J. Nonlinear Funct. Anal. 2019 (2019), Article ID 30 https://doi.org/10.23952/jnfa.2019.30

Jouwasl of

m Journal of Nonlinear Functional Analysis

MATHRES Available online at http://jnfa.mathres.org

A NEW MODIFIED STRUCTURED BFGS ALGORITHM BY UTILIZING A NEW
MODIFIED SECANT EQUATION

ZAHRA KHOSHGAM, ALI ASHRAFI*

Department of Mathematics, Faculty of Mathematics, Statistics and Computer Science, Semnan University, Semnan, Iran

Abstract. In this paper, we consider a modified structured Broyden-Fletcher-Goldfarb-Shanno (BFGS) algorithm to solve an
unconstrained optimization problem with partial information on the Hessian. To approximate the Hessian matrix, we propose
a modified secant (quasi-Newton) equation. Under appropriate conditions, we show that the proposed algorithm has local and
super-linear convergence. Numerical experiments are done on a set of the unconstrained non-linear least squares problems. The
results demonstrate the practical effectiveness of the proposed algorithm.

Keywords. Structured BFGS method; Least squares problems; Secant equation.

2010 Mathematics Subject Classification. 90C53, 49M37.

1. INTRODUCTION

A basic problem in engineering science is to fit a model to observations subject to errors. Least squares
problems appear very naturally when one would like to estimate values of parameters of a mathematical
model from measured data, which are subject to errors [1]. Least squares problems may be regarded
as a special case for unconstrained minimization with a special structure and hence can be solved by
unconstrained optimization algorithms. Least squares problems are in the form of

min f(x) = %r(x)Tr(x) =3 i‘iriz(x), (1.1)

xeRn
where m > n, the residual function r(x) = (r(x),...,7»(x))? is non-linear, and r; : R” — R are twice
continuously differentiable for i = 1,2,...,m. The derivatives of f can be expressed in terms of the
Jacobian matrix of r(x), which is the m x n matrix of the first partial derivatives defined by
8rj

J(x) = [g]j,i:l,z,...,m- (1.2)
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The gradient vector and Hessian of objective function (1.1) have special forms, which are given by

m

Vf(x)= ; ri(x)Vri(x) = J(x) r(x), (1.3)
sz(x) = in,- (x)Vri(x) + i r; (x)Vzrl- (x) =J(x)TT(x) + i r; (x)Vzrl- (x), (1.4)

where V27r;(x) is the Hessian of r; at x. Throughout this paper, we denote

m

C(x) =J(x)"J(x), S(x) = ; ri(x)V2ri(x), gk = Vf(x),

Je =J(xx), re =r(Xe), Sk = Xk1 — Xk, Vi = k41 — &k-

It is interesting that C(x) contains only the first-order information which is readily available, while
S(x) contains second-order information which usually expensive to be obtained. Among the iterative
methods to solve (1.1), there are the structured quasi-Newton methods. Standard quasi-Newton methods
approximate the whole Hessian matrix of f(x). Many kinds of updating formulae, and convergence
properties of these methods were proposed [2, 3]. If the information of the Hessian matrix is partially
known, it is desirable to use this information to obtain more efficient methods. Dennis, Martinez and
Tapia presented some quasi-Newton methods with partially known Hessian [4]. The structure principle
is an important concept of structured quasi-Newton methods for these problems [4, 5].

#Structure principle: Assume that V2 f(x;) = C(x) +S(x;). Given By = C(x;) + Ay as an approx-
imation to V2f(x;), we want By = C(x;1) +Ars1 to be an approximation of V2f(x;, ), where

Xk+1 = Xk + Sk.

By the structure principle, A; and A, are approximations of S(x;) and S(x; 1), respectively. Note
that if V2 £(x) and C(x) are nonsingular, we can write

V2 ()t = O ) + Ax,

where Ay, A; are unknown matrices containing the second order information of Hessian V2 f(x;) and
V2f(x;)~", respectively. Now we discuss how to choose A;. Consider the iterative formula of the
structured quasi-Newton method, i.e.,

x0 € R, xpp1 =xp + 51,k =0,1,..., sp = ody,

where oy is the step lenght to be computed by the line search procedure along the search direction dy,
and often determined to satisfy the Wolfe conditions [2, 3], i.e.,

fOou+oud) — fla) < SauVi(a) d, (1.5)
V(g +od) de > oV d, (1.6)

with 0 < 6 < 6 < 1. The search direction dj, is computed by
di = —Higk,

in which H; € R™*" is an approximation of the inverse Hessian; more exactly, Hy ~ V> f(x;)~! or equiva-
lently H;, = C(x;)~' 4 Ax. The matrix Hy | is imposed with the scope of satisfying a particular equation,
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namely, the secant equation, which implicitly includes the Hessian information. Among the most popular
secant equations, there is the standard secant equation, that is,

Hi 1Yk = Sk (L.7)

Main drawback of usual secant equation (1.7) is that it utilizes only the gradient information and
ignores the available function values. Therefore this issue was considered by researchers recently. In
order to get a better approximation of the Hessian matrix, Wei, Li and Qi [6], Biglari, Hassan and Leong
[7] and Zhang, Deng and Chen [8], respectively proposed the following modified secant equations using
the Taylor expansion for the objective function;

Bii 15k = ks e =y + 7 r U, (1.3)
By 15k = Vi, yk—)’/ﬂr* ks (1.9)
Bii15k =i, Sk = yk+ Mk, (1.10)
in which
=2(fi — fer1) + 57 (8k+ 8kr1), (1.11)

where u;, € R" is any vector parameter satisfying s,{ ui # 0. Note that these secant equations contain both
gradient and function value information at the current and the previous step.

Recently, in order to get a high-order accuracy in approximating the second curvature of the objective
function, Khoshgam and Ashrafi made a new modification of the SCALCG using a revised form of the
modified secant equation suggested by Wei and Li and Qi [6] which was proposed in [9], that is,

V2 f (k1) = S Tk = k+€kw U, (1.12)

Sk Uy
where & is a non-negative constant such that & € [0,3] and u; € R" is any vector parameter satisfying
s,{uk = 0 and ¥ is defined by (1.11). Also, Khoshgam and Ashrafi obtained a special scalar % for & using
the fifth order Teylor expansion of the objective function about the iterate x;;. They proved that y is
better than y; due to ¥ approximates V2 f(xy1)sx with higher accuracy [9]. Main idea in [4] is to update

Ay, based on the standard secant equation (1.7), i.e.,

(C 1 (oos1) + A1) Ve = Sk

This is equivalent to

A1y = st (1.13)

where

sh = s — C (X1 )i

To solve problem (1.13), Dennis, Gay and Welsch [10] proposed the structured Davidon-Fletcher-
Powell (DFP) update, and Dennis and Walker [11] showed the local and g-super linear convergence of
this method. Dennis, Martinez and Tapia [4] proved the local and g-super linear convergence of the
structured BFGS update, which was proposed in [12]. In 2006, Chen, Deng and Zhang developed the
new modified quasi-Newton methods for structured unconstrained optimization based on the modified
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secant (quasi-Newton) equation (1.10), which is suggested by Zhang, Deng and Chen [8]. Kobayashi,
Narushima and Yabe [13] proposed conjugate gradient methods to solve the non-linear least squares
problems by using the structure of the Hessian of the objective function.

In this paper, we consider the Khoshgam and Ashrafi’s secant equation to approximate the Hessian
matrix of the objective function. Then, according to the mentioned secant equation, a progressive mod-
ified structured BFGS algorithm is suggested to solve problem (1.1) in Section 2 and also, a local and
g-super linear convergence property of the new algorithm is shown. The method is numerically com-
pared with the four structured BFGS methods in Section 3. The conclusions are presented in the last
section.

2. A NEW MODIFIED STRUCTURED BFGS ALGORITHM

In order to get a more accurate approximation of the Hessian matrix of the objective function f in
problem (1.1), we consider the modified secant equation suggested by Khoshgam and Ashrafi [9],

. 5 max{¥,0
V2 f (X1 )k = T T Zyk+3sT{Zi}uk, (2.1)
3

where ¥, is defined by (1.11) and u; € R” is any vector parameter satisfying s,{uk # 0.
Now, we present a modified structured BFGS method to solve least squares problems based on the
approximation ¥ to V2 £ (x4 1)sk. It is clear that the new secant equation (2.1) is equivalent to

Hy 15k = sk (2.2)
So
Apsr i = 5, (2.3)
where s’,f = 53 — C(xx)~'$i. According to the scheme of least change secant update formula proposed by
Dennis, Martinez and Tapia in [4], a double rank update for A; satisfying (2.3) is
(st —A)st’ +si(st — A" I (sf —Adi)sisy
st Sk (s¥7 53¢ )

Based on the above discussion, the following algorithm is obtained.

Ap1 = A+ (2.4)

Algorithm 2.1. New Modified Structured BFGS Method (NM — SBF GS)

Step 1. Set k := 0; select a initial point xo € R”, a symmetric and positive definite matrix Ao € R"*" and
constants 0 < § < % < o < 1. Go to step 2.

Step 2. If the stopping criteria is satisfied, then, stop. Otherwise compute H; = C~!(x;) + Ay and dj =
—Hygk.

Step 3. Determine a step size og > 0 satisfying the Wolfe line search conditions (1.5) and (1.6).

Step 4. Let

X1 = Xy + Ody.

Step 5. Set Compute

Yk = 8k+1— &k
Ye = (g1 +80) sk —2(fer1 — fo)s
)7k =y + 5 maxT{O,)/k}u

Sj Uge

st = s, — C (1) Fes
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and update A by (2.4) and set k := k+ 1 and go to Step 2.

In the following, we turn to the convergence properties of the NM-SBF GS algorithm. First, we prove
skTyk > (0, which implies that A;; is always computed by (2.4). Next, we show that the bounded de-
terioration of {A;} and the Dennis-Moré condition of {B;}. Consequently, the local and super-linear
convergence is achieved by the modified structured BFGS method. The following assumptions for prob-
lem (1.1) will be used in the rest of the paper.

Denote D = {x: ||x —x*|| < &}, where & > 0 is a sufficiently small constant and x* € R" is a local
solution of the problem (1.1) in D.

Assumption 2.2. () C(x*) is non-singular.
(I) In D, f(x) is twice continuously differentiable and there exists a constant L > 0 such that, for all
x,yE€D,

IV2f () = V2 )l < Lllx—yll,
IC(x) =CW)II < Lllx =y,
1FGe) =) < L=yl
lg(x) — eIl < Lllx—yll;
Ic™ ) = )l < Lilx =yl

(IIT) The matrix V2 f(x*) is positive definite, i.e., there exist positive constants m and M such that, for
allx e Dand z € R",

mll < 5V 1)z < m P
(IV) For a given u; € R" in (2.1), there exists a constant 7 € (0, 1] such that
|ul si| > Tl ||| s ] :k = 0,1,2,.... (2.5)
It follows easily from Assumption 2.2 (I) that for any x, X € D,
lg(x) — 8(£) = V2 £ (") (x = #)|| < Lo (x.x) | — ],

where o (x, ) = max{||x —x*||, ||£ —x*||}.
Now we give the following useful lemmas for our global convergence analysis.

Lemma 2.3. Let Assumption 2.2 hold. If the sequence {sy} is generated by the NM-SBF GS algorithm

converging to x* and xi 7 x* for k = 1,2, ..., then there exists a positive constant K such that
9 = V2 £ )sell < Ko (e, i) sell, Vo, i1 € D.

Proof. By (2.1), we have

{07 Yk} m
k

15 = V2 £t =l + STy — 92 ()|
k

< = V2 >sku+é|'”"|n e

. ¢
< |lgrr1 — gk — VAF(X)si| + m’(é’lm +26) sk —2(fis1 — fi)|-
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Thus, there exists &1, &y, E3 € [xxi1,xx], which is the line segment between x; 1 and x; such that

S \TIVf(&) — VP F ()]s

15 = V£ )sil| < V2 £(Ex) = V2L () [ lsell + 7|k

] S
< LGy = llsill + =Ll &2 — Sl Il
<101+ om0 Il
Set K =L(1+ %) The proof is completed. O

Theorem 2.4. Let Assumption 2.2 (I) hold. If the sequence {x;} is generated by the NM-SBF GS algo-
rithm converging to x* and x; # x* for all k =0,1,2, ..., then s,{)?k > 0. So, the matrix Ay, which is
computed using (2.4), is positive definite.

Proof. From (1.6), for all k. we have

max{0.}
max{0.}

T SE M > S( = Sy 8k — si 8k 2 —(140)s g > 0.

sioe=styk+¢

O

Lemma 2.5. If the sequence {x} is generated by the NM-SBF GS algorithm converging to x*, then there
exists Ky > 0 such that

1A* 5 — s¢ Il < K10 (s, I5l], ¥k, 21 € D, (2.6)
where A* = V2 f(x*)~! —C~1(x*).
Proof. 1t is obvious that

14" 5k = SEll =llse — € (o )7k = V2 () 3 +C7H X3

<NV ) T = V2 £ ) sill + 15l G ) ™ = €71

By Lemma 2.3, we have
15l < Ko (ot sl + V2 £ ) sl

Thus, by Assumption 2.2 and the convergence of {x; }, we can claim that there exists K; > 0 such that

A5k = s¢|| < Kio(asr,) Isell, Ve, xisr € D

g
The following lemma shows that the Dennis-Moré condition holds.
Lemma 2.6. Under the assumptions of Lemma 2.3, we have
B, — VZ *
ke [l
Moreover, the sequences ||By| and ||B;*|| are uniformly bounded.
Proof. Since the By ~ H,~ Uand By 15k = 1, we see that the proof is obvious. So we omit it. O

The following theorem shows that Algorithm 2.1 converges superlinearly.
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Total number of function and gradient evaluation

T T T T

T T

SBFGS
====:NM-SBFGS--Zh| |
NM-SBFGS--Z
1 1.5 2 2.5 3 3.5 4 4.5

FIGURE 1. Total number of function and gradient evaluations performance profiles

Theorem 2.7. If the sequence {x;} is generated by the NM-SBF GS algorithm converging to x*, then
there exists €,0 > 0 such that, for any initial point xo with ||xo — x*|| < € and any Ay € R"" with
|Ag — A*|| < O, the sequence {x} q-superlinearly converges to x*.

Proof. The proof is from [4, Theorem 3.1]. Therefore, according to the well-known characterization
result of Dennis and Moré [14], we conclude that the proposed method converges superlinearly. g

3. NUMERICAL EXPERIMENTS

Here, we present some numerical results obtained by applying MATLAB 7. 14.0.739 (R 2012a) using
a computer Intel (R) Core(TM) i7-6700HQ CPU @ 2.60 GHz with 8.00 GB RAM with implementation
of the Algorithm 2.1. To test efficiency of the new modified secant equation (2.1) in the structured BFGS
method, we compare the performance of the following three methods.

(1) SBFGS: Consider Algorithm 2.1 with & = 0, corresponding to original secant equation which
was presented in [4];

(2) NM-SBFGS-ZH: Consider Algorithm 2.1 with { = 3, corresponding to Zhang secant equation
(1.10) which was presented in [15];

(3) NM-SBFGS-Z: Consider Algorithm 2.1 with & = %, corresponding to Khoshgam secant equation
2.1).

The runs were performed on a set of 18 unconstrained least squares problems provided in [16] with
the minimum dimension being equal to 2. In Table 1 these 18 test problems are listed, where "No.”,
”n”, ”’m” and Start point” stand respectively for the serial number of the problem, the dimension of the
problem, the number of residual functions and the initial point xg. Each function was minimized for four
different starting xg, 0.1xg, 0.01x¢ and 2xg, resulting in a total 72 test problems.
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TABLE 1. List of Least Squares Problems

No. Problem Name n m Start point (xp)

1 Chained Rosenbrock 4 7 -12,1,..,-12,1

2 Chained Powell Singular 4 4 3,-1,0,1,..3,-1,0,1

3 Generalized Broyden tridiagonal (p=7/3) 30 30 -1,-1,..,-1

4 Generalized Broyden banded 6 6 -1,-1,..,-1

5 Chained Freudenstein and Roth 4 6 0.5,05,..05,-2

6 Wright and Holt zero residual 2 10 sin®l,sin?2, ..., sin%n

7 Toint quadratic merging 4 6 0.5,05,..05

8 Chained serpentine 4 6 0.8,08,...,0.8

9 Chained and modified problem (HS48) 5 7 -1,-1,..,-1

10  Countercurrent reactors 5 5 0.1,02,03,04,05,04,0.3,02, .., ..,
11  Structured Jacobian Problem 5 5 -1,-1,..,-1

12 Shifted discrete boundary value 4 4 " +n1)2’ %fl";lig, s +”1)2

13 Modified discrete boundary value 4 4 - (n+n1)2’ - ?,(l':l;g, vy — (H”l)z

14 Generalized Broyden tridiagonal (p=2) 30 30 -1,-1,...,-1

15  Chained and modified problem (HS48) 8 14 -1,-1,..-1

16  Broyden tridiagonal problem 4 -1,-1, ..., -1

17  Extended Wood problem 4 -3,-1,...,-3,-1

18  Countercurrent reactors 7 7 0.1,02,03,04,0.5,04,03,02, ..., ..,

CPU time performance profiles

SBFGS
—-—=-.NM-SBFGS--Zh |
NM-SBFGS--Z

0_2 1 1 1 1 1 1 1
1 1.5 2 2.5 3 3.5 4

FIGURE 2. CPU time performance profiles

In our implementations, if

gide > —1077]| g lldell, G.1)
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then dy is considered as an improper search direction. Although (3.1) is rare, when it happens, the
algorithm is restarted with dy = —gx. Also, we set uy = s¢ in (2.1). All algorithms implement the
Wolfe conditions (1.5) and (1.6) with § = 0.0001 and o = 0.9. The steplength oy is computed using the
interpolation scheme proposed in [2]. For the first inner iteration of the line search procedure, the initial
trial value being equal to 1. Moreover, all attempts to find an approximation of the solution of the test
problems are terminated if one of the following conditions is satisfied (i) ||gi| < 107>;

(i1) The total number of iterations exceed 1000.

Efficiency comparisons were drawn using the Dolan—Moré performance profile [17], on the running
time and the total number of function and gradient evaluations being equal to Ny + 3N,, where Ny and
N, respectively denote the number of function and gradient evaluations. Performance profile gives, for
every @ > 1, the proportion p(®) of the test problems that each considered algorithmic variant has a
performance within a factor of @ of the best. Figures 1 and 2 demonstrate the results of comparisons.

Figures show, NM-SBFGS—Z is competitive and it outperforms the other algorithms with respect to
the total number of function and gradient evaluations and the running time. These observations imply
that our modified NM-SBFGS-Z algorithm with & = % turns out to be practically effective.

4. CONCLUSIONS

In this paper, we applied the new modified secant equation of Khoshgam and Ashrafi [9] to develop
the new modified Structured BFGS algorithm for solving non-linear least squares problems. The method
has been shown to be locally and g-super linearly convergent. Preliminary numerical results showed the
efficiency of the proposed method in the sense of the Dolan—Moré performance profile.
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