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EXTRAGRADIENT ALGORITHMS FOR SPLIT PSEUDOMONOTONE EQUILIBRIUM
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Abstract. In this paper, we propose some extragradient iterative algorithms to find a common solution for split pseudomono-
tone equilibrium problems and the fixed point problems of nonself nonexpansive mappings and prove the weak and strong
convergence of the proposed algorithms in Hilbert spaces. A numerical example in an infinite dimensional space is given to
illustrate our main convergence theorems.
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1. INTRODUCTION

Let H be a Hilbert space and let C be a nonempty closed convex subset of H. A mapping T : C→ H
is said to be nonexpansive if

‖T x−Ty‖ ≤ ‖x− y‖, ∀x,y ∈C.

Denote the fixed point set of T by Fix(T ), that is, Fix(T ) = {x ∈C : x = T x}. Let f : C×C→ R be a
bifunction. The equilibrium problem is to find z ∈C such that

f (z,y)≥ 0, ∀y ∈C.

The set of all solutions of the equilibrium problem is denoted by EP( f ), that is,

EP( f ) = {z ∈C : f (z,y)≥ 0, ∀y ∈C}.

The equilibrium problem is said to be monotone if bifunction f is monotone, that is,

f (x,y)+ f (y,x)≤ 0, ∀x,y ∈C.
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In 2007, Takahashi and Takahashi [1] introduced the following viscosity approximation method to
find a common solution of a monotone equilibrium problem and a fixed point problem of a nonexpansive
mapping in a Hilbert space: 

x0 ∈ H,

f (un,y)+
1
rn
〈y−un,un− xn〉 ≥ 0, ∀y ∈C,

xn+1 = αnh(xn)+(1−αn)Tun, ∀n ∈ N,

(1.1)

where h : H→ H is a contraction, {αn} ⊂ (0,1) and {rn} ⊂ (0,∞). They proved that {xn} generated by
(1.1) strongly converges to the element z = PEP( f )∩Fix(T )h(z) under some certain conditions on {αn} and
{rn}.

Another strong convergent algorithm called the hybrid method was introduced by Tada and Takahashi
[2]: 

x0 ∈C0 = D0 =C,

f (un,y)+
1
rn
〈y−un,un− xn〉 ≥ 0, ∀y ∈C,

zn = (1−αn)xn +αnTun,

Cn = {v ∈ H : ‖zn− v‖ ≤ ‖xn− v‖},

Dn = {v ∈ H : 〈x0− xn,v− xn〉 ≤ 0},

xn+1 = PCn∩Dnx0, ∀n ∈ N,

(1.2)

where {αn} ⊂ (0,1) and {rn} ⊂ (0,∞). They proved that {xn} generated by (1.2) strongly converges to
the element PEP( f )∩Fix(T )x0 under some certain conditions on {αn} and {rn}.

On more iterative algorithms for the monotone equilibrium problem and the fixed point problem, we
refer the readers to [3, 4, 5, 6, 7, 8] and the references therein.

The split inverse problem (SIP) was first introduced by Censor and Elving [9] for investigating a class
of inverse problems which arise in signal processing and image restoration problems. Let X and Y be
two spaces and A be a bounded linear operator from X to Y . There are two inverse problems involved in
X and Y denoted by IP1 and IP2, respectively. The SIP is stated as follows:

find a point x∗ ∈ X that solves IP1

and such that

the point y∗ = Ax∗ ∈ Y solves IP2.

Note that SIPs can be split variational inequality problems and split equilibrium problems if IP1 and
IP2 are variational inequality problems and equilibrium problems, respectively. Censor, Gibali and Reich
[10] first investigated a split variational inequality problem in Hilbert spaces. Let H1 and H2 be Hilbert
spaces and let A : H1→ H2 be a bounded linear operator. Let f : H1→ H1 and g : H2→ H2 be the given
operators. Let C ⊂ H1 and Q ⊂ H2 be the nonempty closed and convex subsets. The split variational
inequality problem is formulated as follows:

find a point x∗ ∈C such that 〈 f (x∗),x− x∗〉 ≥ 0 ∀x ∈C

and such that
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the point y∗ = Ax∗ ∈ Q solves 〈g(y∗),y− y∗〉 ≥ 0 ∀y ∈ Q.

In 2012, He [11] introduced a split equilibrium problem for the monotone bifunction which was also
mentioned in [12]. Let H1 and H2 be two real Hilbert spaces. Let C and K be nonempty closed and convex
subsets of H1 and H2, respectively. Let A : H1→H2 be a bounded linear operator. Let f : C×C→R and
g : K×K→ R be two monotone bifunctions. The split equilibrium problem is to find x∗ ∈C such that

f (x∗,x)≥ 0, ∀x ∈C,

and
y∗ = Ax∗ ∈ K such that g(y∗,y)≥ 0, ∀y ∈ K.

In [11], He constructed the following iterative algorithm to solve the split monotone equilibrium prob-
lem: 

x1 ∈C1 =C,

f (un,y)+
1
rn
〈y−un,un− xn〉 ≥ 0, ∀y ∈C,

g(wn,z)+
1
rn
〈z−wn,wn−Aun〉 ≥ 0, ∀z ∈ K,

yn = PC
(
un +µA∗(wn−Aun)

)
,

Cn+1 = {v ∈Cn : ‖yn− v‖ ≤ ‖un− v‖ ≤ ‖xn− v‖},

xn+1 = PCn+1x1, ∀n ∈ N,

(1.3)

where A∗ : H2→H1 is the adjoint operator of A, µ ∈ (0,1/‖A∗‖2) and {rn}⊂ (0,∞). He proved that {xn}
generated by (1.13) strongly converges to an element x∗ ∈ Ω, where Ω = {x ∈C : x ∈ EP( f ) and Ax ∈
EP(g)}.

Subsequently, many authors investigated iterative algorithms for approximating solutions of the split
monotone equilibrium problem; see [13, 14, 15, 16, 17, 18] and the references therein. However, for
finding solutions of the monotone equilibrium problem or the split monotone equilibrium problem, we
have to face the difficulty of computing un at each step by solving the following problem: find un ∈ C
such that

f (un,y)+
1
rn
〈y−un,un− xn〉 ≥ 0, ∀y ∈C. (1.4)

In fact, it is very difficult to obtain un by the above inequality. An equilibrium problem is said to be
pseudomonotone if the bifunction f is pseudomonotone, that is,

f (x,y)≥ 0⇒ f (y,x)≤ 0, ∀x,y ∈C.

Obviously, the class of pesudomonotone equilibrium problems includes that of monotone equilibrium
problems.

The pseudomonotone equilibrium problem was recently investigated by many authors; see [19, 20,
21, 22, 23] and the reference therein.

In 2008, Tran, Muu and Nguyen [24] introduced the following extragradient method to solve the
pseudomonotone equilibrium problem: given x0 ∈C, find successively yn and xn+1 by

yn = argminy∈C{λn f (xn,y)+
1
2
‖y− xn‖2},

xn+1 = argminy∈C{λn f (yn,y)+
1
2
‖y− xn‖2}, ∀n ∈ N,

(1.5)
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where {λn} is a sequence in (0,1] with some conditions and f satisfies the Lipschitz-type property. They
proved that the sequence {xn} generated by (1.5) strongly converges to some x∗ ∈ EP( f ) under some
certain conditions. Note that their convergence theorems were established in the framework of Rm.

In 2012, Vuong, Strodiot and Nguyen [25] considered a hybrid projection algorithm for finding the
common element of the fixed point set of a pseudocontraction S and the solution set of the equilibrium
problem on the pseudomonotone bifunction f by the following manner: x0 ∈C and

yn = argminy∈C{λn f (xn,y)+
1
2
‖y− xn‖2},

zn = argminy∈C{λn f (yn,y)+
1
2
‖y− xn‖2},

tn = αnxn +(1−αn)[βnzn +(1−βn)Szn],

Cn = {z ∈C : ‖tn− z‖ ≤ ‖xn− z‖},

Dn = {z ∈C : 〈xn− z,x0− xn〉 ≥ 0},

xn+1 = PCn∩Dnx0, ∀n ∈ N,

where S : C→ C is a strict pseudo-contraction, f satisfies the Lipschitz-type property and {αn}, {βn},
{λn} are the sequences in (0,1). They obtained strong convergence theorems under some certain condi-
tions on the sequences {αn}, {βn} and {λn}.

In 2013, Anh [26] introduced the following algorithm to find an element in C which is the fixed point
of a nonexpansive mapping T on C and is also a solution of the pseudomonotone equilibrium problem in
a Hilbert space H: x0 ∈C and

yn = argminy∈C{λn f (xn,y)+
1
2
‖y− xn‖2},

tn = argminy∈C{λn f (yn,y)+
1
2
‖y− xn‖2},

xn+1 = αnx0 +(1−αn)Ttn, ∀n ∈ N,

(1.6)

where {αn},{λn}⊂ (0,1) and f satisfies the Lipschitz-type property. Anh proved the strong convergence
of the sequence {xn} generated by (1.6) provided limn→∞ ‖xn+1− xn‖= 0 and some conditions on {αn}
and {λn}. Here, yn and tn are obtained by solving strongly convex problems, which are easier to compute
than un in (1.4). So, the algorithms of solving the pseudomonotone equilibriums problems avoid the
difficulties of computing un that exists in the algorithms of solving the monotone equilibrium problems
and split monotone equilibrium problems.

Motivated by results mentioned above, we introduce some extragradient methods to solve the split
pseudomonotone equilibrium problem and the fixed point problem for nonself nonexpansive mappings
in Hilbert spaces and prove the weak and strong convergence of our algorithms. We also give a numerical
example in an infinite dimensional space to illustrate the main results of this paper.

2. PRELIMINARIES

Let H be a real Hilbert space and let C be a nonempty closed convex subset of H. For each point
x ∈ H, there exists a unique nearest point of C, denoted by PCx, such that ‖x−PCx‖ ≤ ‖x− y‖ for all
y ∈C. Such a PC is called the metric projection from H onto C. For all x ∈ H and z ∈C, z = PCx if and
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only if
〈x− z,z− y〉 ≥ 0, ∀y ∈C.

Proposition 2.1. For all x ∈ H and z ∈C, it holds

‖PCx− z‖2 ≤ ‖x− z‖2−‖PCx− x‖2.

Proposition 2.2. Let t ∈ [0,1]. The following equality holds:

‖tx+(1− t)y‖2 = t‖x‖2 +(1− t)‖y‖2− t(1− t)‖x− y‖2, ∀x,y ∈ H.

Let f : C×C→ R be a bifunction. f is said to be

(a1) γ-strong monotone (γ > 0) on C if

f (x,y)+ f (y,x)≤−γ‖x− y‖2, ∀x,y ∈C;

(a2) monotone on C if
f (x,y)+ f (y,x)≤ 0, ∀x,y ∈C;

(a3) pseudomonotone on C if

f (x,y)≥ 0 implies f (y,x)≤ 0, ∀x,y ∈C.

The following examples show the relations among (a1), (a2) and (a3):

Example 2.3. Let C = [0,∞) and define a bifunction f : C×C→ R by

f (x,y) = arctan(x− y)ey

for all x,y ∈ C. Since f (x,y)+ f (y,x) = arctan(x− y)(ey− ex) ≤ 0 for all x,y ∈ C, we find that f is
monotone. However, f is not strong monotone.

Example 2.4. Let C = [0,∞). Set a > 1 and define a bifunction f : C×C→ R by

f (x,y) = (x− y)ax, ∀x,y ∈C.

Then f is pseudomonotone. Since f (x,y)+ f (y,x) = (x− y)(ax−ay)≥ 0 for all x,y ∈C, we find that f
is not monotone.

In fact, we have (a1) =⇒ (a2) =⇒ (a3).
We say that bifunction f is Lipschitz-type continuous if there exist constants c1,c2 > 0 such that

f (x,z)≤ f (x,y)+ f (y,z)+ c1‖x− y‖2 + c2‖y− z‖2, ∀x,y,z ∈C.

An example of a Lipschitz-type continuous bifunction f , which can be found in [26, 27], is defined by

f (x,y) = 〈Fx,y− x〉, ∀x,y ∈C,

where F : C→ H is Lipschitz continuous on C with Lipschitz constant L > 0. The Lipschitz constants
for bifunction f are c1 = c2 = L/2.

From now, we give the following conditions on bifunction f :

(b1) f (x,x) = 0 for all x ∈C and f is pseudomonotone on C;
(b2) f is Lipschitz-type continuous;
(b3) f (x,y) is convex and subdifferentiable in the second argument;
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(b4) f (x,y) is weakly continuous on C×C, that is, if {xn},{yn} ⊂ C weakly converges to x,y ∈ C,
respectively, then f (xn,yn)→ f (x,y).

It is easy to prove that EP( f ) is weakly closed and convex if f satisfies the conditions (b1), (b3) and
(b4).

The bifunction f in the following example satisfies conditions (b1)–(b4), which are used in Section 3.

Example 2.5. [28] Let H = Rn (n ≥ 2) and C = {(x1, · · · ,xn) : x1, · · · ,xn ≥ 0}. Define a bifunction
f : C×C→ R by

f (x,y) = 2(yn− xn)‖x‖
for all x = (x1, · · · ,xn),y = (y1, · · · ,yn) ∈C. Then f is pseudomonotone and Lipschitz-type continuous
with the constants c1 = c2 = 1.

Lemma 2.6. [26] Assume that EP( f ) 6= /0 and let x ∈ C. Suppose that the following strongly convex
problems hold:

y = argmin{1
2
‖z− x‖2 +λ f (x,z) : z ∈C},

t = argmin{1
2
‖a− x‖2 +λ f (y,a) : a ∈C},

where λ > 0. Then
λ
(

f (x,z)− f (x,y)
)
≥ 〈y− x,y− z〉, ∀z ∈C, (2.1)

and
‖t−w‖2 ≤ ‖x−w‖2− (1−2λc1)‖x− y‖2− (1−2λc2)‖t− y‖2, ∀w ∈ EP( f ). (2.2)

Lemma 2.7. [29] Let H be a real Hilbert space and let C be a nonempty closed convex subset of H. Let
T : C→ H be a nonexpansive mapping. If Fix(T ) 6= /0, then Fix(PCT ) = Fix(T ).

3. MAIN RESULTS

In this section, let H1 and H2 be two real Hilbert spaces and let C1 ⊂ H1 and C2 ⊂ H2 be nonempty
closed convex subsets. Let 〈·, ·〉1 (resp., ‖ · ‖1) and 〈·, ·〉2 (resp., ‖ · ‖2) denote the inner products (resp.,
norms) in H1 and H2, respectively. However, for convenience, we use 〈·, ·〉 and ‖ · ‖ to denote the inner
product and the norm in H1 and H2 without the confusion.

Let T : C1→ H1 be a nonexpansive nonself-mapping. Let A : H1→ H2 be a linear bounded operator
and let A∗ be the adjoint operator of A. Let f1 : C1×C1→R and f2 : C2×C2→R be the bifunctions satis-
fying conditions (b1)–(b4) with the common Lipschitz constants c1,c2 > 0 (this assumption is feasible),
that is,

fi(x,z)≤ fi(x,y)+ fi(y,z)+ c1‖x− y‖+ c2‖y− z‖, ∀x,y,z ∈Ci, i = 1,2. (3.1)

Assume that Fix(T )∩Ω 6= /0, where Ω = {p ∈C1 : p ∈ EP( f1), Ap ∈ EP( f2)}.

Lemma 3.1. Let x ∈C1 and λ ∈ (0,min{ 1
2c1

, 1
2c2
}). Suppose that the following strongly convex problems

hold:
y = argmin{1

2
‖z−PC2Ax‖2 +λ f2(PC2Ax,z) : z ∈C2},

t = argmin{1
2
‖a−PC2Ax‖2 +λ f2(y,a) : a ∈C2}.

Then
‖Ax− t‖2 ≤ 2〈Ax−Ap,Ax− t〉, ∀p ∈Ω.
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Proof. For any fixed p ∈Ω, it follows that Ap ∈ EP( f2). Since 2λc1 < 1 and 2λc2 < 1, we get from 2.2
that

‖Ax− t‖2 = ‖Ax−Ap− (t−Ap)‖2

= ‖Ax−Ap‖2−2〈Ax−Ap, t−Ap〉+‖t−Ap‖2

≤ ‖Ax−Ap‖2−2〈Ax−Ap, t−Ap〉+‖PC2Ax−Ap‖2

− (1−2λc1)‖y−PC2Ax‖2− (1−2λc2)‖y− t‖2

≤ ‖Ax−Ap‖2−2〈Ax−Ap, t−Ap〉+‖PC2Ax−Ap‖2

= ‖Ax−Ap‖2−2〈Ax−Ap, t−Ap〉+‖PC2Ax−PC2Ap‖2

≤ ‖Ax−Ap‖2−2〈Ax−Ap, t−Ap〉+‖Ax−Ap‖2

= 2〈Ax−Ap,Ax− t〉.

(3.2)

This completes the proof. �

Lemma 3.2. Let x ∈C1, γ > 0 and λ ∈ (0,min{ 1
2c1

, 1
2c2
}). Let t ∈C2 be defined as in Lemma 3.1. Then

‖x− γA∗(Ax− t)− p‖2 ≤ ‖x− p‖2− γ(1− γ‖A‖2)‖Ax− t‖2, ∀p ∈Ω.

Proof. For any fixed p ∈Ω, we find from Lemma 3.1, that

‖x− γA∗(Ax− t)− p‖2 = ‖x− p‖2 + γ
2‖A∗(Ax− t)‖2 +2γ〈x− p,A∗(t−Ax)〉

= ‖x− p‖2 + γ
2‖A∗(Ax− t)‖2 +2γ〈Ax−Ap, t−Ax〉

≤ ‖x− p‖2 + γ
2‖A‖2‖Ax− t‖2− γ‖Ax− t‖2

= ‖x− p‖2− γ(1− γ‖A‖2)‖Ax− t‖2.

(3.3)

This completes the proof. �

Now, we give the first algorithm to solve the split pseudomonotone equilibrium problem and the fixed
point problem as follows.

Algorithm 3.3. Initialization: Choose γ ∈ (0,1/M2), where M is a boundedness above of ‖A‖, {λn} ∈
[δ1,δ2] with 0 < δ1 < δ2 < min{ 1

2c1
, 1

2c2
}, {αn},{βn} ⊂ (0,1) and x0 ∈C1. Set n = 0.

Step 1. Solve the strongly convex problems:
yn = argmin{1

2
‖z−PC2Axn‖2 +λn f2(PC2Axn,z) : z ∈C2},

tn = argmin{1
2
‖t−PC2Axn‖2 +λn f2(yn, t) : t ∈C2}.

Step 2. Set vn = PC1 [xn− γA∗(Axn− tn)] and solve the strongly convex problems:
zn = argmin{1

2
‖y− vn‖2 +λn f1(vn,y) : y ∈C1},

wn = argmin{1
2
‖a− vn‖2 +λn f1(zn,a) : a ∈C1}.

Step 3. If xn = T xn, tn = Axn and wn = xn, then xn ∈ Fix(T )∩Ω, stop. Otherwise,
go to Step 4.

Step 4. Set xn+1 = αnxn +(1−αn)PC1T [βnxn +(1−βn)wn]. Set n = n+1 and go to Step 1.
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Theorem 3.4. If liminfn→∞ αn(1−αn)> 0 and liminfn→∞ βn(1−βn)> 0, then the sequence {xn} gen-
erated in Algorithm 3.3 weakly converges to the element x̄ = limn→∞ PFix(T )∩Ωxn.

Proof. If tn = Axn for some n ∈ N, then Axn ∈C2 and vn = xn. By 2.2, we have

‖tn−w‖2 ≤ ‖PC2Axn−w‖2− (1−2λnc1)‖PC2Axn− yn‖2

− (1−2λnc2)‖tn− yn‖2, ∀w ∈ EP( f2).
(3.4)

Since tn = Axn, we have Axn = yn. Using 2.1 and (b1), we have

λn f2(Axn,z) = λn
(

f2(PC2Axn,z)− f2(PC2Axn,yn)
)

≥ 〈yn−PC2Axn,yn− z〉

= 0, ∀z ∈C2.

(3.5)

Thus, it follows from λn > 0 that Axn ∈ EP( f2). Similarly, we can prove that xn ∈ EP( f1) if xn = wn.
Hence xn ∈Ω. To show the convergence of Algorithm 3.3, we assume that the stop criterion at Step 3 can
not be satisfied for all n ∈ N. Set ln = βnxn +(1−βn)wn for each n ∈ N. Using Proposition 2.2, Lemma
3.2 and (2.2), we have

‖xn+1− p‖2

≤ αn‖xn− p‖2 +(1−αn)‖T ln− p‖2

≤ αn‖xn− p‖2 +(1−αn)
[
βn‖xn− p‖2 +(1−βn)‖wn− p‖2−βn(1−βn)‖xn−wn‖2]

≤ αn‖xn− p‖2 +(1−αn)
[
βn‖xn− p‖2 +(1−βn)(‖vn− p‖2− (1−2λnc1)‖zn− vn‖2

− (1−2λnc2)‖wn− zn‖2)−βn(1−βn)‖xn−wn‖2]
≤ αn‖xn− p‖2 +(1−αn)

[
βn‖xn− p‖2 +(1−βn)(‖xn− γA∗(Axn− tn)− p‖2

− (1−2λnc1)‖zn− vn‖2− (1−2λnc2)‖wn− zn‖2)−βn(1−βn)‖xn−wn‖2]
≤ αn‖xn− p‖2 +(1−αn)

[
βn‖xn− p‖2 +(1−βn)

(
‖xn− p‖2− γ(1− γ‖A‖2)‖Axn− tn‖2

− (1−2λnc1)‖zn− vn‖2− (1−2λnc2)‖wn− zn‖2)−βn(1−βn)‖xn−wn‖2]
= ‖xn− p‖2− (1−αn)(1−βn)

[
γ(1− γ‖A‖2)‖Axn− tn‖2 +(1−2λnc1)‖zn− vn‖2

+(1−2λnc2)‖wn− zn‖2 +βn‖xn−wn‖2]
≤ ‖xn− p‖2− (1−αn)(1−βn)

[
γ(1− γM2)‖Axn− tn‖2 +(1−2λnc1)‖zn− vn‖2

+(1−2λnc2)‖wn− zn‖2 +βn‖xn−wn‖2]
≤ ‖xn− p‖2, ∀p ∈ Fix(T )∩Ω.

(3.6)

It follows that limn→∞ ‖xn− p‖ exists. Define hn = PFix(T )∩Ωxn ∈ Fix(T )∩Ω for each n ∈ N. By (3.6),
we have

‖xn+1−hn‖ ≤ ‖xn−hn‖, ∀n ∈ N. (3.7)

From hn+1 = PFix(T )∩Ωxn+1, hn ∈ Fix(T )∩Ω and (3.7), we have

‖xn+1−hn+1‖ ≤ ‖xn+1−hn‖ ≤ ‖xn−hn‖, ∀n ∈ N. (3.8)

Hence {‖xn−hn‖} is a convergent sequence. Since hn ∈ Fix(T )∩Ω for each n∈N, we obtain from (3.7)
that

‖xn+m−hn‖ ≤ ‖xn+m−1−hn‖ ≤ ·· · ≤ ‖xn−hn‖, ∀n,m ∈ N. (3.9)
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From the definition of hn+m and Proposition 2.1, it follows that

‖hn−hn+m‖2 +‖hn+m− xn+m‖2 ≤ ‖hn− xn+m‖2 ≤ ‖hn− xn‖2. (3.10)

Hence

‖hn−hn+m‖2 ≤ ‖hn− xn‖2−‖hn+m− xn+m‖2, ∀n,m ∈ N. (3.11)

Since {‖hn− xn‖} is convergent, we have

lim
n→∞
‖hn−hn+m‖= 0, ∀m ∈ N. (3.12)

It follows that {hn} is a Cauchy sequence. Since Fix(T )∩Ω is nonempty closed, {hn} converges strongly
to some x̄ ∈ Fix(T )∩Ω. Since limn→∞ ‖xn− p‖ exists, we have

(1−αn)(1−βn)
[
γ(1− γM2)‖Axn− tn‖2 +(1−2λnc1)‖zn− vn‖2

+(1−2λnc2)‖wn− zn‖2 +βn‖xn−wn‖2]
≤ ‖xn− p‖2−‖xn+1− p‖2→ 0 as n→ ∞.

By the hypothesis on γ , {λn}, {αn} and {βn}, we have

lim
n→∞
‖xn−wn‖= lim

n→∞
‖Axn− tn‖= lim

n→∞
‖wn− zn‖= lim

n→∞
‖zn− vn‖= 0. (3.13)

Since the sequence {xn} is bounded, there exists a subsequence {xnk} of {xn} converging weakly to
x̂ ∈C1. From (3.13), it follows that {znk} and {vnk} also converge weakly to x̂.

Next, we show that x̂ ∈Ω. From (2.1), we have

λnk

(
f1(vnk ,y)− f1(vnk ,znk)

)
≥ 〈znk − vnk ,znk − y〉, ∀y ∈C1. (3.14)

Letting k→ ∞ in (3.14), we have

f1(x̂,y)≥ 0, ∀y ∈C1.

It follows that x̂ ∈ EP( f1). Using (3.13), we have

‖PC2Axn− tn‖= ‖PC2Axn−PC2tn‖ ≤ ‖Axn− tn‖→ 0 as n→ ∞. (3.15)

By (2.2), we have
‖tn−w‖2 ≤ ‖PC2Axn−w‖2− (1−2λnc1)‖PC2Axn− yn‖2

− (1−2λnc2)‖tn− yn‖2, ∀w ∈ EP( f2).

Using this inequality and (3.15), we obtain

(1−2λnc1)‖PC2Axn− yn‖2 +(1−2λnc2)‖tn− yn‖2

≤ ‖PC2Axn−w‖2−‖tn−w‖2

≤ ‖PC2Axn− tn‖
(
‖PC2Axn−w‖+‖tn−w‖

)
→ 0 as n→ ∞.

(3.16)

From (3.16) and the hypothesis on {λn}, it follows that

lim
n→∞
‖yn−PC2Axn‖= lim

n→∞
‖tn− yn‖= 0. (3.17)

By (3.13) and (3.17), we have limn→∞ ‖yn−Axn‖ = 0. Since A is linear bounded and {xnk} weakly
converges to x̂ ∈ C1, we obtain that {Axnk} weakly converges to Ax̂ ∈ H2. Since {yn} ⊂ C2 and ‖yn−
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Axn‖ → 0, it follows that {ynk} weakly converges to Ax̂ ∈ C2. Further, from (3.17), we also have that
{PC2Axnk} weakly converges to Ax̂. By (2.1), we have

λnk

(
f2(PC2Axnk ,z)− f2(PC2Axnk ,ynk)

)
≥ 〈ynk −PC2Axnk ,ynk − z〉, ∀z ∈C2. (3.18)

Letting k→ ∞ in (3.18), we can obtain

f2(Ax̂,z)≥ 0, ∀z ∈C2.

It follows that Ax̂ ∈ EP( f2). Therefore, x̂ ∈Ω.
Now, we show that x̂ ∈ Fix(T ). By (3.3) and the definition of ln, we have

‖ln− xn‖= (1−βn)‖xn−wn‖→ 0 as n→ ∞. (3.19)

By Proposition 2.2, we have

‖xn+1− p‖2 = αn‖xn− p‖2 +(1−αn)‖PC1T ln− p‖2−αn(1−αn)‖xn−PC1T ln‖2

≤ αn‖xn− p‖2 +(1−αn)‖xn− p‖2−αn(1−αn)‖xn−PC1T ln‖2

= ‖xn− p‖2−αn(1−αn)‖xn−PC1T ln‖2.

Since the limit of {‖xn− p‖2} exists, we have

αn(1−αn)‖PC1T ln− xn‖2 ≤ ‖xn− p‖2−‖xn+1− p‖2→ 0 as n→ ∞.

Since liminfn→∞ αn(1−αn)> 0, we have

lim
n→∞
‖PC1T ln− xn‖= 0. (3.20)

Combining (3.19) with (3.20), we obtain that

‖PC1T ln− ln‖ ≤ ‖PC1T ln− xn‖+‖xn− ln‖→ 0 as n→ ∞ (3.21)

and that {PC1T lnk} and {lnk} weakly converge to x̂ ∈C1. If x̂ 6= PC1T x̂, by (3.21) and Opial’s inequality
[30], we have

liminf
k→∞

‖lnk − x̂‖< liminf
k→∞

‖lnk −PC1T x̂‖

≤ liminf
k→∞

(
‖lnk −PC1T lnk‖+‖PC1T lnk −PC1T x̂‖

)
≤ liminf

k→∞

‖lnk − x̂‖,

which is a contradiction. Hence x̂ ∈ Fix(PC1T ). From Lemma 2.7, it follows that x̂ ∈ Fix(T ).
Finally, we prove that x̂ = x̄. From hn = PFix(T )∩Ωxn and x̂ ∈ Fix(T )∩Ω, we have

〈hnk − x̂,xnk −hnk〉 ≥ 0. (3.22)

Let k→ ∞ in (3.22). Since {hn} strongly converges to x̄ ∈ Fix(T )∩Ω, we have

−‖x̄− x̂‖2 = 〈x̄− x̂, x̂− x̄〉 ≥ 0.

Hence x̄ = x̂. Therefore, {xn} converges weakly to a point x̂ ∈ Fix(T )∩Ω, where

x̂ = lim
n→∞

PFix(T )∩Ωxn.

This completes the proof. �

Next, we give a hybrid projection algorithm to solve the split pseudomonotone equilibrium problem
and the fixed point problem as follows.
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Algorithm 3.5. Initialization: Choose γ ∈ (0,1/M2), where M is a boundedness above of ‖A‖, {λn} ∈
[δ1,δ2] with 0 < δ1 < δ2 < min{ 1

2c1
, 1

2c2
}, {αn},{βn} ⊂ (0,1) and take x0 ∈C1. Set n = 0.

Step 1. Solve the strongly convex problems:
yn = argmin{1

2
‖z−PC2Axn‖2 +λn f2(PC2Axn,z) : z ∈C2},

tn = argmin{1
2
‖t−PC2Axn‖2 +λn f2(yn, t) : t ∈C2}.

Step 2. Set vn = PC1 [xn− γA∗(Axn− tn)] and solve the strongly convex problems:
zn = argmin{1

2
‖y− vn‖2 +λn f1(vn,y) : y ∈C1},

wn = argmin{1
2
‖a− vn‖2 +λn f1(zn,a) : a ∈C1}.

Step 3. If xn = T xn, tn = Axn and wn = xn, then xn ∈ Fix(T )∩Ω, stop. Otherwise,
go to Step 4.

Step 4. Put hn = αnxn +(1−αn)T [βnxn +(1−βn)wn] and
Dn = {v ∈C1 : ‖hn− v‖ ≤ ‖xn− v‖},

Un = ∩n
j=0D j,

xn+1 = PUnx0.

Set n = n+1 and go to Step 1.

Lemma 3.6. The sequence {xn} generated in Algorithm 3.5 is well defined and strongly converges to
some x̂ ∈C1. If limsupn→∞ αn < 1 and liminfn→∞ βn(1−βn)> 0, then

lim
n→∞
‖wn− xn‖= lim

n→∞
‖tn−Axn‖= lim

n→∞
‖zn− vn‖= lim

n→∞
‖wn− zn‖= 0.

Proof. It is obvious that Un is closed and convex since Dn is closed and convex for all n ∈ N. Now, we
show that

Fix(T )∩Ω⊂ Dn, ∀n ∈ N.

For any fixed w ∈ Fix(T )∩Ω, by (2.2) and Lemma 3.2, we have

‖wn−w‖2 ≤ ‖vn−w‖2− (1−2λnc2)‖wn− zn‖2− (1−2λnc1)‖zn− vn‖2

≤ ‖xn−w‖2− γ(1− γ‖A‖2)‖Axn− tn‖2− (1−2λnc2)‖wn− zn‖2

− (1−2λnc1)‖zn− vn‖2

≤ ‖xn−w‖2− γ(1− γM2)‖Axn− tn‖2− (1−2λnc2)‖wn− zn‖2

− (1−2λnc1)‖zn− vn‖2

≤ ‖xn−w‖2, ∀n ∈ N.

(3.23)

Hence
‖hn−w‖ ≤ αn‖xn−w‖+(1−αn)

∥∥T [βnxn +(1−βn)wn]−w
∥∥

≤ αn‖xn−w‖+(1−αn)
[
βn‖xn−w‖+(1−βn)‖wn−w‖

]
≤ αn‖xn−w‖+(1−αn)‖xn−w‖

= ‖xn−w‖, ∀n ∈ N.

(3.24)
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It follows that w ∈ Dn. Hence Fix(T )∩Ω ⊂ Dn, which implies Fix(T )∩Ω ⊂ Un for each n ∈ N.
Therefore, the sequence {xn} is well defined. Since z = PFix(T )∩Ωx0 ∈ Fix(T ) ∩Ω ⊂ Un, we have
‖xn+1− x0‖ ≤ ‖z− x0‖. So, {‖xn− x0‖} is bounded.

On the other hand, since Un+1⊂Un, we have xn+2 = PUn+1x0 ∈Un+1⊂Un It follows that ‖xn+1−x0‖≤
‖xn+2− x0‖. Hence, the limit of {‖xn− x0‖} exists. Since Um ⊂Un and xm+1 = PUmx0 ∈Um ⊂Un for all
m≥ n, we have 〈xn+1− x,xm+1− xn+1〉 ≥ 0, which implies

‖xm+1− xn+1‖2

= ‖xm+1− x0− (xn+1− x0)‖2

= ‖xm+1− x0‖2 +‖xn+1− x0‖2−2〈xn+1− x0,xm+1− x0〉
= ‖xm+1− x0‖2 +‖xn+1− x0‖2−2〈xn+1− x0,xm+1− xn+1 + xn+1− x0〉
= ‖xm+1− x0‖2−‖xn+1− x0‖2−2〈xn+1− x0,xm+1− xn+1〉
≤ ‖xm+1− x0‖2−‖xn+1− x0‖2

for all m,n ∈ N with m≥ n. Since the limit of {‖xn+1− x0‖} exists, we obtain

lim
m,n→∞

‖xm− xn‖= 0, (3.25)

which shows that {xn} is a Cauchy sequence. Hence one can assume that xn→ x̂ ∈C1 as n→ ∞. Since
xn+1 ∈ Dn, by (3.25) with m = n+1, we have

‖hn− xn+1‖ ≤ ‖xn+1− xn‖→ 0 as n→ ∞. (3.26)

Set ln = βnxn +(1−βn)wn for each n ∈ N. Since limsupn→∞ αn < 1, by the definition of hn, (3.25) with
m = n+1 and (3.26), we have

‖T ln− xn‖ ≤
1

1−αn

[
‖hn− xn+1‖+‖xn+1− xn‖

]
→ 0 as n→ ∞. (3.27)

From (3.23), we have

‖T ln−w‖2 ≤ βn‖xn−w‖2 +(1−βn)‖wn−w‖2

≤ ‖xn−w‖2− (1−βn)
[
γ(1− γM2)‖Axn− tn‖2

+(1−2λnc2)‖wn− zn‖2 +(1−2λnc1)‖zn− vn‖2]. (3.28)

Combining (3.27) with (3.28), we have

(1−βn)
[
γ(1− γM2)‖Axn− tn‖2 +(1−2λnc2)‖wn− zn‖2 +(1−2λnc1)‖zn− vn‖2]

≤ ‖xn−T ln‖(‖xn−w‖+‖T ln−w‖)

→ 0 as n→ ∞.

Since liminfn→∞ βn(1−βn)> 0, λn ≤ δ2 < min{ 1
2c1

, 1
2c2
} and γ(1− γM2)> 0, we have

lim
n→∞
‖Axn− tn‖= lim

n→∞
‖wn− zn‖= lim

n→∞
‖vn− zn‖= 0. (3.29)
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From the definition of hn, Proposition 2.2 and (3.23), we have

‖hn−w‖2

≤ αn‖xn−w‖2 +(1−αn)‖βn(xn−w)+(1−βn)(wn−w)‖2

= αn‖xn−w‖2 +(1−αn)
[
βn‖xn−w‖2 +(1−βn)‖wn−w‖2−βn(1−βn)‖xn−wn‖2]

≤ αn‖xn−w‖2 +(1−αn)
[
βn‖xn−w‖2 +(1−βn)‖xn−w‖2−βn(1−βn)‖xn−wn‖2]

= ‖xn−w‖2− (1−αn)βn(1−βn)‖xn−wn‖2, ∀n ∈ N.

By (3.24)-(3.26), we have

(1−αn)βn(1−βn)‖xn−wn‖2 ≤ ‖xn−hn‖(‖xn−w‖+‖hn−w‖)

≤ 2‖xn−hn‖‖xn−w‖

≤ 2
(
‖xn− xn+1‖+‖xn+1−hn‖

)
‖xn−w‖

→ 0 as n→ ∞.

Since limsupn→∞ αn < 1 and liminfn→∞ βn(1−βn)> 0, we have

lim
n→∞
‖xn−wn‖= 0. (3.30)

This completes the proof. �

Theorem 3.7. If limsupn→∞ αn < 1 and liminfn→∞ βn(1− βn) > 0, then the sequence {xn} given in
Algorithm 3.5 strongly converges to the element PFix(T )∩Ωx0.

Proof. Assume that the stop criterion can not be satisfied for all n ∈N. By the definition of ln and (3.30),
we have

‖ln− xn‖= (1−βn)‖xn−wn‖→ 0 as n→ ∞, (3.31)

which implies that {ln} converges to x̂. Using (3.27) and (3.31), we have

‖T ln− ln‖ ≤ ‖T ln− xn‖+‖xn− ln‖→ 0 as n→ ∞.

Hence x̂ ∈ Fix(T ).
Now, we show that x̂ ∈Ω. From (2.1), it follows that

λn
(

f1(vn,y)− f1(vn,zn)
)
≥ 〈zn− vn,zn− y〉, ∀y ∈C1. (3.32)

Letting n→ ∞ in (3.32), it follows from (b2), (b3) and (3.29) that

f1(x̂,y)≥ 0, ∀y ∈C1.

This implies that x̂ ∈ EP( f1). By (3.29), we have

‖PC2Axn− tn‖= ‖PC2Axn−PC2tn‖ ≤ ‖Axn− tn‖→ 0 as n→ ∞. (3.33)

For any w ∈ EP( f2), it follows from (2.2) that

‖tn−w‖2 ≤ ‖PC2Axn−w‖2− (1−2λnc1)‖PC2Axn− yn‖2− (1−2λnc2)‖tn− yn‖2,
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which implies from (3.33) that

(1−2λnc1)‖PC2Axn− yn‖2 +(1−2λnc2)‖tn− yn‖2 ≤ ‖PC2Axn−w‖2−‖tn−w‖2

≤ ‖PC2Axn− tn‖
(
‖PC2Axn−w‖+‖tn−w‖

)
→ 0 as n→ ∞.

(3.34)

Since λn ≤ δ2 < min{ 1
2c1

, 1
2c2
}, it follows from 3.34 that

lim
n→∞
‖yn−PC2Axn‖= lim

n→∞
‖tn− yn‖= 0. (3.35)

Combining (3.29) with (3.35), we have

lim
n→∞
‖yn−Axn‖= 0. (3.36)

Since A is linear bounded and {xn} strongly converges to x̂ ∈C1, {Axn} strongly converges to Ax̂ ∈ H2.
Since {yn} ⊂C2 and yn−Axn→ 0, it follows that {yn} strongly converges to Ax̂ ∈C2. Further, it follows
from (3.35) that {PC2Axn} also strongly converges to Ax̂. By (2.1), we have

λn
(

f2(PC2Axn,z)− f2(PC2Axn,yn)
)
≥ 〈yn−PC2Axn,yn− z〉, ∀z ∈C2. (3.37)

Let n→ ∞ in (3.37). Since λn ≥ δ1 > 0, it follows from (b1), (b3) and (3.35) that

f2(Ax̂,z)≥ 0, ∀z ∈C2.

It follows that Ax̂ ∈ EP( f2). Therefore, x̂ ∈Ω and hence x̂ ∈ Fix(T )∩Ω.
Finally, we prove that x̂ = PFix(T )∩Ωx0. From xn+1 = PUnx0 and Fix(T )∩Ω⊂Un for all n∈N, we have

〈x0− xn+1,xn+1− v〉 ≥ 0, ∀v ∈ Fix(T )∩Ω, n ∈ N. (3.38)

Taking the limit in (3.38) and noting that xn→ x̂ as n→ ∞, we obtain

〈x0− x̂, x̂− v〉 ≥ 0, ∀v ∈ Fix(T )∩Ω.

Therefore, it follows that x̂ = PFix(T )∩Ωx0. This completes the proof. �

If T = I (the identity mapping), then we get the following results.

Corollary 3.8. Let Hi be a Hilbert space. Let Ci be a nonempty closed and convex subset of Hi and let
fi : Ci×Ci → R be the bifunction satisfying the conditions (b1)-(b4) for each i = 1,2. Assume that f1

and f2 enjoy the common Lipschitz constants c1 and c2 and Ω 6= /0. Let A : H1→H2 be a linear bounded
operator with the adjoint operator A∗. Take x0 ∈ C1 and define the sequence {xn} by the following
manner: 

yn = argmin{1
2
‖z−PC2Axn‖2 +λn f2(PC2Axn,z) : z ∈C2},

tn = argmin{1
2
‖t−PC2Axn‖2 +λn f2(yn, t) : t ∈C2},

vn = PC1 [xn− γA∗(Axn− tn)],

zn = argmin{1
2
‖y− vn‖2 +λn f1(vn,y) : y ∈C1},

wn = argmin{1
2
‖a− vn‖2 +λn f1(zn,a) : a ∈C1},

xn+1 = αnxn +(1−αn)(βnxn +(1−βn)wn), n ∈ N,

(3.39)
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where γ ∈ (0,1/M2), M is a boundedness above of ‖A‖, {αn},{βn} ⊂ (0,1), {λn} ∈ [δ1,δ2] with 0 <

δ1 < δ2 < min{ 1
2c1

, 1
2c2
}. If the sequences {αn},{βn} satisfy the following conditions:

liminf
n→∞

αn(1−αn)> 0 and liminf
n→∞

βn(1−βn)> 0,

then {xn} generated by (3.39) weakly converges to the element x̂ = limn→∞ PΩxn.

Corollary 3.9. Let Hi be a Hilbert space. Let Ci be a nonempty closed and convex subset of Hi and let
fi : Ci×Ci → R be the bifunction satisfying the conditions (b1)-(b4) for each i = 1,2. Assume that f1

and f2 enjoy the common Lipschitz constants c1 and c2 and Ω 6= /0. Let A : H1→H2 be a linear bounded
operator with the adjoint operator A∗. Take x0 ∈ C1 and define the sequence {xn} by the following
manner: 

yn = argmin{1
2
‖z−PC2Axn‖2 +λn f2(PC2Axn,z) : z ∈C2},

tn = argmin{1
2
‖t−PC2Axn‖2 +λn f2(yn, t) : t ∈C2},

vn = PC1 [xn− γA∗(Axn− tn)],

zn = argmin{1
2
‖y− vn‖2 +λn f1(vn,y) : y ∈C1},

wn = argmin{1
2
‖a− vn‖2 +λn f1(zn,a) : a ∈C1},

hn = αnxn +(1−αn)(βnxn +(1−βn)wn),

Dn = {z ∈C1 : ‖hn− z‖ ≤ ‖xn− z‖},

Un = ∩n
j=0D j,

xn+1 = PUnx0, n ∈ N,

(3.40)

where γ ∈ (0,1/M2), M is a boundedness above of ‖A‖, {αn},{βn} ⊂ (0,1), {λn} ∈ [δ1,δ2] with 0 <

δ1 < δ2 < min{ 1
2c1

, 1
2c2
}. If the sequences {αn},{βn} satisfy the following conditions:

limsup
n→∞

αn < 1 and liminf
n→∞

βn(1−βn)> 0,

then {xn} generated by (3.40) strongly converges to x∗ = PΩx0.

Remark 3.10. In [11, 14, 15, 16], the parameter γ is chosen from (0,1/‖A∗‖2) or (0,1/L2), where L
is the spectral radius of the operator A∗A. However, it is sometime hard to compute the spectral radius
of A∗A and the norm ‖A∗‖. That is difficult to choose the parameter γ . In our paper, the parameter γ

is chosen from (0,1/M2), where M is a boundedness above of ‖A‖. Usually, the boundedness above of
‖A‖ is easy to estimate and so it is easier to choose the parameter γ .

4. NUMERICAL EXAMPLES

In this section, we give an example in infinite dimensional space to illustrate Algorithm 3.3 (T = I)
and compare the results with [22, Algorithm 1] and [31, Algorithm 3.1]. The program is performed by
Matlab R2008a running on a PC Desktop with Core(TM) i3CPU M550 3.20GHz and 4GB Ram.

Example 4.1. Let H1 = L1[0,1], H2 = l2, C1 = {x ∈ L2[0,1] : x = ∑
n
i=1 ait i + b : ai ≥ 0 for each i =

1, · · · ,n,b ∈ [0,10],n ≥ 1} and C2 = {x = (x1,x2, · · ·) ∈ l2 : x1 = 0,xi ≥ 0, i ≥ 2,‖x‖ ≤ 30}. Define the
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bifunctions f1 : C1×C1→ R by

f1(x,y) =
∫ 1

0
x(t)(y(t)− x(t))dt

for all x= x(t),y= y(t)∈C1 and f2 : C2×C2→R by f2(x,y) =∑
∞
i=1 xi(yi−xi) for all x= (x1,x2, · · ·),y=

(y1,y2, · · ·) ∈ C2. It is easy to prove that f1 and f2 are Lipschitz-type continuous with the common
constants c1 = c2 =

1
2 . So, f1 and f2 satisfy the conditions (b1)-(b4).

Let A : H1→ H2 be a bounded linear operator defined by

Ax =
(∫ 1

0
x(t)dt,

1
2

∫ 1

0
x(t)dt,

1
4

∫ 1

0
x(t)dt, · · ·

)
,∀x(t) ∈ H1.

It follows that

A∗y =
∞

∑
i=1

1
2i−1 yi, ∀y = (y1,y2, · · ·) ∈ H2.

Obviously, x∗ = x∗(t) = 0 for all t ∈ [0,1] is the unique solution of split equilibrium problem.
It is easy to check that f2 satisfies the following conditions:
(a1) f2 is monotone on C2 and f2(x,x) = 0 for all x ∈C2;
(a2) for all x,y,z ∈Ci,

lim
t→0+

sup f2(tz+(1− t)x,y)≤ f2(x,y);

(a3) for all x ∈Ci, f2(x, ·) is convex and lower semicontinuous.
For each r > 0 and x ∈ H2, it follows from [4] that there exists the unique z ∈C2 such that

f2(z,y)+
1
r
〈y− z,z− x〉 ≥ 0, ∀y ∈C2.

Denote z by T f2
r (x), that is, T f2

r (x) = z. It is easy to show that T f2
r x = x

1+r for each x ∈ H2. Note that
f1 satisfies the Condition 1 and Condition A with ε = 0 in [22, Algorithm 1] and [31, Algorithm 3.1],
respectively. Hence the Algorithm 1 in [22] (HIEUP) and Algorithm 3.1 in [31] (HIEUT) can be applied
to this example.

All the optimization problems in Algorithm 3.3 are reduced to the projections on C1 and C2 which can
be explicitly computed. The parameters chosen for Algorithm 3.3, HIEUT and HIEUP are as follow:

(i) αn =
n+1
4n , βn =

n+1
40n for Algorithm 3.3;

(ii) λ = µ = λn = γ = 1
3 for HIEUP and Algorithm 3.3;

(iii) ρn = 1, µ = 1
3 , ε = 0 and βn =

1
n for HIEUT;

(iv) rn = 1 for HIEUP and HIEUT.
We use the sequence {‖xn− x∗‖} to check the convergence of Algorithm 3.3, HIEUP and HIEUT

with the initial point x1(t) = t, x1(t) = 2t2 + t +1/6 and x1(t) = 8t5 +5t4 + t, where the sequence {xn}
is generated by the algorithms. The convergence of {‖xn − x∗‖} implies that {xn} converges to the
solution of the split equilibrium problem. The following figures are the iterations and elapsed times for
the algorithms with the different initial points. The figures show that the rates of convergence of {xn} are
very fast for the three algorithms.
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FIGURE 1. Iteration and elapsed time with x1(t) = t
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FIGURE 2. Iteration and elapsed time with x1(t) = 2t2 + t + 1
6
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FIGURE 3. Iteration and elapsed time with x1(t) = 8t5 +5t4 + t
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