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Abstract. In this paper, by using the symmetric mountain pass theorem and dual fountain theorem, we show the existence of
infinitely many solutions for the nonlocal Kirchhoff type equation with the fractional p-Laplacian:

pott ( Sfeax "SI dxdy ) (— A)pu(x) = AlulP—2u = f(x,u), i@,
u=0, in RM\Q,
where Q C RY is a smooth bounded domain, (—A); is a fractional p-Laplace operator with 0 < s < 1 < p < o and ps < N,

 is a continuous function and A is a real parameter.
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1. INTRODUCTION

Consider the following fractional p-Laplacican equations of Kirchhoff type:

A ( [l V() = u(y) PR (x = y)dddy ) L — Al 2u = fxu), in Q,

(1.1)
u=0, in RM\Q,

where N > ps with 0 < s < 1, Q is a bounded domain with Lipschitz boundary dQ, .# € C(Rj,R")

and £} is a non-local operator defined by:

Lu(x) =2lim o Ju(x) = u(y)P~(u(x) — u(y))K(x~y)dy x€R",
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where 1 < p < oo, K : RN\ {0} — (0,00) is a measurable functional and satisfies the following properties:

vk € L'(RY), where y(x) = min{|x|P,1};
there exists ko > 0 such that K(x) >
K(—x) = K(x) for any x € RN\ {0}.

~(N+p5) for any x € RN\{0};

(N+ps)

If K is a standard type, i.e., K(x) = |x|~ , then problem (1.1) becomes

A ( [l MO dxdy ) (= A Ypu(x) = Alul? 2w = f(x,u), in Q,

u=0, in RM\Q,
where (—A); is a fractional p-Laplace operator defined by
. Ju(x) — ()P~ (u(x) — u(y))
(=A)pu(x) =2 lim dy

£=0% JRV\Be (x) jx — y[Neps
for x € RV,
Clearly, if p=2, .# =1, A =0, then equation (1.3) is reduced to the following form:

(—=A)’u= f(x,u), in Q,
u=0, in RM\Q.

(1.2)

(1.3)

(1.4)

Recently, a lot of results were obtained for above problems, see, for example, [1, 2, 3,4, 5,6,7, 8,9, 10,

11, 12, 13, 14, 15] and references therein. Especially, some important existence results for infinite many

solutions were proved in [16, 17, 18].

The purpose of this paper is to discuss the existence of infinite many solutions of problem (1.1). We

make the following assumptions on functions .# and f.
(M) A € C(Ry,R") satisfies inf+ A (t) > mo > 0, where my is a positive constant.

(M>) There exists 6 € [1, 5 p Noos) such that
— t

0.7(1) = 9/ M (s)ds > M), Vi1 ERY
0

(f1) There is a positive constant C > 0 such that

0] < C(le 7+ 1)

pN
N—ps*

for some g € (p, p}) and every x € Q,t € R, where p} =
(f2) There exists u > p6 such that

4 1
Flx,1) = /O flrs)ds < flxr) forany x € ©, (€ E.

(f3) \lllm F‘l(‘f,é) ~+oo uniformly for a.e. x € Q.
t|—

(f1) flx,t)is oddfort, ie. —f(x,—t) = f(x,t) foreachx € Qand t € RV,
() tim 151

0 Je[P—1

= 0 uniformly for x € Q.

Since we assume here that 4 > p0, we know that condition () is different from the usual (AR) condi-

tion.
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Definition 1.1. We say that u € X is a weak solution of problem (1.1) if

Al [ 1) =) 7 2(u) = () (@) = @)K (x =)y

A [ )P 2ux) g [ fexux)o()dx =0

for any ¢ € Xp. This space X will be introduced in the second part.
The main results of this paper are as follows.

Theorem 1.2. Let K : RV\0 — (0,00) be a function fulfilling (1.2). If (M) — (My) and (f,) — (fs) hold,
then problem (1.1) has infinitely many nontrivial solutions {u;} in Xo with unbounded energy for every
A eR.

Theorem 1.3. Let K : RVM\O — (0,0) be a function fulfilling (1.2). If (M) — (M>) hold and f(x,t) =
alt|S 24+ Ble|M 2 with 1 < € < p < p8 < < g < pt, where 0 is given in (M>), then there is a constant
A > 0 such that, forany A < A, a >0, B € R, problem (1.1) has a sequence nontrivial negative energy
solutions {uy} in Xo with converging to 0.

Our results improve some existing results in three folds. Problem (1.1) involving parameters is stud-
ied. The dual fountain theorem was used only when p = 2 in [16], and the nonlinear condition is also
stronger than ours. In [18], Nyamoradi and Zaidan only considered the situation that .# = a + bt with-
out the parameters. The proof of Theorem 1.2 is different from [16]. Our results are more general. The
framework of this paper is as follows. In Section 2, we introduce necessary preliminaries. In Section
3, we verify the Cerami condition for our functional. In last section, Section 4, our main results are
presented.

2. VARIATIONAL FRAMEWORK

In this section, we first review some basic variational frameworks and some useful Lemmas that will
be used in the next section for problem (1.1). Let Q = R?N\ &, where

0=%€(Q)x€(Q) c R,

and € (Q) = R¥\Q. X is a Lebesgue measurable functions linear space. Such that any function u € X
limited to Q belongs to L”(Q) and

/ u(x) — u(y)|PK (x — y)dxdy < oo.

The space X is given by a norm:

1
i = el + | ax) ) PK (5= )y "
It is readily seen that || - ||x is a norm on X and Cj'(€2) C X (see [7, Lemma 2.1]). The space in which we
work is a closed linear subspace Xy C X,
Xo={uecX:ulx)=0ae. in RN\Q}.

Also, we note that X can be endowed with the norm
1

Julby = (] Jux) = a() PK (= y)dxdy) " for all u € Xo
(Y]
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and (Xo, || - ||x,) is a uniformly convex reflexive Banach space (see [17, Remark 2.1 and Lemma 2.4]).

Lemma 2.1. [7] Let K : RN\ {0} — (0,0) be a function which fulfills (1.2) and let {u;} be a bounded
sequence in Xo. Then exists u € L'(RN) with u = 0 a.e. in RN\Q such that up to a subsequence,

uj — u strongly in L' (), as j — oo
forany v € [1,pi).
Remark 2.2. Xy —< L"(Q), for each v € [1, p}), Moreover, there exists C, > 0 such that
ully < Cvllullx,, u € Xo. 2.1)

We need to review some properties of the eigenvalue problem and the spectrum of the operator. For
more details, the reader is referred to [19] and the references therein.

- p—2 ;
{ Lu=N|ulP""u, inQ, 22)

u=0, in RN\ Q,
there is a divergent positive eigenvalue sequence
M<bh< - <H <A1 <y
whose eigenvalues are the critical values of the functional
I(w) = [ulf, ue T ={ueX: /Q ulPdx =1},

We notice that the first eigenvalue A; := inf,cxI,(u) > 0. The corresponding eigenfunctions will be
denoted by e;. Let X; = span{e;}. Then

oo k =)
Xo=PXi, i =PXi, Z=PXi, k=1,2,---.
i=1 i=1 i—k

Let B, := {M €Y HMHX() < Fk}, Ny = {M S/ Hu||XO = ’)/k}, where r; > 7 > 0.
We need the following definition, which is a weak version of the (PS).

Definition 2.3. Let I € C'(X,R). We say that I satisfies the (Ce). condition at the level ¢ € R if any
sequence {u, }, C Xp such that

H(un) = ¢, (14 ||un| ) (1) = 0 in Xy as n — oo,

where X(/) is the dual space of Xy, possesses a convergent subsequence in Xp; I satisfies the (Ce) condition
if I satisfies the (Ce). for all ¢ € R.

Definition 2.4. Let 7 € C'(X,R). We say that I satisfies the (Ce) condition at the level ¢ € R (with
respect to V;,) if any sequence {uy, },;, C Xo such that

un; € Yo, I(un;) — ¢, (14 Hunj|])1£/nj(unj) —0in Xy asnj — oo,

possesses a convergent subsequence in Xp; I satisfies the (Ce)* condition if I satisfies the (Ce)’ for all
ceR.
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Theorem 2.5. (Symmetric Mountain Pass Theorem, [18]) Let Xy be a real infinite dimensional Banach
space and Xy = Y @ Z, where Y is a finite subspace. If I € C' (X, R) satisfies (Ce), conditional for every
¢ and the following three conditions:
(A1) 1(0) =0, I(—u) = I(u) for all u € Xo;
(A2) there exist constants ¢, p > 0 such that |55,y > &, where

Bp ={ueXo:[lullx, <p};
(A3) for any finite dimensional subspace X C Xp, there exists R = R(X) > 0 such that I < 0 as u € X \Bp.

Then I possesses an unbounded sequence of critical values.

Theorem 2.6. (Dual Fountain Theorem, [16]) Assume that I € C' (Xo,R) satisfies I(—u) = I(u). Suppose
that, for every k > ko, there exists r; > ¥ > 0 such that

(B1) ax =inf{I(u) : u € Z, ||u||x, = re} > 0;

(B2) b = max{I(u) : u € Yy : |lul[x, = %} < 0;

(B3) dy =inf{I(u) :u € Zy : ||u|lx, < %} — 0 as k — oo}

(B4) I satisfies the (Ce); condition for every ¢ € [dy,,0].

Then I has a sequence of negative critical values converging to 0.

3. COMPACTNESS CONDITIONS
For u € Xy, we define energy functional / : Xy — R associated with problem (1.1). Set
I(u) =T (u) —J (u) — H(u),

where .
T(u)= ;///(HMH‘;"(O)

/]u|pdxH /qu

Lemma 3.1. [7] If (M;) holds, then T : Xo — R is of class C' (Xp,R), and
(T (1)) = A () [ 1) =) 2(u() = () (4(6) = () K (v =)y

forall u,v € Xy. Moreover, for each u € Xy, T (u) € Xo-

and

Lemma 3.2. [7] Let (f1) holds, then the functional H is of class C' (Xo,R), and
(H (w)v) = [ flxu)vds
Q
Sforall u,v € Xp.

Combining Lemma 3.1 with Lemma 3.2, we get that I € C!(Xo,R) and
(1 w)v) = () [§,) [ 1) = )2 ) = u3)) (o) = v(5) K x =)y
fl/ |u|p_2uvdxf/f(x,u)vdx
Q Q

for all u,v € Xj.
Clearly, weak solutions of problem (1.1) are the critical points of energy functional /.
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Lemma 3.3. Assume that (M) and (fy) hold. Then any bounded sequence {u,}, C Xo with (1 +

\lutn|)I (14,) — O as n — oo has a strongly convergent subsequence in Xo.

Proof. Suppose that {u, }, C Xo is bounded sequence. By Lemma 2.1, due to the reflexivity of X, there
is a subsequence which is still denoted by {u, }, such that

U, — u in Xy,
up, —u inLY(Q), 1 <v<pi,
U, —u a.e.in RN,

To prove {uy}, — u, in Xo, we first introduce some simple notations. Let ¢ € X be fixed and let B, be
the linear functional on Xy defined by

D= [, 1060 = 001" 2(0() — 90)) () = v(¥)K (x —y)dady

for all v € Xj.
Obviously, by the Holder inequality and the continuity of By, we have

Bo()| < [|@l% " Ivllx, forall v € Xo.
From the weak convergence of {u, } in Xo, we get

lim Bu(un—u) =0. 3.1

It is easy to see (I (i), u, — ) — 0, if u, — w in X, and (1 + ||, ||)! (,) — 0. So,

0 ()t ) = <ty Bt —10) =2 [ P20y~ )
—/f(x,u,,)(un—u)dx—>0 asn — oo, (3.2)
Q

Furthermore, according to Lemma 2.1, we know that there is a subsequence,
u, — u strongly in LY(Q) and a.e. in Q.

So, f(x,uy)(up, —u) — 0 a.e. in Q as n — oo. It is clear that sequence {f(x,u,)(u, —u)} is not only
uniformly bounded but also equi-integrable in L' (Q). By the Vitali Convergence Theorem (see [20]), we
get
lim f(x up)(ty —u)dx = 0.
n—oo
Since the second term converges to 0, we have from (3.2) that
//l(Hun(x)H)’}O)Bun(un —u)—0, asn—0.
It follows from (M) that . (¢) is bounded on closed interval. Hence
By, (up —u) — 0 asn — oo. (3.3)
Combining (3.1) with (3.3), we get
(Bun(un—u) —Bu(un—u)> 5 0asn— 0. (3.4)

Using the Simon inequalities:

(IC1P=2¢ =l n) - (C—m) = CplE =P, p 2 2;
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1612~ =2 ~m) 2 G oIy <<
U0 ’

for all {,n € RV, where Cp,é\p > 0 depend only on p. Therefore, it follows from (3.4) that we first

assume p > 2. Then, as n — oo, we have

4 — ullf, sCIP J L (1 ) = 501720 0) = 0 (30) = ) = )P 2(x) = () )
x (100(6) = () = a(3) + u(y) ) K (x — y)dxdy

:C}p(Bu"(un —u) — By (up —u)) =o(1).

So, [Juy —ull§, — 0 asn — oo.
Finally, it remains to take into account the situation when 1 < p < 2. From the Holder inequality, the

Simon inequality, and (3.4), we know that, as n — oo,

= 1, < (B =) = Bulatn =) " (il +
Cp’
! g 2—p)/2 2-1n)/2
<=7 (Bun(un—u)—Bu(un—u)) <||un\|§(() P24 a8l p)/)
Cp

P
2

~C (B, (=) = Bu(u =) " = o(1),
where C > 0. Combing the above two cases, we know that u, — u in Xg as n — oo. O
Theorem 3.4. Under the conditions of Theorem 1.2, functional I fulfills the (Ce). condition.

Proof. By Lemma 3.3, it is sufficient to show the boundedness of (Ce). sequences. Let {u,}, C Xj be a
(Ce), sequences for ¢ € R such that

H(up) = ¢, (14 ||un| )] (1) — 0 asn — oo, (3.5)

We first claim that {u,} is a bounded sequence. Assume to the contrary that ||uy,||x, — . We consider

o, = HMZT\XO' Then ||@,||x, = 1. Without loss of generality, we may suppose that
o, — @ in Xo;
o, > ®inL"(Q),1 <v<pg; (3.6)

o, — @ a.e.in RN,

as n — oco. There are only two situations which need to be taken into account: @ = 0 or @ # 0. We first
consider the case @ = 0. By (f2) ,(M2) and (3.5), we obtain
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g (1) )
2 i Gy 7 ) = ot el
A=l [ (F(x,unoc))—;ﬂx,un(x))un(x))dx)
2 i (g~ g Qi) 2~ ) [ o
>o(—g =)

which implies 0 > mO(T; — f) This is a contradiction.
For @ # 0, we set Q) := {x € Q: @ (x) #0}. Clearly |Q| > 0 where |Q,| is Lebesgue measure of
Q. For x € Q, we have |u,(x)| — oo as n — oo. In view of (f3), one has

L Fln ()

0
n=veo |uy (x) [P0 (@, (x)[”” — -oo.

Consequently, according to Fatou’s Lemma, we can get

i [ Fxm()

M2 o, Tun ()0 1P )IPOdx — 4o, (3.7)
1 n

From (f}), we obtain
|F(x,0)| < Mlt], Vx € Q, |t| < Ly,

where L, is a positive constant. Combining the above inequality and (f3), we get
|F(x,1)] > —M]t], V(x,1) € Qx R,

where M is a positive constant. From (2.1), we obtain

/ zrr(x,u,,(x))dx2 M o\g, [unldx . Mlunlly MG
Q

6 6 6 = 6-1°
A2 | () I, [ () 1%, lun ()l Nun ()%
which implies

liminf Fx,un(x))

rdx >0, (3.8)
nvee JOQ |y (x) I,

where Cj is a positive constant. From (M;), we get

M) < M), VE € [1,+00). (3.9)
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By (3.5), (3.7), (3.8), (3.9), and boundedness of {®@,, }, we have
1 1
m <o) 39 = lim 7@")[)9
" ()M, (e ()
, A T T
= tim o (A lf) = Sl [ Flen)a)

oo 0
" |un (6) [y P

. 1 1~ o A
<lim ——— (=2 (1) ||lu,||2) — = unp—/Fx,undx—/
(Al =l = | F(a)ex— |

F(x,up)dx
— oo 6 )
" [|un (1) [, )

\Qi

7(1) A @5 F F

<A Ay @l "L"j — i / 7(x’un(x)(9)dx—liminf 7(’“’”"(")9)51)6
Py PRT S P ES NP PR
(1 F

FEAU / P ) e
p oo |lua(x)[P

which is a contradiction. Then we claim that {u,} is bounded in Xy. From Lemma 3.3, we can easily
obtain that {u, } has a convergence subsequence. Thus, the functional I satisfies (Ce) condition. U

Theorem 3.5. Under the conditions of Theorem 1.3, functional I fulfills the (Ce)’ condition.

Proof. On the basis of Lemma 3.3, we just need to prove that the boundedness of (Ce)? sequence.
Consider a sequence {uy,, },; C Xo such that

n; € Yy, () — ¢, (14 Hu,,j||)1’ynj (ttn;) — 0 as nj — oo.

For n; large enough and from the conditions (M) and (M), we obtain

1,
1 +C+||un_/HX0 2 I(un_,') - E(l (un_/‘>7u"l_/‘>

1 1 11 11 g
:;///(Hun_,Hﬁio)—E///(\Iun_,Hffo)\lun_,HffO—l(;—E)Hun_,-Hﬁ—a(E—ﬁ)Hun,Hg
1 1 1 1
P ¢ S
2{mofg = o) = mar{0.ACH = )}l 5, = @G, I,
Pick a number A > 0 such that
1 1 1 1
mo(— ——)—ACH(———=)>0
Do ) G0 )
for any 4 < A. We can deduce that {uy, } in X is bounded. O

4. MAIN RESULTS

First, we state a lemma which will be used later.
Lemma 4.1. [21, Lemma 6] Let 1 < g < p¥ and, for every k € N, let
Bi(q) := sup{||ull : u € Z, [lullx, = 1}.
Then, By — 0 as k — oo.

Next, We prove Theorem 1.2.
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Proof. Let X =Xy, Y =Y and Z = Z;. Obvious, I(0) =0 and (f) implies I is even. According to the
previous discussion and Theorem 3.4, it suffices to show that (A;) and (A3) of Theorem 2.5 is satisfied.
Since Y is a finite dimensional space, all norms on Y are equivalent. Thus, there exists ¥ > 0 such that

”MHP@ Z'}’HM”XO,VMEY. “4.1)

By (f3), for any M; > //?/5,9) , there exists [y > 0 such that

F(x,t) > Mt"° Wx e Q, |t| > T.

In view of (f}), we have

|F(x,)] <C(1+T§ e|, VxeQ, [t < Ty,

which implies

F(x,1) > M?® —C'|t], V(x,1) € Q x R, 4.2)

where C' > 0. Therefore, from (2.1), (3.9), (4.1) and (4.2), we obtain that

uwz;%MNm—l/WMw—LFwww

///(1) 0 A
lull H 15— Millullg +C llulh

S(Lm)

g A /
—7OM) |ull; — ;Cﬁ\lqugo +CCilullx,-
So, for any finite dimensional subspace X C Xp, there exists R = R(X ) > 1suchthat/ <OasuecX \Bp.
Therefore pf > p means the condition (A3) of Theorem 2.5 is satisfied.
Now, we verify the condition (A;) of Theorem 2.5.
By (f1) and (f5), for any o > 0, there exists Cs > 0 such that

Co

F(x,t) < —]t|”+ " |£]4, 4.3)

for any (x,7) € Q X R. Let

0= min{mo,mo — 7}
A
According to Lemma 4.1, for any fixed ¢ > 0, we choose an integer k > 1 such that

© q
[lulll < 35 lullx, 11 IIq_3 .l ull%, (4.4)
for any u € Z;..

Casel.mio<kl.

Choose

1
p = |jullx, = 3 Vu € Z;.
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From (4.3),(4.4) and (M), we obtain

1) =) = [ = [ Flxas

1 A Cs o
>— A (||ully) — = lullh — —=||ul|d — —=|ul|®
([faellx, ) pll 15 . (Juel [ pll 15

S

1 2
>=0|lullk, — §®}IIMH?(O - 5®Ilull;’}0,

>2-0(|lully, — llulk,)

1 1

- gl-

Y
w

Case 2. mio > A

Taking into account the sequence A of the eigenvalues of £7 is positive and divergent, we can
suppose that m% € [Ak—1,A) for some k € N, k > 2. We consider the variational properties of A, denoted
by

o M ) — )R (xy)dxdy
uez\{0} Jo |u(x)|Pdx

For every u € Z:\{0}, we get that

1) = ) [ x| Flxas

1 — A C c
> (|ullk ) — = lullf — == {Jul|2 — = ||u]|?
ey ) = 5 lullly = =~ el = el

A

A Ce

> my— — ul|? —
(o = )l

1 c
-l ulld — Z1ulle.
p [Juel |7 pH 15

Similar to Case 1, the condition (Az) of Theorem 2.5 is also fulfilled. The proof of Theorem 1.2 is
completed. ([l

Now we prove Theorem 1.3. According to Theorem 3.5, we only need to show the assumptions
(Bl) — (33) hold.

Step 1. Verify condition (B ).
In view of p < p < < g < p¥, we choose R € (0,1) enough small such that

1 A |B]
: p n n
3, mindrmo,mo = 7o Hlully, = T Callullx,,
for any u € Xy with ||u||x, <R, where Cj, is a positive constant given in (2.1).

Next, we divide the proof into two cases.

A
Case I. e < M.
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We know, for u € Z; with |jul|x, <R,

1<u>=[1,//7<uu||§0>—A Jluras=5 [ [ unax
Q

- 5l

> min{mo,mo - f}uuuxo—gﬁk Jullf 5 €l
| B

> 5 min{mo. my Z}Hullé‘}o ~ £ Bl

Choosing

- ( 2pafy );715
& min{mg,mp — %1} 7
we have from Lemma 4.1 that rp, — 0 as k — o. Therefore, there exists ky > 0 such that r;, <R when
k > ko. Thus for k > ko and u € Z; with ||u||x, = rx, we obtain I(u) > 0.

Casell. /- - > A
We can follow the proof of the latter part in the verification of (A;). By replacing min{mq,my — %1}

with (mg — %k), and following to that of the first case, it is easy to prove that conclusion.

Step 2. Verify condition (B3).
For each u € Yy, [Ju||x, = % with 0 < % < ry, we have

1) =)~ [ =[x [ s

1 A
<— max %('E)Hqu(O—;HuHﬁ —*H“”n

 llul

As on finite dimensional spaces, all norms are equivalent. By using o > 0 and £ < p < 1, we have
I(u) < 0 for small enough ¥, > 0.

Step 3. Verify condition (B3).
It follows from the verification of condition (B) that, for k > ko and u € Z; with [Jul|x, < ry,

I(u) > —‘gﬁfuuuio > —gﬁfr,f-

Since B — 0, and ry — 0 as k — oo, we have that condition (B3) is also satisfied. The proof of Theorem
1.3 is completed.
Now, we consider the following example as an application of the main result.

Example 4.2. Let 0 < s <1< p < oo, ps < N and Q be an open bounded set of RY with Lipschitz
boundary. We consider the problem

p 0—1 ] B B .
(mo+b(ff WN&,}dedy) )(—A);,u(x) — AlulP~2u = |ulP®lu, inQ,
u=0, in RM\Q,
where my, b are positive constants and 6 > 1 is also a constant.

It is clearly that
(1) =mo+bt® 1 >my >0 forallt >0,
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and . .
,///v(t) = / M (s)ds > 5///(t)t forall t > 0.
0
Let f(x,t) = [t|P9~'¢. Thus F(x,t) = 1’;::1 Obviously, f satisfies (fi) — (f5s). From Theorem 1.2, we

obtain that the above problem has infinitely many nontrivial solutions {uy} in Xy with unbounded energy
for every A € R.
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