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Abstract. This paper deals with a semi-infinite programming with multiple interval-valued objective functions. We first
investigate necessary and sufficient Karush-Kuhn-Tucker optimality conditions for some types of optimal solutions. Then, we
formulate types of Mond-Weir and Wolfe dual problems and explore duality relations under convexity assumptions. Some
examples are provided to illustrate our results.
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1. INTRODUCTION

A simultaneous minimization of a finite number of objective functions over an infinite number of con-
straints is called a multiobjective semi-infinite programming problem. Applied and theoretical aspects of
semi-infinite programming problems have been considered by many researchers. For some recent results
in this direction, the reader is referred to [1, 2, 3, 4, 5, 6] and the references therein. In practice, the
coefficients of objective functions in some optimization problems in engineering, economics and com-
puter models are used to be uncertain or imprecise data due to measurement errors or some unexpected
factors. Sometimes one can only determine the range of coefficients, or the interval-valued, of objective
functions in these optimization problems. Optimality conditions and duality for optimization problems
with one or multiple interval-valued objective functions have been investigated recently in many papers;
see, e.g., [7, 8, 9, 10, 11, 12, 13, 14, 15] and references therein. In [16], the Fritz-John optimality con-
ditions and duality for semi-infinite programming problem with one interval-valued objective function
are investigated. It is well-known that Karush-Kuhn-Tucker (KKT) optimality conditions give more in-
formation than the Fritz-John optimality conditions since the multipliers corresponding to the objective
functions of Fritz-John optimality conditions are able to be equal to zero. Moreover, to the best of our
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knowledge, there is no paper dealing with a semi-infinite programming with multiple interval-valued
objective functions.

In this paper, motivated by the above observations, we establish the KKT optimality conditions and
investigate duality problems for the semi-infinite programming with multiple interval-valued objective
functions. The paper is organized as follows. Section 2 recalls basic concepts and some preliminaries.
KKT necessary and sufficient optimality conditions for the semi-infinite programming with multiple
interval-valued objective functions are established in the next part by employing some convexity notions.
Section 4 is devoted to exploring Mond-Weir and Wolfe dual problems of semi-infinite programming
with multiple interval-valued objective functions. Some examples are provided to illustrate our results.

2. PRELIMINARIES

The following notations and definitions will be used throughout the paper. Let Rn be a finite-dimensional
normed space. The notation 〈·, ·〉 is utilized to denote inner product. For a given x̄, U (x̄) is the system
of the neighborhoods of x̄. For a subset A ⊆ Rn, intA, clA, affA, and coA stand for its interior, closure,
affine hull, convex hull of A, respectively (resp). The cone and the convex cone (containing the origin)
generated by A are denoted resp by coneA, posA. If 〈x∗,x〉 ≤ 0 for all x∗ ∈ A∗, where A∗ is a subset of the
dual space of Rn, we write 〈A∗,x〉 ≤ 0. The negative polar cone and strictly negative polar cone of A are
defined resp by

A− := {x∗ ∈ Rn|〈x∗,x〉 ≤ 0 ∀x ∈ A},

As := {x∗ ∈ Rn|〈x∗,x〉< 0 ∀x ∈ A\{0}}.

It is easy to check that As ⊂ A− and if As 6= /0 then clAs = A−. Moreover, the bipolar theorem, see, e.g.,
[1] (for A−− = cl coneA).

Definition 2.1. [17] Let A be a nonempty subset of Rn.

(i) The contingent (or Bouligand) cone of A at x̄ ∈ clA is

T (A, x̄) := {x ∈ Rn | ∃τk ↓ 0,∃xk→ x, ∀k ∈ N, x̄+ τkxk ∈ A}.

(ii) The adjacent cone of A at x̄ ∈ clA is

T b(A, x̄) := {x ∈ Rn | ∀τk ↓ 0,∃xk→ x, ∀k ∈ N, x̄+ τkxk ∈ A}.

(iii) The cone of the feasible directions of A at x̄ is

D(A, x̄) := {x ∈ Rn | ∃δ > 0, x̄+ τx ∈ A,∀τ ∈ (0,δ )}.

(iv) The cone of the weak feasible directions of A at x̄ is

F(A, x̄) := {x ∈ Rn | ∃τk ↓ 0, ∀k ∈ N, x̄+ τkx ∈ A}.

Remark 2.2. The following properties can be checked directly.

(i) D(A, x̄)⊂ F(A, x̄)⊂ T (A, x̄).
(ii) D(A, x̄)⊂ T b(A, x̄)⊂ T (A, x̄).

(iii) If A is a convex set then T b(A, x̄) = T (A, x̄) = clcone(A− x̄).
(iv) If A is a convex set then D(A, x̄) = F(A, x̄) = cone(A− x̄).

Definition 2.3. [18] Let X ⊂ Rn be a convex set, ϕ : Rn→ R and x̄ ∈ X .
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(i) ϕ is convex at x̄ if

ϕ(λ x̄+(1−λ )x)≤ λϕ(x̄)+(1−λ )ϕ(x),∀x ∈ X ,∀λ ∈ [0,1].

(ii) ϕ is strictly convex at x̄ if

ϕ(λ x̄+(1−λ )x)< λϕ(x̄)+(1−λ )ϕ(x),∀x ∈ X \{x̄},∀λ ∈ [0,1].

(ii) ϕ is convex/strictly convex on X if ϕ is convex/strictly convex on each point of X .

Remark 2.4. [18] Let X ⊂ Rn be an open convex set, ϕ : Rn→ R be differentiable at x̄ ∈ X .

(i) If ϕ is convex at x̄ then

ϕ(x)−ϕ(x̄)≥ 〈∇ϕ(x̄),x− x̄〉,∀x ∈ X .

(ii) If ϕ is strictly convex at x̄ then

ϕ(x)−ϕ(x̄)> 〈∇ϕ(x̄),x− x̄〉,∀x ∈ X \{x̄}.

Let KC denote the class of all closed and bounded intervals in R, i.e.,

KC = {[a,b] | a,b ∈ R and a≤ b}.

For A ∈KC, we adopt notation A = [aL,aU ], where aL and aU means the lower and upper bound of A,
resp. Let A = [aL,aU ] and B = [bL,bU ] be in KC and λ ∈ R. Then, one sees from the definition that

A+B := {a+b | a ∈ A,b ∈ B}= [aL +bL,aU +bU ],

λA := λ [aL,aU ] =

{
[λaL,λaU ] if λ ≥ 0,
[λaU ,λaL] if λ < 0.

Hence, −A = [−aU ,−aL] and A−B = [aL−bU ,aU −bL].

Definition 2.5. Let A = [aL,aU ] and B = [bL,bU ] be two sets in KC.

(i) A≤LU B if aL ≤ bL and aU ≤ bU .

(ii) A <LU B if A≤LU B and A 6= B, or equivalently, A <LU B if{
aL < bL,

aU ≤ bU ,
or

{
aL ≤ bL,

aU < bU ,
or

{
aL < bL,

aU < bU .

(iii) ([9]) A <s
LU B if aL < bL and aU < bU .

Let X be an nonempty open subset of Rn. A function H : X→KC is called an interval-valued function
if H(x) = [HL(x),HU(x)] with HL,HU : X → R such that HL(x)≤ HU(x) for each x ∈ X .

Definition 2.6. Let X be an nonempty open convex subset of Rn, x̄ ∈ X and H : X →KC be an interval-
valued function.
(i) It is said that H is LU-convex [14] at x̄ if, for all x ∈ X and λ ∈ [0,1], one has

H(λ x̄+(1−λ )x)≤LU λH(x̄)+(1−λ )H(x),

and, H is said LU-convex on X if H is LU-convex at each x ∈ X .
(ii) The interval-valued function H : X → R is strictly LU-convex [14] at x̄ if, for all x ∈ X \ {x̄} and
λ ∈ [0,1], one has

H(λ x̄+(1−λ )x)<LU λH(x̄)+(1−λ )H(x),
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and, H is called strictly LU-convex on X if H is strictly LU-convex at each x ∈ X .
(iii) The interval-valued function H : X → R is strongly LU-convex at x̄ if, for all x ∈ X \ {x̄} and
λ ∈ [0,1], one has

H(λ x̄+(1−λ )x)<s
LU λH(x̄)+(1−λ )H(x),

and, H is called strongly LU-convex on X if H is strongly LU-convex at each x ∈ X .

Remark 2.7. Let X be an nonempty open convex subset of Rn, x̄ ∈ X and H : X →KC be an interval-
valued function.
(i) [14] If H : X →KC is LU-convex at x̄ then the functions HL and HU are convex at x̄.
(ii) [14] If H : X →KC is strictly LU-convex at x̄ ∈ X then the functions HL and HL are convex at x̄ and
at least one of them is strictly convex at x̄.
(iii) If H : X →KC is strongly LU-convex at x̄ then the functions HL and HU are strictly convex at x̄.

Lemma 2.8. [18] Let {Ct |t ∈ Γ} be an arbitrary collection of nonempty convex sets in Rn and K =

pos
(⋃

t∈Γ

Ct

)
. Then, every nonzero vector of K can be expressed as a non-negative linear combination of

n or fewer linear independent vectors, each belonging to a different Ct .

Lemma 2.9. [19] Suppose that S,P are arbitrary (possibly infinite) index sets, as = a(s)= (a1(s), ...,an(s))
maps S onto Rn, and so does ap. Suppose that the set co{as,s ∈ S}+pos{ap, p ∈ P} is closed. Then the
following statements are equivalent:

I :

{
〈as,x〉< 0,s ∈ S,S 6= /0
〈ap,x〉 ≤ 0, p ∈ P

has no solution x ∈ Rn;

II : 0 ∈ co{as,s ∈ S}+pos{ap, p ∈ P}.

Lemma 2.10. [18] If S is a nonempty compact subset of Rn, then

(i) coS is a compact set;
(ii) If 0 6∈ coS, then posS is a closed cone.

3. KKT OPTIMALITY CONDITIONS

In this section, we consider the following semi-infinite programming with multiple interval-valued
objective functions:

(P) LU−minF(x) := (F1(x), ...,Fm(x)) = ([FL
1 (x),F

U
1 (x)], ..., [FL

m(x),F
U
m (x)])

s.t. gt(x)≤ 0, t ∈ T ,
where Fi : Rn →KC are interval-valued functions for i ∈ I := {1, ...,m}, gt , t ∈ T, are functions from
Rn to R and FL

i ,F
U
i , i ∈ I,gt , t ∈ T are the continuously differentiable functions. The index set T is an

arbitrary nonempty set, not necessary finite. Denote the feasible solution set of (P)

Ω := {x ∈ Rn | gt(x)≤ 0, t ∈ T}.

Denote R|T |+ the collection of all the functions λ : T →R taking values λt’s positive only at finitely many
points of T , and equal to zero at the other points. For a given x̄ ∈ Ω, denote T (x̄) := {t ∈ T |gt(x̄) = 0}
the index set of all active constraints at x̄. The set of active constraint multipliers at x̄ ∈Ω is

Λ(x̄) := {λ ∈ R|T |+ |λtgt(x̄) = 0,∀t ∈ T}.
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Notice that λ ∈ Λ(x̄) if there exists a finite index set J ⊂ T (x̄) such that λt > 0 for all t ∈ J and λt = 0 for
all t ∈ T \ J.

Definition 3.1. Let x̄ ∈Ω and U (x̄) be the set of neighborhoods of x̄.

(i) x̄ is a locally type-1 (Pareto) optimal solution [15] of (P), denoted by x̄ ∈ locE(P,1), if there
exists U ∈U (x̄) such that there is no x ∈Ω∩U satisfying{

Fi(x)≤LU Fi(x̄), ∀i ∈ I,
Fk(x)<LU Fk(x̄), for at least one k ∈ I.

(ii) x̄ is a locally weakly type-1 optimal solution [15] of (P), denoted by x̄ ∈ locWE(P,1), if there
exists U ∈U (x̄) such that there is no x ∈Ω∩U satisfying Fi(x)<LU Fi(x̄),∀i ∈ I.

(iii) x̄ is a locally type-2 optimal solution [9] of (P), denoted by x̄ ∈ locE(P,2), if there exists U ∈
U (x̄) such that there is no x ∈Ω∩U satisfying{

Fi(x)≤LU Fi(x̄), ∀i ∈ I,
Fk(x)<s

LU Fk(x̄), for at least one k ∈ I.

(iv) x̄ is a locally weakly type-2 optimal solution [9] of (P), denoted by x̄ ∈ locWE(P,2), if there
exists U ∈U (x̄) such that there is no x ∈Ω∩U satisfying Fi(x)<s

LU Fi(x̄),∀i ∈ I.

If U = Rn, the word “locally” is omitted. In this case, the type-1 Pareto optimal solution sets is denoted
by E(P,1) and the other optimal solution sets are denoted in a similar way.

Remark 3.2. [9] The following relations are immediate:

(i) E(P,1)⊆ E(P,2)⊆WE(P,2),
(ii) E(P,1)⊆WE(P,1)⊆WE(P,2).

The following examples show that the concepts of optimal solutions in Definition 3.1 are different.

Example 3.3. Consider the following problem
(P) LU−minF(x) = (F1(x),F2(x)) = ([−2,−1]x, [0,2])

s.t. gt(x) =−x+ t ≤ 0, t ∈ [−1,0].
Then, Ω = R+ and for x̄ = 0 ∈Ω, one has

F(x̄) = (F1(x̄),F2(x̄)) = ([0,0], [0,2]).

Since, there is no x ∈ Ω such that F2(x) <LU F2(x̄), one gets x̄ ∈WE(P,1). But x̄ 6∈ E(P,1), since there
exists x̂ = 1 ∈Ω satisfying

F1(x̂) = [−2,−1]<LU [0,0] = F1(x̄)

and

F2(x̂) = [0,2]≤LU [0,2] = F2(x̄).

Hence,

E(P,1)$WE(P,1).

From Remark 3.2 (ii), x̄ ∈WE(P,1) ⊂WE(P,2). However, x̄ 6∈ E(P,2), since there exists x̂ = 1 ∈ Ω

satisfying

F1(x̂) = [−2,−1]<s
LU [0,0] = F1(x̄)
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and
F2(x̂) = [0,2]≤LU [0,2] = F2(x̄).

Therefore,
E(P,2)$WE(P,2).

Example 3.4. Consider the following problem
(P) LU−minF(x) = (F1(x),F2(x)) = ([−2,0]x, [−3,0]x)

s.t. gt(x) = x− t ≤ 0, t ∈ [0,1].
Then, Ω = R+ and for x̄ = 0 ∈Ω, one has

F(x̄) = (F1(x̄),F2(x̄)) = ([0,0], [0,0]).

Since there is no x ∈ Ω such that F2(x)<s
LU F2(x̄), we have x̄ ∈WE(P,2). But x̄ 6∈WE(P,1) since there

exists x̂ = 1 ∈Ω satisfying
F1(x̂) = [−2,0]<LU [0,0] = F1(x̄)

and
F2(x̂) = [−3,0]<LU [0,0] = F2(x̄).

Hence,
WE(P,1)$WE(P,2).

Example 3.5. Consider the following problem
(P) LU−minF(x) = (F1(x),F2(x)) = ([−2,0]x, [−1,0]x)

s.t. gt(x) =−2x+ t ≤ 0, t ∈ [−2,0].
Then, Ω = R+ and for x̄ = 0 ∈Ω, one has

F(x̄) = (F1(x̄),F2(x̄)) = ([0,0], [0,0]).

Note that, for all x ∈Ω, {
F1(x) 6<s

LU F1(x̄),
F2(x) 6<s

LU F2(x̄).
(3.1)

Now, we prove x̄ ∈ E(P,2) by contraposition. Suppose to the contrary that x̄ 6∈ E(P,2). Then, there is
x̂ ∈Ω satisfying {

Fi(x̂)≤LU Fi(x̄), ∀i ∈ I = {1,2},
Fk(x̂)<s

LU Fk(x̄), for at least one k ∈ {1,2}.
which contradicts (3.1). So, x̄ ∈ E(P,2).

But x̄ 6∈ E(P,1), since there exists x̂ = 1 ∈Ω satisfying{
F1(x̂) = [−2,0]≤LU [0,0] = F1(x̄),F2(x̂) = [−1,0]≤LU [0,0] = F2(x̄)
F1(x̂) = [−2,0]<LU [0,0] = F1(x̄).

Hence,
E(P,1)$ E(P,2).

Lemma 3.6. A point x̄ is a locally weakly type-2 optimal solution of (P) if and only if x̄ is a locally
weakly efficient solution of the following multiobjective optimization problem:

(MP) :
R2m
+ −min F̃(x) = (FL

1 (x), ...,F
L

m(x),F
U
1 (x), ...,FU

m (x))
s.t. gt(x)≤ 0, t ∈ T.
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Proof. Let x̄ be a locally weakly efficient solution of (MP). Then, x̄ ∈Ω and there exists Ū ∈U (x̄) such
that, for every x ∈Ω∩Ū ,

F̃(x)− F̃(x̄) 6∈ −intR2m
+ . (3.2)

Suppose to the contrary that x̄ is not a locally weakly type-2 optimal solution of (P). Then, for all U ∈
U (x̄), there exists x0 ∈Ω∩U such that Fi(x0)<

s
LU Fi(x̄),∀i ∈ I, or equivalently,

FL
i (x0)< FL

i (x̄) and FU
i (x0)< FU

i (x̄),∀i ∈ I.

Hence, for U = Ū , there exists x̄0 ∈ Ω∩Ū satisfying FL
i (x̄0)< FL

i (x̄) and FU
i (x̄0)< FU

i (x̄),∀i ∈ I. This
implies the existence of x̄0 ∈Ω∩Ū such that

F̃(x̄0)− F̃(x̄) ∈ −intR2m
+ ,

which contradicts (3.2).
Conversely, let x̄ be a locally weakly type-2 optimal solution of (P). Then, there exists U ∈U (x̄) such

that there is no x ∈Ω∩U satisfying Fi(x)<s
LU Fi(x̄),∀i ∈ I, or equivalently,

FL
i (x)< FL

i (x̄) and FU
i (x)< FU

i (x̄),∀i ∈ I. (3.3)

Suppose to the contrary that x̄ is not a locally weakly efficient solution of (MP). Then, for the above U ,
there is x̂ ∈Ω∩U such that F̃(x̂)− F̃(x̄) ∈ −intR2m

+ . This leads that

FL
i (x̂)< FL

i (x̄),F
U
i (x̂)< FU

i (x̄),∀i ∈ I,

contradicting with (3.3). �

In the following, we will establish the KKT necessary optimality condition for a locally weakly type-2
optimal solution of (P). Notice that the KKT necessary optimality condition for a locally weakly type-2
optimal solution of (P) is also the KKT necessary optimality condition for the other types of optimal
solutions of (P).

Definition 3.7. The (ACQ) holds at x̄ ∈ Ω if

( ⋃
t∈T (x̄)

∇gt(x̄)

)−
⊆ T (Ω, x̄) and ∆ := pos

⋃
t∈T (x̄)

∇gt(x̄) is

closed.

Proposition 3.8. Suppose that x̄ ∈ locWE(P,2) and (ACQ) holds at x̄. Then, there exist αL,αU ∈ Rm
+

with
m
∑

i=1
(αL

i +αU
i ) = 1 and λ ∈ Λ(x̄) such that

m

∑
i=1

α
L
i ∇FL

i (x̄)+
m

∑
i=1

α
U
i ∇FU

i (x̄)+ ∑
t∈T

λt∇gt(x̄) = 0.

Proof. Since x̄∈ locWE(P,2), we see that there exists U ∈U (x̄) such that there is no x∈Ω∩U satisfying

Fi(x)<s
LU Fi(x̄),∀i ∈ I. (3.4)

First, we prove that (⋃
i∈I

(∇FL
i (x̄)∪∇FU

i (x̄))

)s

∩T (Ω, x̄) = /0. (3.5)
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Suppose to the contrary that there exists

d ∈

(⋃
i∈I

(∇FL
i (x̄)∪∇FU

i (x̄))

)s

∩T (Ω, x̄).

Then, one has {
〈∇FL

i (x̄),d〉< 0, ∀i ∈ I,
〈∇FU

i (x̄),d〉< 0, ∀i ∈ I.

By d ∈ T (Ω, x̄), there exist τk ↓ 0 and dk→ d such that x̄+ τkdk ∈Ω for all k. We derive from FL
i , i ∈ I,

are continuously differentiable at x̄ that

FL
i (x̄+ τkdk) = FL

i (x̄)+ τk〈∇FL
i (x̄),dk〉+o(τk‖dk‖),∀i ∈ I.

Consequently, for all i ∈ I,

FL
i (x̄+ τkdk)−FL

i (x̄)
τk

= 〈∇FL
i (x̄),dk〉+

o(τk‖dk‖)
τk‖dk‖

.‖dk‖→ 〈∇FL
i (x̄),d〉< 0, when k→ ∞.

Thus, for each i ∈ I, there exists kL
i > 0 such that

FL
i (x̄+ τkdk)−FL

i (x̄)
τk

< 0, ∀k > kL
i .

Denoting k
L
= max

i∈I
kL

i , we have

FL
i (x̄+ τkdk)< FL

i (x̄),∀k > k
L
,∀i ∈ I.

Similarly, there exists k
U
> 0 such that

FU
i (x̄+ τkdk)< FU

i (x̄),∀k > k
U
,∀i ∈ I.

Setting k := max{kL
,k

U}, we assure the existence of k > k large enough such that x̄+ τkdk ∈Ω∩U and
for all i ∈ I, {

FL
i (x̄+ τkdk)< FL

i (x̄),
FU

i (x̄+ τkdk)< FU
i (x̄),

i.e.,

Fi(x̄+ τkdk)<
s
LU Fi(x̄),

which contradicts (3.4). Therefore, (3.5) holds. We deduce from (3.5) and (ACQ) that(⋃
i∈I

(∇FL
i (x̄)∪∇FU

i (x̄))

)s

∩

 ⋃
t∈T (x̄)

∇gt(x̄)

− ⊂(⋃
i∈I

(∇FL
i (x̄)∪∇FU

i (x̄))

)s

∩T (Ω, x̄) = /0.

This leads that there is no d ∈ Rn such that
〈∇FL

i (x̄),d〉< 0, ∀i ∈ I,
〈∇FU

i (x̄),d〉< 0, ∀i ∈ I,
〈∇gt(x̄),d〉 ≤ 0, ∀t ∈ T (x̄).
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On the other hand, we derive from Lemma 2.10 that co
⋃
i∈I
(∇FL

i (x̄)∪∇FU
i (x̄)) is a compact set, and

hence, co
⋃
i∈I
(∇FL

i (x̄)∪∇FU
i (x̄))+∆ is closed. According to Lemma 2.9, one has

0 ∈ co
⋃
i∈I

(∇FL
i (x̄)∪∇FU

i (x̄))+pos
⋃

t∈T (x̄)

∇gt(x̄).

From Lemma 2.8, there exist (αL,αU) := ((αL
1 , ...,α

L
m),(α

U
1 , ...,αU

m ))∈Rm
+×Rm

+ with
m
∑

i=1
(αL

i +αU
i ) = 1

and λ ∈ Λ(x̄) such that

m

∑
i=1

α
L
i ∇FL

i (x̄)+
m

∑
i=1

α
U
i ∇FU

i (x̄)+ ∑
t∈T

λt∇gt(x̄) = 0.

This completes the proof. �

Now, we investigate a sufficient condition for (ACQ).

Definition 3.9. [19] The (SCQ) holds at x̄ ∈Ω if the following conditions are simultaneously satisfied:

(i) gt , t ∈ T , are convex functions,
(ii) T is a compact set,

(iii) the function (t,x) ∈ T ×Rn→ gt(x) is continuous on T ×Rn,
(iv) there is a x̂ ∈ Rn such that gt(x̂)< 0 for all t ∈ T .

The following Lemma can be derived from Theorem 7.9 in [19] with ∂gt(x̄) = {∇gt(x̄)} for all t ∈ T ,
where ∂ denotes the subdifferential in the sense of convex analysis.

Lemma 3.10. If (SCQ) holds at x̄ ∈Ω, then ∆ is closed and
⋃

t∈T (x̄)
∇gt(x̄) = D(Ω, x̄)−.

Proposition 3.11. If (SCQ) holds at x̄ ∈Ω, then (ACQ) holds at x̄.

Proof. It follows from Lemma 3.10 that ∆ is closed and
⋃

t∈T (x̄)
∇gt(x̄) = D(Ω, x̄)−. This implies that

 ⋃
t∈T (x̄)

∇gt(x̄)

− = D(Ω, x̄)−− = cl coneD(Ω, x̄).

Since gt , t ∈ T , are convex, one gets that Ω is a convex set. Hence, by Remark 2.2, cl coneD(Ω, x̄) =
cl cone(Ω− x̄) = T (Ω, x̄). So, (ACQ) holds at x̄. �

Proposition 3.12. Let x̄ ∈Ω. Assume that there exist αL,αU ∈Rm
+ with

m
∑

i=1
(αL

i +αU
i ) = 1 and λ ∈ Λ(x̄)

such that
m

∑
i=1

α
L
i ∇FL

i (x̄)+
m

∑
i=1

α
U
i ∇FU

i (x̄)+ ∑
t∈T

λt∇gt(x̄) = 0. (3.6)

(i) If Fi, i ∈ I, are LU-convex at x̄ and gt , t ∈ T, are convex at x̄, then x̄ ∈WE(P,2).
(ii) If Fi, i ∈ I, are strongly LU-convex at x̄ and gt , t ∈ T, are convex at x̄, then x̄ ∈ E(P,1). So,

x̄ ∈ E(P,2) and x̄ ∈WE(P,1).
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Proof. Since, x̄ ∈Ω satisfying (3.6), there exists a finite subset J of T (x̄) such that

∑
t∈J

λt∇gt(x̄) =−

(
m

∑
i=1

α
L
i ∇FL

i (x̄)+
m

∑
i=1

α
U
i ∇FU

i (x̄)

)
. (3.7)

(i) Suppose to the contrary that x̄ is not a weakly type-2 optimal solution of (P). Then, there exists a x̂∈Ω

satisfying
Fi(x̂)<s

LU Fi(x̄),∀i ∈ I,

or equivalently, for all i ∈ I,
FL

i (x̂)< FL
i (x̄) and FU

i (x̂)< FU
i (x̄).

The above inequalities together with αL,αU ∈ Rm
+ satisfying

m
∑

i=1
(αL

i +αU
i ) = 1 implies that

m

∑
i=1

α
L
i (F

L
i (x̂)−FL

i (x̄))+
m

∑
i=1

α
U
i (FU

i (x̂)−FU
i (x̄))< 0. (3.8)

It follows from Fi, i ∈ I, are LU-convex at x̄. From Remark 2.4 and Remark 2.7, one has

FL
i (x̂)−FL

i (x̄)≥ 〈∇FL
i (x̄), x̂− x̄〉, i ∈ I,

FU
i (x̂)−FU

i (x̄)≥ 〈∇FU
i (x̄), x̂− x̄〉, i ∈ I.

Hence, we derive from the above inequality, (3.7) and (3.8) that

∑
t∈J

λt〈∇gt(x̄), x̂− x̄〉=−

(
m

∑
i=1

α
L
i 〈∇FL

i (x̄), x̂− x̄〉+
m

∑
i=1

α
U
i 〈∇FU

i (x̄), x̂− x̄〉

)
> 0. (3.9)

One the other hand, since x̂ ∈Ω and gt(x̄) = 0 for all t ∈ J, we get

gt(x̂)≤ gt(x̄),∀t ∈ J.

Therefore, by the convexity of gt , t ∈ T , at x̄, one has

∑
t∈J

λt〈∇gt(x̄), x̂− x̄〉 ≤∑
t∈J

λt(gt(x̂)−gt(x̄))≤ 0,

which contradicts (3.9).
(ii) Suppose to the contrary that x̄ is not a type-1 optimal solution of (P). Then, there exists a x̂ ∈ Ω

satisfying
Fi(x̂)≤LU Fi(x̄),∀i ∈ I and Fk(x̂)<LU Fi(x̄) for at least one k ∈ I,

or equivalently,

{
FL

i (x̂)≤ FL
i (x̄)

FU
i (x̂)≤ FU

i (x̄)
for all i ∈ I, and, for at least one k ∈ I,

{
FL

k (x̂)≤ FL
k (x̄)

FU
k (x̂)< FU

k (x̄),
or

{
FL

k (x̂)< FL
k (x̄)

FU
k (x̂)≤ FU

k (x̄),
or

{
FL

k (x̂)< FL
k (x̄)

FU
k (x̂)< FU

k (x̄).

Hence, x̂ 6= x̄. The above inequalities together with αL,αU ∈Rm
+ satisfying

m
∑

i=1
(αL

i +αU
i ) = 1 imply that

m

∑
i=1

α
L
i (F

L
i (x̂)−FL

i (x̄))+
m

∑
i=1

α
U
i (FU

i (x̂)−FU
i (x̄))≤ 0. (3.10)

It follows from Fi, i ∈ I, are strongly LU-convex at x̄. From Remark 2.4 and Remark 2.7, one has

FL
i (x̂)−FL

i (x̄)> 〈∇FL
i (x̄), x̂− x̄〉, i ∈ I,
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FU
i (x̂)−FU

i (x̄)> 〈∇FU
i (x̄), x̂− x̄〉, i ∈ I.

Hence, we derive from the above inequality, (3.7) and (3.9) that

∑
t∈J

λt〈∇gt(x̄), x̂− x̄〉=−

(
m

∑
i=1

α
L
i 〈∇FL

i (x̄), x̂− x̄〉+
m

∑
i=1

α
U
i 〈∇FU

i (x̄), x̂− x̄〉

)
> 0. (3.11)

One the other hand, since x̂ ∈Ω and gt(x̄) = 0 for all t ∈ J, we get

gt(x̂)≤ gt(x̄),∀t ∈ J.

Therefore, by the convexity of gt , t ∈ T , at x̄, one has

∑
t∈J

λt〈∇gt(x̄), x̂− x̄〉 ≤∑
t∈J

λt(gt(x̂)−gt(x̄))≤ 0,

contradicting with (3.11). �

Example 3.13. Consider the following problem
(P) LU−minF(x) = (F1(x),F2(x)) = ([x2 + x,x2 +2], [2x2,2x2 +2x])

s.t. gt(x) = tx− t−1≤ 0, t ∈ T := [−1,1].
Then,

gt(x)≤ 0,∀t ∈ T ⇔

{
x≤ 1+ 1

t , t ∈ (0,1]
x≥ 1+ 1

t , t ∈ [−1,0),

⇔


x≤ min

t∈(0,1]

{
1+ 1

t

}
,

x≥ max
t∈[−1,0)

{
1+ 1

t

}
,

⇔ x ∈ [0,2], i.e., Ω = [0,2].

Let us take x̄ = 0 ∈Ω. We can check that x̄ ∈ locWE(P,2). Moreover, by some calculations, one has

∇FL
1 (x̄) = 1,∇FU

1 (x̄) = 0,∇FL
2 (x̄) = 0,∇FL

2 (x̄) = 2,

∇gt(x) = t,∀t ∈ T,T (x̄) = {−1},
⋃

t∈T (x̄)

∇gt(x̄) = {−1},pos
⋃

t∈T (x̄)

∇gt(x̄) =−R+,

 ⋃
t∈T (x̄)

∇gt(x̄)

− = R+,T (Ω, x̄) = R+.

Hence, (ACQ) holds at x̄ and all assumptions in Proposition 3.8 are satisfied. Now, let αL
1 = αU

1 = αL
2 =

αU
2 = 1/4 and λ : T → R be defined by

λ (t) =

{
3/4, if t =−1,
0, otherwise.

Then, αL,αU ∈ R2
+ with

2
∑

i=1
(αL

i +αU
i ) = 1, λ ∈ Λ(x̄) and

2

∑
i=1

α
L
i ∇FL

i (x̄)+
2

∑
i=1

α
U
i ∇FU

i (x̄)+ ∑
t∈T

λt∇gt(x̄) =
1
4
.1+

1
4
.0+

1
4
.0+

1
4
.2+

3
4
(−1) = 0,

i.e., the conclusion of Proposition 3.8 is satisfied.
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On the other hand, we can check that FL
1 ,F

U
1 ,FL

2 ,F
U
2 are convex at x̄ = 0 and gt , t ∈ T , are convex at

x̄. Hence, all assumptions in Proposition 3.12 (i) hold. Then, it follows that x̄ ∈WE(P,2). Furthermore,
FL

1 ,F
U
1 ,FL

2 ,F
U
2 are also strictly convex at x̄ = 0. Thus, we deduce from Proposition 3.12 (ii) that x̄ ∈

E(P,1).

4. DUALITY

In this section, we formulate a Mond-Weir [20] type dual problem and a Wolfe [21] type dual problem
of (P) and explore weak and strong duality relations.

Let Ai,Bi be in KC for all i= 1, ...,m and A := (A1,A2, ...,Am), B := (B1,B2, ...,Bm). In what follows,
we use the following notations for convenience:

A �LU B⇔

{
Ai ≤LU Bi, ∀i ∈ I,
Ak <LU Bk, for at least one k ∈ I,

A 6�LU B is the negation of A �LU B,

A ≺s
LU B⇔ Ai <

s
LU Bi,∀i ∈ I, A 6≺s

LU B is the negation of A ≺s
LU B.

Note that x̄ ∈ locE(P,1) (x̄ ∈ locWE(P,2)) if there exists U ∈ U (x̄) such that there is no x ∈ Ω∩U
satisfying F(x)�LU F(x̄) (F(x)≺s

LU F(x̄)).

4.1. Mond-Weir duality. For u ∈ Rn,(αL,αU) ∈ Rm
+×Rm

+ \{(0,0)} and λ ∈ R|T |+ , denote

L(u,αL,αU ,λ ) := (F1(u), ...,Fm(u)) = ([FL
1 (u),F

U
1 (u)], ..., [FL

m(u),F
U
m (u)]).

We consider the Mond-Weir dual problem of (P) as follows
(DMW ) LU−maxL(u,αL,αU ,λ ) = (F1(u), ...,Fm(u))

s.t.
m
∑

i=1
αL

i ∇FL
i (u)+

m
∑

i=1
αU

i ∇FU
i (u)+ ∑

t∈T
λt∇gt(u) = 0,

∑
t∈T

λtgt(u)≥ 0,

u ∈ Rn,(αL,αU) ∈ Rm
+×Rm

+ \{(0,0)}, λ ∈ R|T |+ .
The feasible set of (DMW ) is

ΩMW := {(u,αL,αU ,λ ) ∈ Rn×Rm
+×Rm

+×R|T |+ | (αL,αU) 6= (0,0),
m
∑

i=1
αL

i ∇FL
i (u)+

m
∑

i=1
αU

i ∇FU
i (u)+ ∑

t∈T
λt∇gt(u) = 0, ∑

t∈T
λtgt(u)≥ 0}.

Definition 4.1. Let (ū, ᾱL, ᾱU , λ̄ ) ∈ΩMW .

(i) (ū, ᾱL, ᾱU , λ̄ ) is a type-1 optimal solution of (DMW ), denoted by

(ū, ᾱL, ᾱU , λ̄ ) ∈ E(DMW ,1)

if there is no (u,αL,αU ,λ ) ∈ΩMW such that L(ū, ᾱL, ᾱU , λ̄ )�LU L(u,αL,αU ,λ ).
(ii) (ū, ᾱL, ᾱU , λ̄ ) is a weakly type-2 optimal solution of (DMW ), denoted by

(ū, ᾱL, ᾱU , λ̄ ) ∈WE(DMW ,2)

if there is no (u,αL,αU ,λ ) ∈ΩMW such that L(ū, ᾱL, ᾱU , λ̄ )≺s
LU L(u,αL,αU ,λ ).

Proposition 4.2. (Weak duality) Let x ∈Ω and (u,αL,αU ,λ ) ∈ΩMW .

(i) If Fi, i ∈ I, are LU-convex and gt , t ∈ T , are convex, then F(x) 6≺s
LU L(u,αL,αU ,λ ).

(ii) If Fi, i ∈ I, are strongly LU-convex and gt , t ∈ T , are convex, then F(x) 6�LU L(u,αL,αU ,λ ).
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Proof. Since x ∈Ω and (u,αL,αU ,λ ) ∈ΩMW , one has

gt(x)≤ 0,∀t ∈ T, (4.1)

∑
t∈T

λtgt(u)≥ 0, (4.2)

m

∑
i=1

α
L
i ∇FL

i (u)+
m

∑
i=1

α
U
i ∇FU

i (u)+ ∑
t∈T

λt∇gt(u) = 0. (4.3)

(i) Suppose to the contrary that

F(x)≺s
LU L(u,αL,αU ,λ ) = F(u),

i.e., Fi(x) <s
LU Fi(u),∀i ∈ I. Then, FL

i (x) < FL
i (u) and FU

i (x) < FU
i (u),∀i ∈ I. Hence, for (αL,αU) ∈

Rm
+×Rm

+ \{(0,0)}, we obtain
m

∑
i=1

α
L
i FL

i (x)+
m

∑
i=1

α
U
i FU

i (x)<
m

∑
i=1

α
L
i FL

i (u)+
m

∑
i=1

α
U
i FU

i (u). (4.4)

Since FL
i ,F

U
i , i ∈ I, are convex, we have

FL
i (x)−FL

i (u)≥ 〈∇FL
i (u),x−u〉, i ∈ I,

FU
i (x)−FU

i (u)≥ 〈∇FU
i (u),x−u〉, i ∈ I.

The above inequalities and (4.4) yield〈
m

∑
i=1

α
L
i ∇FL

i (u)+
m

∑
i=1

α
U
i ∇FU

i (u),x−u

〉
< 0. (4.5)

On the other hand, from (4.1), (4.2) and λ ∈ R|T |+ , one has

∑
t∈T

λtgt(x)≤ 0≤ ∑
t∈T

λtgt(u).

It follows from the convexity of gt , t ∈ T, and the above inequality that

∑
t∈T

λt〈∇gt(u),x−u〉 ≤ 0. (4.6)

By adding (4.5) and (4.6),〈
m

∑
i=1

α
L
i ∇FL

i (u)+
m

∑
i=1

α
U
i ∇FU

i (u)+ ∑
t∈T

λt∇gt(u),x−u

〉
< 0,

which contradicts (4.3).
(ii) Suppose to the contrary that F(x)�LU L(u,αL,αU ,λ ) = F(u), i.e.,{

Fi(x)≤LU Fi(u), ∀i ∈ I,
Fk(x)<LU Fk(u), for at least one k ∈ I.

This implies that FL
i (x)≤ FL

i (u), FU
i (x)≤ FU

i (u) for all i ∈ I, and for at least one k ∈ I,{
FL

k (x)< FL
k (u)

FU
k (x)≤ FU

k (u),
or

{
FL

k (x)≤ FL
k (u)

FU
k (x)< FU

k (u),
or

{
FL

k (x)< FL
k (u)

FU
k (x)< FU

k (u).
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Hence, x 6= u. For (αL,αU) ∈ Rm
+×Rm

+ \{(0,0)}, we obtain
m

∑
i=1

α
L
i FL

i (x)+
m

∑
i=1

α
U
i FU

i (x)≤
m

∑
i=1

α
L
i FL

i (u)+
m

∑
i=1

α
U
i FU

i (u). (4.7)

Since FL
i ,F

U
i , i ∈ I are strictly convex and x 6= u, we have

FL
i (x)−FL

i (u)> 〈∇FL
i (u),x−u〉, i ∈ I,

FU
i (x)−FU

i (u)> 〈∇FU
i (u),x−u〉, i ∈ I.

The above inequalities and (4.7) yield〈
m

∑
i=1

α
L
i ∇FL

i (u)+
m

∑
i=1

α
U
i ∇FU

i (u),x−u

〉
< 0. (4.8)

On the other hand, one has from (4.1), (4.2) and λ ∈ R|T |+ that

∑
t∈T

λtgt(x)≤ 0≤ ∑
t∈T

λtgt(u).

It follows from the convexity of gt , t ∈ T, and the above inequality that

∑
t∈T

λt〈∇gt(u),x−u〉 ≤ 0. (4.9)

By adding (4.8) and (4.9),〈
m

∑
i=1

α
L
i ∇FL

i (u)+
m

∑
i=1

α
U
i ∇FU

i (u)+ ∑
t∈T

λt∇gt(u),x−u

〉
< 0,

which contradicts (4.3). �

Proposition 4.3. (Strong duality) Let x̄∈ locWE(P,2) and (ACQ) holds at x̄. Then, there exist (ᾱL, ᾱU)∈
Rm
+×Rm

+ \{(0,0)} and λ̄ ∈ Λ(x̄) such that (x̄, ᾱL, ᾱU , λ̄ ) ∈ΩMW and F(x̄) = L(x̄, ᾱL, ᾱU , λ̄ ). Further-
more,

(i) If Fi, i ∈ I, are LU-convex and gt , t ∈ T , are convex, then (x̄, ᾱL, ᾱU , λ̄ ) ∈WE(DMW ,2).
(ii) If Fi, i ∈ I, are strongly LU-convex and gt , t ∈ T , are convex, then (x̄, ᾱL, ᾱU , λ̄ ) ∈ E(DMW ,1).

Proof. It follows from Proposition 3.8 that there exist (ᾱL, ᾱU) ∈Rm
+×Rm

+ \{(0,0)} and λ̄ ∈ Λ(x̄) such
that

m

∑
i=1

ᾱ
L
i ∇FL

i (x̄)+
m

∑
i=1

ᾱ
U
i ∇FU

i (x̄)+ ∑
t∈T

λ̄t∇gt(x̄) = 0.

Since λ̄ ∈ Λ(x̄), one has λ̄tgt(x̄) = 0 for all t ∈ T and ∑
t∈T

λ̄tgt(x̄) = 0. Hence, (x̄, ᾱL, ᾱU , λ̄ ) ∈ΩMW .

(i) Suppose to the contrary that (x̄, ᾱL, ᾱU , λ̄ ) 6∈WE(DMW ,2). By definition, there exists (u,αL,αU ,λ )∈
ΩMW such that

F(x̄) = L(x̄, ᾱL, ᾱU , λ̄ )≺s
LU L(u,αL,αU ,λ ),

which contradicts Proposition 4.2 (i). So, (ū, ᾱL, ᾱU , λ̄ ) ∈WE(DMW ,2).
(ii) Suppose to the contrary that (x̄, ᾱL, ᾱU , λ̄ ) 6∈ E(DMW ,1). By definition, there exists (u,αL,αU ,λ ) ∈
ΩMW such that

F(x̄) = L(x̄, ᾱL, ᾱU , λ̄ )�LU L(u,αL,αU ,λ ),

which contradicts with Proposition 4.2 (ii). So, (x̄, ᾱL, ᾱU , λ̄ ) ∈ E(DMW ,1). �
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4.2. Wolfe duality. For u ∈ Rn,(αL,αU) ∈ Rm
+×Rm

+ \ {(0,0)} with
m
∑

i=1
(αL

i +αU
i ) = 1, λ ∈ R|T |+ and

e = (1, ..,1) ∈ Rm, denote

L̃(u,αL,αU ,λ ) :=F(u)+∑
t∈T

λtgt(u)e=

(
[FL

1 (u),F
U
1 (u)]+ ∑

t∈T
λtgt(u), ..., [FL

m(u),F
U
m (u)]+ ∑

t∈T
λtgt(u)

)
.

Note that, ∀b ∈ R, [FL
i (u),F

U
i (u)]+ b = [FL

i (u)+ b,FU
i (u)+ b],∀i ∈ I. We define the Wolfe type dual

problem as follows:
(DW ) LU−max L̃(u,αL,αU ,λ ) = (F1(u), ...,Fm(u))+ ∑

t∈T
λtgt(u)e

s.t.
m
∑

i=1
αL

i ∇FL
i (u)+

m
∑

i=1
αU

i ∇FU
i (u)+ ∑

t∈T
λt∇gt(u) = 0

u ∈ Rn,(αL,αU) ∈ Rm
+×Rm

+ \{(0,0)},
m
∑

i=1
(αL

i +αU
i ) = 1,λ ∈ R|T |+ .

The feasible set of (DW ) is

ΩW := {(u,αL,αU ,λ ) ∈ Rn×Rm
+×Rm

+×R|T |+ |
m
∑

i=1
(αL

i +αU
i ) = 1,

m
∑

i=1
αL

i ∇FL
i (u)+

m
∑

i=1
αU

i ∇FU
i (u)+ ∑

t∈T
λt∇gt(u) = 0}.

Definition 4.4. Let (ū, ᾱL, ᾱU , λ̄ ) ∈ΩW .

(i) (ū, ᾱL, ᾱU , λ̄ ) is a type-1 optimal solution of (DW ), denoted by (ū, ᾱL, ᾱU , λ̄ ) ∈ E(DW ,1), if
there is no (u,αL,αU ,λ ) ∈ΩW such that

L̃(ū, ᾱL, ᾱU , λ̄ )�LU L̃(u,αL,αU ,λ ).

(ii) (ū, ᾱL, ᾱU , λ̄ ) is a weakly type-2 optimal solution of (DW ), denoted by (ū, ᾱL, ᾱU , λ̄ )∈WE(DW ,2),
if there is no (u,αL,αU ,λ ) ∈ΩW such that

L̃(ū, ᾱL, ᾱU , λ̄ )≺s
LU L̃(u,αL,αU ,λ ).

The following proposition describes weak duality relation between the primal problem (P) and the
dual problem (DW ).

Proposition 4.5. (Weak duality) Let x ∈Ω and (u,αL,αU ,λ ) ∈ΩW .

(i) If Fi, i ∈ I, are LU-convex and gt , t ∈ T , are convex, then F(x) 6≺s
LU L̃(u,αL,αU ,λ ).

(ii) If Fi, i ∈ I, are strongly LU-convex and gt , t ∈ T , are convex, then F(x) 6�LU L̃(u,αL,αU ,λ ).

Proof. Since x ∈Ω and (u,αL,αU ,λ ) ∈ΩW , one has

gt(x)≤ 0,∀t ∈ T, (4.10)
m

∑
i=1

α
L
i ∇FL

i (u)+
m

∑
i=1

α
U
i ∇FU

i (u)+ ∑
t∈T

λt∇gt(u) = 0. (4.11)

(i) Suppose to the contrary that

F(x)≺s
LU L̃(u,αL,αU ,λ ) = F(u)+ ∑

t∈T
λtgt(u)e.

Then, one has

Fi(x)<s
LU Fi(u)+ ∑

t∈T
λtgt(u),∀i ∈ I,
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or equivalently,

FL
i (x)< FL

i (u)+ ∑
t∈T

λtgt(u) and FU
i (x)< FU

i (u)+ ∑
t∈T

λtgt(u),∀i ∈ I.

Since (αL,αU) ∈ Rm
+×Rm

+ \{(0,0)} with
m
∑

i=1
(αL

i +αU
i ) = 1, the above inequalities and (4.10) imply

m

∑
i=1

α
L
i FL

i (x)+
m

∑
i=1

α
U
i FU

i (x)+ ∑
t∈T

λtgt(x)

≤
m

∑
i=1

α
L
i FL

i (x)+
m

∑
i=1

α
U
i FU

i (x)

<
m

∑
i=1

α
L
i FL

i (u)+
m

∑
i=1

α
U
i FU

i (u)+
m

∑
i=1

(αL
i +α

U
i ).∑

t∈T
λtgt(u)

=
m

∑
i=1

α
L
i FL

i (u)+
m

∑
i=1

α
U
i FU

i (u)+ ∑
t∈T

λtgt(u). (4.12)

Since FL
i ,F

U
i , i ∈ I, are convex and gt , t ∈ T , are convex, we have

FL
i (x)−FL

i (u)≥ 〈∇FL
i (u),x−u〉, i ∈ I,

FU
i (x)−FU

i (u)≥ 〈∇FU
i (u),x−u〉, i ∈ I,

gt(x)−gt(u)≥ 〈∇gt(u),x−u〉, t ∈ T.

The above inequalities lead that(
m

∑
i=1

α
L
i FL

i (x)+
m

∑
i=1

α
U
i FU

i (x)+ ∑
t∈T

λtgt(x)

)
−

(
m

∑
i=1

α
L
i FL

i (u)+
m

∑
i=1

α
U
i FU

i (u)+ ∑
t∈T

λtgt(u)

)

≥

〈
m

∑
i=1

α
L
i ∇FL

i (u)+
m

∑
i=1

α
U
i ∇FU

i (u)+ ∑
t∈T

λt∇gt(u),x−u

〉
. (4.13)

From (4.12) and (4.13), one obtains〈
m

∑
i=1

α
L
i ∇FL

i (u)+
m

∑
i=1

α
U
i ∇FU

i (u)+ ∑
t∈T

λt∇gt(u),x−u

〉
< 0,

contradicting (4.11).
(ii) Suppose to the contrary that

F(x)�LU L̃(u,αL,αU ,λ ) = F(u)+ ∑
t∈T

λtgt(u)e,

i.e.,  Fi(x)≤LU Fi(u)+ ∑
t∈T

λtgt(u), ∀i ∈ I,

Fk(x)<LU Fk(u)+ ∑
t∈T

λtgt(u), for at least one k ∈ I.

This implies that FL
i (x) ≤ FL

i (u)+ ∑
t∈T

λtgt(u), FU
i (x) ≤LU FU

i (u)+ ∑
t∈T

λtgt(u) for all i ∈ I, and for at

least one k ∈ I,  FL
k (x)< FL

k (u)+ ∑
t∈T

λtgt(u)

FU
k (x)≤ FU

k (u)+ ∑
t∈T

λtgt(u),
or

 FL
k (x)≤ FL

k (u)+ ∑
t∈T

λtgt(u)

FU
k (x)< FU

k (u)+ ∑
t∈T

λtgt(u),
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or

 FL
k (x)< FL

k (u)+ ∑
t∈T

λtgt(u)

FU
k (x)< FU

k (u)+ ∑
t∈T

λtgt(u).

Hence, we deduce from the above inequalities and (4.10) that x 6= u. For (αL,αU) ∈ Rm
+×Rm

+ \{(0,0)}
with

m
∑

i=1
(αL

i +αU
i ) = 1, we obtain

m

∑
i=1

α
L
i FL

i (x)+
m

∑
i=1

α
U
i FU

i (x)+ ∑
t∈T

λtgt(x)

≤
m

∑
i=1

α
L
i FL

i (x)+
m

∑
i=1

α
U
i FU

i (x)

≤
m

∑
i=1

α
L
i FL

i (u)+
m

∑
i=1

α
U
i FU

i (u)+
m

∑
i=1

(αL
i +α

U
i ).∑

t∈T
λtgt(u)

=
m

∑
i=1

α
L
i FL

i (u)+
m

∑
i=1

α
U
i FU

i (u)+ ∑
t∈T

λtgt(u). (4.14)

Since FL
i ,F

U
i , i ∈ I, are strictly convex and x 6= u, we have

FL
i (x)−FL

i (u)> 〈∇FL
i (u),x−u〉, i ∈ I,

FU
i (x)−FU

i (u)> 〈∇FU
i (u),x−u〉, i ∈ I.

gt(x)−gt(u)≥ 〈∇gt(u),x−u〉, t ∈ T.

The above inequalities and (4.14) yield(
m

∑
i=1

α
L
i FL

i (x)+
m

∑
i=1

α
U
i FU

i (x)+ ∑
t∈T

λtgt(x)

)
−

(
m

∑
i=1

α
L
i FL

i (u)+
m

∑
i=1

α
U
i FU

i (u)+ ∑
t∈T

λtgt(u)

)

>

〈
m

∑
i=1

α
L
i ∇FL

i (u)+
m

∑
i=1

α
U
i ∇FU

i (u)+ ∑
t∈T

λt∇gt(u),x−u

〉
. (4.15)

From (4.14) and (4.15), one obtains〈
m

∑
i=1

α
L
i ∇FL

i (u)+
m

∑
i=1

α
U
i ∇FU

i (u)+ ∑
t∈T

λt∇gt(u),x−u

〉
< 0,

contradicting (4.11). �

Proposition 4.6. (Strong duality) Let x̄∈ locWE(P,2) and (ACQ) holds at x̄. Then, there exist (ᾱL, ᾱU)∈
Rm
+×Rm

+ \ {(0,0)} with
m
∑

i=1
(ᾱL

i + ᾱU
i ) = 1 and λ̄ ∈ Λ(x̄) such that (x̄, ᾱL, ᾱU , λ̄ ) ∈ ΩW and F(x̄) =

L(x̄, ᾱL, ᾱU , λ̄ ). Furthermore,

(i) If Fi, i ∈ I, are LU-convex and gt , t ∈ T , are convex, then (x̄, ᾱL, ᾱU , λ̄ ) ∈WE(DW ,2).
(ii) If Fi, i ∈ I, are strongly LU-convex and gt , t ∈ T , are convex, then (x̄, ᾱL, ᾱU , λ̄ ) ∈ E(DW ,1).

Proof. By Proposition 3.8, there exist (ᾱL, ᾱU) ∈ Rm
+×Rm

+ \ {(0,0)} with
m
∑

i=1
(ᾱL

i + ᾱU
i ) = 1 and λ̄ ∈

Λ(x̄) such that
m

∑
i=1

ᾱ
L
i ∇FL

i (x̄)+
m

∑
i=1

ᾱ
U
i ∇FU

i (x̄)+ ∑
t∈T

λ̄t∇gt(x̄) = 0.
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Since λ̄ ∈ Λ(x̄), λ̄tgt(x̄) = 0 for all t ∈ T , one has

F(x̄) = F(x̄)+ ∑
t∈T

λ̄tgt(x̄) = L̃(x̄, ᾱL, ᾱU , λ̄ ),

i.e., (x̄, ᾱL, ᾱU , λ̄ ) ∈ΩW and F(x̄) = L̃(x̄, ᾱL, ᾱU , λ̄ ).
(i) Suppose to the contrary that (x̄, ᾱL, ᾱU , λ̄ ) 6∈WE(DW ,2). We find from the definition that there exists
(u,αL,αU ,λ ) ∈ΩW such that

F(x̄) = L̃(x̄, ᾱL, ᾱU , λ̄ )≺s
LU L̃(u,αL,αU ,λ ),

which contradicts with Proposition 4.5 (i). So, (x̄, ᾱL, ᾱU , λ̄ ) ∈WE(DW ,2).
(ii) Suppose to the contrary that (x̄, ᾱL, ᾱU , λ̄ ) 6∈ E(DW ,1). It follows from the definition that there exists
(u,αL,αU ,λ ) ∈ΩW such that

F(x̄) = L̃(x̄, ᾱL, ᾱU , λ̄ )≺LU L̃(u,αL,αU ,λ ),

which contradicts with Proposition 4.5 (ii). So, (x̄, ᾱL, ᾱU , λ̄ ) ∈ E(DW ,1). �

Example 4.7. Consider the following problem
(P) LU−minF(x) = (F1(x),F2(x)) = ([x2 + x,x2 +2], [2x2,2x2 +2x])

s.t. gt(x) = tx− t−1≤ 0, t ∈ T := [−1,1].
Then, the corresponding Wolfe type dual (DW ) is

(DW ): LU−max L̃(u,αL,αU ,λ ) = ([u2 +u,u2 +2], [u2,2u2 +2u])+ ∑
t∈T

λt(tu− t−1)(1,1)

s.t. αL
1 (2u+1)+αU

1 .2u+αL
2 .4u+αU

2 .(4u+2)+ ∑
t∈T

λtt = 0

u ∈ R,(αL,αU) ∈ R2
+×R2

+ \{(0,0)},
2
∑

i=1
(αL

i +αU
i ) = 1,λ ∈ R|T |+ .

It follows from Example 3.13 that Ω = [0,2] and for x̄ = 0 ∈Ω,

∇FL
1 (x̄) = 1,∇FU

1 (x̄) = 0,∇FL
2 (x̄) = 0,∇FL

2 (x̄) = 2,

∇gt(x) = t,∀t ∈ T,T (x̄) = {−1},
⋃

t∈T (x̄)

∇gt(x̄) = {−1},

i.e., (ACQ) holds at x̄ and x̄ ∈ locWE(P,2). Hence, all assumptions in Proposition 4.6 are satisfied. Now,
let ᾱL

1 = ᾱU
1 = ᾱL

2 = ᾱU
2 = 1/4 and λ̄ : T → R be defined by

λ̄ (t) =

{
3/4, if t =−1,
0, otherwise.

Then, ᾱL, ᾱU ∈ R2
+ with

2
∑

i=1
(ᾱL

i + ᾱU
i ) = 1, λ̄ ∈ Λ(x̄) and

2

∑
i=1

ᾱ
L
i ∇FL

i (x̄)+
2

∑
i=1

ᾱ
U
i ∇FU

i (x̄)+ ∑
t∈T

λ̄t∇gt(x̄) =
1
4
.1+

1
4
.0+

1
4
.0+

1
4
.2+

3
4
(−1) = 0,

i.e., (x̄, ᾱL, ᾱU , λ̄ ) ∈ΩW . Morever, since T (x̄) = {−1},

λ̄tgt(x̄) =

{
3/4.g−1(x̄) = 3/4.0 = 0, if t =−1,
0.gt(x̄) = 0.(−t−1) = 0, otherwise,
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i.e., λ̄tgt(x̄) = 0 for all t ∈ T . Therefore,

F(x̄) = F(x̄)+ ∑
t∈T

λ̄tgt(x̄) = L̃(ū, ᾱL, ᾱU , λ̄ ) = ([0,2], [0,0]).

Moreover, we can check that FL
1 ,F

U
1 ,FL

2 ,F
U
2 are convex at x̄ = 0 and gt , t ∈ T , are convex at x̄. Hence,

all assumptions in Proposition 4.6 (i) hold. Then, it follows that (x̄, ᾱL, ᾱU , λ̄ ) ∈WE(DW ,2). Similarly,
one can see that FL

1 ,F
U
1 ,FL

2 ,F
U
2 are also strictly convex at x̄ = 0. Thus, we deduce from Proposition 4.6

(ii) that (x̄, ᾱL, ᾱU , λ̄ ) ∈ E(DW ,1).
We can check directly that (x̄, ᾱL, ᾱU , λ̄ )∈E(DW ,1) as follows. Since, x̄∈Ω, one has gt(x̄)≤ 0, t ∈ T ,

and hence, for λ ∈ R|T |+ ,

∑
t∈T

λtgt(x̄)≤ 0. (4.16)

Suppose to the contrary that there is (u,αL,αU ,λ ) ∈ΩW such that

F(x̄) = L̃(x̄, ᾱL, ᾱU , λ̄ )�LU L̃(u,αL,αU ,λ ),

i.e.,  Fi(x̄)≤LU Fi(u)+ ∑
t∈T

λtgt(u), ∀i ∈ I = {1,2},

Fk(x̄)<LU Fk(u)+ ∑
t∈T

λtgt(u), for at least one k ∈ I.

This implies that FL
i (x̄) ≤ FL

i (u)+ ∑
t∈T

λtgt(u), FU
i (x̄) ≤LU FU

i (u)+ ∑
t∈T

λtgt(u) for i = 1,2, and for at

least one k ∈ I = {1,2}, FL
k (x̄)< FL

k (u)+ ∑
t∈T

λtgt(u)

FU
k (x̄)≤ FU

k (u)+ ∑
t∈T

λtgt(u),
or

 FL
k (x̄)≤ FL

k (u)+ ∑
t∈T

λtgt(u)

FU
k (x̄)< FU

k (u)+ ∑
t∈T

λtgt(u),

or

 FL
k (x̄)< FL

k (u)+ ∑
t∈T

λtgt(u)

FU
k (x̄)< FU

k (u)+ ∑
t∈T

λtgt(u).

Hence, we deduce from the above inequalities and (4.16) that x̄ 6= u. For (αL,αU) ∈ R2
+×R2

+ \{(0,0)}

with
2
∑

i=1
(αL

i +αU
i ) = 1, one has

2

∑
i=1

α
L
i FL

i (x̄)+
2

∑
i=1

α
U
i FU

i (x̄)≤
2

∑
i=1

α
L
i FL

i (u)+
2

∑
i=1

α
U
i FU

i (u)+ ∑
t∈T

λtgt(u). (4.17)

It follows from (4.16) and (4.17) that
2

∑
i=1

α
L
i FL

i (x̄)+
2

∑
i=1

α
U
i FU

i (x̄)+ ∑
t∈T

λtgt(x̄)≤
2

∑
i=1

α
L
i FL

i (u)+
2

∑
i=1

α
U
i FU

i (u)+ ∑
t∈T

λtgt(u). (4.18)

Since FL
i ,F

U
i , i ∈ {1,2}, are strictly convex, x̄ 6= u and gt , t ∈ T , are convex, one has

(x̄2 + x̄)− (u2 +u) = FL
1 (x̄)−FL

1 (u)> 〈∇FL
1 (u), x̄−u〉= (2u+1)(x̄−u),

(x̄2 +1)− (u2 +1) = FL
2 (x̄)−FL

2 (u)> 〈∇FL
2 (u), x̄−u〉= 2u(x̄−u),

2x̄2−2u2 = FU
1 (x̄)−FU

1 (u)> 〈∇FU
1 (u, x̄−u〉= 4u(x̄−u),

(2x̄2 +2x̄)− (2u2 +2u) = FU
2 (x̄)−FU

2 (u)> 〈∇FU
2 (u), x̄−u〉= (4u+2)(x̄−u),

(tx̄− t−1)− (tu− t−1) = gt(x̄)−g(u)≥ 〈∇gt(u), x̄−u〉= t(x̄−u),∀t ∈ T.



20 L.T. TUNG

Hence, for (αL,αU) ∈ R2
+×R2

+ \{(0,0)} with
2
∑

i=1
(αL

i +αU
i ) = 1, we derive from (4.18) that

0≥

(
2

∑
i=1

α
L
i FL

i (x̄)+
2

∑
i=1

α
U
i FU

i (x̄)+ ∑
t∈T

λtgt(x̄)

)
−

(
2

∑
i=1

α
L
i FL

i (u)+
2

∑
i=1

α
U
i FU

i (u)+ ∑
t∈T

λtgt(u)

)

>

(
α

L
1 (2u+1)+α

L
2 .2u+α

U
1 .4u+α

U
2 .(4u+2)+ ∑

t∈T
λtt

)
(x̄−u). (4.19)

Since, (u,αL,αU ,λ ) ∈ΩW , we have

α
L
1 (2u+1)+α

L
2 .2u+α

U
1 .4u+α

U
2 .(4u+2)+ ∑

t∈T
λtt = 0.

Hence (
α

L
1 (2u+1)+α

L
2 .2u+α

U
1 .4u+α

U
2 .(4u+2)+ ∑

t∈T
λtt

)
(x̄−u) = 0,

which contradicts (4.19).
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[7] Y. Chalco-Cano, W.A. Lodwick, R. Osuna-Gómez, A. Rufián-Lizana, The Karush-Kuhn-Tucker optimality conditions for
fuzzy optimization problems, Fuzzy Optim. Decis. Mak. 15 (2016), 57-73.

[8] A. Jayswal, I. Ahmad, J. Banerjee, Nonsmooth interval-valued optimization and saddle-point optimality criteria, Bull.
Malays. Math. Sci. Soc. 39 (2016), 1391-1441.
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