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VARIATIONAL INEQUALITY PROBLEMS IN HILBERT SPACES
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Abstract. In this paper, we study the weak and the strong convergence of a self-adaptive Armijo-like step size method for
solving variational inequality problems with monotone and Lipschitz continuous mappings in a real Hilbert space. We combine
Tseng’s extragradient method with relaxation algorithm and Yamada’s algorithm, respectively. It is worth emphasizing that our
algorithm do not need to know the Lipschitz constant of the Lipschitz continuous mapping. We also give numerical examples
to illustrate our main results.
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1. INTRODUCTION

Throughout this paper, let H be a real Hilbert space with inner product 〈·, ·〉 and norm ‖ ·‖. Let C be a
nonempty, closed and convex subset of H. Let N and R be the sets of positive integers and real numbers,
respectively.

Recall that the classical variational inequality problem (VIP) is to find some x∗ ∈C such that

〈Ax∗,x− x∗〉 ≥ 0, ∀x ∈C. (1.1)

The set of solutions of problem (1.1) is denoted by V I(C,A). The variational inequality problem is an
important branch of nonlinear problems and it has received a lot of attentions by many authors; see, for
instance, [1, 2, 3, 4, 5, 6, 7]. There are several ways to solve the variational inequality problem. Under
appropriate conditions, there are two general approaches, one is the regularized method and the other
is the projection method. In the following, we mainly study the projection method. In particular, we
can turn the variational inequality problem into a fixed point problem, in other words, the variational
inequality is equivalent to

x∗ = PC(I−λA)x∗, (1.2)
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where PC : H→C is the metric projection and λ > 0. The iteration formula

xn+1 = PC(I−λA)xn, (1.3)

where A : H→H is η-strongly monotone, L-Lipschitz continuous and λ ∈ (0,2η/L2). It is an extension
of the projection gradient method. However, this method requires a slightly assumption that the operator
is strongly monotone or inverse strongly monotone.

In 1976, Korpelevich [8] proposed an algorithm which was called as the extragradient method:{
yn = PC(xn−λAxn),

xn+1 = PC(xn−λAyn),
(1.4)

for each n = 1,2, . . ., where λ ∈ (0,1/L). In particular, A is monotone and L-Lipschitz continuous,
which avoids the strong assumption for algorithm (1.4). From algorithm (1.4), we clearly know that the
extragradient method needs to calculate two projections from H onto the closed convex set C which has
increased the difficulty of calculation. Algorithms (1.3) and (1.4) are applicable to the case that PC has
a closed form, in other words, PC has an explicit expression. But in some cases, the projection onto the
nonempty closed convex subset C might be hard to be implemented. To overcome this difficulty, it has
received great attentions by many authors who had improved it in various ways.

To our knowledge, there are four kinds of methods. The first one is the modification of the extragra-
dient method by Tseng [9] who proposed it in 2000 with the following remarkable scheme:{

yn = PC(xn−λAxn),

xn+1 = yn−λ (Ayn−Axn),
(1.5)

where A is monotone, L-Lipschitz continuous and λ ∈ (0,1/L). We can easily see that the Tseng’s
extragradient method only needs to calculate one projection, which is simpler than the extragradient
method. The second one is the subgradient extragradient method which was proposed by Censor, Gibali
and Reich [10] in 2011: 

yn = PC(xn−λAxn),

Tn = {w ∈ H | 〈xn−λAxn− yn,w− yn〉 ≤ 0},
xn+1 = PTn(xn−λAyn),

(1.6)

where A is monotone, L-Lipschitz continuous and λ ∈ (0,1/L). The key operation of the subgradient
extragradient method replaces the second projection onto C of the extragradient method by a projection
onto a special constructible half-space. This significantly reduces the difficulty of calculations. The third
one is the inertial projection and contraction method which was studied by Dong, Cho and Zhang [11] in
2017: 

wn = xn +αn(xn− xn−1),

yn = PC(wn−λAwn),

d(wn,yn) = (wn− yn)−λ (Awn−Ayn),

xn+1 = wn− γβnd(wn,yn).

(1.7)

for each k ≥ 1, where γ ∈ (0,2), λ > 0,

βn :=

{
ϕ(wn,yn)/‖d(wn,yn)‖2, i f d(wn,yn) 6= 0,
0, i f d(wn,yn) = 0,

ϕ(wn,yn) = 〈wn− yn,d(wn,yn)〉.
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The forth one is a self-adaptive algorithm which was called Tseng’s extragradient method. It was
proposed by Thong and Hieu [12] in 2017. The algorithm is described as follows:

Algorithm 1.1. Step 1: Choose x0 ∈ H, γ > 0, l ∈ (0,1), µ ∈ (0,1).
Step 2: Given the current iterate xn, compute

yn = PC(xn−λnAxn),

where λn is chosen to be the largest λ ∈ {γ,γl,γl2, · · ·} satisfying

λ‖Axn−Ayn‖ ≤ µ‖xn− yn‖.

If yn = xn, then stop and xn is the solution of the variational inequality problem.
Otherwise,

Step 3: Compute the new iterate xn+1 via the following iterate formula:

xn+1 = yn−λn(Ayn−Axn).

Set n := n+1 and return to Step 2.

It is worth mentioning that the Algorithm 1.1 does not require to know the Lipschitz constant of
operator A. This is the advantage of Algorithm 1.1 compared with the other three algorithms. Under
appropriate conditions, the sequences {xn} generated by (1.5), (1.6), (1.7) and Algorithm 1.1 all converge
weakly to an element of V I(C,A). By comparing the above four methods, we find that the conditions of
the operator were weaken, but a projection was still preserved during the calculation. So is there a way
to avoid the calculation of projections and can it also solve the variational inequality problem?

In 2011, Yamada [13] introduce an algorithmic solution to solve the variational inequality problem
which was named the hybrid steepest descent method:

xn+1 = (I−µαnF)T xn, ∀n ∈ N, (1.8)

where F : H → H is k-Lipschitz continuous, η-strongly monotone and T is a nonexpansive mapping.
It does not require to calculate PC but requires a closed form expression of a nonexpansive mapping T .
Assume Fix(T ) 6= /0, the sequence {xn} generated by (1.8) converges strongly to a point x∗, which is a
unique solution of the hierarchical variational inequality 〈Fx∗,x− x∗〉 ≥ 0, ∀x ∈ Fix(T ).

In this paper, motivated and inspired by the above result, we present two new algorithms, which are
based on the Tseng’s extragradient method. The operator A is monotone and Lipschitz continuous. In
particular, the Lipschitz constant of the operator A does not require to be known. We combine the Tseng’s
extragradient method with the relaxation algorithm and the Yamada’s algorithm, respectively. Weak and
strong convergence theorems are obtained in Section 3, respectively. This paper is organized as follows.
In Section 2, we list some definitions and lemmas which will be used in Section 3. In Section 3, we
proposed two new algorithms. Weak and strong convergence theorems are established. In Section 4, we
give numerical examples to illustrate the main results.
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2. PRELIMINARIES

In this section, we introduce some definitions and lemmas which will be used in this paper.
Assume that H is a real Hilbert space. Let C be a nonempty closed convex subset of H. We use the

sign ′→′ to denote that the sequence {xn} converges strongly to a point x, i.e., {xn}→ x and use ′⇀′ to
denote that the sequence {xn} converges weakly to a point x, i.e., {xn}⇀ x. If there exists a subsequence
{xni} of {xn} converging weakly to a point z, then z is called a weak cluster point of {xn}. We use ωw(xn)

to denote the set of all weak cluster points of {xn}.
For each x ∈ H, there exists a unique nearest point in C, which is denoted by PCx and it satisfies the

following property,
‖x−PCx‖= inf{‖x− y‖ : y ∈C},

where PCx : H→C is called the metric projection from H to C. In the following, we gather some useful
properties of projections in the Lemma 2.1.

Lemma 2.1. [14] Let H be a real Hilbert space and let C be a nonempty closed subset of H. Given z∈C,
we have:
(i) ‖PCx−PCy‖2 ≤ 〈x− y,PCx−PCy〉, ∀x,y ∈ H;
(ii) ‖x−PCx‖2 +‖y−PCy‖2 ≤ ‖x− y‖2, ∀x ∈ H,y ∈C;
(iii) z = PCx iff 〈x− z,y− z〉 ≤ 0, ∀x ∈ H,y ∈C.

From the above properties of projections, we know that PCx is firmly nonexpansive or 1-inverse
strongly monotone.

Next, we present some well known results which will be used in the proof of our main results.

Lemma 2.2. [15] Let λ ∈ R, ∀x,y ∈ H. Then
(i) ‖x+ y‖2 = ‖x‖2 +‖y‖2 +2〈x,y〉;
(ii) ‖x+ y‖2 ≤ ‖x‖2 +2〈y,x+ y〉;
(iii) ‖λx+(1−λ )y‖2 = λ‖x‖2 +(1−λ )‖y‖2−λ (1−λ )‖x− y‖2.

Lemma 2.3. A mapping A : H→ H is said to be:
(i) contraction iff

‖Ax−Ay‖ ≤ α‖x− y‖, ∀x,y ∈ H,

where α is a real constant in (0,1);
(ii) L-Lipschitizian iff

‖Ax−Ay‖ ≤ L‖x− y‖, ∀x,y ∈ H,

where L is a real positive constant;
(iii) monotone iff

〈x− y,Ax−Ay〉 ≥ 0, ∀x,y ∈ H;

(iv) strongly monotone iff
〈x− y,Ax−Ay〉 ≥ η‖x− y‖2, ∀x,y ∈ H,

where η is a real positive constant. In this case, A is said to be η-strongly monotone.

Lemma 2.4. [16] If A : C→ H is a continuous and monotone mapping, then x∗ is a solution of VIP if
and only if x∗ is a solution of the following problem
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find x ∈C such that 〈Ay,y− x〉 ≥ 0, ∀y ∈C.

Lemma 2.5. [17] Assume that {an}∞
n=0 is a nonnegative real sequence such that

an+1 ≤ (1−αn)an +αnbn, n≥ 0,

where {αn} is a sequence in (0,1) and {bn} is a sequence in R such that
(i) Σ∞

n=0αn = ∞;
(ii) limsupn→∞ bn ≤ 0.
Then limn→∞ an = 0.

Lemma 2.6. [18] Let C be a nonempty closed and convex subset of a real Hilbert space H and let {xn}
be a sequence in H. The following two properties hold:
(i) limn→∞ ‖xn− x‖ exists for each x ∈C;
(ii) ωw(xn)⊂C.
Then the sequence {xn} converges weakly to a point in C.

Lemma 2.7. [19] Let {an} be a sequence of nonnegative real numbers such that there exists a subse-
quence {an j} of {an} such that an j < an j+1 for all j ∈ N. Then there exists a nondecreasing sequence
{mk} of N such that limk→∞ mk = ∞ and the following properties are satisfied by all (sufficiently large)
number k ∈N: amk ≤ amk+1 and ak ≤ amk+1. In fact, mk is the largest number of n in the set {1,2, · · · ,k}
such that an < an+1.

3. MAIN RESULTS

In this section, we propose two new iterative algorithms with a self-adaptive Armijo-like step size
method. We combine Tseng’s extragradient method with relaxation algorithm and Yamada’s algorithm,
respectively. They are mainly used to solve the monotone and Lipschitz continuous variational inequal-
ity problem without the knowledge of the operator A : H → H. In particular, under the assumption
V I(C,A) 6= /0, we prove a strong convergence theorem which is suitable for solving the hierarchical
variational inequality problems.

3.1. The weak convergence theorem. In this subsection, we propose a weakly convergent algorithm for
monotone variational inequalities. It is combined the Tseng’s extragradient method with the relaxation
algorithm. Let A : H → H be a monotone and Lipschitz continuous operator. Assume V I(C,A) 6= /0 and
our algorithm is described as follows.

Algorithm 3.1. Step 1: Choose x0 ∈ H, γ > 0, l ∈ (0,1), µ ∈ (0,1), αn ∈ [a,b], [a,b]⊂ (0,1).
Step 2: Given the current iterate xn, compute

yn = PC(xn−λnAxn),

where λn is chosen to be the largest λ ∈ {γ,γl,γl2, · · ·} satisfying

λ‖Axn−Ayn‖ ≤ µ‖xn− yn‖. (3.1)

If yn = xn, then stop and xn is the solution of the variational inequality problem.
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Otherwise,
Step 3: Compute the new iterate xn+1 via the following iterate formula:

xn+1 = (1−αn)xn +αnzn,

where zn = yn−λn(Ayn−Axn).
Set n := n+1 and return to Step 2.

Lemma 3.2. The sequence {λn} generated by Algorithm 3.1 is well defined and

min{γ, µl
L
} ≤ λn ≤ γ.

Proof. It is obvious that the sequence {λn} is well defined. In fact, since A is L-Lipschitz continuous, we
have

‖Axn−A(PC(xn−λAxn))‖ ≤ L‖xn−PC(xn−λAxn)‖,
which can be transformed into

µ

L
‖Axn−A(PC(xn−λAxn))‖ ≤ µ‖xn−PC(xn−λAxn)‖.

This implies that, for all λ ≤ µ

L , formula (3.1) is established. So λn is well defined. Because λn is chosen
to be the largest λ ∈ {γ,γl,γl2, . . .} satisfying

λ‖Axn−Ayn‖ ≤ µ‖xn− yn‖,

where γ > 0, l ∈ (0,1), we have λn ≤ γ . If λn = γ , then the lemma is proved. If λn < γ , since for
all λ ≤ µ

L , formula (3.1) is established, λn = γlp (p > 1), then λnl−1 > µ

L . Hence, we obtain λn >
µl
L .

Clearly,

min{γ, µl
L
} ≤ λn ≤ γ.

�

Lemma 3.3. Assume that the sequences {xn}, {yn}, {zn} generated by Algorithm 3.1 and limn→∞ ‖xn−
yn‖= 0. If {xnk} converges weakly to some z ∈ H, then z ∈V I(C,A).

Proof. Since A is monotone and ynk = PC(xnk −λnk Axnk), by Lemma 2.1 (iii), we have

〈ynk − xnk +λnk Axnk ,x− ynk〉 ≥ 0, ∀x ∈C.

Then,

0 ≤ 〈ynk − xnk ,x− ynk〉+λnk〈Axnk ,x− ynk〉

= 〈ynk − xnk ,x− ynk〉+λnk〈Axnk ,xnk − ynk + x− xnk〉

= 〈ynk − xnk ,x− ynk〉+λnk〈Axnk ,xnk − ynk〉

+λnk〈Axnk ,x− xnk〉

≤ 〈ynk − xnk ,x− ynk〉+λnk〈Axnk ,xnk − ynk〉

+λnk〈Ax,x− xnk〉, ∀x ∈C.

By Lemma 3.2, we have λn >
µl
L . Letting k→ ∞ and using limk→∞ ‖xnk − ynk‖= 0, we obtain

〈Ax,x− z〉 ≥ 0, ∀x ∈C.

Using Lemma 2.4, we have z ∈V I(C,A). �
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Theorem 3.4. Let {xn} be a sequence generated by Algorithm 3.1. Then {xn} converges weakly to a
point of V I(C,A).

Proof. For any p ∈V I(C,A), we have

‖xn+1− p‖2 = ‖(1−αn)xn +αnzn− p‖2

= ‖(1−αn)(xn− p)+αn(zn− p)‖2

= (1−αn)‖xn− p‖2 +αn‖zn− p‖2

−αn(1−αn)‖xn− zn‖2. (3.2)

Since zn = yn−λn(Ayn−Axn), we have

‖zn− p‖2 = ‖yn−λn(Ayn−Axn)− p‖2

= ‖yn− p‖2 +λ
2
n ‖Ayn−Axn‖2−2λn〈yn− p,Ayn−Axn〉

= ‖yn− xn + xn− p‖2 +λ
2
n ‖Ayn−Axn‖2−2λn〈yn− p,Ayn−Axn〉

= ‖xn− p‖2 +‖xn− yn‖2 +2〈yn− xn,xn− p〉+λ
2
n ‖Ayn−Axn‖2

−2λn〈yn− p,Ayn−Axn〉

= ‖xn− p‖2 +‖xn− yn‖2−2〈yn− xn,yn− xn〉

+2〈yn− xn,yn− p〉+λ
2
n ‖Ayn−Axn‖2−2λn〈yn− p,Ayn−Axn〉

= ‖xn− p‖2 +‖xn− yn‖2−2‖xn− yn‖2 +2〈yn− xn,yn− p〉

+λ
2
n ‖Ayn−Axn‖2−2λn〈yn− p,Ayn−Axn〉

= ‖xn− p‖2−‖xn− yn‖2 +2〈yn− xn,yn− p〉+λ
2
n ‖Ayn−Axn‖2

−2λn〈yn− p,Ayn−Axn〉. (3.3)

Since yn = PC(xn−λnAxn), we have

〈yn− xn +λnAxn,yn− p〉 ≤ 0,

which is equivalent to

〈yn− xn,yn− p〉 ≤ −λn〈Axn,yn− p〉. (3.4)

Besides, we have

‖xn− zn‖2 = ‖xn− yn +λn(Ayn−Axn)‖2

= ‖xn− yn‖2 +λ
2
n ‖Ayn−Axn‖2

+2λn〈xn− yn,Ayn−Axn〉. (3.5)
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From (3.2), (3.3), (3.4) and (3.5), we have

‖xn+1− p‖2 = (1−αn)‖xn− p‖2 +αn‖xn− p‖2−αn‖xn− yn‖2

+2αn〈yn− xn,yn− p〉+αnλ
2
n ‖Ayn−Axn‖2

−2αnλn〈yn− p,Ayn−Axn〉−αn(1−αn)‖xn− yn‖2

−αn(1−αn)λ
2
n ‖Ayn−Axn‖2

−2αn(1−αn)λn〈xn− yn,Ayn−Axn〉

≤ ‖xn− p‖2 +(α2
n −2αn)‖xn− yn‖2 +α

2
n λ

2
n ‖Ayn−Axn‖2

−2αnλn〈yn− p,Axn〉−2αnλn〈yn− p,Ayn−Axn〉

−2αn(1−αn)λn〈xn− yn,Ayn−Axn〉

= ‖xn− p‖2 +(α2
n −2αn)‖xn− yn‖2 +α

2
n λ

2
n ‖Ayn−Axn‖2

−2αnλn〈yn− p,Ayn〉+2αn(1−αn)λn〈xn− yn,Axn−Ayn〉

≤ ‖xn− p‖2 +(α2
n −2αn)‖xn− yn‖2 +α

2
n λ

2
n ‖Ayn−Axn‖2

−2αnλn(〈yn− p,Ayn−Ap〉+ 〈yn− p,Ap〉)

+2αn(1−αn)λn‖xn− yn‖‖Axn−Ayn‖

≤ ‖xn− p‖2 +(α2
n −2αn)‖xn− yn‖2 +α

2
n µ

2‖xn− yn‖2

+2αn(1−αn)µ‖xn− yn‖2

≤ ‖xn− p‖2 +(2α
2
n −2αn +2αn(1−αn)µ)‖xn− yn‖2

= ‖xn− p‖2−2αn(1−αn− (1−αn)µ)‖xn− yn‖2

≤ ‖xn− p‖2−2a(1−b)(1−µ)‖xn− yn‖2

≤ ‖xn− p‖2 (3.6)

This implies that the sequence {xn} is bounded. So limn→∞ ‖xn− p‖ exists and limn→∞ ‖xn−yn‖= 0 for
each p ∈ V I(C,A). Because {xn} is bounded, there exists a subsequence {xnk} of {xn} such that {xnk}
converges weakly to z ∈ H. By Lemma 3.3, we obtain that z ∈ V I(C,A). Therefore, it follows from
Lemma 2.6 that {xn} converges weakly to a point of V I(C,A). This is the desired result. �

3.2. The strong convergence theorem. In this subsection, we propose a strongly convergent algorithm
for hierarchical monotone variational inequalities. It is combined the Tseng’s extragradient method with
Yamada’s algorithm. Let A : H→ H be a monotone and Lipschitz continuous operator. In particular, we
do not require the knowledge of the Lipschitz constant of the mapping A. Let F : H→ H be η-strongly
monotone and k-Lipschitz continuous, where η > 0 and k > 0. Assume V I(C,A) 6= /0. Let {xn} be a
sequence generated by the following algorithm.

Algorithm 3.5. Step 1: Choose x0 ∈ H, γ > 0, l ∈ (0,1), µ ∈ (0,1).
Step 2: Given the current iterate xn, compute

yn = PC(xn−λnAxn),

where λn is chosen to be the largest λ ∈ {γ,γl,γl2, · · ·} satisfying

λ‖Axn−Ayn‖ ≤ µ‖xn− yn‖. (3.7)
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If yn = xn, then stop and xn is the solution of the variational inequality problem.
Otherwise,
Step 3: Compute the new iterate xn+1 via the following iterate formula:

xn+1 = (I−βαnF)zn,

where zn = yn−λn(Ayn−Axn).
Set n := n+1 and return to Step 2.

Theorem 3.6. Assume that the parameter sequences {αn} ⊂ (0,1), limn→∞ αn = 0, Σ∞
n=0αn = ∞ and β ∈

(0, 2η

k2 ). Then the sequence {xn} generated by Algorithm 3.5 converges strongly to q = PV I(C,A)(I−βF)q.

Proof. Now we show that I−βF is a contractive mapping. Since F : H → H is η-strongly monotone
and k-Lipschitz continuous, we have

‖(I−βF)x− (I−βF)y‖2 = ‖x− y−β (Fx−Fy)‖2

= ‖x− y‖2 +β
2‖Fx−Fy‖2−2β 〈x− y,Fx−Fy〉

≤ ‖x− y‖2 +β
2k2‖x− y‖2−2βη‖x− y‖2

= (1−β (2η−βk2))‖x− y‖2

≤ (1− τ)2‖x− y‖2, (3.8)

where τ = 1
2 β (2η −βk2). So I−βF : H → H is a contraction mapping with constant 1− τ . Thus, the

mapping PV I(C,A)(I−βF) is a contraction. By Banach contraction principle, there exists a unique point
q ∈ H such that q = PV I(C,A)(I−βF)q. In particular, q ∈V I(C,A), we obtain from Lemma 2.1 (iii) that

〈(I−βF)q−q,z−q〉 ≤ 0, ∀z ∈V I(C,A).

First, we verify that the sequence {xn} is bounded. Letting p ∈V I(C,A) by (3.3) and (3.4), we have

‖zn− p‖2 ≤ ‖xn− p‖2−‖xn− yn‖2−2λn〈Axn,yn− p〉

+λ
2
n ‖Ayn−Axn‖2−2λn〈yn− p,Ayn−Axn〉

= ‖xn− p‖2−‖xn− yn‖2 +λ
2
n ‖Ayn−Axn‖2

−2λn〈yn− p,Ayn〉

≤ ‖xn− p‖2−‖xn− yn‖2 +µ
2‖xn− yn‖2

−2λn〈yn− p,Ayn−Ap〉−2λn〈yn− p,Ap〉

≤ ‖xn− p‖2− (1−µ
2)‖xn− yn‖2

≤ ‖xn− p‖2. (3.9)

It implies that

‖zn− p‖ ≤ ‖xn− p‖. (3.10)
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In fact,

‖(I−βαnF)x− (I−βαnF)y‖2 = ‖(x− y)−βαn(Fx−Fy)‖2

= ‖x− y‖2 +β
2
α

2
n‖Fx−Fy‖2

−2βαn〈x− y,Fx−Fy〉

≤ ‖x− y‖2 +β
2
α

2
n k2‖x− y‖2−2βαnη‖x− y‖2

= (1−βαn(2η−βαnk2))‖x− y‖2

≤ (1− ταn)
2‖x− y‖2, (3.11)

where τ = 1
2 β (2η−βk2). Thus, the mapping I−βαnF is a contraction mapping with constant 1−ταn.

Therefore,

‖xn+1− p‖ = ‖(I−βαnF)zn− p‖

= ‖(I−βαnF)zn− (I−βαnF)p−βαnF p‖

≤ ‖(I−βαnF)zn− (I−βαnF)p‖+βαn‖F p‖

≤ (1− ταn)‖zn− p‖+βαn‖F p‖

= (1− ταn)‖zn− p‖+ ταn
β

τ
‖F p‖

≤ max{‖xn− p‖, β

τ
‖F p‖}. (3.12)

Hence,

‖xn+1− p‖ ≤max{‖x0− p‖, β

τ
‖F p‖}.

This implies that the sequence {xn} is bounded. At the same time, {yn}, {zn} and {(I− βF)xn} are
bounded. Next, we show that

(1−αn)(1−µ
2)‖xn− yn‖2 ≤ ‖xn−q‖2−‖xn+1−q‖2 +αn‖(I−βF)zn−q‖2.

Indeed,

‖xn+1−q‖2 = ‖(I−βαnF)zn−q‖2

= ‖αn(I−βF)zn +(1−αn)zn−q‖2

= ‖αn((I−βF)zn−q)+(1−αn)(zn−q)‖2

= αn‖(I−βF)zn−q‖2 +(1−αn)‖zn−q‖2

−αn(1−αn)‖βFzn‖2

≤ αn‖(I−βF)zn−q‖2 +(1−αn)‖xn−q‖2

−(1−αn)(1−µ
2)‖xn− yn‖2

≤ αn‖(I−βF)zn−q‖2 +‖xn−q‖2

−(1−αn)(1−µ
2)‖xn− yn‖2. (3.13)

This implies that

(1−αn)(1−µ
2)‖xn− yn‖2 ≤ ‖xn−q‖2−‖xn+1−q‖2 +αn‖(I−βF)zn−q‖2. (3.14)
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Finally, we verify that the sequence {xn} converges strongly to q. In the following, we consider the
sequence {‖xn−q‖} from two possible cases.

Case 1. Suppose that there exists N ∈ N, such that

‖xn+1−q‖ ≤ ‖xn−q‖, ∀n > N.

Then, limn→∞ ‖xn−q‖ exists. From (3.14), and limn→∞(1−αn)(1−µ2) = 1−µ2 > 0, limn→∞ αn = 0,
we can obtain that

lim
n→∞
‖xn− yn‖= 0. (3.15)

Since {xn} is bounded, there exists a subsequence {xnk} of {xn} converges weakly to some z ∈ H such
that

limsup
n→∞

〈(I−βF)q−q,xn−q〉 = lim
k→∞

〈(I−βF)q−q,xnk −q〉

= 〈(I−βF)q−q,z−q〉.

Combining Lemma 3.3 and (3.15), we have z ∈V I(C,A). It follows from Lemma 2.1 (iii) that

limsup
n→∞

〈(I−βF)q−q,xn−q〉= 〈(I−βF)q−q,z−q〉 ≤ 0.

Thus,

〈Fq,z−q〉 ≥ 0, z ∈V I(C,A). (3.16)

On the other hand,

‖zn− yn‖ = ‖yn−λn(Ayn−Axn)− yn‖

= λn‖Ayn−Axn‖

≤ µ‖yn− xn‖→ 0, (n→ ∞).

Therefore,

‖xn+1− xn‖ = ‖(I−βαnF)zn− xn‖

= ‖αn(I−βF)zn +(1−αn)zn− xn‖

≤ αn‖(I−βF)zn− xn‖+(1−αn)‖zn− xn‖

≤ αn‖(I−βF)zn− xn‖+‖zn− xn‖

≤ αn‖(I−βF)zn− xn‖+‖zn− yn‖+‖yn− xn‖. (3.17)

We obtain that limn→∞ ‖xn+1− xn‖= 0. It implies that

limsup
n→∞

〈(I−βF)q−q,xn+1−q〉 = lim
n→∞
〈(I−βF)q−q,xn+1− xn〉

+ limsup
n→∞

〈(I−βF)q−q,xn−q〉

≤ 0. (3.18)
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Indeed,

‖xn+1−q‖2 = ‖(I−βαnF)zn−q‖2

= ‖αn(I−βF)zn +(1−αn)zn−q‖2

= ‖αn((I−βF)zn−q)+(1−αn)(zn−q)‖2

≤ (1−αn)
2‖zn−q‖2 +2αn〈(I−βF)zn−q,xn+1−q〉

= (1−αn)
2‖zn−q‖2 +2αn〈(I−βF)zn− (I−βF)q

+(I−βF)q−q,xn+1−q〉

= (1−αn)
2‖zn−q‖2 +2αn〈(I−βF)zn− (I−βF)q,xn+1−q〉

+2αn〈(I−βF)q−q,xn+1−q〉

≤ (1−αn)
2‖zn−q‖2 +2αn(1− τ)‖zn−q‖‖xn+1−q‖

+2αn〈(I−βF)q−q,xn+1−q〉

≤ (1−αn)
2‖xn−q‖2 +2αn(1− τ)‖xn−q‖‖xn+1−q‖

+2αn〈(I−βF)q−q,xn+1−q〉

≤ (1−2αn +2αn(1− τ))‖xn−q‖2 +α
2
n‖xn−q‖2

+2αn〈(I−βF)q−q,xn+1−q〉

= (1−2αnτ)‖xn−q‖2

+2αnτ[
αn‖xn−q‖2

2τ
+
〈(I−βF)q−q,xn+1−q〉

τ
]. (3.19)

Combining limn→∞ αn = 0 and (3.18), we have

limsup
n→∞

[
αn‖xn−q‖2

2τ
+
〈(I−βF)q−q,xn+1−q〉

τ
]≤ 0.

Using Lemma 2.5, we get
lim
n→∞
‖xn−q‖= 0.

This implies that the sequence {xn} converges strongly to q.

Case 2. There exists a subsequence {xn j} of {xn} such that ‖xn j − q‖ < ‖xn j+1− q‖ for all j ∈ N.
From Lemma 2.7, there exists a nondecreasing sequence {mk} of N such that limk→∞ mk = ∞ and the
following inequalities hold for all k ∈ N:

‖xmk −q‖ ≤ ‖xmk+1−q‖ and ‖xk−q‖ ≤ ‖xmk+1−q‖.

By (3.14), we obtain

(1−αmk)(1−µ
2)‖xmk − ymk‖

2 ≤ ‖xmk −q‖2−‖xmk+1−q‖2

+αmk‖(I−βF)zmk −q‖2.

Combining 1−µ2 > 0 and limn→∞ αn = 0, we obtain limk→∞ ‖xmk−ymk‖= 0. Using the same argument
as in proof of Case 1, we get limk→∞ ‖xmk+1− xmk‖= 0 and

limsup
k→∞

〈(I−βF)q−q,xmk+1−q〉 ≤ 0.
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In fact, since limn→∞ αmk = 0, there exists k0 ∈N such that 1−2αnτ > 0 for all k > k0. Therefore, for all
k > k0, we obtain from (3.19) that

‖xmk+1−q‖2 ≤ (1−2αmk τ)‖xmk −q‖2

+2αmk τ[
αmk‖xmk −q‖2

2τ
+
〈(I−βF)q−q,xmk+1−q〉

τ
]

≤ (1−2αmk τ)‖xmk+1−q‖2

+2αmk τ[
αmk M

2τ
+
〈(I−βF)q−q,xmk+1−q〉

τ
].

for M > 0. It implies that

‖xmk+1−q‖2 ≤ αmk M
2τ

+
〈(I−βF)q−q,xmk+1−q〉

τ
.

Since ‖xk− q‖ ≤ ‖xmk+1− q‖, we have limsupk→∞ ‖xk− q‖ = 0. This implies the sequence {xk} con-
verges strongly to q. From the above, we can conclude that the sequence generated by Algorithm 3.5
converges strongly a point q, which is a unique solution of the hierarchical variational inequality

〈Fq,z−q〉 ≥ 0, ∀z ∈V I(C,A).

The proof is completed. �

4. NUMERICAL EXPERIMENTS

In this section, we give some numerical examples to illustrate the main result of Algorithm 3.1 and
Algorithm 3.5. In numerical examples, we choose γ = 1, l = µ = 0.5, αn = 1

n+1 , F(x) = 4
3 x. The

projection over C is computed effectively by the function quad prog in Matlab 7.0 Optimization Toolbox
for Example 4.1.

In the following, we give the specific examples.

Example 4.1. Let we consider the Kojima-Shindo nonlinear complementarity problem [20] with n = 4
for Algorithm 3. In the following, the feasible set C is defined by

C = {x ∈R+
4 : x1 + x2 + x3 + x4 = 4}.

The operator A is defined by

A(x1,x2,x3,x4) =


3x2

1 +2x1x2 +2x2
2 + x3 +3x4−6

2x2
1 + x1 + x2

2 +10x3 +2x4−2
3x2

1 + x1x2 +2x2
2 +2x3 +9x4−9

x2
1 +3x2

2 +2x3 +3x4−3

 .

In this example, we choose different starting points x0 =(1,1,1,1), x0 =(2,0,1,1) and x0 =(2,0,0,2).
We use the condition ‖xn+1−xn‖ ≤ ε to terminate the Algorithm 3.5. Then we analyze the iterative steps
and times of the Algorithm 3.5 from different values of ε = 10−3, ε = 10−4, ε = 10−5. The results are
shown in Table 1. From the above verification, we can know that our algorithm is effective.

Table 1: Numerical results as regards Example 4.1
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x0 ε Iter. Step Iter. Time
(1,1,1,1) 10−3 183 24.14

10−4 185 25.48
(2,0,1,1) 10−3 165 21.26

10−4 174 23.95
(2,0,0,2) 10−3 284 55.34

10−4 810 109.59

Example 4.2. Consider the Algorithm 3.1 in the dimensional Hilbert space H = L2([0,1]) with the inner
product

〈x,y〉 :=
∫ 1

0
x(t)y(t)dt, ∀x,y ∈ H,

and the induced norm

‖x‖ := (
∫ 1

0
|x(t)|2dt)

1
2 , ∀x ∈ H.

Let the operator A : H→ H be defined by

(Ax)(t) = max{0,x(t)}, ∀x ∈ H.

It is easy to verify that the operator A : H→H is monotone and 1-Lipschitz continuous. Let C := {x ∈
H : ‖x‖≤ 1}. The solution of the problem is x∗= 0. For starting points x0(t) = t2 and x0(t) = t+0.5cos t,
respectively, the numerical results are shown in Table 2. We use the condition ‖xn+1− xn‖ ≤ ε to ter-
minate the Algorithm 3.1. We mainly consider the Algorithm 3.1’s iteration step and iteration time (in
second) to verify its effectiveness.

Table 2: Numerical results as regards Example 4.2

x0 ε Iter. Step Iter. Time
t2 10−1 7 14.76

t +0.5cos t 1
2 ·10−1 5 7.48

5. CONCLUSION

The classical variational inequality problem is an important problem in mathematical research and it
plays an important role in nonlinear analysis and optimization problems. Nowadays, there are many dif-
ferent ways to solve the variational inequality problem. In this paper, we studied the weak convergence
and strong convergence of a self-adaptive Armijo-like step size method for solving the variational in-
equality problems with monotone and Lipschitz continuous mapping in a real Hilbert space. They were
proposed on the basis of the Tseng’s extragradient method. We combined Tseng’s extragradient method
with a relaxation algorithm and the Yamada’s algorithm, respectively. In particular, we proved a strong
convergence theorem for finding a point which is a unique of the hierarchical variational inequality with-
out any requirement of additional projections. Some numerical experiments are performed to verify the
effectiveness of the Algorithm 3.1 and Algorithm 3.5.
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