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Abstract. In this paper, we investigate existence and nonexistence of positive solutions for the a-order, where 2 < o < 3,
nonlinear fractional boundary value problem

D%u(t) + f(t,u(t)) =0, 0<t <1,

u(0) =u'(0) =u/(1) =0.
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1. INTRODUCTION

The study on the existence of positive solutions to fractional differential equations is important due to
its numerous applications in various areas of physics, chemistry and engineering. Existence results has
attracted much attention recently; see, for example, [1, 2, 3, 4, 5, 6, 7] and the references therein.

In this paper, we investigate the existence and nonexistence of positive solutions for fractional bound-
ary value problems having Carathéodory type nonlinearities. We are concerned in this paper with the
following nonlinear fractional boundary value problem (FBVP for short)

D%u(t)+ f(t,u(r)) =0,0<r< 1,

u(0) =u'(0) =u/'(1) =0, (1.1)

where 2 < a < 3 is a real number, D% is the standard Riemann-Liouville derivative and f : (0,1) x
[0, +00) — [0, +o0) is an L!-Carathéodory function, that is,

e f(-,u) is a measurable function for all u > 0,
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e f(t,-) is continuous for a.e. t € (0,1),
e for all r > 0, there exists W, € L' [0, 1] such that | f(¢,u)| < w, (¢) fora.e. t € (0,1) and all |u| < r.

Existence and nonexistence results for positive solutions were established in [8, 9, 10, 11] under
eigenvalue criteria for several classes of boundary value problems associated with ordinary differential
equations. Optimality of these results (see [9, Remark 3.5]) motivate us to look for similar results.
Evidently, the fractional nature of Problem (1.1) will give rise to some new difficulties.

Our main existence result (Theorem 3.8) will be obtained by means of a new fixed point theorem
(Theorem 2.14). This new theorem states that if a positive mapping (mapping leaving invariant a cone
in a Banach space) is approximately, upper bounded at oo and lower bounded at O (or the reverse) by
positive compact linear operators, admits a fixed point whenever the approximative linear lower bound
and upper bound are strongly positive-like operators having the spectral radius oppositely located with
respect to 1.

2. A FIXED POINT THEOREM VIA STRONGLY POSITIVE-LIKE OPERATORS

Let (B,||-||) be a real Banach space and let K be an ordered cone in B (that is, K is a closed convex
subset of B with KN (—K) = {0p} and (tK) C K for all + > 0). We denote by L. (B) the set of all linear
compact self-mappings of B. It is well known that the cone K induces a partial order in the Banach space
B. We write for all x,y € B, x < yify—xe K, x<yify—x€Kandy#xandx Ayif y—x ¢ K.
Notations =, >, and ¥ denote, respectively, the reverse situations.

Definition 2.1. An operator L € L. (B) is said to be positive if L(K) C K and strongly positive if int (K) #
0 and L(K . {03}) C int (K).

Definition 2.2. Let L € L.(B) be positive. L is said to be lower bounded if inf {||Lu|| : u € KNIB(0,1)} >
0, where dB (0, 1) is the boundary of the open unit ball.

Definition 2.3. Let L € L.(B) be positive. A real number A is said to be a positive eigenvalue of L if
A > 0 and there exists ¢ > Op such that Lo = A ¢.

Definition 2.4. Let 77,75 : K — K be continuous mappings. We write 71 < T if Tyx < Trx for all x € K.

The proof of the main result of this section is based on the fixed point index theory. For sake of
completeness, let us recall briefly some basic facts of the fixed point index theory. A subset Q is called a
retract of B if there exists a continuous mapping r : B — Q such that r (x) = x for all x € Q. This kind of
mapping is called a retraction.

Let U be an open bounded subset of Q such that U C B(0p,R). For any compact mapping h: U — K
with h (x) # x for all x € JU, the integer given by

i(h,U,Q) =deg(I—hor,B(0g,R)Nr ' (U),0),
where deg is the Leray-Schauder degree, is well defined and is called fixed point index.
The fixed point index has the following properties:
(1) Normality : i(h,U,Q)=1if h(x) =xo € U forall x e U

(2) Homotopy invariance : Let H : [0,1] x U — Q be a completely continuous mapping such that
H (t,x) # x for all (t,x) € [0,1] x JU. The integer i(H (t,-),U, Q) is independent of 7.
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(3) Additivity :
i(h,U,Q)=i(h,Uy,Q)+i(h,Uy,Q)
whenever U; and U, are two disjoint open subsets of U such that 4 has no fixed point in
U\ (U] U Uz) .
(4) Permanence : If Q' is a retract of Q with 2 (U) C Q' then

i(h,U,Q)=i(h,UNQ, Q).
(5) Solution property : If i (h,U,Q) # 0, then & admits a fixed point in U.

From Dugundji, we know that every nonempty closed convex set of B is a retract of B. In particular,
the cone K is a retract of B. Let, R > 0, Kg = KN B(0p,R), where B(0p,R) is the open ball of radius R
centered at O and Ky, is the boundary of K, and consider a compact mapping & : Kr — K with hx # x
for all x € dKg. We will use in this work the following lemmas to provide fixed point index computations.

Lemma 2.5 ([12]). If hx % x for all x € dKg, then i (h,Kg,K) = 1.
Lemma 2.6 ([12]). If hx £ x for all x € dKg, then i (h,Kg,K) = 0.

For more details and proofs we refer the reader to [12].

The following theorem is known as the Krein-Rutman theorem. It presents a situation where the
spectral radius r(L) = lim,_e HL”HI/ " of a positive linear compact operator L, is the unique positive
eigenvalue of L.

Theorem 2.7 ([13]). Let L € L. (B) be strongly positive. Then r(L) is the unique positive eigenvalue of
L.

Proposition 2.8 ([13]). Let L € L. (B) be strongly positive and consider the nonhomogeneous equation
Au—Lu=vy 2.1

with v > Og. Then Equation (2.1) has a unique positive solution if A > r(L) and no positive solution if
A <r(L).

For all positive operators L € L.(B), we introduce the subsets

AL ={A >0, there exists u > Op such that Lu > Au}
I', = {A >0, there exists u > Op such that Lu < Au}.

Proposition 2.9. Ler L € L. (B) be strongly positive. Then
r(L) =supAr =infI.

Proof. Note that r (L) € A, NI'r. We find from Theorem 2.7 in [14] that Ay is bounded from above by
r(L), which leads to supA, =r(L).

Now, we show infI';, > r(L) by the contrary. Suppose that infI';, < r(L). Let 6 € (infI'z,r(L))
and u € K~ {0g} be such that L(«) < Ou. In fact, we have that L(u) < Ou. If L(u) = Ou, then the
uniqueness in Theorem 2.7 leads to the contradiction (L) = 6 < r(L). Thus, one has that the equation
Au— Lu = v has a positive solution for A = 6 < r(L) and v = Ou — Lu. This contradicts Proposition 2.8.
This completes the proof. U
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Definition 2.10. A positive operator L € L.(B) is said to be a strongly positive-like operator if
r(L) =supAr =infI'y > 0.
We can obtain from Lemmas 2.5 and 2.6 the following lemma.

Lemma 2.11. Let L € L. (B) be a strongly positive-like operator. Then, for all R > 0,

1, if (L) < 1,

H(L, K K) = { 0, if (L) > 1.

Remark 2.12. We understand from the above lemma that if L € L. (B) is a strongly positive-like operator,
then r(L) is a positive eigenvalue of L. Indeed, we have, for all y,R > 0,
1, if r(yL) =7yr(L) < 1,

{7k K K) = { 0, if r(yL) = yr(L) > 1.

Proposition 2.13. Let T : K — K be a continuous mapping and let L € L.(B) be a strongly positive-like
operator. If either
r(L) > 1and Tu > Lu for allu € K (2.2)

or
r(L) <1 and Tu < Lu forallu € K, (2.3)

then T has no positive fixed point.

Proof. We present the proof in the case of (2.2) and the other one can be obtained similarly. On the
contrary, we suppose there exists # > Op such that Tu = u. In this case, we have that u =Tu = Lu, 1 €'
and r(L) = infI';, < 1. This contradicts the hypothesis r (L) > 1 in (2.2). O

Theorem 2.14. Let T : K — K be a completely continuous mapping and assume that there exist two
strongly positive-like operators Ly,L, € L.(B) and two functions Fi,F, : K — K such that L, is lower
bounded on K, r(Ly) < 1 <r(Ly) and for all u € K
Liu—Fiu=<Tu=Lu+ Fu.

If either

Fiu=o(||lu||]) as u — o and Fou = o (||u|) asu—0 (2.4)
or

Fiu=o(||ul]) asu— 0 and Fou = o (||lul|) as u — oo, (2.5)

then T has a positive fixed point.

Proof. We present the proof in the case where (2.4) holds and the other case can be obtained similarly.
We have to prove existence of 0 < r < R such that i(7,K,,K) = 1 and i(T, Kz, K) = 0. In such a situation,
additivity and solution properties of the fixed point index imply that

i(T,Kg ~K,,K) = i(T,Kg,K) —i(T, K., K) = —1

and T has a positive fixed point u with r < ||u|| <R.
Consider the function Hy : [0, 1] x K — K defined by

Hy(t,u) = (1—1)Tu+tLyu



STRONGLY POSITIVE-LIKE OPERATORS AND EIGENVALUE CRITERIA 5

and let us prove existence of r > 0 small enough such that, for all 7 € [0, 1], equation Hy(¢,u) # u in JK,.
On the contrary, we suppose that, for all integers n > 1, there exist 7, € [0, 1] and u, € dK; /n Such that
up = (1 —1,)Tuy, + tyLouy,.
Note that v, = u,,/ ||u,|| € dK; and satisfies
Vo = (1 —1,) (Tuy/ ||un||) + tnLovy (2.6)

and

Lovy = (1 —t,) Lo (Tup/ ||unl]) + t2La (Lavy) - 2.7)
Because of the compactness of L, there exists a subsequence (v, ) such that (L,v,, ) converges to v €
K~ {0z} . Indeed, if v = Op, we obtain, from the inequality

(Tun/ [unll) = Lo (va) + (Foun/ ||un|))

and the hypothesis Fou = o (||u||) as u — 0 in (2.4), that lim (Tuy, / ||un,||) = Op. This implies from (2.6)
that
OB = limvnk = (1 _tnk) (Tunk/ ||unkH)tnkL2vnk'
This contradicts ||v,, || = 1. Therefore, passing to the limit in (2.7), we obtainv < L, (v) and 1 <supA, =
r(Lz), which contradicts r(Ly) < 1. Thus, there exists r > 0 small enough such that Hy (¢,u) # u for all
t €[0,1] and u € JK, and for such a radius r > 0, homotopy property of the fixed point index and Lemma
2.11 lead to
i(T,K,,K) = i(Hy(0,),K,,K) = i(Ho(1,"), K, K) = i(Ls, K, K) = 1.
Similarly, consider the function H : [0,1] x K — K defined by
Ho(t,u) = (1 —t)Tu+tLyu.

Let us prove the existence of R > 0 large enough such that, for all ¢ € [0,1], equation Hw(t,u) # u in
dKg. On the contrary, we suppose that, for all integers n > 1, there exist #, € [0,1] and u, € JK, such
that
u, = (1 —1,)Tuy, +t,Liuy,.
Note that v, = u,,/ ||u,|| € K, satisfies
v = (1 =1,) (Tun/ ||unl]) + taL1vy

and then

Livy = (1 —t,)Ly (Tun/ ||un||) + t2L1 (L1vy) . (2.8)
Because of the compactness and the lower boundedness of L;, there exists a subsequence (v, ) such that
(L1vy,) converges to some w and ||w|| = lim ||Lyv,|| > ¢, xk > 0, where

cr, k =1inf{||Liul| ,u € dK;}.
Thus, we obtain from (2.8) the estimates
Livy, = (1=t )Ly (Tuy/||unll) +ts. L1 (L1vn,)
Ly (Lyvw) = (1 =ty )Ly (Frun / [[un]]) -

Then from the hypothesis Fiu = o (||u||) as u — oo in (2.4), w = Lyw and 1 € I'z,. This leads to the
contradiction r (L) > 1 > infI';, =r(L;).

Y
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Thus, there exists R > 0 large such that H.. (f,u) # u for all t € [0, 1] and u € d Ky and for such a radius
R > 0, homotopy property of the fixed point index and Lemma 2.11 imply that
i(T,Kg,K) =i(Hw(0,-),Kg,K) = i(Hw(1,"),Kg,K) = i(L;,Kg,K) = 0.

This completes the proof. U

3. EIGENVALUE CRITERIA FOR THE EXISTENCE AND NONEXISTENCE OF POSITIVE SOLUTIONS
FOR Q-ORDER (2 < o¢ < 3) FRACTIONAL BVPS WITH CARATHEODORY NONLINEARITIES

3.1. Preliminaries. Now, let us recall some basic facts related to the theory of fractional differential
equations. Let B be a nonnegative real number. The Riemann-Liouville fractional integral of order 8 of
a function f : (0,+o0) — R is defined by

wgr ot — )P~ f(s)ds, if B >0,
B fey=4 TBL (3.1)
f(t),ift =0,
where I'(f) is the Gamma function provided that the right side is pointwise defined on (0,+e). For
example, we have, for any real ¢ > —1,

Iﬁ o __ F(G+1) O'+ﬁ.

[(o+p+1)
The Riemann-Liouville fractional derivative of order  of a continuous function f : (0,+o0) — R is
given by
5 1 (dY" / £(s)
D, )=———— | — ——d 3.2
()+f( ) F(l’l—ﬁ) <dl‘) 0 (t_s)ﬁfrwl 5 (3:2)

where n =[] + 1, [B] denotes the integer part of the number 3 provided that the right side is pointwise
defined on (0,0). As a basic example, for > —1,

B .o F(G + 1) o—p
D t° = ———t .
0* I(c—B+1)
Thus, if u € C(0,1) NL' (0, 1), then fractional differential equation D§+u(t) =0 has
i=[B]+1 .
u(t) = Z citP,
Py
¢; € R, as the unique solution and if u has a fractional derivative of order 8 in C (0,1) NIL! (0, 1), then
.00 u(r) Z citP™i ¢ €R, (3.3)
and
DAL u(t) = 1P %u(r) if B > o > 0. (3.4)

For a detailed presentation on fractional differential equations, we refer the read to [15] or [16].
Now, we introduce some spaces and operators which are needed for the proof of the main results in
this paper. Throughout this section, we let

1
={m:(0,1) — R : m is measurable and / |m(1)|dt < oo}
0

be equipped with its norm ||-||; and let E be the Banach space of all continuous functions defined on
[0, 1], endowed with its sup-norm denoted |-, .



STRONGLY POSITIVE-LIKE OPERATORS AND EIGENVALUE CRITERIA 7

We also define the spaces X and Y by

_ im X0
X = {uecCi,1] '}g%ta—l exists} and
u(t)
v o= {ueX: 25 ecto,1]}.

Throughout this section, the linear spaces X and Y are equipped respectively with the norms

u(t)

ro—1

1t €[0,1]} and
(;:f’%)" 1€ [0,1]}.

It is easy to check that (X, ||-||) and (Y, ||-]|y) are Banach spaces, and i the embedding of C' [0, 1] into E
and j the embedding of Y into X are compact.

lullx = sup{

[lully = llullx +sup{

E™ is the cone of nonnegative functions in E and, for fixed 0 < § < 1, P is the cone in E defined by
P={ucE":u(t)>8%"|ul, forallte[5,1]}.
X7 is the natural cone in X, i.e., XT ={u€ X : u(r) >0forallr € [0,1]}.

LY ={melL'(0,1):m(t) >0ae.t€(0,1)},
L!, ={meLl :m>0inasubset of positive measure}.

We need to introduce the following subset of X.

t
S—{ueX:u(t)>0forallt€(0,1] and limu()>0}.
—

0 tO!—l
Lemma 3.1. S is openin X.

Proof. We have to show that X\S is a closed set in X. Note that X\S = F; U F>, where

Fi = {ueX:u(r)<0forsomere (0,1]}
i 1(0)

Clearly, F> is a closed setin X. Thus, let (u,) C Fy converging tou in X, (¢,) C (0,1) with limz, =7 € [0, 1]
and u), (,) < 0. We distinguish the following two cases.

i) 7 € (0,1]. In this case, we have u(f) = limy,_,e tty, (t,) < 0. This shows u € Fj.

ii) # = 0. In this case, we have u € F>. Indeed, if

lim “®)

1—0 101

=1>0,

then there exists an integer ng such that, for all 7 € (0, 1],

u(t) L u(t) u(t) 1
tOt—l _Z - tO(—l S ta—l +Z
Moreover, there exists § > 0 such that, for all 7 € (0, 8],
B ORI
I
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Thus, let n; be such that #, € (0, 8] for all n > n;. We have, for all integer n > max (ng,n; ), the contra-

0 = wm =) () 2 e (451

diction

v

This ends the proof. g

Let G: [0,1] x [0,1] — R be a continuous function defined by

G(t,s) = =——
(1:9) N1 —5)%2 if0<r<s< 1.

1 911 =) 22— (t—95)* 1 if0<s<t<1,
I'(a)

The function G has the following properties:

G(t,s) > 0forallz,s € (0,1), (3.5)
G(t,s) < G(1,s) forallt,s € [0,1], (3.6)
G(t,5) > 8% 1G(1,s) forall £ € [5,1] and all s € [0, 1]. 3.7)

Lemma 3.2. Consider, for h € ' (0, 1), the following FBVP

D§,u(t)+h(t) =0, 1€ (0,1),
{ “(%) =u'(0) =u'(1) =0. (3.8)

Then u is a solution to FBVP (3.8) if and only if u = £h, where £ : L1 (0,1) — C'[0,1] with £h(t) =
3 G(t,s)h(s)ds.

Proof. Let u be a solution to FBVP (3.8). We find by (3.3) that

1 t
u(t) = _F(Ot)/o (t — )% h(s)ds + et 4 a2 430973,
for some ¢y, ¢y, c3 € R. Then, the the boundary conditions u(0) = u’(0) = /(1) =0leads to c; =3 =0
and
= s [ (=9 h(s)a
c| = () Jo s s)ds.
Thus,
u(t) = —L/'(z—s)“-lh(s)dw 1/]t°“1(1 )% 2(s)ds
I'a)Jo I'(a).Jo
1 ' I
_ (/ (% (1=5)* 2t —s)o‘*l)h(s)ds—i—/ 121 (1 — )% 2p(s)ds
I'a)Jo t

]G(t,s)h(s)ds = £h(r).

I
S—

Conversely, if

u(t) = £h(r) = /0 Gt 5)h(s)ds,

then
a—1

u(t) = —Igh(r) + (@)

/ (1= )% 2h(s)ds.
0
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From (3.4), one has D, u(t) = —h(t). Since G(0,s) = 0 for all s € [0, 1], we have

= /1 G(0,s5)h(s)ds =0.
0

Moreover, from

/ __(a'_l)ta_z ! o— (a'_l) ! o—
W (1) = F(a)/o (1) hls)ds—Foos /O (t — )% 2h(s)ds
we obtain u'(0) = /(1) = 0. The proof is complete. O

Let, form € ILLL ++Ly:E—E and LY : X — X be the linear continuous operator such that L u = L,,u
for all u € X and for u € E Lyu(t) = [y G(t,5)m(s)u(s)ds.

Lemma 3.3. Forallm € ILBr ., the operator Ly, is compact and positive. Moreover, L,,(E™) C P.

Proof. Note that L,, = £, 0i, where £, : E — C'[0, 1] is defined for u € E by

= /01 G(t,s)m(s)u(s)ds

Since the linear operator £, is continuous and i is compact, the operator L,, is compact. Let u € E™, we
have from (3.5) that, for all € [0, 1],

/Gts u(s)ds > 0.

Thus L,,u € E* and the operator L,, is positive. We prove now that L,, (E*) C P. Letting v € E*, we
have from (3.7) and (3.6) of function G that, for all ¢ € [0, 1],

/ G(t,5)m(s)v(s)ds > 6% 1/ G(1,5)m(s)v(s)ds = 8% [|Lv]|.
This proves that L,,v € P and L,, (E™) C P. This completes the proof. O

Lemma 3.4. For all m € Lfr +» Ly, is a strongly positive-like operator which is lower bounded on the
cone P.

Proof. First, we prove that, for all m € }Lﬁr NCI0,1], LX is a strongly positive operator. We begin by
proving the compactness of LY. Let (m,) be a sequence in C. [0, 1] converging to m in ! and note that
for all integer n, Lnx1n =jo £,f1n, where £2,;n : X — Y is defined for u € X by

£ ou(t) = 1“(105) (v/oltal (1 —s)oH mn(s)u(s)ds—/ot (t—s)a_lm,,(s)u(s)ds>

ta—l 1 ! 1
= 1—5)%"'m susds—t/ 1-5)%'m tsutsds).
fa ([ a=9m msutonas =1 [ (1= masputos)
The compactness of LX follows from that of j once we prove that the linear operator £,§,n is continuous.

v(t)

tOC 1’

w (1) = — (?(_a;) </01s(1 —s)m2 mn(ts)u(ts)ds> .

ufly = Wil + Wl < llomalls llelleo < € (00) lmall fJully ,

Lettingu € X, v=4£), uand w(r) = one has

It is easy to check that

15,
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where

Cla) = r(la) <2/0l (1 —s)a1ds+(a—1)/01(1—s)a2ds).

This shows that £,1:1n is continuous and L’,fln is compact. Because Lﬁn — LX in operator norm, we have
that L is compact.
Now, let u € X\ {Ox} and v = LXu. We have from (3.5) and (3.6) that, for all € (0, 1],

1
v(t) = / G(t,5)m(s)u(s)ds > 0.
0
We obtain after simple calculations that

1 1 1 a—
ta(i)l _F(Ot)/o (1—5)%2m(s)u(s)ds

which leads to |
t 1
V() = 7/ (1—95)*"2m(s)u(s)ds > 0.
0

150 70T I'la)
The above estimates show that LXu € S C int (X 1) and

LY (X"\{0x}) cSCint (XT).
Then, Proposition 2.9 leads to
r(LX) = sup (ALé) = inf (FLz)
where
Arx ={A >0: there exists u € X* ~ {Ox} such that LY u = Au}
Ipx = {A >0: there exists u € X"\ {Ox} such that L}u < Au}.
Clearly, we have ALffl C Ay, and FL’;; C Iy, So, let us prove that ALff, = Ay, and FL% =TI, . To this aim,
let A > 0and u € E*\{Og} be such that L,,u = Au. Then, U = L,u € X\ {Ox },

LXU = LyLyu = ALyu =AU

and A € A;x. So, we have proved that Ajx = Ay,

,, In a similar way, we can also obtain that I';x =17,.
Thus,

r(L),f,) = sup (A%) =sup (A, ) = inf (FL,’,‘,) =inf(I'z,) = r(Lm).

Now, we have, for all u € P,

Il = Loas(1) = [ 61, pm(spu(s)ds > (6“ A G<1,s>m<s>6“1ds) el

0
which proves that L,, is lower bounded on the cone P. This ends the proof. O

Consider the operators F : E* — L1 and T : E* — E defined by
Fu(t) = f(t,u(t)), and T =io£oF.
Lemma 3.5. We have that
i) T is completely continuous,

i)) T(ET) CPand
iii) u € E is a positive solution to Problem (1.1) if and only if u is a fixed point of T.
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Proof. i) Note that the fact that the nonlinearity f is an LL!-Caratheodory function makes the mapping F
continuous and bounded (maps bounded sets of E* into bounded sets in ! (0, 1)). This, together with
the continuity of the linear operator £ and the compactness of the embedding i, makes of T a completely
continuous mapping.

ii) This is due to properties (3.5)-(3.7) of function G.

iii) It follows from Lemma 3.2.

The proof is complete. 0

3.2. Mains results. Letting m € L}r 4. For2 < a < 3, we consider the linear FBVP

{ D%u(t)+ pum(t)u(t) =0, ae. t € (0,1),

u(0) =u'(0) =u/(1), (3.9)

where [ is a real parameter.
Proposition 3.6. Forallm € ]L&r +, FBVP (3.9) admits a unique positive eigenvalue Lo (m).

Proof. Tt follows from iii) of Lemma 3.5 that the pair (u,u) is a solution of FBVP (3.9) if and only if
Lnu= u 'u. Hence, we conclude by Lemma 3.4 that u~! = r(L,,) is the unique positive eigenvalue of
Ly,. Then pg (m) = 1/r(Ly,) is the unique positive eigenvalue of FBVP (3.9). O
Proposition 3.7. Assume that there exists m € ]L}r such that one of the following hypotheses
Ug (m) < 1and f(t,u) >m(t)uforallu>0anda. e. t € (0,1), (3.10)
Mg (m) > 1 and f(t,u) <m(t)uforallu>0anda.e.t € (0,1), (3.11)
is satisfied. Then Problem (1.1) has no positive solutions.
Proof. If (3.10) holds, then f(¢,u) > m(t)u. In this case, Tu > L,u and L, is a strongly positive-like

operator with r(L,,) = 1/g (m) > 1. Thus, Hypothesis (2.2) is satisfied and Proposition 2.13 guarantees
that T has no positive fixed points. 0

Theorem 3.8. Assume that there exists my,my € ]L}r 491,92 € Lfr and two functions @y, @z : [0,+o0) —
[0, +o0) such that g (m1) < 1 < Ug (m2) and, for allu> 0 and a.e. t € (0,1),

my () u—qi (1)@ (u) < f(t,u) <ma (1) u+q2(1) @2 (u). (3.12)
If either
01 () = o () a5 e~ oo, @2(u) = o (]} 254 0 413
¢ is nondecreasing and ¢, is nondecreasing near 0, '
or
01 () = o (u]) a5 u — 0 and @3(u) = o [lu]) as u— e, a1

¢ is nondecreasing near 0 and ¢, is nondecreasing,

then FBVP (1.1) admits a positive solution.

Proof. Let, fori=1,2, F;: P — P be defined by

1
Fu(t) = /0 G(t,5)@; (u(s))ds.
We have then from Hypothesis (3.12) that, for all u € P

Lyu—Fiu=Tu=Lyu+ Fu,
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with
r(Lm,) = 1/ o (m2) <1<r(Lm,) =1/t (m1).
Suppose that (3.13) holds (the case where (3.14) holds can be checked similarly). We have

L < [ 6010t 2D gy < ) [ 0,

lulle e Hullw lulloe = lulle

which leads to
Fiu=o(||lul|]) as u — e and Fou = o (||u||) as u — 0.

We conclude from Theorem 2.14 that operator 7 admits a fixed point, which is a positive solution to

FBVP (1.1) from iii) of Lemma 3.5. O
1+ |si ¢!
Example 3.9. Let a,b € L! . The function f(t,u) = a(I)W + b(t)w satisfies
(3.12)-(3.14) with
mi(t) = a(t), my(t) =b(t), qi(t) = max (a(),b(t)), q2(1) = a(t),
2
o1(W) = 2max(w ), @) = {7
The Separable Case. We consider now the FBVP
D%u t 0,0 1,
(1) + ql0)s(ult) =0, 0 <1 < 1)
u(0) =u'(0) =u'(1) =0,
where g € L! | and g : [0,400) — [0, +c0) is continuous. Set for v = 0 or +oo
gy = lim inf & (u) g" = lim sup <g(u)> )
u—v u u—v u
Corollary 3.10. If either
inf{(uu):u>0}>ua(q), (3.16)
or
sup{g(uu):u>0}<ua(q), (3.17)

then FBVP (3.15) admits no positive solution.

Proof. Suppose that Hypothesis (3.16) is satisfied (the other case can be checked similarly) and let gy > 0
be such that g(u) > (Ua (¢) + €0) u. We then have g (7) g(u) > m(t)u forallu >0and a.e. r € (0,1), where
m(t) = (U (¢) + €) g (t) . Moreover,

Mo (9)
(Ma (¢) + &)
Thus, Hypothesis (3.10) of Proposition 3.7 is satisfied and FBVP (3.15) admits no positive solution. [

Ho (m) = po ((Ma (9) +&0) ) =

Corollary 3.11. If either

8" < Mt () < 8o (3.18)
or

g < ta (9) < o, (3.19)
then FBVP (3.15) admits a positive solution.
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Proof. We present the proof in the case where (3.18) holds, the other case is checked similarly. Let € > 0
be such that (g°+€) < lg (¢) < (g4 — €). Then, there exists a positive constant C., such that, for all
u>0,

(81— &) u—Cuo < g(u) < (&°+ &) u+h(u)

where
h (1) = max (0,g(u) — (8" +¢€)u).
Set
mi = (g4 —€)q, ma= (" +€) g, ¢1(u) = Ceo, P2(u) = h(u).
So,
Ha (m1) = Ha (4 —€)q) = (i‘ff)g) <1< o (m) = a ((8"+€)q) = é‘:ﬁ’;a
and

©1 (u) =o(||ul|) as u — oo and @, (u) = o (||u||) as u — 0.

Thus, Hypothesis (3.13) is satisfied and the existence of a positive solution to FBVP (3.15) can be
obtained from Theorem 3.8. [l
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