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1. INTRODUCTION

A simultaneous minimization of a finite number of objective functions over an infinite number of con-
straints is called a multiobjective semi-infinite programming problem. Applied and theoretical aspects of
semi-infinite programming problems have been considered by many researchers. For some recent results
in this direction, the reader is referred to [1, 2, 3, 4, 5, 6] and the references therein. In practice, the
coefficients of objective functions in some optimization problems in engineering, economics and com-
puter models are used to be uncertain or imprecise data due to measurement errors or some unexpected
factors. Sometimes one can only determine the range of coefficients, or the interval-valued, of objective
functions in these optimization problems. Optimality conditions and duality for optimization problems
with one or multiple interval-valued objective functions have been investigated recently in many papers;
see, e.g., [7, 8,9, 10, 11, 12, 13, 14, 15] and references therein. In [16], the Fritz-John optimality con-
ditions and duality for semi-infinite programming problem with one interval-valued objective function
are investigated. It is well-known that Karush-Kuhn-Tucker (KKT) optimality conditions give more in-
formation than the Fritz-John optimality conditions since the multipliers corresponding to the objective
functions of Fritz-John optimality conditions are able to be equal to zero. Moreover, to the best of our
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knowledge, there is no paper dealing with a semi-infinite programming with multiple interval-valued
objective functions.

In this paper, motivated by the above observations, we establish the KKT optimality conditions and
investigate duality problems for the semi-infinite programming with multiple interval-valued objective
functions. The paper is organized as follows. Section 2 recalls basic concepts and some preliminaries.
KKT necessary and sufficient optimality conditions for the semi-infinite programming with multiple
interval-valued objective functions are established in the next part by employing some convexity notions.
Section 4 is devoted to exploring Mond-Weir and Wolfe dual problems of semi-infinite programming
with multiple interval-valued objective functions. Some examples are provided to illustrate our results.

2. PRELIMINARIES

The following notations and definitions will be used throughout the paper. Let R" be a finite-dimensional
normed space. The notation (-,-) is utilized to denote inner product. For a given ¥, % (X) is the system
of the neighborhoods of x. For a subset A C R”, intA, clA, affA, and coA stand for its interior, closure,
affine hull, convex hull of A, respectively (resp). The cone and the convex cone (containing the origin)
generated by A are denoted resp by coneA, posA. If (x*,x) <0 for all x* € A*, where A* is a subset of the
dual space of R”, we write (A*,x) < 0. The negative polar cone and strictly negative polar cone of A are
defined resp by

A" ={x" e R"[(x",x) <0OVxe€ A},
A’ = {x" e R"[(x",x) <OVxe A\ {0}}.
It is easy to check that A* C A~ and if A® # 0 then clA®* = A~. Moreover, the bipolar theorem, see, e.g.,
[1] (for A=~ = cl coneA).
Definition 2.1. [17] Let A be a nonempty subset of R".
(i) The contingent (or Bouligand) cone of A at ¥ € clA is

TAX):={xeR"| 311 0,3y — x, Vk € N+ Tpxy € A}.
(ii) The adjacent cone of A at ¥ € clA is

TP(A,%) = {x € R" |V, } 0,3, — x, Vk € N,X+ T € A}
(iii) The cone of the feasible directions of A at X is

D(A,X) :={xeR"[36 >0,x+1tx €A, VT € (0,6)}.
(iv) The cone of the weak feasible directions of A at x is
F(A, ) ={xeR" |3 | 0, Vk e N,x+ x € A}.
Remark 2.2. The following properties can be checked directly.
(i) D(A,x) CF(A,x) CT(A,X).

(ii) D(A,x) C T*(A,%) C T(A,X).

(iii) If A is a convex set then T?(A,x) = T (A, %) = clcone(A — ).
(iv) If A is a convex set then D(A,X) = F(A,%) = cone(A —X).

Definition 2.3. [18] Let X C R" be a convex set, ¢ : R* — R and X € X.



KARUSH-KUHN-TUCKER OPTIMALITY CONDITIONS AND DUALITY 3
(i) ¢ is convex at x if
OAX+(1—A)x) <Ao(x)+(1—-1)o(x),Vx € X,VA €[0,1].
(i1) ¢ is strictly convex at X if
PAX+(1=A)x) <Ap(X)+(1—-2A)p(x),Vx € X\ {x},VA €[0,1].
(i1) @ is convex/strictly convex on X if ¢ is convex/strictly convex on each point of X.

Remark 2.4. [18] Let X C R” be an open convex set, ¢ : R” — R be differentiable at X € X.

(i) If ¢ is convex at X then
o(x)—@(x) > (Vo(x),x—x),Vx € X.
(i) If @ is strictly convex at X then
¢(x) — @(x) > (Vo(x),x — ), Vx € X\ {x}.
Let #¢ denote the class of all closed and bounded intervals in R, i.e.,
Jc={[a,b] | a,b € Randa < b}.

For A € ¢, we adopt notation A = [a*,aV], where a and aV means the lower and upper bound of A,
resp. Let A = [aF,aV] and B = [b%,bY] be in #¢ and A € R. Then, one sees from the definition that

A+B:={a+blacAbcB}=[d"+b"a" +bY],

[Aal AaV] ifA >0,
[AaV,Aal] if A <O.

Hence, —A = [~aV,—a"] and A — B = [a* — bV a¥ —DL].

AA = Ala*,aV] = {

Definition 2.5. Let A = [al,aV] and B = [b*,bY] be two sets in (.
(i) A <py Bifa* <blanda¥ <bY.
(i) A <y Bif A <py B and A # B, or equivalently, A <y B if

ab < bk, al < bt at < bk,
or or
a’ <bY, a’ < bY, a’ < bv.
(iii) ([9]) A <§, Bifak < bt anda¥ < bY.
Let X be an nonempty open subset of R”. A function H : X — J#¢ is called an interval-valued function
if H(x) = [HY(x),HY (x)] with HE,HY : X — R such that H"(x) < HY (x) for each x € X.

Definition 2.6. Let X be an nonempty open convex subset of R”, ¥ € X and H : X — J#¢ be an interval-
valued function.
(i) It is said that H is LU-convex [14] at X if, for all x € X and A € [0, 1], one has

H(A%+ (1= A)x) <py AH(E) + (1— 1)H(x),

and, H is said LU-convex on X if H is LU-convex at each x € X.
(ii) The interval-valued function H : X — R is strictly LU-convex [14] at % if, for all x € X \ {¥} and
A € [0,1], one has

H(Ax+ (1 —A)x) <y AH(x)+ (1 —A)H(x),
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and, H is called strictly LU-convex on X if H is strictly LU-convex at each x € X.
(iii) The interval-valued function H : X — R is strongly LU-convex at ¥ if, for all x € X \ {x} and
A €[0,1], one has

H(Ax+ (1 —A)x) <jy AH(x)+ (1 —A)H(x),

and, H is called strongly LU-convex on X if H is strongly LU-convex at each x € X.

Remark 2.7. Let X be an nonempty open convex subset of R”, ¥ € X and H : X — % be an interval-
valued function.

(i) [14] If H : X — J#¢ is LU-convex at & then the functions H- and HY are convex at %.

(i) [14] If H : X — ¢ is strictly LU-convex at X € X then the functions H L and HE are convex at ¥ and
at least one of them is strictly convex at x.

(iii) If H : X — ¢ is strongly LU-convex at ¥ then the functions H- and HY are strictly convex at .

Lemma 2.8. [18] Ler {C;|t € T} be an arbitrary collection of nonempty convex sets in R" and K =

pos ( U Ct>. Then, every nonzero vector of K can be expressed as a non-negative linear combination of
tel’

n or fewer linear independent vectors, each belonging to a different C;.

Lemma 2.9. [19] Suppose that S, P are arbitrary (possibly infinite) index sets, a; = a(s) = (a1 (s),...,an(s))

maps S onto R", and so does ay,. Suppose that the set co{ay,s € S} +pos{ap, p € P} is closed. Then the

following statements are equivalent:
/- (as,x) <0,5€ S,S#0
' <a177x> §0,pEP
IE 0 € co{ay,s € S} +pos{ap,p € P}.

has no solution x € R";

Lemma 2.10. [18] If S is a nonempty compact subset of R", then

(i) coS is a compact set;
(ii) If O & coS, then posS is a closed cone.

3. KKT OPTIMALITY CONDITIONS

In this section, we consider the following semi-infinite programming with multiple interval-valued
objective functions:
(P) LU—minF (x) := (F(x), ..., Fu(x)) = ([FE(x), FV ()], ..., [FE(x), EY (x)])
st g(x)<0, teT,
where F; : R" — ¢ are interval-valued functions for i € I := {1,...,m}, gt € T, are functions from
R" to R and FiL,Fl-U,i € 1,g;,t € T are the continuously differentiable functions. The index set T is an
arbitrary nonempty set, not necessary finite. Denote the feasible solution set of (P)

Q:={xeR"|g(x)<0,teT}.

Denote RLT' the collection of all the functions A : T — R taking values A,’s positive only at finitely many
points of 7', and equal to zero at the other points. For a given X € Q, denote T'(x) := {r € T'|g,(x) =0}
the index set of all active constraints at X. The set of active constraint multipliers at X € Q is

AF) ={2 eRM g ) =0vreT).
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Notice that A € A(%) if there exists a finite index set J C T'(X) such that A, > 0 for all r € J and A, = O for
allt e T\J.

Definition 3.1. Let ¥ € Q and % (X) be the set of neighborhoods of .
(i) x is a locally type-1 (Pareto) optimal solution [15] of (P), denoted by x € locE(P, 1), if there
exists U € 7 (x) such that there is no x € QN U satisfying
Fi(x) < Fi(%), Viel,
Fi(x) <pu Fi(%), for atleastonek € I.
(ii) x is a locally weakly type-1 optimal solution [15] of (P), denoted by % € locWE(P, 1), if there
exists U € 7 (x) such that there is no x € QN U satisfying Fi(x) <py F;(x),Vi € I.
(iii) X is a locally type-2 optimal solution [9] of (P), denoted by X € locE(P,2), if there exists U €
7 (x) such that there is no x € QN U satisfying
E()C) <ru E(-’Z)7 Vl€I7
Fi(x) <}y Fx(x), for atleastonek € 1.
(iv) x is a locally weakly type-2 optimal solution [9] of (P), denoted by % € locWE(P,2), if there
exists U € % (X) such that there is no x € QNU satisfying Fi(x) <}, Fi(%),Viel.
If U =R", the word “locally” is omitted. In this case, the type-1 Pareto optimal solution sets is denoted
by E(P, 1) and the other optimal solution sets are denoted in a similar way.

Remark 3.2. [9] The following relations are immediate:
(i) E(P1) CE(P2) CWE(P2),
(ii)) E(P,1) CWE(P,1) CWE(P,2).

The following examples show that the concepts of optimal solutions in Definition 3.1 are different.

Example 3.3. Consider the following problem
®  LU-minF(x) = (@), B) = (2, -1]4[0,2])
st g(x)=—x+r<0, te[-1,0].

Then, Q =R, and for x =0 € Q, one has

F(x) = (A (%), ;2(%) = ([0,0],[0,2]).
Since, there is no x € Q such that F>(x) <,y F»>(¥), one gets x € WE(P,1). But x ¢ E(P,1), since there
exists X = 1 € Q satisfying

Fi(®) =[-2,—1] <t [0,0] = F (%)
and

F(%) =1[0,2] <p [0,2] = F(%).
Hence,
E(P,1) SWE(P1).

From Remark 3.2 (ii), x € WE(P,1) C WE(P,2). However, X ¢ E(P,2), since there exists £ =1 € Q
satisfying

Fi(%) = [-2,-1] <3y [0,0] = F1 (%)
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and
F (%) =[0,2] <pv [0,2] = Fp(%).
Therefore,
E(P2) ;Cé WE(P,2).

Example 3.4. Consider the following problem
(P) LU—minF (x) = (Fi(x),F(x)) = ([-2,0]x,[—3,0]x)
st g(x)=x—1t<0, t€]0,1].
Then, Q =R, and for x =0 € Q, one has

F(x) = (Fi(x), F2(x)) = ([0,0],[0,0]).

Since there is no x € Q such that F>(x) <}, F>(X), we have ¥ € WE(P,2). But X ¢ WE(P, 1) since there
exists X = 1 € Q satisfying
Fi (%) =[-2,0] <pv [0,0] = Fi (%)
and
F (%) =[-3,0] <y [0,0] = F(X).
Hence,
WE(P,1) S WE(P,2).

Example 3.5. Consider the following problem
P) LU—minF (x) = (Fi(x),F>(x)) = ([-2,0]x,[—1,0]x)
st g(x)=—2x+1<0, te[-2,0].
Then, Q =R, and for ¥ =0 € Q, one has

F(X) = (Fl (f),Fz(f)) = ([070]7 [070})‘

Note that, for all x € Q,

{ Fix) £1 Fi (), a0

F(x) £1y F2(%).
Now, we prove X € E(P,2) by contraposition. Suppose to the contrary that X ¢ E(P,2). Then, there is
X € Q satisfying
F(%) < Fi(x), Vviel={1,2},
{ Fi(X) <}y Fx(x), for atleastone k € {1,2}.
which contradicts (3.1). So, X € E(P,2).
But X ¢ E(P, 1), since there exists £ = 1 € Q satisfying

Fi (%) =[-2,0] <y [0,0] = F1(X), (%) = [-1,0] <1v [0,0] = F>(%)
F ()?) = [—2,0] <iu [0,0] =K ()?)
Hence,
E(P1) S E(P2).
Lemma 3.6. A point X is a locally weakly type-2 optimal solution of (P) if and only if X is a locally
weakly efficient solution of the following multiobjective optimization problem:
R2" — min F(x) = (FF(x), ., FL(x), F (x),. FY (1))

MP) :
(MP) s.t.g(x)<0,teT.
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Proof. Let X be a locally weakly efficient solution of (MP). Then, X € Q and there exists U € % () such
that, for every x € QN U,
F(x) — F (%) ¢ —intR>". (3.2)
Suppose to the contrary that ¥ is not a locally weakly type-2 optimal solution of (P). Then, for all U &
% (X), there exists xo € QN U such that F;(xg) <, F;(%),Vi € I, or equivalently,

FF(x0) < FE(%) and Y (x0) < FY (), Vi € I.

Hence, for U = U, there exists ¥ € QN U satisfying F£ (%) < FF (%) and FY (%) < FY(%),Vi € I. This
implies the existence of ¥y € QN U such that

F(%) — F (%) € —intR?>",

which contradicts (3.2).
Conversely, let £ be a locally weakly type-2 optimal solution of (P). Then, there exists U € % () such
that there is no x € QNU satisfying F;(x) <}, F;(X),Vi € I, or equivalently,

FF(x) < FE(x) and FY (x) < FY (R),Vi € I. (3.3)

Suppose to the contrary that ¥ is not a locally weakly efficient solution of (MP). Then, for the above U,
there is £ € QN U such that F(£) — F(¥) € —intR?™. This leads that

FL(®) < FFR),FY (x) < FY (%), Vi€,
contradicting with (3.3). O

In the following, we will establish the KKT necessary optimality condition for a locally weakly type-2
optimal solution of (P). Notice that the KKT necessary optimality condition for a locally weakly type-2
optimal solution of (P) is also the KKT necessary optimality condition for the other types of optimal
solutions of (P).

Definition 3.7. The (ACQ) holds atx € Qif | | Vg (x)| CT(Q,x)and A:=pos |J Vg (%) is
teT (%) teT(X)
closed.

Proposition 3.8. Suppose that ¥ € locWE(P,2) and (ACQ) holds at X. Then, there exist o, oV € R?
m

with ¥, (el +a¥) =1 and A € A(X) such that
i=1

Z alVEE (%) + Z of VEV () + Y A Vg (x

i=1 i=1 teT

Proof. Since x € locWE(P,2), we see that there exists U € 7% () such that there is nox € QNU satisfying
Fi(x) <jy Fi(%),Vie L (3.4)

First, we prove that

(U(VFL( Y)UVFY (% ))> NT(Q,%) =0. (3.5)

icl
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Suppose to the contrary that there exists
5
de <U(VFL( YUVEY (% ))) NT(Q,X).
iel
Then, one has

1

(VFE(%),d) <0, Viel,
(VFY(%),d) <0, Viel.

By d € T(Q, %), there exist 7 | 0 and d; — d such that ¥+ 1.d; € Q for all k. We derive from Fl-L,i el,
are continuously differentiable at x that

F (x—l—fkdk) ()+Tk<VF ( ),dk>—|-0(TkHdkH),Vi€I.

Consequently, for all i € /,

F;'L(X—’_ dek) _FiL(x) _ <VF-L(X),dk> + O(TkHdkH)

Jldi|| = (VEF(%),d) < 0, when k — oo.
T TkHdkH H kH < ( ) >

Thus, for each i € I, there exists kl-L > 0 such that

Fl(%+ tdy) — FH(X)

<0, Vk>k-.
Tk

. L
Denoting k= max kX, we have
i€l

FL(f+1dy) < FE(), ¥k > k- Vie L.
Similarly, there exists K > 0 such that
FU(f+mdy) < FU(%),Vk > k" Viel.

Setting k := max{%L,EU}, we assure the existence of k > k large enough such that % + 7;d; € QN U and
foralliel,

EL(X+ Trdy) < FiL()?),
FY(2+ mdy) < FY (%),

i.e.,
Fi(X+ nudy) <1y Fi(%),

which contradicts (3.4). Therefore, (3.5) holds. We deduce from (3.5) and (ACQ) that

(U(VFL( YUVEY (% ))) Nl U Vel (U(VFL( YHUVEY (% ))) NT(Q,%) = 0.
i€l teT( ) i€l
This leads that there is no d € R” such that

(VFE(%),d) <0, Viel,

(VEY(%),d) <0, Viel,

(Vgi(%),d) <0, VteT(x)
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On the other hand, we derive from Lemma 2.10 that co |J(VF(¥) UVFY (X)) is a compact set, and
icl

hence, co U (VFE(x)UVEY (%)) + Ais closed. According to Lemma 2.9, one has

OECOU (VFE(x) UVEY (%)) 4 pos U Vg (x
i€l teT (%)
m
From Lemma 2.8, there exist (af,aV) := ((af,...,ak), (aV,...,a¥)) e RT x R” with ¥ (et +aV) =1
i=1
and A € A(X) such that
Z of VEF (%) + Z o VEV (%) + ) A Vg(x
i=1 i=1 teT

This completes the proof. O
Now, we investigate a sufficient condition for (ACQ).

Definition 3.9. [19] The (SCQ) holds at ¥ € Q if the following conditions are simultaneously satisfied:
(i) gt € T, are convex functions,
(i1) T is a compact set,
(iii) the function (¢,x) € T x R" — g,(x) is continuous on 7 x R”",
(iv) there is a £ € R” such that g,(£) <O forallz € T.

The following Lemma can be derived from Theorem 7.9 in [19] with dg,(X) = {Vg: (%)} forallr € T,
where d denotes the subdifferential in the sense of convex analysis.

Lemma 3.10. If (SCQ) holds at x € Q, then A is closed and |J Vg;(X) =D(Q,%)".
teT (%)

Proposition 3.11. If (SCQ) holds at x € Q, then (ACQ) holds at x.

Proof. Tt follows from Lemma 3.10 that A is closed and |J Vg;(X) = D(Q,%)". This implies that
teT (%)

U Vg ()| =D(Q,x)" =clconeD(Q,X).
teT (%)

Since g;,t € T, are convex, one gets that Q is a convex set. Hence, by Remark 2.2, ¢l coneD(Q, %) =
clcone(Q —x) =T(Q,%). So, (ACQ) holds at *. O

m
Proposition 3.12. Let ¥ € Q. Assume that there exist oF, oV € R" with ¥, (aF+al) =1and A € A(%)
i=1

such that
Z aFVEE(F) + Z o VEV () + ) A Vg (x (3.6)
i=1 i= teT
(i) If F;,i € I, are LU-convex at X and g;,t € T, are convex at X, then X € WE(P,2).
(ii) If F;,i € I, are strongly LU-convex at X and gt € T, are convex at X, then ¥ € E(P,1). So,
X€E(P2)andx € WE(P,1).
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Proof. Since, x € Q satisfying (3.6), there exists a finite subset J of 7'(X) such that

Y AV (%) (Z of VFF (%) + Z o/ VFY (x )) (3.7)

teJ i=1
(1) Suppose to the contrary that X is not a weakly type-2 optimal solution of (P). Then, there exists a £ € Q
satisfying
F(%) <jy Fi(%),Viel,
or equivalently, for all i € I,
FF(%) < FE(%) and FY (%) <FU( X).

The above inequalities together with at, aV € R’} satisfying ; (of + V) = 1 implies that

(agE

of (FF (%) — FH(x +Za (FY(®) - £/ (%) <0. (3.8)
1 i=1

It follows from F;,i € I, are LU-convex at X. From Remark 2.4 and Remark 2.7, one has
Fl (%) = FH (%) > (VFH (), 8- %),i €1,
FY(8) - FY (%) > (VEY (8), 6~ %), i € I.
Hence, we derive from the above inequality, (3.7) and (3.8) that
m m
Y AV (%),8—%) =— (Z of (VEF(x),2 =)+ )] alU<VF,-U()E),)€—x>> > 0. (3.9)
teJ i=1 i=1

One the other hand, since £ € Q and g,(x) =0 for all t € J, we get

g(%) < g (%), Ve € J.

Therefore, by the convexity of g,, € T, at X, one has
Y A(Ve(®),2 %) < Y (g (%) —&(5) <0,
teJ ted
which contradicts (3.9).
(ii) Suppose to the contrary that ¥ is not a type-1 optimal solution of (P). Then, there exists a £ € Q

satisfying
F(X) <pv Fi(%),Vi € I and F(%) <y F;(x) for at least one k € I,
FL(%) < FL(x
or equivalently, IU(XA) - ’U(xz for all i € I, and, for at least one k € I,
i (8) S F7(X)

{#@s#@ m{#w
< ), FY(z )<FU(x)

Fl(x F- FF
(@) m{ (£) < B (%)
m
Hence, £ # %. The above inequalities together with aX, oV € R’} satisfying El (aF + o) =1 imply that

focf(Fl-L() Fl(x +Za (FY (%) - FY (%)) <O0. (3.10)

—_

It follows from F;,i € I, are strongly LU-convex at X. From Remark 2.4 and Remark 2.7, one has

FH®) — FF (%) > (VFH(x),£—X),i €1,
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FV'(®) - F (@) > (VEY (%),2 —%),i € 1.
Hence, we derive from the above inequality, (3.7) and (3.9) that
m m
Y A(Ve(®),8—3) = — | Y o/ (VF (%), -5 + ) o (VE! (%),£—%) | >0. (3.11)
= i=1 i=1

One the other hand, since £ € Q and g,(¥) =0 for all # € J, we get

&%) < &(%),vrel.

Therefore, by the convexity of g;,# € T, at X, one has
Y (Ve (®),2 =5 <Y A(e(®) —&(x) <0,
teJ ted

contradicting with (3.11). g

Example 3.13. Consider the following problem
(P) LU—minF(x) = (F(x), B (x)) = ([x* +x,x> +2], [2x?, 2x% + 2x])
st g(x)=tx—t—1<0, t€T:=[-1,1].
Then,

x<1+1,1€(0,1]

x)<0VteT &
gt()— {le—l—l,lE[_LO)?

x < min {l—i- }

teOl
=
> 1
x> max {147},
& x€[0,2], ie., Q=10,2].

Let us take ¥ = 0 € Q. We can check that x € locWE(P,2). Moreover, by some calculations, one has
VF{ (%) = 1,VF (%) = 0,VF (%) = 0,VFy (%) = 2,

Vei(x)=t,vi e T,T(x) ={—1}, |J V& @) ={-1},pos |J Ve (®) =-Ry,
1€T (%) 1€T (%)

U Vg,(i) :R_HT(Q,)E) :R+.
teT (x)

Hence, (ACQ) holds at ¥ and all assumptions in Proposition 3.8 are satisfied. Now, let af = of = of =
oY =1/4and A : T — R be defined by

l(f)={ 3/4, ifr=—1,

0, otherwise.
2
Then, af,aV € R2 with .);l(aiL—i- a’)=1,1 € A(¥) and

1 1 1 1 3

L L U U
Z a;'VF; Z a; VF, 2 AV =-14+-0+-.0 2 H=0
= +l +t€T t gt I +I +I +I " I( ) ’

i.e., the conclusion of Proposition 3.8 is satisfied.
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On the other hand, we can check that FIL,FIU ,FZL,FQU are convex at X = 0 and g;, € T, are convex at
X. Hence, all assumptions in Proposition 3.12 (i) hold. Then, it follows that X € WE(P,2). Furthermore,
FEFV FF EY are also strictly convex at ¥ = 0. Thus, we deduce from Proposition 3.12 (ii) that % €
E(P1).

4. DUALITY

In this section, we formulate a Mond-Weir [20] type dual problem and a Wolfe [21] type dual problem
of (P) and explore weak and strong duality relations.

LetA;,B;bein ¢ foralli=1,...mand &7 := (A},As,...,An), B := (B1,B2,...,B;). In what follows,
we use the following notations for convenience:
A<y B, Viel,

Ay <pu By, for atleastonek €1,

o <jy B A <jyBi,Viel, o A, P is the negation of &7 <3, A.

Note that X € locE(P, 1) (X € locWE(P,2)) if there exists U € % () such that there is no x € QNU
satisfying F (x) <py F(X) (F(x) <}, F(X)).

o 2y B o Ly A is the negation of & <y A,

4.1. Mond-Weir duality. For u € R", (al,a) € R” x R\ {(0,0)} and 2 € R"", denote

L(u, o, 0% A) i= (Fi(u), ., B (u) = ([F{ (), FY ()], oo, [y (), F) ().
We consider the Mond-Weir dual problem of (P) as follows

(Dyw) LU—maxL(u,at,aV, 1) = (Fi(u), ..., Fu(1))
s.t. % ol VEE(u) + f a’ VEY (u)+ ¥ Vg (u) =0,
i=1 i=1 teT
Y Agi(u) >0
teT

ueR (ab,al) e R™ x R™\ {(0,0)}, 2 e R,
The feasible set of (Dyw) is
Quw = {(u,at,aV, 1) e R x R" x R" x RI" | (oL, a¥) # (0,0),

Y of VEFu)+ ¥ o VEV (u) + ¥ A Ve (1) =0, ¥ Argi(u) > 0}.
=1 i=1 = €T
Definition 4.1. Let (7, &% &Y, 1) € Quw.

u,a
(i) (@, ok, av, A) is a type-1 optimal solution of (Dyw), denoted by

(@, aY, 1) € E(Dyw,1)

if there is no (u, &, a¥, 1) € Quw such that L(i, &, @V, 1) <py L(u, ", aV, 1).
(i) (@,at, &V, 1) is a weakly type-2 optimal solution of (Dyw ), denoted by

(@, ok, av 1) € WE(Dyw,2)
if there is no (u, &, aV, 1) € Quw such that L(@, &, &V, 1) <3, L(u, o, aV, ).

Proposition 4.2. (Weak duality) Let x € Q and (u, ", aV 1) € Quw.

(i) If F;,i € 1, are LU-convex and gt € T, are convex, then F(x) £3, L(u,al,a!Y 1).
(ii) If F;,i € I, are strongly LU-convex and g;,t € T, are convex, then F (x) Zry L(u, ok, aV, 1).
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Proof. Since x € Q and (u, oF, &V, 1) € Quw, one has

gt(x) S O,VI € Ta

Z Agi(u) =0,

teT

Y VL) + YV VEY () + X AV () 0.

i=1 i=1 t€T
(1) Suppose to the contrary that

F(x) _<2U L(u,(XL,OtU,ﬂ,) = F(”)?

(4.1)

4.2)

4.3)

ie., Fi(x) <y F;(u),Vi € I. Then, FF(x) < FF(u) and FY (x) < FY(u),Vi € 1. Hence, for (af,al) €

R x R%\ {(0,0)}, we obtain

m m m m
Y & F(0)+) o B (x) < ) o FE(u) + Y o FY (u).
i=1 i=1 i=1 i=1

Since FiL, FiU,i € I, are convex, we have

FF(x) — FE(u) > (VEF(u),x —u),i €1,

F(x) = FY (u) > (VE (u),x—u),i € 1.

The above inequalities and (4.4) yield
m m
) aFVEE(u) + Y a’ VEY (u),x—u ) < 0.
i=1 i=1

On the other hand, from (4.1), (4.2) and A € Rlﬂ, one has
Z Mgi(x) <0< Z Aegi(u).
teT teT
It follows from the convexity of g;,¢ € T, and the above inequality that

Z),,(Vg,(u),x—u> <0.

teT

By adding (4.5) and (4.6),

< aFVEE(u) + Z al VEY (u) + Z AVg(u),x— u> <0,
i=1 i=1

i i= teT

which contradicts (4.3).
(ii) Suppose to the contrary that F(x) <.y L(u,oF,aV 1) = F(u), i.e.,

E(X) SLU E(M), VIEL
Fi(x) <pu Fi(u), foratleastonek € 1.

This implies that FX(x) < FE(u), FY (x) < FV(u) for all i € 1, and for at least one k € 1,

{#m<#w m{#ms#w m{#m<#w
FY(x) < FY (u), FY(x) < B (u), FY(x) < FZ ().

4.4)

4.5)

(4.6)
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Hence, x # u. For (at, aV) e R7 x R”\ {(0,0)}, we obtain

m

m m m
Y ofFrx)+ Y o FV(x) < Y of Fr(u)+ Y o FY (u). (4.7)
i=1 i=1 i=1 i=1

Since FL, FiU,i € I are strictly convex and x # u, we have
L L L .
Fi(x) = Fi(u) > (VE (), x—u),i €1,
FY (x) = FY(u) > (VFY (), x —u),i € I.

The above inequalities and (4.7) yield

m m
< of VF (u) + Y o VFY (u),x — u> <0. (4.8)
i=1 i=1

1

On the other hand, one has from (4.1), (4.2) and A € Rlﬂ that
Z Mgi(x) <0< Z Aegi(u).
teT teT
It follows from the convexity of g;,¢ € T, and the above inequality that

Y A(Vgi(u),x —u) <O0. (4.9)

t€T
By adding (4.8) and (4.9),

m m
Y o VEH ) + Y o VEY (u)+ Y A Ve (), x—u ) <0,
i=1 i=1 teT
which contradicts (4.3). O

Proposition 4.3. (Strong duality) Let X € 1ocWE (P,2) and (ACQ) holds at %. Then, there exist (a*,aYV) €
R” x R\ {(0,0)} and A € A(%) such that (%,a*,aV, 1) € Quw and F(%) = L(%,a*,aY,1). Further-
more,

(i) If F;,i € I, are LU-convex and g;,t € T, are convex, then (%,a", &V, 1) € WE(Dyw,2).

(ii) If F;,i € I, are strongly LU-convex and g;,t € T, are convex, then (%,ar, &U,Z) € E(Dyw, 1).

Proof. Tt follows from Proposition 3.8 that there exist (aF, @V) € R” x R™\ {(0,0)} and A € A(%) such
that

m m _

Y GVEHR + Y aUVEY (5)+ X A, Ve () = 0.

i=1 =

i=1 teT
Since A € A(%), one has A,g,(¥) =0 forallz € T and ¥ A4.g (%) = 0. Hence, (,a",a’, 1) € Quw.

teT
(i) Suppose to the contrary that (¥, &%, &V, 1) € WE (Dyw,2). By definition, there exists (u, X, oV, 1) €

Quw such that
F(%)=L(x ok av 1) <3, Lu, o, aY 1),
i,al.aV, 1) € WE(Dyw,2).
(ii) Suppose to the contrary that (%, &%, &V, 1) & E(Dyw,1). By definition, there exists (u, ", aV, 1) €
Quw such that

which contradicts Proposition 4.2 (i). So, (

F(x)=L(x,a",a" 1) =v L(u,a,a’,2),
which contradicts with Proposition 4.2 (ii). So, (£,&",a",1) € E(Dyw, 1). O
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4.2. Wolfe duality. For u € R", (at,al) € R” x R”\ {(0,0)} with ¥ (o + ¢¥) =1, A € R and
i=1
e=(1,..,1) € R, denote
Z(u, al,aV, L) :=F(u)+ Z Agi(u)e= ([FlL(u),FlU(u)] + Z Aigi(u), ..oy [FE(u), EY (u)] + Z l,gt(u)> )
teT teT teT

Note that, Vb € R, [FE(u), FY (u)] +b = [FE(u) + b, FY (u) + b],Vi € 1. We define the Wolfe type dual
problem as follows:

(DW) LU_maXZ(’/haL?ale) = (Fl (M)7”'7E"(u)) + Z 2'I‘gl‘(”)e
teT
st Y oVEE W)+ Y aVVEY () + ¥ AV (1) =0
i=1 i=1 teT

m
ueR (ab,al’) e R™ xR™\ {(0,0)}, ¥ (af + a¥) = 1,4 e R
i=1
The feasible set of (Dy) is
m
Q= {(u,ak,aV, 1) eR"xR" xR" xR | ¥ (ol + o) =1,
i=1

¥ alVEL () + ¥ oaVVEU (W) + ¥ AV (u) =0}
=1 i=1

teT

14
Definition 4.4. Let (i, aX, &V, 1) € Qy.

(i) (@,ak,av 2) is a type-1 optimal solution of (Dy), denoted by (i, &*, &V, 1) € E(Dy, 1), if
there is no (u,ak, aV, 1) € Qu such that

L(i, o, oY, 1) <1y L(u, oF,a , 1).

(i) (@,at, &V, 1) is a weakly type-2 optimal solution of (Dy ), denoted by (iz, &*, &V, 1) € WE(Dy,2),
if there is no (u, &k, a¥, 1) € Qy such that

L(a,at,av, 1) <5y Lu,ab, 0 1).

The following proposition describes weak duality relation between the primal problem (P) and the
dual problem (Dy).

Proposition 4.5. (Weak duality) Let x € Q and (u,oF,aV 1) € Qy.
(i) If Fy,i € I, are LU-convex and g;,t € T, are convex, then F (x) A} Z(u, (XL,(EU,A).
(ii) If F;,i € I, are strongly LU-convex and g;,t € T, are convex, then F(x) Zry L(u, b, aV ).

Proof. Since x € Q and (u, oF, ¥, 1) € Qy, one has

gi(x) <0,VreT, (4.10)
Y o VE (u)+ Y o VEY (u) + Y 4:Vgi(u) = 0. 4.11)
i=1 i=1 teT

(1) Suppose to the contrary that
F(x) <jy L, o’ 1) =F(u)+ Y. Mg (u)e.
teT
Then, one has
Fi(x) <pp Fi(u) + Z Agi(u),Viel,

teT
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or equivalently,

FHx) < Fru)+ Y Agi(u) and FY (x) < FY (u) + Y Argi(u),Vie 1.
teT teT

Since (af,aV) e R x R\ {(0,0)} with ( al + o) = 1, the above inequalities and (4.10) imply
m
Y b + Y al B + X dal)

teT
¥ odrio+ Y al R

i=1

IN

§

m

< ZaLFL + Y aVE )+ Y (o + o). ¥ Aug(w)

i=1 i=1 teT
= Z o F (u i o FY (u) + Y Agi(u). (4.12)
i=1 teT

Since FF,FY i € I, are convex and g, € T, are convex, we have
FE(x) — FH) > (VEHu) x— i€ 1,
FY(x) = FY (u) > (VE (u),x—u),i €1,
gr(x)—g(u) > (Vg (u),x—u),t €T.

The above inequalities lead that

(EatstoEaretor Zaacn) - (Eatri Eatss Tasi)
i=1 i=1 1T i=1 i=1 1eT
> <i (X,-LVE-L(u)—|—iaiUVEU(u)+Z7L,Vg,(u),x—u>. (4.13)
i=1 i=1 1T
From (4.12) and (4.13), one obtains

<f VL) + Y al VEY () + ¥ AV (), v u> <o,

i=1 i=1 teT
contradicting (4.11).
(i1) Suppose to the contrary that

F(x) <rv L(u, 0", oY 1) = F(u) + Y Mgi(u)e

teT
i.e.,
E(.X) SLU E(M)+ Z }L[gt(l/l), Vlela
teT
Fe(x) < Fr(u)+ Y Ag(u), foratleastonek € 1.
teT
This implies that F(x) < FE(u)+ ¥ Agi(u), FY (x) <pv FY(u) + ¥ A (u) for all i € I, and for at
teT teT
leastone k € 1,
FHO) < FH)+ £ ) [ B < B+ T dla)
re or re
F(x) <EZ(u)+ ¥ Agi(u), FY(x) <FZ(u)+ ¥ Agi(u),

teT teT
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FH0) < FHw) + X Aa(w)

FkU (x) < FkU(u) +t§2¢gt(u).

or

Hence, we deduce from the above inequalities and (4.10) that x # u. For (af,aV) e R” x R™ \ {(0,0)}

1

m
with ¥ (aF+ V) = 1, we obtain
i=1

Y R+ Y oV FY () + Y A ()
i=1

i=1 teT
m m
< Y ofFrx)+Y o F(x)
i=1 i=1
m m m
< Y ofFru)+ Y o/ F )+ Y (af + o). Y Agi(u)
i=1 i=1 i=1 teT
m m
= Y ofFru)+ Y o/ F/(u)+ Y Agi(u). (4.14)
i=1 i=1 teT

Since FL,FV i € I, are strictly convex and x # u, we have
Ff(x) = B () > (VE (), x—u),i €1,
FY(x)—EY(u) > (VEY (u),x—u),i € 1.

gr(x)—g(u) > (Vg (u),x—u),t €T.
The above inequalities and (4.14) yield

()f A EH)+ Y F ) + Y aqg,<x>) - (Z o EHu)+ Y oV EY () + Y xtg,w))
=1 =1 =1

i=1 teT 1= teT

i=1 i=1 teT
From (4.14) and (4.15), one obtains

> <i o' VEL (u) + i a’ VEY (u) + Y AVigi(u),x— u> . (4.15)

i teT

m m
< aiLVFiL(u)+ZO¢lUVEU(u)+ ZLVg,(u),x—u> <0,
i=1 i=1
contradicting (4.11). [l

Proposition 4.6. (Strong duality) Let X € 1ocWE (P,2) and (ACQ) holds at %. Then, there exist (a*,aV) €
R” x R”\ {(0,0)} with ii(a} +a’) =1 and A € A%) such that (5,&,aV, 1) € Qy and F() =
L(x,al, @V, ). Furthermore,

(i) If F;,i € I, are LU-convex and g;,t € T, are convex, then (%,a" aV, 1) € WE(Dy,2).

(ii) If Fy,i € I, are strongly LU-convex and g;,t € T, are convex, then (%,a" &V, 1) € E(Dy,1).
Proof. By Proposition 3.8, there exist (&, aV) € R? x R\ {(0,0)} with % (@F+aY)=1and A €
A(X) such that -

R

o VFF (%) +

i=1 i

(agE

aiUVFiU (%) + Z itht (%) =0.
1 teT
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Since A € A(%), A:g:(X) = 0 forall r € T, one has
F(@)=F(@)+ Y Ag(®) =Lx.a"a’, 1),

ie., (x,af a’, 1) € Qy and F(%) = L(%, a’,

a
(i) Suppose to the contrary that (%, &%, &V, 1) ¢ WE(Dy,2). We find from the definition that there exists
(u,al, oV, 1) € Qy such that

F(%) =L(x a" a’, 1) <, L(u, ok, v, ),

which contradicts with Proposition 4.5 (i). So, (%, &, &Y, 1) € WE(Dy,2).
(ii) Suppose to the contrary that (%, &, &V, 1) & E(Dy, 1). It follows from the definition that there exists
(u, ok, Y, 1) € Qu such that

F(x) =L(x,ak,a’, 1) < L(u, af, av 1),
which contradicts with Proposition 4.5 (ii). So, (£, af,a¥, 1) € E(Dy, 1). O

Example 4.7. Consider the following problem

(P) LU—minF(x) = (F(x), B (x)) = ([x* +x,x> +2], [2x?, 2x% + 2x])
st gx)=tx—1r—1<0, reT :=[-1,1].
Then, the corresponding Wolfe type dual (Dy) is
(Dw): LU—maxL(u, o, 0¥, 1) = ([u? +u,u® + 2], [u?, 2u® +2u)) + ¥, A (tu—1—1)(1,1)
teT
st. alQu+1)+al 2u+okdu+al . (4u+2)+ ¥ At =0
teT

2
ueR, (ol al) e R2 xR2\ {(0,0)}, ¥ (¢t +aV) = 1,4 e R,
i=1
It follows from Example 3.13 that Q = [0,2] and for ¥ =0 € Q,

VEL (%) = 1,VFY (F) = 0, VEF (%) = 0, VFY (%) = 2,

Ve (x)=t,¥Vt € T,T(x) ={-1}, U Vg (%) ={-1},
teT (x)
i.e., (ACQ) holds at ¥ and ¥ € locWE(P,2). Hence, all assumptions in Proposition 4.6 are satisfied. Now,
letal =al =at =0aY =1/4and 2 : T — R be defined by

1(t)={ 3/4, ifr=—1,

0, otherwise.

2
Then, al,a¥ € R2 with _z] (al+aV)=1,2 € A(%) and
=

2
1. 1. 1. 1_ 3
Z aVFE(x +ZaUVFU )+ Y AVe(®)=—1+-.04+-.0+-2+

7(_1) =0,
= = 4 4 4 4 4

ie., (x,ak,a’ 1) € Qy. Morever, since T (X) = {—1},

= 3/4.g_1(x)=3/4.0=0, ift=-1,
L) = 8 at0 =3 .
0.g/(¥) =0.(—t—1) =0, otherwise,
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i.e., &g (%) =0 forall r € T. Therefore,
F(®) =F®+ Y heg(®) =L@ a"a, 1) = ([0,2],[0,0]).
teT
Moreover, we can check that FIL,FIU,FZL,FZU are convex at X =0 and g;,# € T, are convex at X. Hence,
all assumptions in Proposition 4.6 (i) hold. Then, it follows that (X, at,av, Z) € WE(Dw,2). Similarly,
one can see that F]L ,FlU,FZL ,FZU are also strictly convex at X = 0. Thus, we deduce from Proposition 4.6
(ii) that (%,a",aV 1) € E(Dw,1).
We can check directly that (,&", &V, 1) € E(Dy, 1) as follows. Since, ¥ € Q, one has g,(¥) <0,r € T,
and hence, for A € R‘Jr ‘,

Y Jugi(%) <O. (4.16)

teT
Suppose to the contrary that there is (u, al, @V, 1) € Qu such that

F(x) = L(x,a", oY, 1) <y L(u,oF, oY 1),

- F(R) Sw R+ ¥ Aelu), viel={12),
Fi (%) <pv Fr(u)+ Y Agi(u), foratleastonek 1.
This implies that FF(%) < FF(u) + z; Agi( ITT FY(%) <w FY(u) + ¥ Xgi(u) for i = 1,2, and for at
leastone k € I = {1,2}, !
FE (%) < Ff(u )+IEZT/ng(u) F{ (%) < F;f(u)+t§T7tzgz(u)
RO <)+ T g, | B < B+ X As(w).

F{(®) <F(u)+ X Augi(u)

teT

FkU (x) < FkU (u) +t§T Mg (u).

Hence, we deduce from the above inequalities and (4.16) that % # u. For (aF,aV) e R2 x R% \ {(0,0)}

or

2
with ¥ (o + ") = 1, one has
i=1

2
FEFu) + Y ol FY (u)+) g (u). (4.17)

i=1 teT

M v
R

z oLFH@)+ Y al FU(5) <
i=1
It follows from (4.16) and (4.17) that

Y G+ Y ol E )+ E A ) <

i= teT

Il
_

MM

o'F, +20‘UFU W)+ Y Agi(u). (4.18)

1 i= teT

Since FI-L,FI.U,i € {1,2}, are strictly convex, X # u and g;,t € T, are convex, one has
(¥ +%) = (0 +u) = F(2) = F{ (u) > (VF] (), 5~ u) = Qu+1) (T —u),
(#+1)— (i +1) = FF &) — FE(u) > (VEF (1), % — u) = 2u(x —u),
252 —2u* = FY (%) — FV (u) > (VFV (u,% — u) = 4u(x — u),
(2% +2%) — (2u® +2u) = FY (8) — FY (u) > (VEY (u), % — u) = (4u+2) (X —u),
(tx—t—1)—(tu—t—1) =g, (%) —g(u) > (Vg (u),x—u) =t(x—u),Vt € T.
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2
Hence, for (af,aV) € RZ x RZ\ {(0,0)} with ¥ (o¢F + aY) = 1, we derive from (4.18) that
i=1

0> i o B (%) + f af FY () + ) hgi(®) | - i of B (u) + f of B () + Y Mg (u)
j =1 i=1 i=1

i=1 i teT i teT

> | ofQu+1)+ogy2u+taf dutof (du+2)+ ) At | (£—u). (4.19)

teT

Since, (u,al, oV, 1) € Qy, we have

of Qu+1)+ o5 2u+af 4u+of (4u+2)+ Y At =0.
teT

Hence

alQu+ 1)+ ok 2u+aV dutof (4u+2)+ Y At | (x—u) =0,
teT

which contradicts (4.19).
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