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Abstract. In this paper, we propose some extragradient iterative algorithms to find a common solution for split pseudomono-
tone equilibrium problems and the fixed point problems of nonself nonexpansive mappings and prove the weak and strong
convergence of the proposed algorithms in Hilbert spaces. A numerical example in an infinite dimensional space is given to
illustrate our main convergence theorems.
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1. INTRODUCTION

Let H be a Hilbert space and let C be a nonempty closed convex subset of H. A mapping T : C - H
is said to be nonexpansive if

1Tx=Tyl| < [lx =y, Vx,y € C.

Denote the fixed point set of T by Fix(T), that is, Fix(T) ={xe€ C:x=Tx}. Let f:CxC—Rbea
bifunction. The equilibrium problem is to find z € C such that

f(z,y) >0, ¥yeC.
The set of all solutions of the equilibrium problem is denoted by EP(f), that is,
EP(f)={z€C: f(z,y) >0, Vy € C}.
The equilibrium problem is said to be monotone if bifunction f is monotone, that is,

fx,y)+ frx) <0, Vx,y e C.
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In 2007, Takahashi and Takahashi [1] introduced the following viscosity approximation method to
find a common solution of a monotone equilibrium problem and a fixed point problem of a nonexpansive
mapping in a Hilbert space:

X0 € H,

1
f(un,y)+r—(y—un,un—xn>20, Vy eC, (1.1

n

Xnt1 = O h(x,) + (1 — ) Tuy,, Vn €N,
where i : H — H is a contraction, {a,} C (0,1) and {r,} C (0,c0). They proved that {x,} generated by
(1.1) strongly converges to the element z = Pgp( f)mFix(T)h(z) under some certain conditions on { ¢, } and

{rn}.
Another strong convergent algorithm called the hybrid method was introduced by Tada and Takahashi
[2]:
xg € Co=Dg=C,
1
flup,y)+ r—(y — Up, Uy —Xn) >0, ¥y €C,

n

Zn = (1 —a)x, + 0, Tuy,
Co={veH:|z—v| <|x—l},
D, ={veEH: (xo—xn,v—2x,) <0},

(1.2)

Xn1 = Fc,np, %0, Vn €N,

where {0, } C (0,1) and {r,} C (0,c0). They proved that {x, } generated by (1.2) strongly converges to
the element Pgp( #)rrix(1)Xo under some certain conditions on {a, } and {r,}.

On more iterative algorithms for the monotone equilibrium problem and the fixed point problem, we
refer the readers to [3, 4, 5, 6, 7, 8] and the references therein.

The split inverse problem (SIP) was first introduced by Censor and Elving [9] for investigating a class
of inverse problems which arise in signal processing and image restoration problems. Let X and Y be
two spaces and A be a bounded linear operator from X to Y. There are two inverse problems involved in
X and Y denoted by IP; and IP;, respectively. The SIP is stated as follows:

find a point x* € X that solves IP;

and such that
the point y* = Ax* € Y solves IP;.

Note that SIPs can be split variational inequality problems and split equilibrium problems if IP; and
IP; are variational inequality problems and equilibrium problems, respectively. Censor, Gibali and Reich
[10] first investigated a split variational inequality problem in Hilbert spaces. Let H; and H, be Hilbert
spaces and let A : H — H; be a bounded linear operator. Let f : Hy — H; and g : H, — H; be the given
operators. Let C C Hy and O C H, be the nonempty closed and convex subsets. The split variational
inequality problem is formulated as follows:

find a point x* € C such that (f(x*),x—x*) >0Vxe C

and such that
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the point y* = Ax™ € Q solves (g(y*),y—y") > 0Vy € Q.

In 2012, He [11] introduced a split equilibrium problem for the monotone bifunction which was also
mentioned in [12]. Let H; and H, be two real Hilbert spaces. Let C and K be nonempty closed and convex
subsets of H; and H», respectively. Let A : H| — H; be a bounded linear operator. Let f: C x C — R and
g : K x K — R be two monotone bifunctions. The split equilibrium problem is to find x* € C such that

f(x*,x) >0, Vx € C,

and
y* = Ax* € K such that g(y*,y) >0, Vy € K.

In [11], He constructed the following iterative algorithm to solve the split monotone equilibrium prob-

lem:
x1 €C = C,

1
f(un,y)+r—<y—un,un—xn> >0,VyecC,

n

1
— {7z — - >
g(WmZ)—I_r <Z WnyWn Aun> —07 VZEK, (13)

o= Pc (un + uA* (wy —Aun)),
Cor1 ={v € Cut |lyn— V[ < [lun —v[| < [lxn — v},

Xn+1 = PC,1+1xla Vn € Na

where A* : Hy — Hj is the adjoint operator of A, it € (0,1/||A*||?) and {r,,} C (0,). He proved that {x, }
generated by (1.13) strongly converges to an element x* € Q, where Q = {x € C : x € EP(f) and Ax €
EP(g)}.

Subsequently, many authors investigated iterative algorithms for approximating solutions of the split
monotone equilibrium problem; see [13, 14, 15, 16, 17, 18] and the references therein. However, for
finding solutions of the monotone equilibrium problem or the split monotone equilibrium problem, we
have to face the difficulty of computing u, at each step by solving the following problem: find u, € C
such that

1
f(unay) +7<y_un7un _xn> >0, Vy eC. (1.4)

n
In fact, it is very difficult to obtain u, by the above inequality. An equilibrium problem is said to be

pseudomonotone if the bifunction f is pseudomonotone, that is,
fx,y) =20= f(y,x) <0, Vx,y € C.

Obviously, the class of pesudomonotone equilibrium problems includes that of monotone equilibrium
problems.

The pseudomonotone equilibrium problem was recently investigated by many authors; see [19, 20,
21, 22, 23] and the reference therein.

In 2008, Tran, Muu and Nguyen [24] introduced the following extragradient method to solve the
pseudomonotone equilibrium problem: given xg € C, find successively y, and x;,;; by

. 1
Yn = argmingec{ Anf (xn,y) + 3 Iy —xalI*},
(1.5)

: 1
Xn+1 = argmlnyec{xnf(yny)’) + EH)’_XHHZ}W VneN,
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where {1, } is a sequence in (0, 1] with some conditions and f satisfies the Lipschitz-type property. They
proved that the sequence {x,} generated by (1.5) strongly converges to some x* € EP(f) under some
certain conditions. Note that their convergence theorems were established in the framework of R™.

In 2012, Vuong, Strodiot and Nguyen [25] considered a hybrid projection algorithm for finding the
common element of the fixed point set of a pseudocontraction S and the solution set of the equilibrium
problem on the pseudomonotone bifunction f by the following manner: xo € C and

. 1
Yn = argmlnyec{lnf(xn,y) + 5”)’ —anZ},

2o = argmin,cc {2 0s0) + 5 v =P,
tn = OwXp + (1 = 0)[Buzn + (1 — Bn) Sza],
Co={zeC:|th—2z| <|jxn—2z|},

D, ={z€C:(x,—z,x0—x,) >0},

Xprl = Pcann)C(), Vn € N,

where S : C — C is a strict pseudo-contraction, f satisfies the Lipschitz-type property and {0}, {B.}.
{4} are the sequences in (0, 1). They obtained strong convergence theorems under some certain condi-
tions on the sequences {a, }, {B,} and {4, }.

In 2013, Anh [26] introduced the following algorithm to find an element in C which is the fixed point
of a nonexpansive mapping 7 on C and is also a solution of the pseudomonotone equilibrium problem in
a Hilbert space H: xo € C and

) 1
Yn = argmlnyec{knf(xmy) + E Hy _X”HZ}’

. 1
ty = argminyec{Auf () + 5 Iy =P}, (10

X1 = Opxo+ (1 —0t,)Tt,, Vn €N,

where {0, },{A,} C (0,1) and f satisfies the Lipschitz-type property. Anh proved the strong convergence
of the sequence {x,} generated by (1.6) provided lim,,_,e ||x+1 — x,|| = 0 and some conditions on {a, }
and {A, }. Here, y, and 1, are obtained by solving strongly convex problems, which are easier to compute
than u, in (1.4). So, the algorithms of solving the pseudomonotone equilibriums problems avoid the
difficulties of computing u, that exists in the algorithms of solving the monotone equilibrium problems
and split monotone equilibrium problems.

Motivated by results mentioned above, we introduce some extragradient methods to solve the split
pseudomonotone equilibrium problem and the fixed point problem for nonself nonexpansive mappings
in Hilbert spaces and prove the weak and strong convergence of our algorithms. We also give a numerical
example in an infinite dimensional space to illustrate the main results of this paper.

2. PRELIMINARIES

Let H be a real Hilbert space and let C be a nonempty closed convex subset of H. For each point
x € H, there exists a unique nearest point of C, denoted by Pcx, such that ||x — Pex|| < ||x —y|| for all
y € C. Such a Fc is called the metric projection from H onto C. For all x € H and z € C, z = Pcx if and
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only if
(x—2z,z—y)>0,VyeC.
Proposition 2.1. Forall x € H and z € C, it holds
1Pex — 2] < [lx — 2| — || Pex —x[|*.
Proposition 2.2. Lett € [0,1]. The following equality holds:
lex+ (1 =)yl = ]l + (1 =) yI? = (1 = 1) | = y]%, Vx,y € H.
Let f: C x C — R be a bifunction. f is said to be
(al) y-strong monotone (y > 0) on C if
fy)+fx) < —vllx =y, ¥xy € G
(a2) monotone on C if

fx,y)+f(y,x) <0, Vx,y € C;

(a3) pseudomonotone on C if
f(x,y) =0 implies f(yx) <0, Vx,y€C.

The following examples show the relations among (al), (a2) and (a3):
Example 2.3. Let C = [0, ) and define a bifunction f : C x C — R by

f(x,y) = arctan(x — y)e”
for all x,y € C. Since f(x,y)+ f(y,x) = arctan(x — y)(e” — &*) < 0 for all x,y € C, we find that f is
monotone. However, f is not strong monotone.

Example 2.4. Let C = [0,). Set a > 1 and define a bifunction f : C x C — R by

fxy) = (x—=y)a', VxyeC.
Then f is pseudomonotone. Since f(x,y) + f(v,x) = (x —y)(a* —a”) > 0 for all x,y € C, we find that f

1S not monotone.

In fact, we have (al) = (a2) = (a3).
We say that bifunction f is Lipschitz-type continuous if there exist constants c¢1,c; > 0 such that
f(x,2) < fley) +f02) el =P +eally =z, VayzeC.
An example of a Lipschitz-type continuous bifunction f, which can be found in [26, 27], is defined by
f(X,y) = <any—x>7 any € Ca

where F : C — H is Lipschitz continuous on C with Lipschitz constant L > 0. The Lipschitz constants
for bifunction f are ¢c; = ¢, = L/2.
From now, we give the following conditions on bifunction f:

(bl) f(x,x) =0 forall x € C and f is pseudomonotone on C;
(b2) f is Lipschitz-type continuous;
(b3) f(x,y) is convex and subdifferentiable in the second argument;
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(b4) f(x,y) is weakly continuous on C x C, that is, if {x,},{y,} C C weakly converges to x,y € C,
respectively, then f(x,,y,) — f(x,y).

It is easy to prove that EP(f) is weakly closed and convex if f satisfies the conditions (bl), (b3) and
(b4).

The bifunction f in the following example satisfies conditions (b1)—(b4), which are used in Section 3.

Example 2.5. [28] Let H =R" (n > 2) and C = {(x1,--- ,x,) : x1, -+ ,x, > 0}. Define a bifunction
f:CxC—Rby

F06,y) =2(yn —xa) 1]
for all x = (x1,---,X,),y = (y1,---,¥n) € C. Then f is pseudomonotone and Lipschitz-type continuous
with the constants ¢y = ¢p = 1.

Lemma 2.6. [26] Assume that EP(f) # 0 and let x € C. Suppose that the following strongly convex
problems hold:

1
y= argmin{§\|z—x||2+kf(x,z) :z€C},

t= argmin{%”a—x\ﬁ—i—?tf(y,a) ra€Cl,
where A > 0. Then
l(f(x,z)—f(x,y)) 2<y—x,y—z>,Vz€C, (21)

and
Je—wi < Jx— w2 = (1 = 24en) [x—y[2 = (1 — 22l —¥|% Ww € EP(f).  (22)

Lemma 2.7. [29] Let H be a real Hilbert space and let C be a nonempty closed convex subset of H. Let
T : C — H be a nonexpansive mapping. If Fix(T) # 0, then Fix(PcT) = Fix(T).

3. MAIN RESULTS

In this section, let H; and H» be two real Hilbert spaces and let C; C H; and C, C H, be nonempty
closed convex subsets. Let (-,-); (resp., || - ||1) and (-,-)2 (resp., || - ||2) denote the inner products (resp.,
norms) in H; and H,, respectively. However, for convenience, we use (-,-) and || - || to denote the inner
product and the norm in H; and H; without the confusion.

Let T : C; — H; be a nonexpansive nonself-mapping. Let A : H; — H, be a linear bounded operator
and let A* be the adjoint operator of A. Let f; : C; x C; — R and f, : C; x C; — R be the bifunctions satis-
fying conditions (b1)—(b4) with the common Lipschitz constants c;,c; > 0 (this assumption is feasible),
that is,

fi(x,2) < file,y) + i, 2) +erllx =yl +eally —zll, Vx,y,z € Cryi = 1,2. (3.1)

Assume that Fix(T) NQ # 0, where Q ={p € C, : p € EP(f1),Ap € EP(f>)}.

1 1

Lemma 3.1. Letx € C; and A € (0, min{ }). Suppose that the following strongly convex problems

2c17 22
hold: |
y= argmin{i |z — Pe,Ax||> + A fo(Pe,Ax, 2) 1 z € Gy},
.1
t= argmm{iHa — Po,Ax||* + A fr(y,a) ta € Gy}
Then

|Ax —t||> < 2(Ax —Ap,Ax—1), Vp € Q.
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Proof. For any fixed p € Q, it follows that Ap € EP(f2). Since 2A¢; < 1 and 2A¢; < 1, we get from 2.2

that
|Ax—1|* = ||[Ax—Ap — (t — Ap)|?

= [|Ax—Ap||* = 2(Ax —Ap,t — Ap) + ||t = Ap]|?
< |Ax —Ap|]* —2(Ax— Ap,t — Ap) +||Pe,Ax — Ap||?
—(1=2Ac1) ||y = Pe,Ax|* — (1 —24c2) |y —1|?

(3.2)
< [lAx—Ap|* —2(Ax—Ap,t — Ap) + || Pe,Ax — Ap||?
— JAx—Ap|[> —2(Ax— Ap,1 — Ap) + |PeyAx — PeyApl
< [lAx—Ap|* —2(Ax—Ap,t —Ap) + |Ax—Ap|]®
=2(Ax—Ap,Ax —1).
This completes the proof. O

Lemma 3.2. Letx € Cy, y>0and A € (O,min{z—il, 2%2}) Lett € C; be defined as in Lemma 3.1. Then
e —yA*(Ax—1) = p||> < [lx = pl* = y(1 = Y| A|]*)|Ax —1]*, ¥p € Q.

Proof. For any fixed p € Q, we find from Lemma 3.1, that
lx = vA*(Ax—1) = p|I* = [lx = p|> + PIA"(Ax = 1) || +2¥(x — p, A" (1 — Ax))
= [be— plI* + 7*[|A" (Ax —1)||* +2y(Ax — Ap,1 — Ax)
< = pl? + P IAIPJAx — 1> — vl Ax — 1]
= [be—plI* = 7(1 = 7llAI*) [JAx — ]

(3.3)

This completes the proof. O]

Now, we give the first algorithm to solve the split pseudomonotone equilibrium problem and the fixed
point problem as follows.

Algorithm 3.3. Initialization: Choose y € (0,1/M?), where M is a boundedness above of ||A||, {4,} €
[81,8,) with 0 < 8 < & < min{5_-, 5-}, {0}, {B.} € (0,1) and xo € Cy. Setn = 0.

Step 1. Solve the strongly convex problems:
Yo = argmin{% |z — Pe,Axy||? + Aufo(PeyAx,,2) 1 2 € Ca b,
th = argmin{%“t — P, A%, |)? 4 Anfo(yust) i 1 € Go ).
Step 2. Set v, = Pc, [x, — YA*(Ax, —t,)] and solve the strongly convex problems:
2o = argmin{ 3 [y =[P+ A fi(03) 3 €€,
Wy = argmin{% @ —vall> + Anfi(zn,a) s a € Cy }.

Step 3. If x, = T'x,, t, = Ax, and w,, = x,,, then x,, € Fix(T) N Q, stop. Otherwise,
go to Step 4.

Step 4. Set x,1 = Qux, + (1 — 04,)Pe, T[Buxn + (1 — Bn)wy]. Set n =n+1 and go to Step 1.
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Theorem 3.4. Ifliminf, . o, (1 — @) > 0 and liminf, . B,(1 — B,) > 0, then the sequence {x,} gen-

erated in Algorithm 3.3 weakly converges to the element X = 1imy_eo Priy(1)nQXn-

Proof. If t, = Ax,, for some n € N, then Ax,, € C; and v,, = x,,. By 2.2, we have
2 = wlI* < [|Pe,Axs = w1 = (1 = 22n¢1) | Pe,Ax =yl

(3.4)
— (1 =22,62) |ty — v, Yw € EP(f3).
Since t, = Ax,, we have Ax,, = y,. Using 2.1 and (b1), we have
I f2(Axn,2) = A (f2(PeyAXn, 2) = f2(PeyAXn, )
> (Vn — PeyAXn, Yo — 2) (3.5)

=0, Vz € (.

Thus, it follows from A, > 0 that Ax, € EP(f,). Similarly, we can prove that x, € EP(f}) if x, = wy,.
Hence x, € Q. To show the convergence of Algorithm 3.3, we assume that the stop criterion at Step 3 can
not be satisfied for all n € N. Set [, = B,x, + (1 — B,)w,, for each n € N. Using Proposition 2.2, Lemma
3.2 and (2.2), we have

[Xns1 — plI?
< 0l — plI* + (1= o) | Tl — pl?
[Ballxa = pII* + (1= Ba) llwn — pII* = Ba(1 = Bu) 50 — wal|*]
< 0l — plI* + (1= &) [Ballxa — pII* + (1= Ba) (Ve — pII* = (1 = 22nc1) |20 = val?
— (1= 22u2) [Wa = 2all*) = Bu(1 = Bu) 1 — w?]
< 0l — plI” + (1= ) [Ballxn — pII* + (1= ) (|0 — YA* (Axy — 1) — p|I?
— (1=2%c1)llzn = vall* = (1 = 2202) W = 2ul|*) = Ba(1 = Ba) [0 — wa|*]
< Olxn = 1>+ (1= ) [Bulla = pII* + (1= Ba) (llxn — pII* — (1 = VIIAII) 1A%, — 2 ?
— (1 =22nc1) ||z = vall* = (1 = 22c2) [ W — 2al*) = Ba(1 = Ba) [l — w*]
= Jlon = plI> = (1 = &) (1 = ) [Y(1 = VA ) 1A, — 2a]|* + (1 = 22nc1) [0 = va |
+ (1= 22¢2) Wa — 2all* + Bulln — wal*]
< lxw = pI> = (1 =) (1 = Bu) [¥(1 = YM?)[|Axy — 1 ]|> + (1 = 22nc1) 120 — vl
+ (1=22¢2) 1w — 2a 1> + Balln — wall?]
< | pl, Vp € Fix(T) N

~—  —

< Oy | xn —PHZ"‘ (1—o0

(3.6)

It follows that lim, . [|x, — p|| exists. Define , = Ppiy(r)noXs € Fix(T) N Q for each n € N. By (3.6),
we have
%01 — hnl| < |Jxn — hnl|, Vn € N. (3.7
From hy, 11 = Priy(r)naXn+1, hn € Fix(T) N and (3.7), we have
Pt = At | < st — Bl < 0 —hal, ¥ € . (.3)

Hence {||x, — &, ||} is a convergent sequence. Since h, € Fix(T)NQ for each n € N, we obtain from (3.7)
that
[Xn-4m = all < [Xntm—1 =Bl < -+ <|Jxn — B[, Vr,m € N. (3.9
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From the definition of 4,,, and Proposition 2.1, it follows that
170 = B> 4 e — X1 > < Nhn = X > < 1B — 2] (3.10)
Hence
1 = sl < Win =1 = rom =gl |*, Y, € N, (3.11)
Since {||h, — x,||} is convergent, we have
Tim [y = Ay ]| = 0, ¥im € N. (3.12)
It follows that {4, } is a Cauchy sequence. Since Fix(T)NQ is nonempty closed, {A, } converges strongly
to some ¥ € Fix(T)N Q. Since lim,_ ||x, — p|| exists, we have
(1= ) (1= Ba) [7(1 = yM?) | Ay — ta* + (1 = 221 ) |20 — v
+ (1= 2202) 1w — zul > + Ballxn —wal*]
< |l = pII* = w1 = pl|* = Oas n — oo.
By the hypothesis on v, {A,}, {a,} and {B,}, we have
Jim [l —w,|| = lim [[Ax, = 2] = lim [jwy =z, = lim ||z, —va| = 0. (3.13)

Since the sequence {x,} is bounded, there exists a subsequence {x, } of {x,} converging weakly to
% € Cy. From (3.13), it follows that {z,, } and {v,, } also converge weakly to £.
Next, we show that £ € Q. From (2.1), we have

2 (FLOmesy) = FiWniszny)) = (ng — VigrZng — ), ¥y € Cr. (3.14)
Letting k — oo in (3.14), we have
fi(®y) >0, Vy e Cy.

It follows that £ € EP(f1). Using (3.13), we have

|Pe,Axy — tn|| = || PoyAxn — Poytu| < ||Axy, —t,|| — 0 as n — oo, (3.15)
By (2.2), we have

It = wlI> < [[PesAxy —w? = (1= 22nc1) | Py Axy — yul
— (1=2%,¢2) [t = yull?, YW € EP(f2).
Using this inequality and (3.15), we obtain
(1 =241 [|Pe,Axn = yall* 4 (1 = 20€2) [[t0 =y

< || Py Ay —wl* — [l — w?

(3.16)
< 1PesA%a — 1l (1Pes A, — ] + 1 — w])
—0asn— oo
From (3.16) and the hypothesis on {4, }, it follows that
lim ||y, — Pc,Ax,|| = lim ||£, —y,|| = 0. (3.17)
n—oo n—soo

By (3.13) and (3.17), we have lim,_,c ||y, — Ax,|| = 0. Since A is linear bounded and {x,, } weakly
converges to £ € C|, we obtain that {Ax,, } weakly converges to AX € H,. Since {y,} C C; and ||y, —
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Ax,|| — 0, it follows that {y, } weakly converges to A% € C,. Further, from (3.17), we also have that
{Pc,Axy, } weakly converges to A%. By (2.1), we have

Ank (f2 (PCZAX”"’Z) - fz(PC2Axnk’ynk)) > <ynk - PCzAxnkaynk - Z>a Vz € C2. (318)
Letting k — oo in (3.18), we can obtain
fr(A%,2) >0, Vz € C,.

It follows that A% € EP(f>). Therefore, £ € Q.
Now, we show that £ € Fix(T). By (3.3) and the definition of /,, we have

1l — xn|| = (1 = Bn)||%n — wn|| = 0 as n — oo. (3.19)
By Proposition 2.2, we have
[Pn1 = pII? = 0tallxn — P> + (1= 0) | Pey Tl — plI* — 0 (1 — @) xn — Pe, Tha®
< 0l = plI* + (1= &) 6w = pII> = 0t (1 = &) |6 — Pe, Tl
= Jlxa = pII* = (1 — o) [P — Pe, Tl
Since the limit of {|[x, — p||*} exists, we have
0 (1= ) |[Pe, Tl — x> < [l = pII* — |41 — pI* — Oas n — oo,
Since liminf, . o, (1 — o,) > 0, we have
lim ||Pe, Tl —2xa| = 0. (3.20)
Combining (3.19) with (3.20), we obtain that
|Pe, Tl —Ly|| < ||Pc,Tly—xn|| + ||xn — || = 0asn — oo (3.21)

and that {Pc, Tl } and {I,, } weakly converge to £ € C. If £ # P, T, by (3.21) and Opial’s inequality

[30], we have
liminf||l,, —£|| < liminf||Z,, — Pc,TX||
k—ro0 k—yo0

< li/ginf(Hlnk — P, Tl || + | Pe, Tl — Pe, TX|))
< liminf||Z,, — £,
k—»o0

which is a contradiction. Hence £ € Fix(Pc,T). From Lemma 2.7, it follows that £ € Fix(T).
Finally, we prove that £ = X. From h, = Pp(1)noX, and X € Fix(T) NQ, we have

(M, — %, Xn, — ) > 0. (3.22)
Let k — o in (3.22). Since {h,} strongly converges to X € Fix(T) N Q, we have
—Ix—%*=(x—-%%—%) >0.
Hence x = £. Therefore, {x,} converges weakly to a point £ € Fix(T) N Q, where

= r}i_l;roloPFix(T)ﬁan-
This completes the proof. O

Next, we give a hybrid projection algorithm to solve the split pseudomonotone equilibrium problem
and the fixed point problem as follows.
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Algorithm 3.5. Initialization: Choose y € (0,1/M?), where M is a boundedness above of ||A|[, {A,} €
(81,8 with 0 < 8 < & < min{5-, 5}, {0}, {B,} C (0,1) and take xo € C). Setn = 0.

' 2¢)

Step 1. Solve the strongly convex problems:
!
Yo = argmm{i |z — Pe,Axy ||? + A fo(PeAx,,2) 1 2 € Ca b,

.1
th = argmm{EHt — Po,Axp||* 4 Anfo(yny ) 1 1 € Ca ).

Step 2. Set v, = P¢, [x, — YA*(Ax, —t,)] and solve the strongly convex problems:
1
n = argmln{EHy—VnHz + Auf1(va,y) 1y € Ct},

w = argmin 3l va*+ A i (zn,) - € C1 .
Step 3. If x, = T'x,, t, = Ax, and w,, = x,,, then x,, € Fix(T) N Q, stop. Otherwise,
go to Step 4.
Step 4. Put i, = ayx, + (1 — 04,) T [Brxn + (1 — By)wy] and
Dy ={veC:|lhy—v|| < | —v[},
Un =Dy,
Xnt+1 = Py,xo.
Setn =n+ 1 and go to Step 1.
Lemma 3.6. The sequence {x,} generated in Algorithm 3.5 is well defined and strongly converges to
some % € Cy. If limsup,_,., &, < 1 and liminf,_.. B,(1 — B,) > O, then
1im [ — | = i [, — A, | = lim [z, v, | = lim [, — 2] =O0.
Proof. It is obvious that U, is closed and convex since D,, is closed and convex for all n € N. Now, we

show that
Fix(T)NQ C Dy, Vn e N.

For any fixed w € Fix(T) N, by (2.2) and Lemma 3.2, we have
1w =Wl < [[vn = wll* = (1= 24c2) [l = 2ul|* = (1 = 24nc1) |20 — val
< v = wl? = (1 = VIAIP) A% = 1al® = (1 =202 ) I — 2a >
— (1 =24¢1) |20 — val?

(3.23)
< [pon = wll? = (1 = yM?)[|Ax, — 11 = (1 = 2n€2) [ Wi — 2>
— (1 =2%¢1)lzn = vall?
< ||x, —w]||*, Vn e N.
Hence
[0 —wl| < 0|20 — wl[ + (1 - O‘n)HT[ﬁnxn + (1= Ba)wy] _WH
< O lxn —wll + (1 — o) [Bonn —wl+ (1= Ba)l[wn _WH]
(3.24)

< X — w4 (1 — 04, [|xn — w|

= ||x, —wl|, Vn € N.
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It follows that w € D,,. Hence Fix(T) N Q C D,, which implies Fix(T) N Q C U, for each n € N.
Therefore, the sequence {x,} is well defined. Since z = Prix(r)naXo € F ix(T)NQ C U,, we have
%241 — x0| < |lz—x0l]- So, {||x, — x0]|} is bounded.

On the other hand, since U, C Uy, we have x,42 = Py,, X0 € U,11 C Uy It follows that ||x,41 —xo|| <
||xn+2 — x0|. Hence, the limit of {||x, — xol| } exists. Since U,, C U, and x,,+1 = Py, xo € Uy, C U, for all
m > n, we have (X1 — X, X1 —Xpt1) > 0, which implies

(|1 _xn+1||2

| Xm41 — X0 — (Xng-1 — X0)
[[m-+1 —XOHZ + [ X041 —XOHZ = 2(Xn+1 = X05 Xm+1 — X0)

me—&-l —X()H2+ Hxn—H _onz _2<xn+l — X0, Xm+1 — Xn+1 + Xn+1 —X()>
[[%m-+1 —X0H2 =[x+ —on2 = 2(Xn+1 = X0, Xm+1 — Xnt1)

|11 = 2%0][* = [[2n1 — 0]

I”?

IN

for all m,n € N with m > n. Since the limit of {||x,+1 —xo||} exists, we obtain

lim  ||x, — x| =0, (3.25)

m,n—soo

which shows that {x,} is a Cauchy sequence. Hence one can assume that x, — £ € C; as n — o. Since
Xnt1 € Dy, by (3.25) with m = n+ 1, we have

1n — Xnt1 || < [[xns1 —2xn|| = 0asn— oo. (3.26)
Set I, = Buxn + (1 — Bn)wy, for each n € N. Since limsup,,_,., @, < 1, by the definition of £,, (3.25) with
m=n+1 and (3.26), we have

1

|7ty —xal < 1—a,

[0 = Xns1 || = | Xng1 — xnl|]] — O as n — oo, (3.27)

From (3.23), we have

T8y —w|* < Bullxa — wll* + (1= Ba) [ wa — wl®
< Jlon — wl* = (1= B) [¥(1 — yM?)|| Ax, — 1] (3.28)
+ (1 =2Auc2) |l wn _ZnHz + (1 =24¢1)||z0 — VnHZ]-

Combining (3.27) with (3.28), we have

(1= Ba) [¥(1 — yM?)||Axy, — tu]|* + (1 = 22nc2) W — zal|* + (1 = 22nc1) |20 — va||*]
< P = Tal[([[xn =Wl + 1T 1 — wl])

—0asn— oo.
Since liminf, e By (1 —B,) > 0,4, < 8 < min{z—il, i} and y(1 — yM?) > 0, we have

lim [|Ax, — tu]| = 1im [|wy — 24| = 1im ||y, — ]| = 0. (3.29)
n—oo n—oo n—o0



SPLIT PSEUDOMONOTONE EQUILIBRIUM PROBLEMS AND FIXED POINT PROBLEMS 13
From the definition of 4,, Proposition 2.2 and (3.23), we have
1y —wl?
< 010 — w[I> 4 (1= 06,) || B (6 = w) + (1= ) (W — w) ||
= 0| x, _WH2 +(1—ay) [ﬁn”xn _WH2 + (1= B) | wn _WH2 —Bu(1 =B ||xn — WnHZ]
< O [|xn _WH2 +(1—ay) [ﬁn”xn _WHZ + (1= B)||xn _WH2 — Bu(1—Bu) | xn _WnHz]
= ||xn _WH2 — (1= 0) B (1 = B) |0 — WnHZa Vn e N.

By (3.24)-(3.26), we have

(1= 0)Ba(1 = Bo) 5= w3 < 1 — (s — wl [ — 1)
< 2|x = hn||[lxn — w|
< 2(||xn — Xn+1 ” + Hxn-i-l - hn”) Hxn - WH

—0asn — oo,
Since limsup, _,,, 0, < 1 and liminf,_, B,(1 — B,) > 0, we have
fim ||x, — wy || = 0. (3.30)
n—oo
This completes the proof. O]

Theorem 3.7. If limsup,_,,, @, < | and liminf, . B,(1 — B,) > O, then the sequence {x,} given in
Algorithm 3.5 strongly converges to the element Pr;y(1)nqXo-

Proof. Assume that the stop criterion can not be satisfied for all n € N. By the definition of /, and (3.30),
we have

1L, — xn]l = (1= By) ] — wal|| — 0asn — oo, (3.31)
which implies that {/,} converges to £. Using (3.27) and (3.31), we have
ITL, — L) < TL —xu|| + ||X0 — Lu]] — 0 as n — oo,

Hence £ € Fix(T).
Now, we show that X € Q. From (2.1), it follows that

2 (f1(vny) = Fi(vnszn)) = (@ — Vi, 20 — ), Yy € Cy. (3.32)
Letting n — o in (3.32), it follows from (b2), (b3) and (3.29) that
fi(x,y) >0, ¥y € (.
This implies that £ € EP(f). By (3.29), we have
| Pey Aty — 1] = [|Pey Ay — Peytal| < [[Axy — 1] — O 2 n — oo, (333)
For any w € EP(f>), it follows from (2.2) that

1w = wl* < [|Pe Ay —w = (1= 22ne1) [Py Ax = yall® = (1 = 22c2) 12—y,
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which implies from (3.33) that
(1= 22ne1) [Py Axs =yl + (1= 22nc2) [[tw — yul|* < || Py A — wl|* — ||t — wl|?
< [Py Ay — | (|| Py Ay — w]| =+ 12 — wl]) (3.34)
—0asn —> oo,
Since A, < &, < min{z—il, z—iz}, it follows from 3.34 that
lim ||y, — Pc,Ax|| = lim ||£, — yu|| = 0. (3.35)
n—oo n—yoo
Combining (3.29) with (3.35), we have
Tim [y, —Ax, || = 0. (3.36)

Since A is linear bounded and {x,} strongly converges to £ € Cy, {Ax,} strongly converges to A% € H,.
Since {y,} C C; and y, — Ax,, — 0, it follows that {y, } strongly converges to A% € C,. Further, it follows
from (3.35) that {Pc,Ax, } also strongly converges to AX. By (2.1), we have

An (2 (Pe,Axn, 2) = f2(PeyAxn, Yn)) = (n — Pe,Axn, ya = 2), V2 € Ca. (3.37)
Let n — oo in (3.37). Since 4, > 8 > 0, it follows from (b1), (b3) and (3.35) that
f(A%,2) >0, Vz € C,.

It follows that A% € EP(f>). Therefore, £ € Q and hence £ € Fix(T) N Q.
Finally, we prove that £ = Pr;y(7)nq¥o. From x, 11 = Py,xo and Fix(T)NQ C U, for all n € N, we have

(X0 = Xnt1,%n+1 —Vv) >0, VWwe Fix(T)NQ,n € N. (3.38)
Taking the limit in (3.38) and noting that x,, — X as n — oo, we obtain
(xo—%,X—v) >0, Vv e Fix(T)NQ.
Therefore, it follows that £ = Pr;y(7)naXo- This completes the proof. O

If T = I (the identity mapping), then we get the following results.

Corollary 3.8. Let H; be a Hilbert space. Let C; be a nonempty closed and convex subset of H; and let
fi : Ci X C; = R be the bifunction satisfying the conditions (b1)-(b4) for each i = 1,2. Assume that fi
and f> enjoy the common Lipschitz constants ¢y and ¢ and Q # 0. Let A : Hy — H, be a linear bounded
operator with the adjoint operator A*. Take xy € C| and define the sequence {x,} by the following

manner.

1
yn = argmin{ 2|z = Pe,Axy |* + A fo(Pe, A%, 2) 2 € G},

.1
ty = argmm{EHt — Po, A%y | 4 Anfa(ynst) 11 € G},

Vi = P, [, — YA* (Ax, — 1)), (3.39)

.1
au = argmin{ |y = vall + 2 fi (va,3) 1y € C1},

.1
Wy = argmm{EHa vl 4 Anfi(zna) ra € Cr Y,

X1 = OXn + (1 — Q) (Buxn + (1 — Bu)wn), n €N,
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where y € (0,1/M?), M is a boundedness above of ||Al|, {a,},{B.} C (0,1), {4} € [81,8)] with 0 <
0 <&, < min{fl,17 i} If the sequences {a, },{B,} satisfy the following conditions:

liminfe, (1 —a,) >0 and liminfB,(1—f,) >0,
n—oo n—yoo
then {x,} generated by (3.39) weakly converges to the element X = 1im,,_,e PoXp.

Corollary 3.9. Let H; be a Hilbert space. Let C; be a nonempty closed and convex subset of H; and let
fi : Ci X C; — R be the bifunction satisfying the conditions (b1)-(b4) for each i = 1,2. Assume that fi
and f> enjoy the common Lipschitz constants ¢y and ¢ and Q # 0. Let A : Hy — H, be a linear bounded
operator with the adjoint operator A*. Take xy € C| and define the sequence {x,} by the following

manner:

( 1
= argmln{§||z—PczAan2 + A fo(PoAxn,z) 1z € Ca}y

.|
t, = argmm{EHt —PczAx,,Hz + nfo(yn,t) it € G},
Vn = Pe, [xn — YA™ (Ax, — 1,)],

|
Zn = argmm{QHy—vnH2 + Mnfi(v,y) 1y €Ci},

] (3.40)
w, = argmin{EHa—vnH2+7Lnf1 (zn,a) ra € C1},

hy = 0 x, + (1 - an)(ﬁnxn + (1 - Bn)wn)y
Dy ={z€Cy: [|hy—z|| < |lxn —zll},
Un == m?zoDj,

Xnt+1 = PU,,-xO7 ne N7

where y € (0,1/M?), M is a boundedness above of ||Al|, {a,},{B.} C (0,1), {4} € [81,8] with 0 <
0 <&, < min{fl,I7 ﬁ} If the sequences { oy, },{ B} satisfy the following conditions:

limsupoy, <1 and liminff,(1—p,) >0,
n—oo n—ee

then {x,} generated by (3.40) strongly converges to x* = Poxo.

Remark 3.10. In [11, 14, 15, 16], the parameter ¥ is chosen from (0,1/[|A*||?) or (0,1/L?), where L
is the spectral radius of the operator A*A. However, it is sometime hard to compute the spectral radius
of A*A and the norm ||A*||. That is difficult to choose the parameter y. In our paper, the parameter y
is chosen from (0, 1/M?), where M is a boundedness above of ||A||. Usually, the boundedness above of
||A]| is easy to estimate and so it is easier to choose the parameter 7.

4. NUMERICAL EXAMPLES

In this section, we give an example in infinite dimensional space to illustrate Algorithm 3.3 (T' = 1)
and compare the results with [22, Algorithm 1] and [31, Algorithm 3.1]. The program is performed by
Matlab R2008a running on a PC Desktop with Core(TM) i3CPU M550 3.20GHz and 4GB Ram.

Example 4.1. Let H; = L'[0,1], H, =%, C; = {x € [*[0,1] : x = Y" ;a;t' + b : a; > O for each i =
1,---,n,b€[0,10,,n> 1} and C; = {x = (x1,x2,--+) € [* : x; = 0,x; > 0,i > 2, ||x|| < 30}. Define the
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bifunctions f} : C; x C; — R by

filen) = [ 0000 -x(0)a

forallx=x(t),y=y(t) €Ciand f, : C; xC;, = R by fo(x,y) =Y~ xi(yi —x;) forall x = (x1,x2,- -+ ),y =
(y1,y2,+++) € Co. Tt is easy to prove that f; and f, are Lipschitz-type continuous with the common
constants ¢c; = ¢y = % So, f1 and f, satisfy the conditions (b1)-(b4).

Let A : Hl — H; be a bounded linear operator defined by

1 1 1 1 1
Ax = (/ x(t)dt,—/ x(t)dt,—/ x(t)dt,'w),Vx(t) €H,.
0 2 Jo 4 Jo
It follows that

* o 1
A y:ZFy“ \v/y:(yl)y27"')€H2.
i=1

Obviously, x* = x*(¢r) = 0 for all r € [0, 1] is the unique solution of split equilibrium problem.
It is easy to check that f; satisfies the following conditions:
(al) f> is monotone on C, and f>(x,x) =0 for all x € C;
(a2) for all x,y,z € G,

lim sup f2(tz+ (1 —1)x,y) < foa(x,y);
t—0t

(a3) for all x € C;, f>(x,-) is convex and lower semicontinuous.
For each r > 0 and x € H,, it follows from [4] that there exists the unique z € C;, such that

falzy) + %(y—z,z—x> >0, VyeaG,.
Denote z by Trf2 (x), that is, Trf2 (x) = z. It is easy to show that Trfzx = %w for each x € H,. Note that
J1 satisfies the Condition 1 and Condition A with € = 0 in [22, Algorithm 1] and [31, Algorithm 3.1],
respectively. Hence the Algorithm 1 in [22] (HIEUP) and Algorithm 3.1 in [31] (HIEUT) can be applied
to this example.

All the optimization problems in Algorithm 3.3 are reduced to the projections on C; and C, which can

be explicitly computed. The parameters chosen for Algorithm 3.3, HIEUT and HIEUP are as follow:

1) o, = %, B = %’1 for Algorithm 3.3;
(i) A = u = A, = y= 1 for HIEUP and Algorithm 3.3;

(iii) py = 1, u = §, € =0and B, = ! for HIEUT;

(iv) r, = 1 for HIEUP and HIEUT.

We use the sequence {||x, — x*||} to check the convergence of Algorithm 3.3, HIEUP and HIEUT
with the initial point x (t) =, x1(t) = 2t> +¢ +1/6 and x; (¢) = 8¢° + 5t* +1, where the sequence {x,}
is generated by the algorithms. The convergence of {||x, —x*||} implies that {x,} converges to the
solution of the split equilibrium problem. The following figures are the iterations and elapsed times for
the algorithms with the different initial points. The figures show that the rates of convergence of {x,} are
very fast for the three algorithms.
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