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Abstract. In this paper, we study the weak and the strong convergence of a self-adaptive Armijo-like step size method for
solving variational inequality problems with monotone and Lipschitz continuous mappings in a real Hilbert space. We combine
Tseng’s extragradient method with relaxation algorithm and Yamada’s algorithm, respectively. It is worth emphasizing that our
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to illustrate our main results.
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1. INTRODUCTION

Throughout this paper, let H be a real Hilbert space with inner product (-,-) and norm || - ||. Let C be a
nonempty, closed and convex subset of H. Let N and R be the sets of positive integers and real numbers,
respectively.

Recall that the classical variational inequality problem (VIP) is to find some x* € C such that

(Ax*,x—x") >0, VxeC. (1.1)

The set of solutions of problem (1.1) is denoted by VI(C,A). The variational inequality problem is an
important branch of nonlinear problems and it has received a lot of attentions by many authors; see, for
instance, [1, 2, 3, 4, 5, 6, 7]. There are several ways to solve the variational inequality problem. Under
appropriate conditions, there are two general approaches, one is the regularized method and the other
is the projection method. In the following, we mainly study the projection method. In particular, we
can turn the variational inequality problem into a fixed point problem, in other words, the variational
inequality is equivalent to

X" =Pc(I—AA)x", (1.2)
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where P : H — C is the metric projection and A > 0. The iteration formula
Xn+1 = Pc(I - AA)X,,, (1.3)

where A : H — H is n-strongly monotone, L-Lipschitz continuous and A € (0,21 /L?). It is an extension
of the projection gradient method. However, this method requires a slightly assumption that the operator
is strongly monotone or inverse strongly monotone.

In 1976, Korpelevich [8] proposed an algorithm which was called as the extragradient method:

Yn = Po(xn — AAX,,), (1.4)
Xp+l = PC(xn - A'Ayn)’
for each n = 1,2,..., where A € (0,1/L). In particular, A is monotone and L-Lipschitz continuous,

which avoids the strong assumption for algorithm (1.4). From algorithm (1.4), we clearly know that the
extragradient method needs to calculate two projections from H onto the closed convex set C which has
increased the difficulty of calculation. Algorithms (1.3) and (1.4) are applicable to the case that P has
a closed form, in other words, Pc has an explicit expression. But in some cases, the projection onto the
nonempty closed convex subset C might be hard to be implemented. To overcome this difficulty, it has
received great attentions by many authors who had improved it in various ways.

To our knowledge, there are four kinds of methods. The first one is the modification of the extragra-
dient method by Tseng [9] who proposed it in 2000 with the following remarkable scheme:

{ Yn :PC(xn_)LAxn)v

1.5
Xn+1 :))n_A(A n_Axn)a (1)

where A is monotone, L-Lipschitz continuous and A € (0,1/L). We can easily see that the Tseng’s
extragradient method only needs to calculate one projection, which is simpler than the extragradient
method. The second one is the subgradient extragradient method which was proposed by Censor, Gibali
and Reich [10] in 2011:

Yn :PC(xn*)LAxn)a
T,={weH| (x,— AAx, — yu,w —y,) <0}, (1.6)
Xnt+1 = PTH (xn - lAyn)v

where A is monotone, L-Lipschitz continuous and A € (0,1/L). The key operation of the subgradient
extragradient method replaces the second projection onto C of the extragradient method by a projection
onto a special constructible half-space. This significantly reduces the difficulty of calculations. The third
one is the inertial projection and contraction method which was studied by Dong, Cho and Zhang [11] in
2017:

Wy = X+ O (Xn — Xn—1),

yn = Pe(wy, — LAw,,),

d(wna)’n) = (Wn _yn) - 2'(AWn _Ayn)a

Xp+1 = Wn — Yﬁnd(wnayn)‘
for each k > 1, where y € (0,2), A >0,

- { OOvnyn)/[dOvuyn)lP,if d(wiyn) £0,

(1.7)

0, if  d(wn,ya) =0,

O(Wny¥n) = (W = Yn, d(Wpy )
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The forth one is a self-adaptive algorithm which was called Tseng’s extragradient method. It was
proposed by Thong and Hieu [12] in 2017. The algorithm is described as follows:

Algorithm 1.1. Step 1: Choose xo € H, ¥y > 0,1 € (0,1), u € (0,1).
Step 2: Given the current iterate x,,, compute

yn = Pe(x, — L Axy),

where A, is chosen to be the largest A € {y,7l,yI?,---} satisfying

A|Ax, — Ayl < pl|xn = yall-

If y, = x,,, then stop and x, is the solution of the variational inequality problem.
Otherwise,
Step 3: Compute the new iterate x,,+; via the following iterate formula:

X1 = Yn — An(Ayy — Axy).

Set n:=n+ 1 and return to Step 2.

It is worth mentioning that the Algorithm 1.1 does not require to know the Lipschitz constant of
operator A. This is the advantage of Algorithm 1.1 compared with the other three algorithms. Under
appropriate conditions, the sequences {x, } generated by (1.5), (1.6), (1.7) and Algorithm 1.1 all converge
weakly to an element of VI(C,A). By comparing the above four methods, we find that the conditions of
the operator were weaken, but a projection was still preserved during the calculation. So is there a way
to avoid the calculation of projections and can it also solve the variational inequality problem?

In 2011, Yamada [13] introduce an algorithmic solution to solve the variational inequality problem
which was named the hybrid steepest descent method:

Xpe1 = (I — nou,F)Tx,, VYnéeN, (1.8)

where F' : H — H is k-Lipschitz continuous, 7-strongly monotone and 7 is a nonexpansive mapping.
It does not require to calculate Pr but requires a closed form expression of a nonexpansive mapping 7.
Assume Fix(T) # 0, the sequence {x,} generated by (1.8) converges strongly to a point x*, which is a
unique solution of the hierarchical variational inequality (Fx*,x —x*) >0, Vx & Fix(T).

In this paper, motivated and inspired by the above result, we present two new algorithms, which are
based on the Tseng’s extragradient method. The operator A is monotone and Lipschitz continuous. In
particular, the Lipschitz constant of the operator A does not require to be known. We combine the Tseng’s
extragradient method with the relaxation algorithm and the Yamada’s algorithm, respectively. Weak and
strong convergence theorems are obtained in Section 3, respectively. This paper is organized as follows.
In Section 2, we list some definitions and lemmas which will be used in Section 3. In Section 3, we
proposed two new algorithms. Weak and strong convergence theorems are established. In Section 4, we
give numerical examples to illustrate the main results.
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2. PRELIMINARIES

In this section, we introduce some definitions and lemmas which will be used in this paper.

Assume that H is a real Hilbert space. Let C be a nonempty closed convex subset of H. We use the
sign’ —' to denote that the sequence {x,} converges strongly to a point x, i.e., {x,} — x and use " —' to
denote that the sequence {x, } converges weakly to a point x, i.e., {x,} — x. If there exists a subsequence
{xn,} of {x,} converging weakly to a point z, then z is called a weak cluster point of {x, }. We use @,,(x,)
to denote the set of all weak cluster points of {x;, }.

For each x € H, there exists a unique nearest point in C, which is denoted by Pcx and it satisfies the
following property,

Jor— Pex]| = inf{[lx— y]| :y € C},
where Fcx : H — C is called the metric projection from H to C. In the following, we gather some useful
properties of projections in the Lemma 2.1.

Lemma 2.1. [14] Let H be a real Hilbert space and let C be a nonempty closed subset of H. Given z € C,
we have:

(i) ||[Pex — Pey||? < (x —y,Pex— Pcy), Vx,y € H;

(i) [or— Pex|+ |y = Peyll? < [x =l Vxe HyeC;

(i) z=Pex iff (x—z,y—2) <0, VxeH,yeC.

From the above properties of projections, we know that Pcx is firmly nonexpansive or 1-inverse
strongly monotone.
Next, we present some well known results which will be used in the proof of our main results.

Lemma 2.2. [15] Let A € R, Vx,y € H. Then

(@) e +y117 = (bl + Iyl +2(x,p)s

(id) [lx+yl1* < x>+ 20, x +y)s

(i) [|Ax+ (1 =2A)y[> = A [lx[* + (1 = ) Iy[I> = 2 (1 = A) [}x = y[|.

Lemma 2.3. A mapping A : H — H is said to be:
(i) contraction iff

|[Ax—Ay|| < oflx—yl|, Vx,y € H,
where o is a real constant in (0,1);
(ii) L-Lipschitizian iff

|Ax—Ay|| < L|x—yl|, vx,y € H,
where L is a real positive constant;
(iii) monotone iff

(x—y,Ax—Ay) >0, Vx,y € H;
(iv) strongly monotone iff
(x—y,Ax—Ay) > n|x—y|?, Vx,y € H,

where 1 is a real positive constant. In this case, A is said to be N-strongly monotone.

Lemma 2.4. [16] If A : C — H is a continuous and monotone mapping, then x* is a solution of VIP if

and only if x* is a solution of the following problem
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find x € C such that (Ay,y —x) >0, Vy € C.
Lemma 2.5. [17] Assume that {a, w_o IS a nonnegative real sequence such that
ant1 < (1 —0t)a, + by, n >0,

where {a, } is a sequence in (0,1) and {b,} is a sequence in R such that
(i) 2O = oo
(i) limsup,,_,., by, < 0.

0.

Then lim, . a, =

Lemma 2.6. [18] Let C be a nonempty closed and convex subset of a real Hilbert space H and let {x,}
be a sequence in H. The following two properties hold:

(1) limy—se0 || X — x|| exists for each x € C;

(i1) @ () € C.

Then the sequence {x,} converges weakly to a point in C.

Lemma 2.7. [19] Let {a,} be a sequence of nonnegative real numbers such that there exists a subse-
quence {ay;} of {an} such that a,, < a1 for all j € N. Then there exists a nondecreasing sequence
{mi} of N such that limy_,.. my = oo and the following properties are satisfied by all (sufficiently large)
number k € N: ay,, < am, 11 and ax < ay,+1. In fact, my is the largest number of n in the set {1,2,--- k}
such that a,, < a,1.

3. MAIN RESULTS

In this section, we propose two new iterative algorithms with a self-adaptive Armijo-like step size
method. We combine Tseng’s extragradient method with relaxation algorithm and Yamada’s algorithm,
respectively. They are mainly used to solve the monotone and Lipschitz continuous variational inequal-
ity problem without the knowledge of the operator A : H — H. In particular, under the assumption
VI(C,A) # 0, we prove a strong convergence theorem which is suitable for solving the hierarchical
variational inequality problems.

3.1. The weak convergence theorem. In this subsection, we propose a weakly convergent algorithm for
monotone variational inequalities. It is combined the Tseng’s extragradient method with the relaxation
algorithm. Let A : H — H be a monotone and Lipschitz continuous operator. Assume VI(C,A) # @ and
our algorithm is described as follows.

Algorithm 3.1. Step 1: Choose xo € H, ¥y >0,1€ (0,1), u € (0,1), o, € [a,b], [a,b] C (0,1).
Step 2: Given the current iterate x,,, compute

Yn = PC(xn - )vnAxn)a
where A, is chosen to be the largest A € {y,7l,yI?,---} satisfying
A|Axn = Ayn|| < pl|xn = yal|- 3.1

If y, = x,,, then stop and x, is the solution of the variational inequality problem.
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Otherwise,
Step 3: Compute the new iterate x,, via the following iterate formula:

Xn+1 = (1 - an)xn + 062y,

where z, = y, — Ay (Ay, — Ax,).
Set n:=n+ 1 and return to Step 2.

Lemma 3.2. The sequence {A,} generated by Algorithm 3.1 is well defined and
l
min{y, %} <A <.

Proof. Ttis obvious that the sequence {4, } is well defined. In fact, since A is L-Lipschitz continuous, we
have
|Ax, — A(Pc(xn — AAXy)) || < Ll|xn — Po(xn — AAXy) ||,

which can be transformed into
%IIAxn —A(Pc(xn — AAx)) || < pl|xn — Po(xn — AAx,) |-

This implies that, for all A < %, formula (3.1) is established. So A, is well defined. Because A, is chosen

to be the largest A € {7, 7l,7%,...} satistying
Al|Axy — Ayu|| < 2 —yall,

where ¥ > 0, [ € (0,1), we have 4, < y. If A, = 7, then the lemma is proved. If A, < 7, since for
all L < Y, formula (3.1) is established, A, = yI” (p > 1), then A,/~" > %. Hence, we obtain 1, > 4.
Clearly,

, I
min{y, %} <A <.
O

Lemma 3.3. Assume that the sequences {x,}, {yn}, {zn} generated by Algorithm 3.1 and lim,_,c ||, —
yull = 0. If {x,, } converges weakly to some z € H, then z € VI(C,A).

Proof. Since A is monotone and y,, = Pc(x,, — A, Ax,, ), by Lemma 2.1 (iii), we have

(Ve — Xn, + A A%, x—yp,) >0, VxeC.

Then,
0 < (e = Xngo X — V) + A (A, X — Y,)
= (Vg = X X = Yy) + A (AXy , Xy = Yy X — X )
= (Ve = Xnes X — V) + A (X, X — Vi)
+ A (AXy X — X))
< e = X X = Yy) + A (AX X — Vi)

+ A (Ax,x —Xxy,), VxeC.
By Lemma 3.2, we have A, > “Tl Letting k — oo and using limy_, ||x,, — ¥y, || = 0, we obtain
(Ax,x—z) >0, VxeC.
Using Lemma 2.4, we have z € VI(C,A). O
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Theorem 3.4. Let {x,} be a sequence generated by Algorithm 3.1. Then {x,} converges weakly to a
point of VI(C,A).

Proof. For any p € VI(C,A), we have

ot =pl* = (1= o)+ Guzn — plI?
= [[(1=0t)(xn —p) + Ou(zn — p)
= (1=a)lbo =l +aullze = p?
—Ocn(l—OCn)Hx,,—anz. (3.2)

2
I

Since z, = y, — Ay (Ay, — Ax,), we have

lze—pI* = [ya—Au(Ays —Ax,) — pl|?

= |lyn— Pl + A2 Ay — Axy||* = 22 (v — P, Ay — Axy)

= |lyn—%n +20 — PP+ A2 Ayn — Axa||* — 22 (v — P, Ayn — Ax)

= Jxn = Pl + [0 = yull* + 20 — Xns %0 — p) + A7 [ Ayn — A
=20 (Yn — P, AVn — Axn)

= %0 — Pl + [1xa = Yull> = 200 — X, Yn — %)
+2(3n = XnsYn — P) + A7 | Avn — Axy||* — 220 (v — P, Ay — Axyy)

= [lta =PI+ 1120 = Yall® = 200 = yull* + 2 — Xn, 30 — P)
+ A7 1Ay — Axy 1> = 220 (yn — P, Ay — Axy)

=[x — PP = 1t = ull> + 2000 — X, n — P) + Ay ||Ayn — Axa||*
=2 (yn — P, Ayn — Axy). (3.3)

Since y, = Pc(x, — A,Ax,), we have
<yn —Xn +lnAxnaYn - P> <0,
which is equivalent to

On = XnsYn — P) < = (Axp, Y0 — p)- (3.4)

Besides, we have

Hxn _Zn||2 = ||xn —Yn +7Ln(AYn _Axn)”z
1% = Yall* 4 A 1Ay — Axa |
+2A, <xn — Yn,Ayn *Axn>' (3.5)



8 M. TIAN, M. TONG
From (3.2), (3.3), (3.4) and (3.5), we have
s =pl? = (1= 06) e — plI* + b — pII> = 0l bn =yl
+206 (Y = Xns Yo = P) + O | Ayn — Ay |
=200, A0 (Yn — P, AYn — AXp) — O (1 — ) || X, _ynH2
— (1= 0) A [ Ay — Axa||®

=20, (1 — 04y) Ay (X — Y, Ayy — Axy)
2

< = plIP + (0 = 204) [P — yul|* + 0 A7 | Ay, — Ax |2
=20, A (Y — Py AXn) — 200, A0 (Y — P, Ayn — AXy)
=200, (1 = &) A (X — Y, Ayn — Ax)

= oo —pIP + (o5 —200) %0 = yull* + 0 4, [ Ayn — Ax ||
—20 A0 (Y0 — P AYn) 4206 (1 — 0 ) Ay (X — Y, Axy — Ayp)

< lxa = pIP + (0 —200) 1 — yal|* + 0 A7 Ay, — Ax, ||
=20, A ({yn — P,Avn — Ap) + (Yn — P,AP))
204, (1 — 0) A [| %0 — Y| | A% — Ay

< o = I+ (0 = 205) 13 — vl + 047133 = ya?
+206, (1 — 06 )6 =y |?

<l —pIP+ 20 — 200 +20,(1 — ) ) |50 — ya)?

= =l =200 (1 — 0 — (1= o) ) [0 = yalI?

<l = plI —2a(1 = b) (1= ) [P — yal|?

< o —plP (3.6)

This implies that the sequence {x,} is bounded. So lim,,_;. ||x, — p|| exists and lim,,_ ||x, — y,|| = O for
each p € VI(C,A). Because {x,} is bounded, there exists a subsequence {x,, } of {x,} such that {x,, }
converges weakly to z € H. By Lemma 3.3, we obtain that z € VI(C,A). Therefore, it follows from
Lemma 2.6 that {x,} converges weakly to a point of VI(C,A). This is the desired result. O

3.2. The strong convergence theorem. In this subsection, we propose a strongly convergent algorithm
for hierarchical monotone variational inequalities. It is combined the Tseng’s extragradient method with
Yamada’s algorithm. Let A : H — H be a monotone and Lipschitz continuous operator. In particular, we
do not require the knowledge of the Lipschitz constant of the mapping A. Let F : H — H be 1-strongly
monotone and k-Lipschitz continuous, where 11 > 0 and k > 0. Assume VI(C,A) # 0. Let {x,} be a
sequence generated by the following algorithm.

Algorithm 3.5. Step 1: Choose xo € H, y>0,1€ (0,1), u € (0,1).
Step 2: Given the current iterate x,,, compute

Yn = PC(xn - /lnAxn)y
where A, is chosen to be the largest A € {7y, 7, 7I*,---} satisfying
A|Axy — Ayl < pllxn — yal|- 3.7)
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If y, = x,,, then stop and x, is the solution of the variational inequality problem.
Otherwise,
Step 3: Compute the new iterate x,; via the following iterate formula:

Xn+1 = (I_ﬁanF)Zm

where z, = y, — Ay (Ay, — Ax,).
Set n:=n+1 and return to Step 2.

Theorem 3.6. Assume that the parameter sequences {04, } C (0,1), lim,_,e 0, =0, X0, =0 and €
(0, %’) Then the sequence {x,} generated by Algorithm 3.5 converges strongly to g = Py a)(I — BF)q.

Proof. Now we show that I — BF is a contractive mapping. Since F : H — H is 1n-strongly monotone
and k-Lipschitz continuous, we have

1T =BF)x—(I=BF)I? = [lx—y—B(Fx—Fy)|
e =yI1? + B?||Fx— Fy||* = 2B {x —y, Fx — Fy)

< lx =yl + BAE|Ix = y|I* = 2B7|lx — y|I*
= (1-B2n—Bk))|x—y|
< (1=1)7x—y? (3.8)

where T = %B(Zn — Bk?). So I — BF : H— H is a contraction mapping with constant 1 — 7. Thus, the
mapping Py(c4)(I — BF) is a contraction. By Banach contraction principle, there exists a unique point
q € H such that g = Pyjc 4)(I — BF)q. In particular, g € VI(C,A), we obtain from Lemma 2.1 (iii) that

(I-BF)g—q,z2—q) <0, VzeVI(C,A).

First, we verify that the sequence {x,} is bounded. Letting p € VI(C,A) by (3.3) and (3.4), we have

lze—pI* < %= plI* = [0 =yl = 220 (A%, 30 — p)
AL Ay — Axa||* = 22 (Y — P, Ayn — Axy)
= |lxa = pII® = [l = yall* + A7 Ayn — Axa||?
—2Au(Yn — P, Ayn)
< xn =PI = 1 =yl + 1[0 = yal?
=2 (yn — P,AVn — Ap) — 22n{yn — P,APp)
< —=pIP = (1= p?) o=yl
<l —pl* (3.9)

It implies that

120 = pll < Il = pII. (3.10)
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(1= BowF)x—(I—BouF)ylI> = [|(x—y) —Bow(Fx—Fy)|

= x—IP+ B2 Fx—FylP
—2Bat,{x—y, Fx—Fy)

< Jx—=y*+BopkPx—y||* —2Ban|lx— |
= (1-Ba(2n —Bak®))|lx—y|?
< (1—to)?lx -yl (3.11)

where 7 = % B(2n — Bk?). Thus, the mapping I — B o, F is a contraction mapping with constant 1 — T¢,.

Therefore,

[

Hence,

IN

IN

IN

1(I = BawF )z, — p||

(I =BotnF)zn—(I—BoF)p—BouFp|
11 = BawF)zn — (I = BouF)pl| + Bow[|Fp||
(1 —tan)llza — pll+Bow| Fpl|

B
(1= |lzn = pll+zon"_[IFpl|

max{[lv, - ol 2 ). G.12)

B
[Pns1 = pll < max{[bo — pll, —[1Fpll}-

This implies that the sequence {x,} is bounded. At the same time, {y,}, {z,} and {(I — BF)x,} are

bounded. Next, we show that

(1= o) (1 =)l = yall* < [0 = ql1> = [[xn1 =41 + 0| (I = BF)za — 4.

Indeed,

[xnc1 —al®

This implies that

IN

IN

(I — BowF)z, —ql|*

[0t (I = BF)zn + (1= 04z, — g

106 (I = BF)zn — q) + (1 — &) (za — q)|I°

0u||(1 = BF)za — gl + (1 — aa) |z — qI?

— 0ty (1— 0,)[|BF 2|

0| (1= BF)za — gl + (1 — o) [ xu — g

—(1=0t) (1= 1) [}y — yul?

Ou[|(I = BF)zn — qlI* + |lxn —4l?

—(1 =) (1 = ?) [0 = ya1*- (3.13)

(1= 0) (L =)l = yall® < [0 = ql1* = [[xn1 — g1 + 0| (I = BF)za — 4. (3.14)
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Finally, we verify that the sequence {x,} converges strongly to ¢g. In the following, we consider the

sequence {||x, — ¢|| } from two possible cases.

Case 1. Suppose that there exists N € N, such that
X1 —qll < ||xa—ql, Vn>N.

Then, lim,, e ||x, — g|| exists. From (3.14), and lim,, (1 — 0t,)(1 — p?) = 1 — u? > 0, lim, e &t, = 0,
we can obtain that

lim [, — yn|| = 0. (3.15)
n—r0

Since {x,} is bounded, there exists a subsequence {x,, } of {x,} converges weakly to some z € H such
that

limsup((/ —BF)qg—q,xy—q) = Nm((I—BF)q—q,x —q)
n—yoo o

= (I-PBF)g—q,2—q)-

Combining Lemma 3.3 and (3.15), we have z € VI(C,A). It follows from Lemma 2.1 (iii) that

limsup((I — BF)q—q,xa —q) = (I - BF)qg—q,z—q) < 0.

n—ro
Thus,
(Fg,z—q) >0, zeVI(C,A). (3.16)
On the other hand,
lze =yl = |lyn— An(Ayn — Axp) — yal|
= ln”A)’n_Aan
< pllyn—xall =0, (n—>o0).
Therefore,
[xn+1 =xull = || = BOGF)zn — x|
= |0 = BF)zp+ (1 — @ty)zn — Xn||
< an”(lfﬁF)Zn*anJr(l*an)HZn*an
< anH(I_BF)Zn_an+||Zn_xn||
< anH(I_BF)Zn_an+||Zn_)’n||+H)’n_xn||' (3.17)

We obtain that lim,,_,e ||x,,+1 — x,|| = 0. It implies that

limsup((I = BF)qg =g, Xn1 —q) = lim (I = BF)q =G, Xn1 = Xn)
n—oo n—ree
+limsup((I — BF)q —q,x, — q)
n—yoo
< 0. (3.18)
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Indeed,
o1 =gl = | = BowF)z —ql®
= ol = BF)zu+ (1~ a)zu 4l
o6 (= BF)za — ) + (1= 0t) (z0 — 9>

< (1= 00)?[|z0 —ql* + 200 (I = BF )20 — g, %n 11 — q)

= (1= 0)*llzn —ql> + 20 ((I = BF)za — (I - BF)q
+(I—BF)q—q,%n11—9)

= (1= llzn—ql* +200((I = BF)zu — (I = BF)q, %11 —q)
+20,((I = BF)q — q,%n1 —q)

< (1= 00)?[|z0 — gl* + 200 (1 = 7) |20 — gl [Pn 11 — gl
+20,((I = BF)q — q,%n1—q)

< (1= 00)? (e — ql1* + 206, (1 = 7) [lx0 — gl [Pns1 — gl
+20,((I = BF)q — q,%n+1 — q)

< (1=20+204,(1 = 7)) || — ql|* + & [ — g

+20,((I = BF)q—q,%ns1—q)
= (1-2047)[x — gl
X, —glI* | (= BF)q—q,%u11—q)
+ ]
2T T
Combining lim, . &, = 0 and (3.18), we have

+2o,7| (3.19)

Oullx.—qll*>  ((I—BF)q— —
h—soo 27 T

Using Lemma 2.5, we get
lim ||x, —¢| = 0.
n—soo

This implies that the sequence {x,} converges strongly to q.

Case 2. There exists a subsequence {x,;} of {x,} such that ||x,; —q|| < ||xn;+1 —¢l| for all j € N.
From Lemma 2.7, there exists a nondecreasing sequence {my} of N such that limy_,.my = oo and the
following inequalities hold for all k € N:

[%me —qll < [[xmer1 — gl and  [lxe =g < [|xme1—ql|-
By (3.14), we obtain
(1 - amk)(l - [.LZ)Hka _ymkH2 < mek - CIHZ - mekJrl - CIHZ
+ 0, || (I = BF )z, — g

Combining 1 — u? > 0 and lim,,_,., o, = 0, we obtain lim;_,. || Xm; — ¥m, || = 0. Using the same argument

as in proof of Case 1, we get limg_e || X, +1 — X, || = 0 and

limsup((I — BF)q— q,Xm+1 —q) < 0.

k—ro0
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In fact, since lim,,_,c. 04, = 0, there exists ko € N such that 1 —2a,7 > 0 for all k > k¢. Therefore, for all
k > kg, we obtain from (3.19) that

X1 —qll> < (1=20,7)|xm, — gl
2
o — I1—PBF)g— -
12a,, T[ mkamk QH +<( B )q q;Xm+1 Q>]
k 2T T
< (1=20,7) [ 11 — gl

anM (1= BF)g—g.¥ni1—q)

2
+200,7| 27 T

].
for M > 0. It implies that

G M (I-BF)a—q.x, ., —q)
27 T '

e —gll* <

Since ||xx — gl < ||%m+1 — gl|, we have limsup,_,.. ||x; — g|| = 0. This implies the sequence {x;} con-
verges strongly to g. From the above, we can conclude that the sequence generated by Algorithm 3.5
converges strongly a point g, which is a unique solution of the hierarchical variational inequality

(Fq,z—q) >0, VzeVI(C,A).

The proof is completed. ([l

4. NUMERICAL EXPERIMENTS

In this section, we give some numerical examples to illustrate the main result of Algorithm 3.1 and
Algorithm 3.5. In numerical examples, we choose Yy =1, =u =0.5, o, = #, F(x) = %x. The
projection over C is computed effectively by the function quad prog in Matlab 7.0 Optimization Toolbox
for Example 4.1.

In the following, we give the specific examples.

Example 4.1. Let we consider the Kojima-Shindo nonlinear complementarity problem [20] with n = 4
for Algorithm 3. In the following, the feasible set C is defined by

C={xe 9%;{ (X1 X2+ x3+xg =4}
The operator A is defined by
3x% + 2x1x0 + Zx% +x34+3x4—6
2% 4+ x1 + x5 + 10x3 + 2x4 — 2

3x% +x1x2 + 2x§ +2x3+9x4 -9
x% +3x3 +2x3 4+ 3x4 — 3

A(x1,X2,X3,X4) =

In this example, we choose different starting points xo = (1,1, 1, 1), xo =(2,0,1,1) and xo = (2,0,0,2).
We use the condition ||x,+] —x,|| < € to terminate the Algorithm 3.5. Then we analyze the iterative steps
and times of the Algorithm 3.5 from different values of € = 1073, e = 1074, € = 107°. The results are
shown in Table 1. From the above verification, we can know that our algorithm is effective.

Table 1: Numerical results as regards Example 4.1
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X0 € | Iter. Step | Iter. Time
(1,1,1,1) | 1073 183 24.14
10~ 185 25.48

(2,0,1,1) | 1073 165 21.26
1074 174 23.95
(2,0,0,2) | 1073 | 284 55.34
1074 810 109.59

Example 4.2. Consider the Algorithm 3.1 in the dimensional Hilbert space H = L?([0, 1]) with the inner
product
(x,y) :== /1x(t)y(t)dt, Vx,y € H,
and the induced norm " X
= (/ x(1)[2de)3, Vx e H.
Let the operator A : H — H be defined by0
(Ax)(r) = max{0,x(¢t)}, Vx€H.

It is easy to verify that the operator A : H — H is monotone and 1-Lipschitz continuous. Let C := {x €
H : ||x|| < 1}. The solution of the problem is x* = 0. For starting points xo(¢) = > and xo(t) =t +0.5cost,
respectively, the numerical results are shown in Table 2. We use the condition ||x,+; — x,|| < € to ter-
minate the Algorithm 3.1. We mainly consider the Algorithm 3.1’s iteration step and iteration time (in
second) to verify its effectiveness.

Table 2: Numerical results as regards Example 4.2

X0 € Iter. Step | Iter. Time
12 107! 7 14.76
t+0.5cost | 4-10—1 5 7.48

5. CONCLUSION

The classical variational inequality problem is an important problem in mathematical research and it
plays an important role in nonlinear analysis and optimization problems. Nowadays, there are many dif-
ferent ways to solve the variational inequality problem. In this paper, we studied the weak convergence
and strong convergence of a self-adaptive Armijo-like step size method for solving the variational in-
equality problems with monotone and Lipschitz continuous mapping in a real Hilbert space. They were
proposed on the basis of the Tseng’s extragradient method. We combined Tseng’s extragradient method
with a relaxation algorithm and the Yamada’s algorithm, respectively. In particular, we proved a strong
convergence theorem for finding a point which is a unique of the hierarchical variational inequality with-
out any requirement of additional projections. Some numerical experiments are performed to verify the
effectiveness of the Algorithm 3.1 and Algorithm 3.5.
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