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EXISTENCE RESULTS FOR A BOUNDARY VALUE PROBLEM INVOLVING A
FOURTH-ORDER ELASTIC BEAM EQUATION
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Abstract. Fourth-order two-point boundary value problems are useful for material mechanics since they usually characterize
the deflection of an elastic beam. In this paper, we establish the multiplicity results for a fourth-order differential equation
involving Lipschitz non-linearity which models beams on elastic foundations. The approach is based on variational methods
and critical point theory.
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1. INTRODUCTION

Fourth-order boundary value problems which describe the deformations of an elastic beam in an equi-
librium state whose both ends are simply supported have been extensively studied in the literature. In
this paper, we study the fourth-order boundary value problem

u(iv)(x) = λ f (x,u(x))+h(u(x)), in [0,1],
u(0) = u′(0) = u′′(1) = 0,
u′′′(1) = µg(u(1)),

(1.1)

where λ > 0, µ ≥ 0 are two parameters. f : [0,1]×R→R is an L1-Carathéodory function, g : R→R is
a nonnegative continuous function and h : R→ R is a Lipschitz continuous function with the Lipschitz
constant L > 0, i.e.,

|h(ξ1)−h(ξ2)| ≤ L|ξ1−ξ2|, ∀ξ1,ξ2 ∈ R

such that h(0) = 0.
Problem (1.1) has the following physical description: a thin flexible elastic beam of length 1 when,

along its length, f and h are added to cause deformation. Precisely, condition u(0) = u′(0) = 0 means
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that the left end of the beam is fixed and condition u′′(1) = 0,u′′′(1) = µg(u(1)) means that the right end
of the beam is attached to a bearing device, given by the function g.

It is well known that fourth-order two-point boundary value problems are useful for material mechan-
ics because the problems usually characterize the deflection of an elastic beam. For this reason, many
literatures that deal with the existence results of at least one solution, or multiple solutions, or even in-
finitely many solutions have been established by many authors using fixed point theorems, lower and
upper solutions methods, and critical point theory; see, for example, [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12,
13, 14, 15, 16, 17] and the references therein. These kind of problems arise in real-world phenomena
play an important role in different fields of research, such as, mechanical engineering, control systems,
economics, computer science, physics, biology and many others. For example, Ma [14] obtained the
existence of at least two positive solutions for the following problem

u(iv)(x) = f (x,u(x)), in [0,1],
u(0) = u′(0) = u′′(1) = 0,
u′′′(1) = g(u(1)).

In [5], Bonanno and Di Bella by using a three critical points theorem (Theorem 2.1) established the
existence of at least three weak solutions for the following boundary value problem

u(iv)(x)+Au′′(x)+Bu(x) = λ f (x,u(x)), in [0,1],
u(0) = u(1) = 0,
u′′(0) = u′′(1) = 0,

where f : [0,1]×R→ R is a function, A and B are real constants and λ is a positive parameter. Yang,
Chen and Yang [17], by using a variational approach, ensured the existence of three solutions for the
problem 

u(iv)(x) = λ f (x,u(x)), in [0,1],
u(0) = u′(0) = u′′(1) = 0,
u′′′(1) = g(u(1)).

Cabada and Tersian [10] established the existence of at least two nontrivial classical solutions for the
problem 

u(iv)(x)+λ f (x,u(x)) = 0, in [0,1],
u(0) = u′(0) = u′′(1) = 0,
u′′′(1) = λg(u(1)),

where the functions f : [0,1]×R→ R and g : R→ R are continuous and λ ≥ 0 is a real parameter.
Recently, Bonanno, Chinnı̀ and Tersian [4], by using a variational approach, constructed two precise
intervals of the parameters λ and µ for which the problem (1.1), in case h = 0, admits at least one
non-zero classical solution ([4] see Theorem 3.1) under conditions involving the antiderivatives of f and
g. In [13], the existence of infinitely many generalized solutions for perturbed fourth-order nonlinear
boundary value problems with nonlinear boundary conditions, based on variational methods and critical
point theory, was investigated. In [12], the authors, based on variational methods and critical point theory,
ensured the existence of infinitely many classical solutions the problem (1.1), in the case h = 0.

In this paper, by using a three critical points theorem (see Theorem 2.1) due Bonanno and Candito
established in [18], we discuss the existence of at least three solutions for the problem (1.1), in which two
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parameters are involved. Precise estimates of these two parameters λ and µ will be given. We would like
to stress that our results hold under rather different assumptions. In particular, we require that there is a
growth of the antiderivative of f which is greater than quadratic in a suitable interval (see, for instance,
condition (B1) of Theorem 3.3), and which is less than quadratic in a following suitable interval (see, for
instance, condition (B1) of Theorem 3.3). The rest of this paper is arranged as follows. In Section 2, we
recall some basic definitions and the main tool (Theorem 2.1). In Section 3, we provide our main result
that contains several theorems. Finally, an example is stated to illustrate the results. Precisely, Theorems
3.5 and 3.8 are very special cases of our main results, which are, in fact, Theorem 3.1 and its consequence
Theorem 3.3. Theorem 3.5, under suitable conditions on f at zero and at infinity, ensures four distinct
non-trivial solutions to the problem (1.1) with µ = 0. Theorem 3.8 guarantees three nontrivial solutions
to the problem (1.1) with λ = 1.

2. PRELIMINARIES

Let

X := {u ∈ H2([0,1]) : u(0) = u′(0) = 0},

where H2([0,1]) is the Sobolev space of all u : [0,1]→ R such that u and its distributional derivative u′

are absolutely continuous and u′′ belongs to L2([0,1]). X is a Hilbert space with inner product

〈u,v〉 :=
∫ 1

0
u′′(t)v′′(t)dt

and norm

‖u‖ := (
∫ 1

0
(u′′(t))2dt)1/2,

which is equivalent to the usual norm
∫ 1

0 (|u(t)|2 + |u′(t)|2 + |u′′(t)|2)dt. The inclusion X ↪→ C1([0,1]) is
compact and it results

‖u‖C1([0,1]) := max{‖u‖∞,‖u′‖∞} ≤ ‖u‖ (2.1)

for each u ∈ X. We consider the functionals Φ,Ψλ ,µ : X → R defined by

Φ(u) :=
1
2
‖u‖2−

∫ 1

0
H(u(x))dx

and

Ψλ ,µ(u) :=
∫ 1

0
F(x,u(x))dx+

µ

λ
G(u(1))

for each u ∈ X and for each λ ,µ > 0, where F(x,ξ ) :=
∫ ξ

0 f (x, t)dt, G(ξ ) :=
∫ ξ

0 g(t)dt and H(ξ ) :=∫ ξ

0 h(t)dt for each x ∈ [0,1],ξ ∈ R.
Suppose that the Lipschitz constant L > 0 of function h satisfies L < 1. The key theorem to prove

our main result is [18, Theorem 3.3] due to Bonanno and Candito. For the reader’s convenience we here
recall its immediate consequence (see also [2, Theorem 5.2]).

For all r,r1,r2 > infX Φ,r2 > r1,r3 > 0, we define

ϕ(r) := inf
u∈Φ−1(−∞,r)

supu∈Φ−1(−∞,r) Ψ(u)−Ψ(u)

r−Φ(u)
,

β (r1,r2) := inf
u∈Φ−1(−∞,r1)

sup
v∈Φ−1[r1,r2)

Ψ(v)−Ψ(u)
Φ(v)−Φ(u)

,
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γ(r2,r3) :=
supu∈Φ−1(−∞,r2+r3)

Ψ(u)

r3
,

and

α(r1,r2,r3) := max{ϕ(r1),ϕ(r2),γ(r2,r3)}.

Theorem 2.1. Let X be a reflexive real Banach space. Let Φ : X → R be a convex, coercive and contin-
uously Gâteaux differentiable functional whose Gâteaux derivative admits a continuous inverse on X∗.
Let Ψ : X→R be a continuously Gâteaux differentiable functional whose Gâteaux derivative is compact
such that

(a1) Φ(0) = Ψ(0) = 0.
(a2) for every u1,u2 such that Ψ(u1)≥ 0 and Ψ(u2)≥ 0 one has

inf
t∈[0,1]

Ψ(tu1 +(1− t)u2)≥ 0.

Assume that there are three positive constants r1,r2,r3 with r1 < r2 such that
(a3) ϕ(r1)< β (r1,r2);
(a4) ϕ(r2)< β (r1,r2);
(a5) γ(r2,r3)< β (r1,r2).

Then, for each λ ∈] 1
β (r1,r2)

, 1
α(r1,r2,r3)

[, the functional Φ−λΨ admits at least three distinct critical points
u1,u2,u3 such that u1 ∈Φ−1(−∞,r1),u2 ∈Φ−1[r1,r2) and u3 ∈Φ−1(−∞,r2 + r3).

We refer the interested reader to the papers [19, 20, 21] in which Theorem 2.1 has been successfully
employed to obtain the existence of at least three solutions for boundary value problems.

We assume throughout, and without further mention, that the following conditions for the function f
hold:

(b1) for every ρ > 0, there exists a function lρ ∈ L1([0,1]) such that

sup
|t|≤ρ

| f (x, t) |≤ lρ(x)

for almost every x ∈ [0,1];
(b2) f (x, t)t ≥ 0 for almost every x ∈ [0,1] and for all t ∈ R.

When the Maximum Principle holds, we can substitute (b2) with
(b
′
2) f (x, t) ≥ 0 for almost every x ∈ [0,1] and for all t ≥ 0. Of course, when (b

′
2) holds, maybe

f (x,0) 6= 0.

It is easy to see that if f (x, t)t < 0 for every x ∈ [0,1] and t 6= 0, then problem (1.1) has only the trivial
solution.

Let us recall that a weak solution of problem (1.1) is a function u ∈ X such that∫ 1

0
u′′(x)v′′(x)dx−

∫ 1

0
h(u(x))v(x)dx−λ

∫ 1

0
f (x,u(x))v(x)dx−µg(u(1))v(1) = 0 (2.2)

for every v∈ X . Moreover, a function u : [0,1]→R is said to be a generalized solution to problem (1.1) if
u∈C3([0,1]),u′′′ ∈ AC([0,1]),u(0) = u′(0) = u′′(1) = 0,u′′′(1) = µg(u(1)), and u(iv)(x) = λ f (x,u(x))+
h(u(x)) for almost every x ∈ [0,1]. If f is continuous in [0,1]×R, then each generalized solution is a
classical solution.
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3. MAIN RESULTS

For α ≥ 0, set
Gα := max

|ξ |≤α

G(ξ ).

We formulate our main result as follows.

Theorem 3.1. Assume that there exist four positive constants c1,d,c2,c3 with

c1 < d <
3
√

3
8π2

√
1−L
1+L

c2 <
3
√

3
8π2

√
1−L
1+L

c3

such that

(A1) max
{ ∫ 1

0 F(x,c1)dx
c2

1
,
∫ 1

0 F(x,c2)dx
c2

2
,
∫ 1

0 F(x,c3)dx
c2

3−c2
2

}
<

( 3
2 )

3(1−L)
1+L

∫ 1
3
4

F(x,d)dx−
∫ 1

0 F(x,c1)dx

8π4d2 .

Then, for every

λ ∈

]
(2

3)
3(1+L)4π4d2∫ 1

3
4

F(x,d)dx−
∫ 1

0 F(x,c1)dx
,

min

{
(1−L)c2

1

2
∫ 1

0 F(x,c1)dx
,

(1−L)c2
2

2
∫ 1

0 F(x,c2)dx
,
(1−L)(c2

3− c2
2)

2
∫ 1

0 F(x,c3)dx

}[
,

and for each nonnegative continuous function g : R→ R, there exists δλ ,g > 0 given by

min

{
min

{
(1−L)c2

1−2λ
∫ 1

0 F(x,c1)dx
Gc1

,
(1−L)c2

2−2λ
∫ 1

0 F(x,c2)dx
Gc2

,

(1−L)(c2
3− c2

2)−2λ
∫ 1

0 F(x,c3)dx
Gc3

}
,

(2
3)

3(1+L)4π4d2−λ (
∫ 1

3
4

F(x,d)dx−
∫ 1

0 F(x,c1)dx)

G(d)−Gc1

}
such that, for each µ ∈ [0,δλ ,g[, problem (1.1) admits at least three generalized solutions ui(i = 1,2,3)
such that ‖ui‖∞ < c3, i = 1,2,3.

Proof. Our goal is to apply Theorem 2.1 to problem (1.1). To this end, fix λ , and nonnegative continuous
function g : R→ R and µ as in the conclusion. For each u ∈ X , let the functionals Φ,Ψλ ,µ : X → R be
defined by

Φ(u) :=
1
2
‖u‖2−

∫ 1

0
H(u(x))dx

and

Ψλ ,µ(u) :=
∫ 1

0
F(x,u(x))dx+

µ

λ
G(u(1)).

Let us prove that the functionals Φ and Ψ satisfy the required conditions in Theorem 2.1. It is well known
that Ψλ ,µ is a differentiable functional whose differential at the point u ∈ X is

〈Ψ′

λ ,µ(u),v〉=
∫ 1

0
f (x,u(x))v(x)dx+

µ

λ
g(u(1))v(1)

for every v ∈ X , and Ψ
′

λ ,µ : X −→ X∗ is a compact operator. Indeed, it is enough to show that Ψ
′

λ ,µ

is strongly continuous on X . For this end, for fixed u ∈ X , let un → u weakly in X as n→ ∞. Then
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un(x) converges uniformly to u(x) on [0,1] as n→ ∞; see [22]. Since f ,g are continuous in R for every
x ∈ [0,1]. So

f (x,un(x))+
µ

λ
g(un(1))→ f (x,u(x))+

µ

λ
g(u(1)) as n→ ∞.

Thus Ψ
′

λ ,µ(un)→Ψ
′

λ ,µ(u) as n→∞. Hence we proved that Ψ
′

λ ,µ is a compact operator by the proposition
26.2 of [22]. Now from the fact −L|ξ | ≤ h(ξ ) ≤ L|ξ | for all ξ ∈ R, and taking (2.1) into account for
every u ∈ X , we have

1−L
2
‖u‖2 ≤Φ(u)≤ 1+L

2
‖u‖2. (3.1)

Clearly, Φ is a convex and coercive. Furthermore, Φ is continuously differentiable whose differential at
the point u ∈ X is

〈Φ′(u),v〉=
∫ 1

0
u′′(x)v′′(x)dx−

∫ 1

0
h(u(x))v(x)dx, ∀v ∈ X .

Also, Φ′ : X −→ X∗ admits a continuous inverse on X∗. Indeed, for every u ∈ X \{0},

lim
‖u‖→∞

〈Φ′(u),u〉
‖u‖

= lim
‖u‖→∞

∫ 1
0 (u

′′(x)u′′(x))dx−
∫ 1

0 h(u(x))u(x)dx
‖u‖

≥ lim
‖u‖→∞

(1−L)‖u‖2

2‖u‖

= lim
‖u‖→∞

(1−L)‖u‖
2

= ∞.

So, Φ′(u) is coercive. Now, for any u,v ∈ X , one has

〈Φ′(u)−Φ
′(v),u− v〉 =

∫ 1

0
(u′′(x)− v′′(x))(u′′(x)− v′′(x))dx

−
∫ 1

0
(h(u(x))−h(u(x)))(u(x)− v(x))dx

≥ 1−L
2
‖u− v‖2.

Thus, Φ′(u) is uniformly monotone. By [22, Theorem 26.A (d)], Φ′−1 exists and is continuous on X∗.
Therefore, we observe that the regularity assumptions on Φ and Ψλ ,µ , as requested of Theorem 2.1, are
satisfied. Let

v̄(x) =


0 x ∈ [0, 3

8 ],

d cos2(4πx
3 ) x ∈]3

8 ,
3
4 [,

d x ∈ [3
4 ,1].

(3.2)

Simple calculations show that ‖v̄‖2 = 8π4d2(2
3)

3. v̄ ∈ X . It follows from (3.1) that

4π
4(1−L)d2(

2
3
)3 ≤Φ(v̄)≤ 4π

4(1+L)d2(
2
3
)3. (3.3)

Putting r1 =
1−L

2 c2
1,r2 =

1−L
2 c2

2 and r3 =
1−L

2 (c2
3− c2

2), the condition

c1 < d <
3
√

3
8π2

√
1−L
1+L

c2 <
3
√

3
8π2

√
1−L
1+L

c3
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in conjunction with (3.3) yields r1 < Φ(v̄)< r2, and also we observe that r3 > 0. Moreover, taking (2.1)
into account, one has maxx∈[0,1] |u(x)| ≤ c1 when Φ(u)< r1. Since f and g are nonnegative, we obtain

sup
u∈Φ−1(−∞,r1)

∫ 1

0
[F(x,u(x))dx+

µ

λ
G(u(1))] ≤

∫ 1

0
max
|t|≤c1

F(x, t)dx+
µ

λ
Gc1

=
∫ 1

0
F(x,c1)dx+

µ

λ
Gc1 .

In a similar way, we get

sup
u∈Φ−1(−∞,r2)

∫ 1

0
[F(x,u(x))dx+

µ

λ
G(u(1))]≤

∫ 1

0
F(x,c2)dx+

µ

λ
Gc2

and

sup
u∈Φ−1(−∞,r2+r3)

∫ 1

0
[F(x,u(x))dx+

µ

λ
G(u(1))]≤

∫ 1

0
F(x,c3)dx+

µ

λ
Gc3 .

Therefore, since 0 ∈Φ−1(−∞,r1), one has

ϕ(r1)≤
supu∈Φ−1(−∞,r1)

Ψ(u)

r1
≤
∫ 1

0 F(x,c1)dx+ µ

λ
Gc1

1−L
2 c2

1

ϕ(r2)≤
supu∈Φ−1(−∞,r2)

Ψ(u)

r2
≤
∫ 1

0 F(x,c2)dx+ µ

λ
Gc2

1−L
2 c2

2
,

and

γ(r2,r3)≤
supu∈Φ−1(−∞,r2+r3)

Ψ(u)

r3
≤
∫ 1

0 F(x,c3)dx+ µ

λ
Gc3

1−L
2 (c2

3− c2
2)

.

On the other hand, ∫ 1

0
F(x, v̄(x))+

µ

λ
G(d)≥

∫ 1

3
4

F(x,d)+
µ

λ
G(d).

For each u ∈Φ−1(−∞,r1), one has

β (r1,r2) ≥
∫ 1

0 F(x, v̄(x))dx+ µ

λ
G(d)−

∫ 1
0 F(x,u(x))dx− µ

λ
G(u(1))

4π4(1+L)d2(2
3)

3− 1−L
2 ‖u‖2

)

≥
∫ 1

0 F(x, v̄(x))dx+ µ

λ
G(d)−

∫ 1
0 F(x,c1)dx− µ

λ
Gc1

4π4(1+L)d2(2
3)

3

≥

∫ 1
3
4

F(x,d)dx+ µ

λ
G(d)−

∫ 1
0 F(x,c1)dx− µ

λ
Gc1

4π4(1+L)d2(2
3)

3
.

From (A1), we obtain

α(r1,r2,r3)< β (r1,r2).

Finally, we verify that Φ− λΨλ ,µ satisfies the assumption (a2) of Theorem 2.1. Let u1 and u2 be
two local minima for Φ− λΨλ ,µ . Then u1 and u2 are critical points for Φ− λΨλ ,µ , and so, they are
weak solutions of problem (1.1). Since f and g are non-negative, for fixed λ > 0 and µ ≥ 0, we have
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(λ f + µg)(x,su1 +(1− s)u2) ≥ 0 for all s ∈ [0,1]. Consequently, Ψλ ,µ(su1 +(1− s)u2) ≥ 0, for every
s ∈ [0,1]. Hence, Theorem 2.1 implies that for every

λ ∈

]
(2

3)
3(1+L)4π4d2∫ 1

3
4

F(x,d)dx−
∫ 1

0 F(x,c1)dx
,

min

{
(1−L)c2

1

2
∫ 1

0 F(x,c1)dx
,

(1−L)c2
2

2
∫ 1

0 F(x,c2)dx
,
(1−L)(c2

3− c2
2)

2
∫ 1

0 F(x,c3)dx

}[
,

and µ ∈ [0,δλ ,g), the functional Iλ ,µ has three critical points ui, i = 1,2,3, in X such that Φ(ui)< r1+ r2,

that is, ‖ui‖∞ < c3, i = 1,2,3. Then, taking into account the fact that the weak solutions of problem (1.1)
are exactly critical points of the functional Iλ ,µ , which they are also generalized solutions, we have the
desired conclusion. �

Remark 3.2. We observe that if f and g are positive and continuous, then we obtain three positive
classical solutions. Clearly, if we assume condition (b

′
2) instead of condition (b2), the solutions ensured

by Theorem 3.1 are nontrivial. In the case that f (x,0) = 0, we have nontrivial solutions if we assume the
following two conditions: Assume that there are a non-empty open set J ⊆ [0,1] and j ⊂ J of positive
Lebesgue measure such that

(b3) limsupξ→0+
ess infx∈ j F(x,ξ )

|ξ |2 =+∞

(b4) liminfξ→0+
ess infx∈J F(x,ξ )

|ξ |2 >−∞.

Arguing as in [23, 24], let u0 be an arbitrary solution of three solutions of problem 1.1. We shall show
that the function u0 cannot be trivial. Let us prove that

limsup
‖u‖→0+

Ψλ ,µ(u)
Φ(u)

= +∞. (3.4)

In view of assumptions (b3) and (b4), we can consider a sequence {ξn} ⊂ R+ converging to zero and
two constants σ ,κ (with σ > 0) such that

limsup
n→+∞

ess infx∈ j F(x,ξn)

|ξn|2
=+∞

and

ess inf
x∈J

F(x,ξ )≥ κ|ξ |2

for every ξ ∈ [0,σ ]. We consider a set ω ⊂ j of positive measure and a function v ∈ X such that

(k1) v(x) ∈ [0,1] for every x ∈ [0,1]
(k2) v(x) = 1 for every x ∈ ω

(k3) v(x) = 0 for every x ∈ [0,1]\ J.

Hence, fix M > 0 and consider a real positive number η with

M <
ηmeas(ω)+κ

∫
J\ω |v(x)|2dx

1+L
2 ‖v‖2

.

Then, there is n0 ∈ N such that ξn < σ and

ess inf
x∈ j

F(x,ξn)≥ η |ξn|2
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for every n > n0. Now, from the second inequality of (3.1), for every n > n0, by recalling the properties
of the function v (that is, 0 < ξnv(x)< σ for n large enough), we have

Ψλ ,µ(ξnv)
Φ(ξnv)

≥
∫

ω
F(x,ξn)dx+

∫
J\ω F(x,ξnv(x))dx

Φ(ξnv)

>
ηmeas(ω)+κ

∫
J\ω |v(x)|2dx

1+L
2 ‖v‖2

> M.

Since M could be arbitrarily large, it is achieved that

lim
n→∞

Ψλ ,µ(ξnv)
Φ(ξnv)

= +∞

from which (3.4) clearly follows. Hence, there exists a sequence {ρn} ⊂ X strongly converging to zero
such that, for n large enough, ρn ∈Φ−1(−∞,r3) and

Iλ ,µ(ρn) = Φ(ρn)−λΨλ ,µ(ρn)< 0.

Since u0 is a local minimum of the restriction of Iλ ,µ to Φ−1(−∞,r3), we obtain

Iλ ,µ(u0)< 0,

which means u0 is not trivial.

Now, we give the following direct conclusion of Theorem 3.1.

Theorem 3.3. Assume that there exist three positive constants c1,d and c4 with c1 < d < 3
8π2

√
3(1−L)
2(1+L)c4,

such that

(B1) max

{ ∫ 1
0 F(x,c1)dx

c2
1

,
2
∫ 1

0 F(x,c4)dx
c2

4

}
<

( 3
2 )

3(1−L)
( 3

2 )
3(1−L)+8π4(1+L)

∫ 1
3
4

F(x,d)dx

d2 .

Then, for every

λ ∈

]
(1−L

2 +4π4(1+L)(2
3)

3)d2∫ 1
3
4

F(x,d)dx
,
1−L

2
min

{
c2

1∫ 1
0 F(x,c1)dx

,
c2

4

2
∫ 1

0 F(x,c4)dx

}[
,

there exists δ ′
λ ,g > 0, where

δ
′
λ ,g := min

{
min

{
(1−L)c2

1−2λ
∫ 1

0 F(x,c1)dx
Gc1

,
(1−L)c2

4−4λ
∫ 1

0 F(x, 1√
2
c4)dx

2G
1√
2

c4
,

(1−L)c2
4−4λ

∫ 1
0 F(x,c4)dx

2Gc4

}
,

(2
3)

3(1+L)4π4d2−λ (
∫ 1

3
4

F(x,d)dx−
∫ 1

0 F(x,c1)dx)

G(d)−Gc1

}
such that, for each µ ∈ [0,δ ′

λ ,g[, problem (1.1) has at least three generalized solutions ui(i = 1,2,3) such
that ‖ui‖∞ < c4, i = 1,2,3.

Proof. Choose c2 =
1√
2
c4 and c3 = c4. From (B1), we have∫ 1

0 F(x,c2)dx
c2

2
= 2

∫ 1
0 F(x, 1√

2
c4)dx

c2
4

≤ 2
∫ 1

0 F(x,c4)dx
c2

4
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<
(3

2)
3(1−L)

(3
2)

3(1−L)+8π4(1+L)

∫ 1
3
4

F(x,d)dx

d2 (3.5)

and ∫ 1
0 F(x,c3)dx
(c2

3− c2
2)

= 2
∫ 1

0 F(x,c4)dx
c2

4
<

(3
2)

3(1−L)

(3
2)

3(1−L)+8π4(1+L)

∫ 1
3
4

F(x,d)dx

d2 . (3.6)

Moreover, since c1 < d from (B1), we get

(3
2)

3(1−L)
8π4(1+L)

∫ 1
3
4

F(x,d)dx−
∫ 1

0 F(x,c1)dx

d2

>
(3

2)
3(1−L)

8π4(1+L)

∫ 1
3
4

F(x,d)dx

d2 −
(3

2)
3(1−L)

8π4(1+L)

∫ 1
0 F(x,c1)dx

c2
1

>
(3

2)
3(1−L)

8π4(1+L)

∫ 1
3
4

F(x,d)dx

d2 −
(3

2)
6(1−L)2

64π8(1+L)2 +8π4(3
2)

3(1+L)(1−L)

∫ 1
3
4

F(x,d)dx

d2

=
(3

2)
3(1−L)

(3
2)

3(1−L)+8π4(1+L)

∫ 1
3
4

F(x,d)dx

d2 .

Hence, from (B1), (3.5) and (3.6), we observe that the assumption (A1) of Theorem 3.1 is fulfilled, and
it follows the conclusion. �

We want to point out the simple case of Theorem 3.3, in which the function f has separated variables.

Theorem 3.4. Let f1 ∈ L1([0,1]) and f2 ∈C(R) be two functions and F̃(t) =
∫ 1

0 f (ξ )dξ for all t ∈ R.

Assume that there exist three positive constants c1,d and c4 such that c1 < d < 3
8π2

√
3(1−L)
2(1+L)c4,

(B2) max

{
sup|t|≤c1

F̃(t)
∫ 1

0 f1(x)dx

c2
1

,
2sup|t|≤c4

F̃(t)
∫ 1

0 f1(x)dx

c2
4

}

<
( 3

2 )
3(1−L)

( 3
2 )

3(1−L)+8π4(1+L)

F̃(d)
∫ 1

3
4

f1(x)dx

d2 .

Then, for every

λ ∈

(
(1−L

2 +4π4(1+L)(2
3)

3)d2

F̃(d)
∫ 1

3
4

f1(x)dx
,

1−L

2
∫ 1

0 f1(x)dx
min

{
c2

1

sup|t|≤c1
F̃(t)

,
c2

4

2sup|t|≤c4
F̃(t)

})
,

and for every non-negative continuous function g : R→ R, for each

µ ∈

[
0,min

{
min

{
(1−L)c2

1−2λ sup|t|≤c1
F̃(t)

∫ 1
0 f1(x)dx

Gc1
,

(1−L)c2
4−4λ sup|t|≤ 1√

2
c4

F̃(t)
∫ 1

0 f1(x)dx

2G
1√
2

c4
,
(1−L)c2

4−4λ sup|t|≤c4
F̃(t)

∫ 1
0 f1(x)dx

2Gc4

}
,

(1−L
2 +4π4(1+L)(2

3)
3)d2−λ (F̃(d)

∫ 1
3
4

f1(x)dx− sup|t|≤c1
F̃(t)

∫ 1
0 f1(x)dx)

G(d)−Gc1

})
,
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the problem 
u(iv)(x) = λ f1(x) f2(u)+h(u), in [0,1],
u(0) = u′(0) = u′′(1) = 0,
u
′′′
(1) = µg(u(1)),

(3.7)

has at least three generalized solutions ui(i = 1,2,3) such that ‖ui‖∞ < c4, i = 1,2,3.

Proof. Set f (x, t) = f1(x) f2(t) for all (x, t) ∈ [0,1]×R. Since F(x, t) = f1(x)F̃(t), we obtain from (B2)

(B1). �

We give the following simple consequence of Theorem 3.3 when µ = 0.

Theorem 3.5. Let f : [0,1]×R→ R be a continuous function such that

(B3) limt→0
f (x,t)
|t| = lim|t|→+∞

f (x,t)
|t| = 0 ∀ x ∈ [0,1].

Then, for every λ > λ̄ , where

λ̄ = (
1−L

2
+4π

4(1+L)(
2
3
)3)max{ inf

d>0

d2∫ 1
3
4

F(x,d)dx
, inf

d<0

d2∫ 1
3
4

F(x,d)dx
}

the problem (1.1), in the case µ = 0 possesses at least four distinct non-trivial solutions.

Proof. Arguing as in [25], we set

f1(x, t) =

 f (x, t), if (x, t) ∈ [0,1]× [0,+∞),

0, otherwise,

and

f2(x, t) =

− f (x,−t), if (x, t) ∈ [0,1]× [0,+∞),

0, otherwise,

and define F1(x, t) =
∫ t

0 f1(x,ξ )dξ for every (x, t) ∈ [0,1]×R. Fix λ > λ̄ , and let d > 0 such that

λ >
(1−L

2 +4π4(1+L)(2
3)

3)d2∫ 1
3
4

F(x,d)dx
.

From

lim
t→0+

f1(x, t)
t

= lim
t→+∞

f1(x, t)
t

= 0,

there exist c1 < d such that ∫ 1
0 F1(x,c1)dx

c2
1

<
1−L
2λ

and there is c4 with d < 3
8π2

√
3(1−L)
2(1+L)c4 such that∫ 1

0 F1(x,c4)dx
c2

4
<

1−L
4λ

.

Then, (B1) in Theorem 3.3 is satisfied, and

λ ∈

]
(1−L

2 +4π4(1+L)(2
3)

3)d2∫ 1
3
4

F(x,d)dx
,
1−L

2
min

{
c2

1∫ 1
0 F(x,c1)dx

,
c2

4

2
∫ 1

0 F(x,c4)dx

}[
.
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Hence, the problem (1.1) with µ = 0 admits two positive solutions u1,u2. Next, arguing in the same way,
from

lim
t→0+

f2(x, t)
t

= lim
t→+∞

f2(x, t)
t

= 0,

we ensure the existence of two positive solutions u3,u4 for the problem (1.1) with µ = 0. Clearly,
−u3,−u4 are negative solutions of the problem (1.1) with µ = 0 and the conclusion is achieved. �

Remark 3.6. We obviously observe that in Theorem 3.5 no symmetric condition on f is assumed. In the
event that, f is an odd continuous non-zero function such that f (x, t)> 0 for all (x, t) ∈ [0,1]× (0,+∞),
(B3) can be replaced by

(B4) limt→0+
f (x,t)

t = limt→+∞
f (x,t)

t = 0, ∀ x ∈ [0,1],

ensuring the existence of at least four distinct non-trivial solutions the problem (1.1) in the case µ = 0
for every λ > λ ∗, where

λ
∗ = inf

d>0

(1−L
2 +4π4(1+L)(2

3)
3)d2∫ 1

3
4

F(x,d)dx
.

Remark 3.7. When f does not depend on x, hypotheses (B1) become to the following simpler form:

(B
′
1) max{F(c1)

c2
1
, 2F(c4)

c2
4
}< 1

4
( 3

2 )
3(1−L)

( 3
2 )

3(1−L)+8π4(1+L)
F(d)

d2 ,

λ ∈

(
(3

2)
3(1−L)+8π4(1+L)

(3
2)

3

2d2

F(d)
,
1−L

2
min

{
c2

1
F(c1)

,
c2

4
2F(c4)

})
,

and

δ
′′
λ ,g := min

{
min

{
(1−L)c2

1−2λF(c1)

Gc1
,
(1−L)c2

4−4λF( 1√
2
c4)

2G
1√
2

c4
,

(1−L)c2
4−4λF(c4)

2Gc4

}
,
(2

3)
3(1+L)4π4d2−λ (1

4 F(d)−F(c1))

G(d)−Gc1

}
.

Theorem 3.8. Let f ,g : R→ [0,+∞[ be two continuous functions. Assume that there exist three positive

constants c1, d̄ and c4 with c1 < 2d̄ < 3
8π2

√
3(1−L)
2(1+L)c4 such that

(B5) f (t)< 1−L
2 c1 for all t ∈ [0,c1];

(B6) f (t)> (27(1−L)+64π4(1+L)
( 3

2 )
3 )d̄ for all t ∈ [d̄,2d̄];

(B7) f (t)< 1−L
4 c4 for all t ∈ [0,c4].

Then, the problem 
u(iv)(x) = f (u)+h(u), in [0,1],
u(0) = u′(0) = u′′(1) = 0,
u
′′′
(1) = 0,

(3.8)

for the case µ = 0, has at least three classical solutions ui(i = 1,2,3) such that ‖ui‖∞ < c4, i = 1,2,3.

Proof. All the assumptions of Theorem 3.3 are satisfied by choosing d = 2d̄ and F(t) =
∫ t

0 f (ξ )dξ for
all t ∈ R. From our assumptions, we obtain∫ c1

0
f (t)dt <

1−L
2

c2
1,
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0
f (t)dt ≥

∫ 2d̄

d̄
f (t)dt > (

(27(1−L)+64π4(1+L)
(3

2)
3

)d̄2

= (
2(3

2)
3(1−L)+16π4(1+L)

(3
2)

3
)d2,

∫ c4

0
f (t)dt <

1−L
4

c2
4.

That is, F(c1)

c2
1

< 1−L
2 ,

F(d)
d2 >

2(3
2)

3(1−L)+16π4(1+L)

(3
2)

3
,
F(c4)

c2
4

<
1−L

4
.

Therefor, the conditions in Remark 3.7 are verified and

1 ∈
]2(3

2)
3(1−L)+16π4(1+L)

(3
2)

3

d2

F(d)
,
1−L

2
min

{
c2

1
F(c1)

,
1
2

c2
4

F(c4)

}[
.

Hence, taking Remark 3.7 again into account, Theorem 3.3 ensures the conclusion. �

We now present the following example to illustrate Theorem 3.1.

Example 3.9. Consider the problem
u(iv)(x) = λ f (x,u(x))+ sin(u

2), in [0,1],
u(0) = u′(0) = u′′(1) = 0,
u′′′(1) = µg(u(1)).

(3.9)

For all (x, t) ∈ [0,1]×R, we put f (x, t) = x f (t), where

f (t) =


4t3, if t ≤ 1,

4t, if 1 < t ≤ 2,

8, if 2 < t ≤ 3,
72
t2 , if t > 3.

By the expression of f , we have

F(t) =


t4, if t ≤ 1,

2t2−1, if 1 < t ≤ 2,

8t−9, if 2 < t ≤ 3,
117

3 −
72
t , if t > 3.
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By choosing d = 2, c1 = 10−4, c2 = 104 and c3 =
√

2×104, we see that

max
{∫ 1

0 F(x,c1)dx
c2

1
,

∫ 1
0 F(x,c2)dx

c2
2

,

∫ 1
0 F(x,c3)dx

c2
3− c2

2

}
=

1
2×108 ×

117×104−216
3×104

<
9

512π4 (
49
16
−10−16)

= (
3
2
)3 1−L

1+L

∫ 1
3
4

F(x,d)dx−
∫ 1

0 F(x,c1)dx

8π4d2 ,

which means the assumption (A1) is satisfied. It is easy to see that other assumptions of Theorem 3.1 are
also fulfilled. Therefore, it follows that, for every

λ ∈
( 8192π4

9(49−16×10−16)
,

6×1012

117×104−216

)
and for every non-negative continuous function g : R→ R, there exists δ̂ > 0 such that, for each µ ∈
[0, δ̂ ), problem (1.1) has at least three classical solutions u1, u2 and u3 such that ‖ui(x)‖∞ <

√
2×104, i =

1,2,3.
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