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1. INTRODUCTION

This paper deals with the existence of positive solutions of nonlinear differential system

—u"+bu=Qu+ f(t,u,), 0<tr<1,
—¢" = uu, 0<t<1, (L.1)
u(0) =u(l) =¢(0) = ¢(1) =0,

where b, £ > 0and f:[0,1] x RT x R" — R™ is continuous.
During the last few decades, the second order elliptic systems

—Au+bu=ou+ f(u), xe€Q,
—AQ = Uu, x€eQ,
u=¢=0,&x€9dQ

have been widely investigated because they have a lot of applications in quantum mechanics models
[1, 2], semiconductor theory [3] or a time and space-dependent mathematical model of nuclear reactors
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in a closed container [4]. Recently, Gu and Wang [5] proved the existence of positive solutions of the

following elliptic system
—Au+bu=o¢ou, xecQ,
—Ap =u, xE€Q, (1.2)
u=¢ =0, xXE€IQ

by using the abstract fixed point theorem. In addition, they also proved that every positive stationary

solution of (1.2) is a threshold when Q € RY (2<N<6)isaball. In2011, Wang and An [6] investigated
the existence of positive solutions of the following one-dimensional system

—u" +bu=u+ f(t,u), 0<r<l,
—¢" = pu, 0<r<l1, (1.3)
u(0) = u(1) = ¢(0) = ¢(1) = 0.

By using Krasnosel’skii’s fixed point theorem, they provided sufficient conditions for the existence of at

least one positive solution to the BVP (1.3). In 2012, Chen and Ma [7] applied the bifurcation techniques
to study the existence of solutions for (1.3). They also established some existence results for the BVP

—Au+bu=du+ f(|x|,u), Ry <|x| <Ry, x€R',N>1,
—A¢ = Uu, Ry <|x| <Ry, xRV, N>1,
u=¢=0, on x| =Ry, x| =R,
by using bifurcation techniques. Recently, Wang and An [8] considered the existence of positive solutions
for a second order differential system
—u" =a(t)pu+h(t)f(u), 0<r<l,
—¢" =b(t)u, 0<t<l,

where a(t), b(t), h(t) may change sign. By using the Krasnosel’skii’s fixed point theorem, they obtained
sufficient conditions that guarantee the existence of at least one positive solution.

In above results, one of the common techniques is the Green function, and the solution of the boundary
value problem

—¢" = pu, $(0)=¢(1)=0
can be expressed as
1
0(1) = / G(t,)u(s)ds. (1.4)
0
Then, inserting (1.4) into the first equation of (1.3), we get a second-order nonlocal boundary vale prob-
lem
—u" + A= pu fy G(t,5)u(s)ds + f(t,u), 0 <t <1,
u(0) =u(1)=0.
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But, if we insert the second equation (1.1) into the first equation of (1.1), then we can obtain a fourth-
order boundary value problem

0@ —bo" = —99" +uf(t,0.=L), 0<r<l,

(1.5)
¢(0) =9(1) =0,¢"(0) = ¢"(1) =0.

To the best of our knowledge, the existence and multiplicity of nontrivial solutions for the fourth-order
differential equation

M(4) :f(t,M,M/,M//,M///)

with various boundary conditions have been widely studied by using variational methods, the method
of upper and lower solutions, fixed point theorems, the alternative principle of Leray-Schauder or the
topological degree theory. We refer the readers to [9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23,
241 and the references therein. For fourth-order BVP (1.5), there are few literatures on the existence of
positive solutions. In this paper, we apply the fixed point index theory in a cone to discuss the existence
and multiplicity of positive solutions of the fourth-order BVP (1.5). Compared to the results in the
previous works, our results presented in this paper has the following new features. First, we find some
new conditions, which differ from those in the majority of results as we know. Second, the results we
are going to present reveal how the behavior of the functions ¢¢” and f have a profound effect on the
existence and multiplicity of positive solutions of (1.5) under some appropriate conditions.

2. PRELIMINARIES

Let G(t,s) be the Green function of linear boundary value problem
—u"+Au=0, u(0)=u(1)=0,
where A > —72.

Lemma 2.1. [15] Let @ = \/|A|. Then G(t,s) can be expressed by

sinhwtsipha)(]—s) 0<t<s<l

9609~ ooy ooy $320
— esmo . 0sss<t<1

. t(1—ys), 0<r<s<l,

(ii) G(t,s) = ifA =0,
s(1—1), 0<s<t<I,
sinwtsir}w(l—s) 0<t<s<l,

(iii) G(t,s) :{ Siwf’g;“ﬂj*zlft)’ T T if-mr <A<
—sno —» 0<s<r<1,

Lemma 2.2. [15] The function G(t,s) has the following properties:

(i) G(t,s) >0V, s€(0,1),

(ii) G(t,5) <CG(s,s), Vt, s € [0,1],

(iii) G(t,s) > 8G(t,1)G(s,s), Vt, s € [0,1],

where C=1, 8 = @/sinhw, if A >0;C=1,8 =1,if AL =0; C=1/sinw, § = wsinw, if —1> < A <0.
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Let G(t,s), Gp(t,s) denote the Green function for A = 0 and A = b, respectively. Now the solutions

of (1.5) can be rewritten as fixed points of operators ‘¥ in an appropriate Banach space, where

_/01 /01 G(I’S)Gb(S’T)‘P(T)(P”(‘L')drds
_(PN(T)
u

s [ [ 669Gy (5, 772 0(0),

Let E denote the the Banach space C?[0, 1] with the norm

)dtds.

|ul| = |tt|oo + [t" | = max |u(t)| + max |u”(t)], foru GCZ[O,I].
r€[0,1] t€[0,1]

Define a cone K C E by

K ={u(t) €C*0,1] :u>0, u" <0, min u(t) > 0} [ul.., max u'(t) < —om|u|.},

tel,3] t€lz.7

where o; € (0,1) (see [15]). Also, for r > 0, define K, and dK, by
K, ={u(t)eK:||ul| <r}, K, ={u(t)€K:|ul|=r}.
Lemma 2.3. Let h € CT[0,1]. Then the linear boundary value problem
u® —bu" =h(r), 0<t <1,
{ u(0) =u(1)=0,u"(0)=u"(1)=0

has a unique solution u(t), which satisfies the following estimates:
(i) u(t) > G(t,t)|u|w, for every t € [0,1], and |u| < %3f01 u(t)sinmeds.
(i) u" (t) < —0pGp(t,1)|u" |, for everyt € [0,1], and

1
| < F-/ u(t)sinmtds,
0
where

= (n+ ) sinh Vb - tanh V/b.

4[72

v(t) = /O Gy (.5)h(s)ds

Proof. Letv = —u". Then,

and

From Lemma 2.2, it follows that

vV
\
Q
v,
(4
Ef

=z 1—t)!M|oo

Multiplying both sides of the above inequality by sin 77 and integrating on [0, 1], we get

1 1
/u(l)sinmdtZ/ t(1 —1t)sinmtds - |u|w,
0 0

2.1)
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namely,
ol
U] < 7/ u(t) sinmeds.
4 Jo
So, (i) of Lemma 2.3 holds. As the similar argument, we also have
v(t) > 8,Gp(t,1)|V]eo = " (1) < —8,Gp(t,1) " |0, V1 € [0,1]

and
1

fol OpGy(t,1) sinmedt

V] <

1
/ v(t)sinmedt.
0

Letting @ = /b, we find

! 1 inh ot - sinh (1 — ¢
/ 0pGy(t,t)sinmedt = / ‘w S @ Slr,l at ))sinmdt
0 o sinhw w; sinh @
1 1
= (hco)z/ sinh @t - sinh w(1 —1) sin wedt
sin 0
L

1
~ 4(sinh)? / e® — O — P e ®dcos it
4(sinhw)?> 7w Jo

1 -1 1
— —2(e® —; _/ w20t Zwtfa)d t
Ao 7 [—2(e®+e ) e +e cos 7t|
1 -1

= Emhe) @ 20— (AL )

1
+/ cos 7t (—20)e™ 2 + (2w)e*™ ™ Vd1]
0

1 —1 /i
= 4(1’1(0)2%/ COSﬂ[[(—Za))ewfzwt+(2w)62a)[7a)]dt.

sin 0
Let

1

A(r) :/ cos 7wt (—20)e® Y + (2w) e~ dr.

0

Then,

1 1
A(Z‘) = ;/ (—2w)ew—2wt+(Zw)eZwt—wd(sinn_t)
0
= ;[0—/1Sin7rtd[(—2a))e“’_2w’_1_(2(0)62@1—@]
0

20 1' 0—20t 20—
= 7/ sinmt[(—2w)e — (2w)e |dt
0

201 !
- 77/ (—20)e® " — 2w)e*® ®d(cos t)
0

4w* 1
- %[_2(60)4'670))—/ COSﬂt[(—Za))e“’*Z“”+(2w)62wt7w}dl‘
0

4
= ) -Aw)

4p?

= 2 e ) - AW,
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which yields
B —8b2(eVr 4 e VP)
n2 +4b?

It is easy to see that
2b2(e‘/’; + e*\/’;)
(sinhv/b)2 - - (m2 +4b2)

1
/ 0pGyp(t,t))sinmtdt =
0

Furthermore,
1 1
W' < — _ / (—u(1)) sin7rdt
Jo 6Gy(t,1))sinmtds Jo
_ (sinhv/b)?- @3- (7 +4b%) (! —
= 202 (Vb 1 e V) /0 u(t)sinmeds
ol
= sinhvbtanh Vb - (7 T )/ u(t)sinmtds,
which implies that (ii) of Lemma 2.3 holds. O

Lemma 2.4. If f:[0,1] x Rt x Rt — R" is continuous, then T(K) C K and ¥ : K — K is completely

continuous.

Proof. For any ¢(t) € K, we have

_/01/01 G(I’S)G”(S’T)‘P(T)(Z)N(T)drds

+,u/01/01G(t,s)Gb(s,T)f(T,q)(r), _¢;(T))drds20
and
1
To0) = | Golte)9(00" (s
—u [ G002 “”;(T) )t <0,
Moreover,

él{l;llﬂiq)() = tél[nn —/ / G(t,5)Gp(s,7)0(7)9" (1)dTds
¢ "(7)

+m1n //GtsGbST f(z,9(7),

)dtds

Y

min —/ / G(1,1)G(s,5)Gy(s,7)0 (7)0" (¢)dtds

rels,
+m}11§u//Gtt (5,5)Gy(5,7) £ (7, 0(7), "’U

)dtds

— min G(1,1)[~ / / G(s,5)Gy(s,7)0(2)0" (v)dtds]

te[l 3

+m1nGttu// (5,5)Gp(s,7)f(7,0(7), ¢())d’cds]

Iezz

= 61|‘Z¢|w
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and

") 4

1 1
max T'9() = max [ [ Gt 0)0(2)" (D)t~ | Gola, 7)1 (5,0(0) .

re[,3 re(,3

- — min][—/OlGb(t,f)(P(T)(P”(T)dT—FIJ/OlGb(t,f)f(f,(f’(f)a

SER

_(P‘L/;(T) )dT]

IN

1
— min [ / Gi(1.1)Gy(7,7)0(7)9"(7)d T
- Jo

t€l4,2

[ GG D)1 (5,0(0) “”L(” \d1]

IN

1
~ min Gy(t,1)[~ /0 Gy(7,7)0(1)9" (7)dt

t€(}.3]
—¢"(7)
drt
m )dt]

1
+ /O Go(7,7) (7, 6(7),
— 62"le¢|°°-

So, ¥(K) C K. Finally, it is standard to verify that T is completely continuous, see, e.g., [25]. This
completes the proof. 0

At the end of this section, we give the following two crucial lemmas.

Lemma 2.5. [25] Let ¥ : K — K be a completely continuous mapping. If A%u # u for every u € oK,
and 0 < A <1, then i(T,K,,K) = 1.

Lemma 2.6. [25] Let T : K — K be a completely continuous mapping. If there exists an e € K\ 0 such
that u — Tu # te for every u € dK,, then i(%,K,,K) = 0.
3. MAIN RESULTS

Theorem 3.1. Assume that f : [0,1] x R™ X Rt — R" is continuous and satisfies the following assump-
tions:

: 2
(F1) There exist oy > 0,81 >0,r; > 0,0 < “ﬂ—ﬁ” + % + %rl < 1, such that

i, 0u) <oy¢+PiuVeel0,1],¢ €[0,r],uc0,ur].

(F») There exist 0p > 0, > 0,22 + Pt 51, and h(t) € C*[0,1], such that

7271:4 7'L'2
F1,0,1) > 00 + Pou—h(1),¥ 1 €[0,1],9 > 0,u > 0.

Then (1.5) has at least one positive solution.

Proof. Setr = %l’uz}rl. We prove that AT¢ # ¢ for ¢ € dK, and 0 < A < 1. On the contrary, there
exist § € K, and 0 < A < 1 such that AT = ¢, namely,
= - 1

0N (1) —b¢" (1) = —2(1)9" (1) + Apf (1.9 (1), —H@”(t)), 0<r<1

and
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For ¢ € dK,, we have

PIPLRLE e .
0o X 0" < T 7’1_“7’1 My
From (F}), it follows that
B —b8"(0) = A" (1) +Auf(r,9(1).—¢"(1)
< w(t)qs"(t)mu[alé(t)m;é"w
= —AG(1)¢" (1) + Apeud(t) — 1Bi1g" (1))
< —00)" () +1mond(t)—Bi9" (1)

min 2
(™A

Furthermore, multiplying this inequality by sin 77 and integrating on [0, 1], we have

IN

rl—i-[,tOC](l_)(t)—ﬁ](B”(l). 3.1)

min 2
Loy + 7{21’# }rl +(B1—b
71-4

2
/01 o (1) sinmedt < )] /01 ¢ (1) sinmedr. (3.2)

By Lemma 2.3, we have
_ ) o
18] =19l+18"1- < "+ 5 [ 60)sinmar,
which implies fol ¢ (t)sinmedt > 0. Using (3.2), we get

oy + MLl 4 (B — b)n?)
7T4

1< <1,

which is a contradiction. Thus, i(%,K,,K) = 1.
Now, we choose a sufficiently large R > max{r,ur} and e = sinzs € K\0. Then ¢ —T¢ # Tsinmnz,
for every ¢ € dKg and T > 0. If there exist ¢y € dKg and 7 > 0 such that ¢y — Ty = Tsin 7z, then

0 (1) — bl (1) — t(m* + br?) sint = —0o(1)9L (1) + f (2. 00 (1), ‘gu(t))

and
$0(0) = ¢o(1) = 97 (0) = ¢ (1) = 0.
From (F,), it follows that

0 (- b0f ) = —en(0)0§ o)+ s 0. 0000~ )
+1(n* + br?) sinr
>~ go()8(0) + mladn() — B2 nr)

U
> pongo(t) — Pagy (t) — ph(r).

Multiplying this inequality by sin z¢ and integrating on [0, 1], we have

1 1 -1
7t4/ o (¢) sin medt > [ua2+(B2—b)7r2]/ (])o(t)sinmdt—u/ h(t)sin medt,
0 0 0
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which yields
W Jy h(r) sin medt
non + (B —b)m2 —m*

1
/ ¢o(t)sinmedt <
0
Furthermore, we have
a3l .
¢ < T+ Z)/O o (¢) sin wedt

3 u 1 _
< (I'+— / h(t)sinmtdt = R.
< 4>%a2+([32—b)7t2—7r4 0 2

Let R > max {R,ry,ur }. Then i(%,Kg,K) = 0.
Finally,

i(T,Kr\K,,K) =i(%,Kg,K) —i(%,K,,K) = —1.
Therefore T has a fixed point in Kg\ K, which is the positive solution of (1.5).

Corollary 3.2. Assume that (F») holds. In addition, f satisfies the following assumption:
min{1u2}

uos y B2 b such that

f(tv(pvu) < a3¢ +ﬁ3u7VI € I?‘P € [0,1‘2],1/! € [O,Hl‘z]-

Then (1.5) has at least one positive solution.

(F3) There exist a3 > 0,3 > 0,r, > 0,0 <

Proof. The proof is similar to Theorem 3.1. We only need to revise (3.1) as

39 () —be" (1) = —M(z)qﬁ”(r)+1uf<r,q3<r>,—;q5"<r>>

< A6 (1) + Aulosd(r) — ngtqs”a)]
< —0()9" (1) +uazd(t) — B39" (1)
VA min{l,uz} SN poFl
< —9¢"(r) —s ra+uosd(t) — B30 (1).

Corollary 3.3. Assume that (F») holds. In addition, f satisfies the following assumption:

min1u?} >

(Fy) There exist o4 > 0,84 >0,r3 > 0,0 < Hau+( 7

f<t7¢7u) < (X4¢+ﬁ4u,Vl €I7¢ € [07"3]71/’6 [07HV3]~

Then (1.5) has at least one positive solution.

+ B‘;b < 1 such that

Proof. The proof is similar to Theorem 3.1. We only need to revise (3.1) as

FOW) b (1) = AP (1) + Auf(t, (1), —;45"@)

< —AB0F"(0)+ Auland() ~ B 60
< —BOF (1) + paud () — Bd" ()

< (M 2 b (1) — Bsd”
< 5 73) 1o (1) = Bad” (1),
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Corollary 3.4. Assume that (F») holds. In addition, f satisfies the following assumption:

1 1-2b max(t,(]).,u)e[o,l]><[0,1]><[07ﬁ]f(tvq):u)
1.
0< i + s +u g <

Then (1.5) has at least one positive solution.

Proof. The proof is similar to Theorem 3.1. Choosing r < 1, we only need to revise (3.1) as

oW1 —bd"(1) = —AP(1)9" (1) + A f(t,9(r), —:L@”(f))

o 1.
< —o()"(t)+ max t,o,——o"
P)97(0) 'u(t,¢,f¢”)€[0,llx[O,I]X[O,I]f( ’ H¢ )
(P(t) _(]SH([) Iy 1 /i
< oy T 1o, ——o").
= 2 T2 +“<r,¢.,—¢">e1[3?1§[o,ux[o,uf(’¢’ u¢)

Theorem 3.5. Assume that (F») holds. In addition, f satisfies the following assumptions:
(Fy) There exist R > ry >0, 05 > 0,85 >0, £% 4 ﬁ;b > 1 such that

=Y g4

7 cothv/b 1 N
— ——)|R"+ max t,o,u)] <R
6( 2vb Zb)[ “te[O,l]x[O,ﬁ]x[O,ﬁR]f( 0.u)

and
f(ta(P’u) > OCS(P +ﬁ5M,VI € [071}7(1) € [0,1’4],1/[ € [0,[.11’4].
Then (1.5) has at least two positive solutions.

Proof. Choosing r = %1’“2}1*4 and e = sin 7t € K\0, we have ¢ —T¢ # tsinmnt, for every ¢ € dK, and
T > 0. If there exist ¢y € K, and T > 0 such that ¢y — Ty = Tsin 7z, then

09 (1) — bot (1) — 7(x* + b sint = — o194 (1) + (1, bo(t), — ‘5;“))
and
30(0) = do(1) = 64.(0) = 94/ (1) =0.
For ¢y € dK,, we have
e L., < min{zL#Z} < ”72
’(PO"X’_?: |ﬁ¢0 ’00_ 1 r4_;r4<,ur4.

From (F;), it follows that

8O —balE) = —dolt)8 )+ If(r, o) — ‘f))

+1(n* 4 br?) sin e
> —go(t) a’<t>+u[as¢o(r>—ﬁs¢°f)]

> pasgo(t) — Bsoo (1)
Multiplying this inequality by sin 7z and integrating on [0, 1], we have

1 1
7 / 0o(1) sinmtdr > [pots + (Bs — b) 7% / 9o (1) sin tdr.
0 0
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Since fol ¢o () sinmedr > 0, we have
4 bV
n" > pos+ (Bs —b)m,

which contradicts (F3). Then, i(%,K,,K) = 0.
Now, we prove that AZ¢ # ¢ for ¢ € dKz and 0 < A < 1. For any ¢ € dKj, we have

AT < [1F9]| = TPl +[(TP)" oo
1 rl
< || [ 6.s)Gss. 10 (2)9" (R)ards|.
s [ [ 6ts1Guts, sz 00, =4 D aras.
1
H [ Gole 0 (219" (7).
JO
: —¢"(7)
Hit [ Gole0)f(x0(2), = 2
1 cothvb 1.5 1 cothvh 1 1,
< 8( 2\/5 2b) 6( 2\/1; 2b te[OJ}x%ié?x[O,ﬁR]f(t?(P’ ,LL¢ )
coth\/E_i <5 coth\/E_i 1y
+( Wi TR 2 tdo,llxr[g%x[%mf(t,¢, u¢)
_ Tcothvb 1.5 7 cothvh 1 1,
= 2vb 2% THE Wb 2b te[O,l}xr[I(}i?)](x[O,ﬁR]f(t7¢7 I~L¢)
< R,

which implies that i(¥,K,K) = 1. In the same proof of Theorem 3.1, it follows from (F3) that there

exist a sufficiently large

in{1,u? O
R > max{nmng47R,R}

such that i(T,Kg,K) = 0.
Finally,

i(T,Kg\Kr, K) = i(T, Ky, K) —i(T, K, K) = 1,

i(zaKR\KRaK) = i(K7KR>K) _i(‘z7KI§>K) =-1,

Therefore T has two fixed points in Kz\K, and K\ Ky, which are the positive solutions of (1.5).

Example 3.6. Let us consider the following system
—u" +u=pu+ {27 (e — 1) +u*+2u}, 0<t<1,
g = bu
9(0) = ¢(1) =0,¢"(0) = ¢"(1) =0.

Let

o) =21te, B =3, r=1.

(3.3)
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It is clear that

_ i 2
ua1+ﬁ1 b+mm{1,u }r1

b 2 2
_ 2 2 1
10 m2 2007t
< 1.

Fort € [0,1],¢ € [0,1],u € [0, {5], we have
flt,¢,u) =2m*(e® — 1) +u* +2u < 27*e¢ +u+2u < 0y ¢ + Pru,

which yields that (F;) holds.
On the other hand, let
a =27, By =2, h(t) =1>.

Then,
o Pp—b
24 + w2

1
=1+ p) > 1
and
flt,¢,u) =21 (e® — 1) +u® +2u > 27* ¢ +2u > 0 ¢ + Pou— h(2),
which guarantee that (F>) holds. Therefore, by Theorem 3.1, (3.3) has at least one positive solution.

Example 3.7. Let us consider the following system

—u" +u=Pu+ 52—+ (7 + 1)e" +cosu—sint, 0<1< 1,

2-+sinu
— ¢ = ﬁu’ 3.4
$(0) =¢(1)=0,9"(0) =¢"(1) =0.
Let |
o = g, ﬁzZTL’z—i-l.
It is clear that
(0%) [32 —b
— =—41>1
24 2 274 the
and o
= 2 u —sint > — (si
ft,0,u) > sinu + (7 +1)e" + cosu—sint > o9 + Pou— (sint + 1),
which yields that (F,) holds.
On the other hand, let
1 ) ~ 1
—— = I,R=1 =—.
Os 37 BS T+ 5 , 4 >
Then,
pos  Bs—>b
) + 2 > 1
In addition, we also have
7 cothvb 1

— R*+ max L,o,u
g T 55 ‘ute[o,l]x[o,ﬁ]x[o,ﬁ}ﬂf( ¢, u))

7 Ly (m241)ems +1 _
< 2 1=R
Se@—n- 156 <
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and

9
2+ sinu

> o5+ Psu,

fort € [0,1],¢ € [0,3],u € [0, 515], so that (F,) holds. Therefore, by Theorem 3.5, (3.4) has at least two
positive solution.

+ (7 +1)e" +cosu — sint

f(t,9,u)
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