uRv if there is a path from u to
v) is such that V(G,) = [x]5.

Let x and y be vertices in a graph G. A path in G from x to y of length n (n € NU{0}) is a sequence
{xi}i_o of n+1 vertices such that xo = x, x, = y and (x;,_1,x;) € E(G) fori =1,2,...,n.

Jachymski [14] introduced the following celebrated definitions.

Definition 1.8. We say that a mapping 7 : X — X is a Banach G-contraction or simply G-contraction if
T preserves edges of G, i.e.,

Vx,y€X, ((x,y) € E(G) implies (T (x),T(y)) € E(G))
and T decreases weights of edges of G in the following way:

Jk e (0,1),Vx,y € X, ((x,y) € E(G) implies d(T (x),T(y)) < kd(x,y)).
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Definition 1.9. A mapping 7 : X — X is said to be G-continuous if, for given x € X and sequence {x,},

Xy —xasn —ooand (x,,x,41) € E(G) foralln € N=— Tx, — Tx.

Property A. [14] For any sequence (x,),cy in X, if x, — x and (x,,x,41) € E(G) for n € N, then
(xn,x) € E(G).

Recently, Beg, Butt and Radojevi¢ [5] and Beg and Butt [6] obtained sufficient conditions for the
existence of fixed points and common fixed points of multivalued graph contractive mappings in metric
spaces endowed with a graph G.

Definition 1.10. [6] Let(X,d) be a metric space endowed with a graph G. The mappings S,7 : X —
CB (X) are said to be graph contractive if there exists k € (0, 1) such that
for all x,y € X, with x # y and (x,y) € E(G),

H(Tx,Ty) <kd (x,y),
and if u € Tx and v € Ty are such that d (u,v) <d (x,y), then (u,v) € E(G).

They proved if Xg = {u € X : (u,x) € E(G), for some x € Su} # 0, then S,T : X — CB(X) have a
common fixed point.

In this paper, we introduce a multivalued (Y, A)-graph contractive mapping in a metric space endowed
with a directed graph. We establish common fixed point theorems of multivalued (Y, A)-graph contrac-
tive mappings and give examples to illustrate our main results. Common fixed points of two multivalued
mappings and cyclic contraction multivalued mappings are also investigated.

The following two lemmas are useful for our main results.

Lemma 1.11. [4] Let (X,d) be a metric space. If U,V € CB(X) and u € U, then, for each € > 0, there
exists v € V such that
d(u,v)<HU,V)+e.

Lemma 1.12. [7] Let {U, } be a sequence in CB (X) and lim,_,.. H(U,,U) =0, YU € CB(X). Ifu, € U,,
and lim,, o d(uy,u) =0, then u € U.

2. MAIN RESULTS

We are now in the position to introduce the class of multivalued (Y, A)-graph contractive in a metric
space endowed with a directed graph.

Definition 2.1. Let (X,d) be a metric space endowed with a directed graph G = (V (G) ,E (G)), where
V(G)=X.LetS,T:X — CB(X) be two mappings. S,T is said to be multivalued (Y, A)-graph con-
tractive if there exist comparison function Y and A € @ such that, for x # y, (x,y) € E(G),

(a)

H (Sx,Ty) # 0= A(H (Sx,Ty)) < Y[A(M (x,y))], 2.1
where
M (x,y) = max {d(x,y) ,D(x,8x), D(yz,Sx)} ,

(b)ifuc Sxandv e Tyandd (u,v) <d(x,y), then (u,v) € E(G).
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We now prove a common fixed point theorem for multivalued (Y, A)-graph contractive mappings.

Theorem 2.2. Let (X,d) be a complete metric space and let G = ((G),E(G)) be a directed graph with
Property A. Let S,T : X — CB(X) be a multivalued (Y, A)-graph contractive and

Xs={ueX:(u,x)€E(G), for some x € Su}.

Then

(1) S\V(G,) and T\V (G,) have a common fixed point for all u € Xg,

(2) If G is weakly connected and Xs # 0, then S and T have a common fixed point in X .

(3)If X :=U{V(G,):u € Xs}, then S\X" and T\X' have a common fixed point,

(4) If Graph(S)C E(G) and E(G) contains all loops, then S and T have a common fixed point.

Proof. Conclusion (1). Letting xo € Xs, we have that there exists x; € Sxp such that (xp,x;) € E(G). We
can choose n; € N such that

(Y (A (M (x0,x1)))]"" + Y (A(M (x0,x1))) < A(d (x0,x1)), (22)
where,

D S
M(X07xl) = max {d(XO,X]) 7D(XO7SXO) ) M} )

2
which implies from the definition of the Hausdorff metric that there exists x, € Tx; such that

A(d (x1 ,XZ)) = A(d (X],TX])) < A(H (SX(), Txl)) + [T (A (M(XQ,Xl)»]HI
Y (A (M (x0,x1))) +A(d (x0,x1)) = Y (A (M (x0,x1)))
A(d(xo,xl)).

IN

A

From (2.2) and condition (£1), we get
d (xl,xz) < d(X(),xl) .
Since (xg,x1) € E(G), x| € Sxo, x € Tx; and d (x1,x;) < d (x0,x]), we obtain from by Definition 2.1 that

(xl,xz) € E(G)
Next, we choose ny € N with ny > ny such that

[0 (AM (x1,x2)))]" + T (A (M (x1,%2))) < Ald (x1,%2)),

where

D
M(Xl,Xz) = max {d(xlaXZ) ,D(]Cl,SXl) ) (XZ,SXI)} .

2
In a similar way, we see that there exists x3 € Sx; such that
A(d(x2,x3)) < A(H(Tx1,8x2)) + [Y(A(M (x1,x2)))]"
< T(AM (x1.22)) +A(d (11,%2)) = Y (A (M (31,32))

< A(d (xl,xz)) R
which implies
d(x2,x3) <d(x1,x2).

Since (x1,x2) € E(G), xp € Txy, x3 € Sxp and d (x2,x3) < d (x1,x2), we obtain from Definition 2.1 that
(x2,x3) € E(G). By induction, we obtain a sequence {x;} in X and a sequence of positive integers
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{nj}jeN satisfying the property that, for each j € N, x2j11 € Sxpj and X212 € Tx2j11, (xj,Xj+1) € E(G)

and
A(d(xj,xj+1)) <A(d(xj-1,x;)), forall j € N.
(X (A M (xj1,x)]" + X (AM (xj-1,x7))) < A(d (xj-1,%;)),
where,
M(xj,l,xj) = max{d(le,xj) ,D(Xjfl,ij;l) s D(XNZSXJ_I)} s
A(d(xj,xj1)) < AH(Txj1,8x))) + [X (A (M (x-1,%5)))]"
< A(d(xj,xj+1)), when jis even
and
A(d(xjxj1)) < A(H (Sxj-1,Tx;)) + X (A M (xj-1,x)))]"

< A(d(xj-1,x;)), when j is odd.

Taking into account (E1), we get that {d (xj,x;11)} is decreasing and (xj,x;11) € E(G). For the case
that j is odd, we get from (2.1) that

0 < A(d(xjxj1)) <A(H (Sxj-1,Tx;))
< Y(AM(xj-1,x)))),

where
M(xj-1,x;) = max{d(xf'—l,xj-),D(xj_l,ij_l),W}
< max {d (xj_1,%;),d (xj-1,%)) }
< d(xj-1,%))-
It follows that

Ald(xj,xj+1)) < Y(A(d(xj-1,%)))
< A(d(xj-1,x})),

which further implies,

A(d(xj,xj11))

IN

Y (A(d(xj-1,x))))
Y2 (A(d (xj-2,xj-1)))

IN A

IN

Tj (A(d ()CQ,X]))) .
Letting j — oo in the inequality above, we get

0 < lim A(d (xj,xj41)) < lim Y/ (A(d (x0,x1))) =0,
J

Jj—o0 — o0
which implies that
lim A(d (xj,xj11)) = 0.

J—reo



(Y,A)-GRAPH CONTRACTIVE MAPPINGS 7

This together with (E2) gives
lim d (x},x41) = 0. (2.3)

e
For the case that j is even, we can obtain ihe result. So, we omit the proof.

Next, we prove that {x j} is a Cauchy sequence. Arguing by contradiction, we assume that there exist
€ > 0, sequence { p j}::1 and {q j}i of natural numbers such that, for all j € N, p; > ¢g; > j with
d (xp(j):%q(j)) = € and d (x(j)—1,%,(j)) < €. Therefore,

& < d (xp(),%())

< d (%)) %p()1) 4 (¥pj)-1:%()) 24

<é+d (xp(j)’xp(j)—l) :

By taking the limit as j — o in (2.4), we get

p(j)»

n—yoo

It follows from (2.1) that

where

< max

A
8
I~
>
—N— /—? —N—
N
_§<
: ﬁk
< )
IS
—
_§<
<
_§-<
=
+
Nl
[\
—_— —

Using (2.3), (2.5) and (E3), we get

A(e) = A(d(xp()115%g()11))
< A(Y(M (xp0),%))))
Y(A(e)) < Ae).

This is a contradiction. Therefore {x ]} is a Cauchy sequence. Since X is a complete, we can assume that
{x;} converges to some point x* € X, that i, jhn(}ox ;="

Next, we prove that x* € Sx* N Tx*. For the case that j is even, we get from the Property A that
there exists a positive integer jy such that (x;,x*) € E(G), for all j > jo. Since S, T are a generalized

T-A-graph contractive, we have
A(H (Sxj, Tx")) <Y (A (M (xj,x"))) — 0,
where

% d(xj7X*)7d(xj7xj+l)a
M (xj,x") = max { d(x31501) )
2
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Since x; 1 € Sx;j and x; — x*, we get x* € Tx". For the case that j is odd, we have
A(H (Tx;,8x")) <YT(A(M (xj,x*))) — 0.

Since xj11 € Txjand x; — x*, we getx* € Sx*. Since (x;,x;41) € E(G) forall j € Nand (x;,x*) € E(G)
for all k > ko, we have (ug, u1,...,uj,x*) is a path in G. So x* € V(Gy,).

Conclusion (2). Let xo € Xs. Since G is weakly connected, we have V(G,,) = X. From conclusion
(1), we can get that S and 7 have a common fixed point in X.

Conclusion (3). From Conclusion (1), we can obtain this conclusion immediately.

Conclusion (4). If Graph(S)C E(G), then, for each x* € X, there is a point z € Sx* such that (x*,z) €
E(G). So Xs =X. Since A C E(G), it follows that X' = U{V (Gy+) : x* € Xs} = X. From conclusion (3),
we obtain that § and 7" have a common fixed point. 0

Example 2.3. Consider that G = (V(G),E(G)) is a directed graph such that V(G) =X = {4 :n € N} U
{0,1,2} and d(x,y) = |x —y| for all x,y € X so that (X,d) is a complete metric space and

E(G) = {(0,0),(0,;); ne N}.

Let S,T : X — CB(X) be defined by

{0} ifx=0,
S(x) = {O, Pl 2n+l ifx = 71,1, néeN,
{2}, ifx=1,
{1}, ifx =2
and

{0} if x =0,

T()C): {07 2n+372n+2 ifxzzi,,, nENU{O},
{2}, if x = 2.

Consider A(a) =5% and Y(t) = at, 3 < a < 1, for all t > 0. We show that S,7 : X — CB(X) is a
generalized multivalued (Y, A)-graph contractlve mapping. Let (x,y) € E(G) such that x # y. Then
(x,y) = (0, 5;) for some n € N. It follows that

(57 (£))) (5

and

Next, let (x,y) € E (G) be such that x # y. Then (x,y) = (0, 5. ) for some n € N. It follows that
Sx=S5(0) ={0},
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2N
y=T\{% ) =Yz ez

Tx = S(0) = {0}

1 1 1

we note that if u € Sx,v € Ty and d(u,v) < d(x,y), then (u,v) are (0, 2,,%), (0, zn—lﬂ) So, (u,v) € E(G) and
if u* € Sx,v* € Tyand d(u*,v*) < d(x,y), then (u*,v*) are (0,0),(0,#), (0, z,fﬁ) So (u*,v*) € E(G).
It follows that S, T are multivalued (Y, A)-graph contractive. It is easy to check that G has property A.
Therefore all conditions of Theorem 2.2 are satisfied. For any u € Xg, S\V(G,) and T\V(G,) have a
common fixed point. We note that Xs = {x € X : (x,u) € E(G), for some u € Sx} = {0} while V(Gop) =
{0, 4 : n € N}. Moreover, {0} is a common fixed point of S and T.

and

Remark 2.4. In Theorem 2.2, the condition X can be replaced by X7, and the condition Graph(S)C E(G)
can be replaced by Graph(T)C E(G).

Corollary 2.5. Let (X,d) be a complete metric space and let G = ((G),E(G)) be a directed graph with
Property A. Let S,T : X — CB(X) be such that if there exists comparison function X and A € E such
that, for x #y, (x,y) € E(G),
(a)

H (Sx,Ty) #0 = A(H ($x,7%)) < T[A(d ()],

(b)ifueSx,veTyandd(u,v) <d(x,y), then (u,v) € E(G) and
Xs={u€X: (u,x) € E(G), for some x € Su}.
Then
(1) S\V(Gy) and T\V (G,) have a common fixed point for all u € Xg,
(2) If G is weakly connected and Xs # 0, then S and T have a common fixed point in X .
(3)If X :=U{V(G,):u € Xs}, then S\X" and T\X' have a common fixed point,
(4) If Graph(S)C E(G) and E(G) contains all loops, then S and T have a common fixed point.

Remark 2.6. Letting Y'(¢) = ¢, and using condition (£1), we get the results announced in Beg, Butt and
Radojevi¢ [5] and Beg and Butt [6]

The following result can be reached from Theorem 2.2 directly.

Corollary 2.7. Let (X,d) be a complete metric space and let G = ((G),E(G)) be a directed graph with
Property A. Let S : X — CB (X) be a mapping satisfying the following condition: there exist comparison
Sfunction Y and A € E such that, for x #y, (x,y) € E(G),

“ H (Sx,Sy) #0 = A(H (Sx,8y)) <Y [A (max {d(w) Pl D(yzm}” |

(b) ifueSx,veSyandd(u,v) <d(x,y), then (u,v) € E(G), and

Xs={ueX:(u,x) € E(G), for somex € Su}.
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Then

(1) S\V(Gy) has a fixed point for all u € Xg,

(2) If G is weakly connected and Xs #~ 0, then S has a fixed point in X

(3)IfF X' :=U{V (G,) :u € Xs}, then S\X' has a fixed point,

(4) If Graph(S)C E(G) and E(G) contains all loops, then S has a fixed point,
(5) if Xs # 0, then Fix(S) # 0.

Proof. Putting S = T in Theorem 2.2, we find conclusions (1)-(4) easily. Conclusion (5) is a direct

consequence of (1). O

Finally, we apply our main result (Theorem 2.2) to common fixed points of multivalued mappings and
cyclic contraction multivalued mappings in complete €-chainable complete metric spaces.

Theorem 2.8. Let (X,d) be a complete €-chainable metric space and let S,T : X — CB(X) be a

multiivalued mapping such that there exist comparison function X and A € & such that

0<d(xy) <e=>AHSx,Ty) <Y [A <max{d(x,y),0(x,sx),’3(y2’5x)}>] .

If there exist uy € Sxo and v € Sy such that 0 < d (xo,up) < €. Then S and T have a common fixed point.
Proof. We consider the graph G with V(G) = X, and
E(G)=AU{(x,y) eX xX:0<d(x,y) <€}.

The e-chainability of (X,d) gives the connectivity of G. If (x,y) € E(G), then

(e < [ (ot D159, 259 )

Next, we let u € Sx, v € Ty and d (u,v) < d(x,y). As (x,y) € E(G), we have 0 < d (u,v) < €. We
note that if x # y, then 0 < d (u,v) < d (x,y) < €. So, (u,v) € E(G). It follows that S, T are multivalued
(Y,A)-graph contractive. Also if x, — x and d(x,,x,+1) < € for n € N, then there exists a positive
integer ng such that d(x,,x) < € for all n > ngy. So (x,,x) € E(G). Hence, G has the Property A. Since
there exists uy € Sxp such that 0 < d (xg,up) < € and (xp,up) € E(G), we have xy € X, that is, Xg # 0.
Therefore, S and 7" have a common fixed point by Theorem 2.2. This completes the proof. U

Next, we prove a common fixed point theorem of cyclic multivalued mappings.

Theorem 2.9. Let (X,d) be a complete metric space and let m be a positive integer. Let {A;}?" | be
nonempty closed subsets of X, Y :=U!" |A; and S,T : Y — 2V, Assume that UL | A; is cyclic represen-
tation of Y w.r.t S, T and, there exist comparison function X and A € E such that, ¥x # y,

D(y,S.
A(H (Sx,Ty)) <Y [A <max{d(x,y),p(x,gx),<yzﬂf)}ﬂ 7
forxeA,yc€Ai1and Ayyr1 =A;. Then S and T have a common fixed point.

Proof. Since A;, i € {1,...,m} is closed, we have that (Y,d) is a complete metric space. We consider the
graph G with V(G) =Y, and

E(G) :AU{(x,y) EY XY :xEA;, yEAL, Amst :Al}.
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Let x,y € Y with x # y and (x,y) € E(G). Then x € A; and y € A;; for some i € {1,...,m}. It follows
that

(5019 ¥ (s {00550, 250V

Next, we suppose that u € Sx, v € Ty and d (u,v) < d(x,y). Thenu € Sx CA;y; andv € Ty C A;,
(x,y) € E(G). Hence, S,T are multivalued (Y, A)-graph contraction. Assume that {x,}, . is a se-
quence in Y with x, — x and (x,,x,41) € E(G) for n € N. It follows that sequence {x,},.y has
infinitely many terms in each A;, so that one can easily extract a subsequence of {x,} converging to
x. Since A; is closed for all i € {1,...,m}, we have that x € N/";A;. This implies by definition of
E(G) that (x,,x) € E(G) for n € N. We also note xop € Y. Then xy € A;, for some i € {1,...,m}
and Sxo C A;+1. Choosing vy € Sxg, we have from the definition of E(G) that (xo,vo) € E(G). This
implies Y5 := {x €Y : (x,v) € E(G), for some v € Sx} # 0. From the definition of E(G), we see that
Graph(S)C E(G) and Graph(T) C E(G). Using Theorem 2.2, we can conclude that S and T have a
common fixed point in Y. g
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