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A FRACTIONAL p-KIRCHHOFF TYPE PROBLEM INVOLVING A PARAMETER
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Abstract. In this paper, by using the symmetric mountain pass theorem and dual fountain theorem, we show the existence of
infinitely many solutions for the nonlocal Kirchhoff type equation with the fractional p-Laplacian:pM

(∫∫
R2N

|u(x)−u(y)|p
|x−y|N+ps dxdy

)
(−4)s

pu(x)−λ |u|p−2u = f (x,u), in Ω,

u = 0, in RN\Ω,

where Ω ⊂ RN is a smooth bounded domain, (−4)s
p is a fractional p-Laplace operator with 0 < s < 1 < p < ∞ and ps < N,

M is a continuous function and λ is a real parameter.
Keywords. Critical point theory; Dual fountain theorem; Fractional p-Kirchhoff type; Symmetric mountain pass theorem.
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1. INTRODUCTION

Consider the following fractional p-Laplacican equations of Kirchhoff type:M
(∫∫

R2N |u(x)−u(y)|pK(x− y)dxdy
)
L p

K u−λ |u|p−2u = f (x,u), in Ω,

u = 0, in RN\Ω,
(1.1)

where N > ps with 0 < s < 1, Ω is a bounded domain with Lipschitz boundary ∂Ω, M ∈ C(R+
0 ,R+)

and L p
K is a non-local operator defined by:

L p
K u(x) = 2 lim

ε↘0

∫
RN\Bε (x)

|u(x)−u(y)|p−2(u(x)−u(y))K(x− y)dy x ∈ RN ,

∗Corresponding author.
E-mail addresses: zuojiabin88@163.com (J. Zuo), antq@hhu.edu.cn (T. An), 540860393@qq.com (X. Li), 710819023

@qq.com (Y. Ma).
Received April 17, 2019; Accepted July 14, 2019.

c©2019 Journal of Nonlinear Functional Analysis

1



2 J. ZUO, T. AN, X. LI, Y. MA

where 1 < p < ∞, K : RN\{0}→ (0,∞) is a measurable functional and satisfies the following properties:
γk ∈ L1(RN), where γ(x) = min{|x|p,1};
there exists k0 > 0 such that K(x)≥ k0|x|−(N+ps) for any x ∈ RN\{0};
K(−x) = K(x) for any x ∈ RN\{0}.

(1.2)

If K is a standard type, i.e., K(x) = |x|−(N+ps), then problem (1.1) becomesM
(∫∫

R2N
|u(x)−u(y)|p
|x−y|N+ps dxdy

)
(−4)s

pu(x)−λ |u|p−2u = f (x,u), in Ω,

u = 0, in RN\Ω,
(1.3)

where (−4)s
p is a fractional p-Laplace operator defined by

(−4)s
pu(x) = 2 lim

ε→0+

∫
RN\Bε (x)

|u(x)−u(y)|p−2(u(x)−u(y))
|x− y|N+ps dy

for x ∈ RN .
Clearly, if p = 2, M = 1, λ = 0, then equation (1.3) is reduced to the following form:{

(−4)su = f (x,u), in Ω,

u = 0, in RN\Ω.
(1.4)

Recently, a lot of results were obtained for above problems, see, for example, [1, 2, 3, 4, 5, 6, 7, 8, 9, 10,
11, 12, 13, 14, 15] and references therein. Especially, some important existence results for infinite many
solutions were proved in [16, 17, 18].

The purpose of this paper is to discuss the existence of infinite many solutions of problem (1.1). We
make the following assumptions on functions M and f .

(M1) M ∈C(R+
0 ,R+) satisfies inf

t∈R+
0

M (t)≥ m0 > 0, where m0 is a positive constant.

(M2) There exists θ ∈ [1, N
N−ps) such that

θM̃ (t) = θ

∫ t

0
M (s)ds≥M (t)t , ∀ t ∈ R+

0 .

( f1) There is a positive constant C > 0 such that

| f (x, t)| ≤C(|t|q−1 +1)

for some q ∈ (p, p∗s ) and every x ∈Ω, t ∈ R, where p∗s =
pN

N−ps .
( f2) There exists µ > pθ such that

F(x, t) =
∫ t

0
f (x,s)ds≤ 1

µ
f (x, t)t for any x ∈Ω, t ∈ R.

( f3) lim
|t|→∞

F(x,t)
|t|pθ →+∞ uniformly for a.e. x ∈Ω.

( f4) f (x, t) is odd for t, i.e. − f (x,−t) = f (x, t) for each x ∈Ω and t ∈ RN .

( f5) lim
|t|→0

f (x, t)
|t|p−1 = 0 uniformly for x ∈Ω.

Since we assume here that µ > pθ , we know that condition ( f2) is different from the usual (AR) condi-
tion.
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Definition 1.1. We say that u ∈ X0 is a weak solution of problem (1.1) if

M (‖u(x)‖p
X0
)
∫∫

R2N
|u(x)−u(y)|p−2(u(x)−u(y))(ϕ(x)−ϕ(y)K(x− y)dxdy

−λ

∫
Ω

|u(x)|p−2u(x)ϕ(x)dx−
∫

Ω

f (x,u(x))ϕ(x)dx = 0

for any ϕ ∈ X0. This space X0 will be introduced in the second part.

The main results of this paper are as follows.

Theorem 1.2. Let K : RN\0→ (0,∞) be a function fulfilling (1.2). If (M1)− (M2) and ( f1)− ( f5) hold,
then problem (1.1) has infinitely many nontrivial solutions {uk} in X0 with unbounded energy for every
λ ∈ R.

Theorem 1.3. Let K : RN\0→ (0,∞) be a function fulfilling (1.2). If (M1)− (M2) hold and f (x, t) =
α|t|ξ−2t+β |t|η−2t with 1< ξ < p< pθ < η ≤ q< p∗s , where θ is given in (M2), then there is a constant
Λ > 0 such that, for any λ ≤ Λ, α > 0, β ∈ R, problem (1.1) has a sequence nontrivial negative energy
solutions {uk} in X0 with converging to 0.

Our results improve some existing results in three folds. Problem (1.1) involving parameters is stud-
ied. The dual fountain theorem was used only when p = 2 in [16], and the nonlinear condition is also
stronger than ours. In [18], Nyamoradi and Zaidan only considered the situation that M = a+bt with-
out the parameters. The proof of Theorem 1.2 is different from [16]. Our results are more general. The
framework of this paper is as follows. In Section 2, we introduce necessary preliminaries. In Section
3, we verify the Cerami condition for our functional. In last section, Section 4, our main results are
presented.

2. VARIATIONAL FRAMEWORK

In this section, we first review some basic variational frameworks and some useful Lemmas that will
be used in the next section for problem (1.1). Let Q = R2N\O, where

O = C (Ω)×C (Ω)⊂ R2N ,

and C (Ω) = RN\Ω. X is a Lebesgue measurable functions linear space. Such that any function u ∈ X
limited to Ω belongs to Lp(Ω) and∫

Q
|u(x)−u(y)|pK(x− y)dxdy < ∞.

The space X is given by a norm:

‖u‖X = ‖u‖Lp(Ω)+
(∫

Q
|u(x)−u(y)|pK(x− y)dxdy

) 1
p
.

It is readily seen that ‖ ·‖X is a norm on X and C∞
0 (Ω)⊂ X (see [7, Lemma 2.1]). The space in which we

work is a closed linear subspace X0 ⊂ X ,

X0 = {u ∈ X : u(x) = 0 a.e. in RN\Ω}.

Also, we note that X0 can be endowed with the norm

‖u‖X0 =
(∫

Q
|u(x)−u(y)|pK(x− y)dxdy

) 1
p

for all u ∈ X0
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and (X0,‖ · ‖X0) is a uniformly convex reflexive Banach space (see [17, Remark 2.1 and Lemma 2.4]).

Lemma 2.1. [7] Let K : RN\{0} → (0,∞) be a function which fulfills (1.2) and let {u j} be a bounded
sequence in X0. Then exists u ∈ Lv(RN) with u = 0 a.e. in RN\Ω such that up to a subsequence,

u j→ u strongly in Lv(Ω), as j→ ∞

for any v ∈ [1, p∗s ).

Remark 2.2. X0 ↪→↪→ Lv(Ω), for each v ∈ [1, p∗s ), Moreover, there exists Cv > 0 such that

‖u‖v ≤Cv‖u‖X0 , u ∈ X0. (2.1)

We need to review some properties of the eigenvalue problem and the spectrum of the operator. For
more details, the reader is referred to [19] and the references therein.{

L p
K u = λk|u|p−2u, in Ω,

u = 0, in RN\Ω,
(2.2)

there is a divergent positive eigenvalue sequence

λ1 < λ2 ≤ · · · ≤ λk ≤ λk+1 ≤ · · ·,

whose eigenvalues are the critical values of the functional

Ip(u) = ‖u‖p
X0
, u ∈ Σ = {u ∈ X0 :

∫
Ω

|u|pdx = 1}.

We notice that the first eigenvalue λ1 := infu∈Σ Ip(u) > 0. The corresponding eigenfunctions will be
denoted by e j. Let X j = span{e j}. Then

X0 =
∞⊕

i=1

Xi, Yk =
k⊕

i=1

Xi, Zk =
∞⊕

i=k

Xi, k = 1,2, · · · .

Let Bk := {u ∈ Yk : ‖u‖X0 ≤ rk}, Nk := {u ∈ Zk : ‖u‖X0 = γk}, where rk > γk > 0.
We need the following definition, which is a weak version of the (PS).

Definition 2.3. Let I ∈ C1(X ,R). We say that I satisfies the (Ce)c condition at the level c ∈ R if any
sequence {un}n ⊂ X0 such that

I(un)→ c, (1+‖un‖)I
′
(un)→ 0 in X

′
0 as n→ ∞,

where X
′
0 is the dual space of X0, possesses a convergent subsequence in X0; I satisfies the (Ce) condition

if I satisfies the (Ce)c for all c ∈ R.

Definition 2.4. Let I ∈ C1(X ,R). We say that I satisfies the (Ce)∗c condition at the level c ∈ R (with
respect to Yn) if any sequence {un j}n j ⊂ X0 such that

un j ∈ Yn j , I(un j)→ c, (1+‖un j‖)I
′
Yn j

(un j)→ 0 in X
′
0 as n j→ ∞,

possesses a convergent subsequence in X0; I satisfies the (Ce)∗ condition if I satisfies the (Ce)∗c for all
c ∈ R.
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Theorem 2.5. (Symmetric Mountain Pass Theorem, [18]) Let X0 be a real infinite dimensional Banach
space and X0 =Y

⊕
Z, where Y is a finite subspace. If I ∈C1(X0,R) satisfies (Ce)c conditional for every

c and the following three conditions:
(A1) I(0) = 0, I(−u) = I(u) for all u ∈ X0;
(A2) there exist constants α,ρ > 0 such that I |∂Bρ∩Y≥ α , where

Bρ = {u ∈ X0 : ‖u‖X0 ≤ ρ};

(A3) for any finite dimensional subspace X̃ ⊂ X0, there exists R = R(X̃)> 0 such that I ≤ 0 as u ∈ X̃\Bρ .

Then I possesses an unbounded sequence of critical values.

Theorem 2.6. (Dual Fountain Theorem, [16]) Assume that I ∈C1(X0,R) satisfies I(−u)= I(u). Suppose
that, for every k ≥ k0, there exists rk > γk > 0 such that
(B1) ak = inf{I(u) : u ∈ Zk,‖u‖X0 = rk} ≥ 0;
(B2) bk = max{I(u) : u ∈ Yk : ‖u‖X0 = γk} ≤ 0;
(B3) dk = inf{I(u) : u ∈ Zk : ‖u‖X0 ≤ γk}→ 0 as k→ ∞;
(B4) I satisfies the (Ce)∗c condition for every c ∈ [dk0 ,0].
Then I has a sequence of negative critical values converging to 0.

3. COMPACTNESS CONDITIONS

For u ∈ X0, we define energy functional I : X0→ R associated with problem (1.1). Set

I(u) = T (u)− J(u)−H(u),

where
T (u) =

1
p
M̃ (‖u‖p

X0
)

and

J(u) =
λ

p

∫
Ω

|u|pdx, H(u) =
∫

Ω

F(x,u)dx.

Lemma 3.1. [7] If (M1) holds, then T : X0→ R is of class C1(X0,R), and

〈T ′(u),v〉= M (‖u(x)‖p
X0
)
∫∫

R2N
|u(x)−u(y)|p−2(u(x)−u(y))(v(x)− v(y)K(x− y)dxdy

for all u,v ∈ X0. Moreover, for each u ∈ X0, T
′
(u) ∈ X

′
0.

Lemma 3.2. [7] Let ( f1) holds, then the functional H is of class C1(X0,R), and

〈H ′
(u),v〉=

∫
Ω

f (x,u)vdx

for all u,v ∈ X0.

Combining Lemma 3.1 with Lemma 3.2, we get that I ∈C1(X0,R) and

〈I ′(u),v〉= M (‖u(x)‖p
X0
)
∫∫

R2N
|u(x)−u(y)|p−2(u(x)−u(y))(v(x)− v(y)K(x− y)dxdy

−λ

∫
Ω

|u|p−2uvdx−
∫

Ω

f (x,u)vdx

for all u,v ∈ X0.
Clearly, weak solutions of problem (1.1) are the critical points of energy functional I.
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Lemma 3.3. Assume that (M1) and ( f1) hold. Then any bounded sequence {un}n ⊂ X0 with (1 +

‖un‖)I
′
(un)→ 0 as n→ ∞ has a strongly convergent subsequence in X0.

Proof. Suppose that {un}n ⊂ X0 is bounded sequence. By Lemma 2.1, due to the reflexivity of X0, there
is a subsequence which is still denoted by {un}n such that

un ⇀ u in X0,

un→ u in Lv(Ω), 1≤ v < p∗s ,

un→ u a.e. in RN.

To prove {un}n→ u, in X0, we first introduce some simple notations. Let ϕ ∈ X0 be fixed and let Bϕ be
the linear functional on X0 defined by

Bϕ(v) =
∫∫

R2N
|ϕ(x)−ϕ(y)|p−2(ϕ(x)−ϕ(y))(v(x)− v(y)K(x− y)dxdy

for all v ∈ X0.
Obviously, by the Hölder inequality and the continuity of Bϕ , we have

|Bϕ(v)| ≤ ‖ϕ‖p−1
X0
‖v‖X0 for all v ∈ X0.

From the weak convergence of {un} in X0, we get

lim
n→∞

Bu(un−u) = 0. (3.1)

It is easy to see 〈I ′(un),un−u〉 → 0, if un ⇀ u in X0, and (1+‖un‖)I
′
(un)→ 0. So,

〈I ′(un),un−u〉= M (‖un(x)‖p
X0
)Bun(un−u)−λ

∫
Ω

|un|p−2un(un−u)dx

−
∫

Ω

f (x,un)(un−u)dx→ 0 as n→ ∞. (3.2)

Furthermore, according to Lemma 2.1, we know that there is a subsequence,

un→ u strongly in Lv(Ω) and a.e. in Ω.

So, f (x,un)(un− u)→ 0 a.e. in Ω as n→ ∞. It is clear that sequence { f (x,un)(un− u)} is not only
uniformly bounded but also equi-integrable in L1(Ω). By the Vitali Convergence Theorem (see [20]), we
get

lim
n→∞

∫
Ω

f (x,un)(un−u)dx = 0.

Since the second term converges to 0, we have from (3.2) that

M (‖un(x)‖p
X0
)Bun(un−u)→ 0, as n→ 0.

It follows from (M1) that M (t) is bounded on closed interval. Hence

Bun(un−u)→ 0 as n→ ∞. (3.3)

Combining (3.1) with (3.3), we get(
Bun(un−u)−Bu(un−u)

)
→ 0 as n→ 0. (3.4)

Using the Simon inequalities:

(|ζ |p−2
ζ −|η |p−2

η) · (ζ −η)≥CP|ζ −η |p, p≥ 2;
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(|ζ |p−2
ζ −|η |p−2

η) · (ζ −η)≥ ĈP
|ζ −η |2

(|ζ |+ |η |)2−p , 1 < p < 2,

for all ζ ,η ∈ RN , where CP,ĈP > 0 depend only on p. Therefore, it follows from (3.4) that we first
assume p≥ 2. Then, as n→ ∞, we have

‖un−u‖p
X0
≤ 1

CP

∫∫
R2N

(
|un(x)−un(y)|p−2(un(x)−un(y))−|u(x)−u(y)|p−2(u(x)−u(y))

)
×
(

un(x)−u(x)−un(y)+u(y)
)

K(x− y)dxdy

=
1

CP

(
Bun(un−u)−Bu(un−u)

)
= o(1).

So, ‖un−u‖p
X0
→ 0 as n→ ∞.

Finally, it remains to take into account the situation when 1 < p < 2. From the Hölder inequality, the
Simon inequality, and (3.4), we know that, as n→ ∞,

‖un−u‖p
X0
≤ 1

ĈP

p
2

(
Bun(un−u)−Bu(un−u)

) p
2
(
‖un‖p

X0
+‖u‖p

X0

) 2−p
2

≤ 1

ĈP

p
2

(
Bun(un−u)−Bu(un−u)

) p
2
(
‖un‖p(2−p)/2

X0
+‖u‖p(2−p)/2

X0

)
=C
(

Bun(un−u)−Bu(un−u)
) p

2
= o(1),

where C > 0. Combing the above two cases, we know that un→ u in X0 as n→ ∞. �

Theorem 3.4. Under the conditions of Theorem 1.2, functional I fulfills the (Ce)c condition.

Proof. By Lemma 3.3, it is sufficient to show the boundedness of (Ce)c sequences. Let {un}n ⊂ X0 be a
(Ce)c sequences for c ∈ R such that

I(un)→ c, (1+‖un‖)I
′
(un)→ 0 as n→ ∞. (3.5)

We first claim that {un} is a bounded sequence. Assume to the contrary that ‖un‖X0 → ∞. We consider
ϖn := un

‖un‖X0
. Then ‖ϖn‖X0 = 1. Without loss of generality, we may suppose that

ϖn ⇀ ϖ in X0;

ϖn→ ϖ in Lv(Ω),1≤ v < p∗s ; (3.6)

ϖn→ ϖ a.e. in RN,

as n→ ∞. There are only two situations which need to be taken into account: ϖ = 0 or ϖ 6= 0. We first
consider the case ϖ = 0. By ( f2) ,(M2) and (3.5), we obtain
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1
‖un‖p

X0

(
I(un)−

1
µ

I
′
(un)un

)
≥ 1
‖un‖p

X0

(1
p
M̃ (‖un‖p

X0
)− 1

µ
M (‖un‖p

X0
)‖u‖p

X0

+λ (
1
µ
− 1

p
)‖un‖p

p−
∫

Ω

(
F(x,un(x))−

1
µ

f (x,un(x))un(x)
)
dx
)

≥ 1
‖un‖p

X0

(
(

1
pθ
− 1

µ
)M (‖un‖p

X0
)‖un‖p

X0

)
+λ (

1
µ
− 1

p
)
∫

Ω

ϖ
p
n dx

≥m0(
1

pθ
− 1

µ
),

which implies 0≥ m0(
1

pθ
− 1

µ
). This is a contradiction.

For ϖ 6= 0, we set Ω1 := {x ∈ Ω : ϖ(x) 6= 0}. Clearly |Ω1| > 0 where |Ω1| is Lebesgue measure of
Ω1. For x ∈Ω1, we have |un(x)| → ∞ as n→ ∞. In view of ( f3), one has

lim
n→∞

F(x,un(x))
|un(x)|pθ

|ϖn(x)|pθ →+∞.

Consequently, according to Fatou’s Lemma, we can get

lim
n→∞

∫
Ω1

F(x,un(x))
|un(x)|pθ

|ϖn(x)|pθ dx→+∞. (3.7)

From ( f1), we obtain

|F(x, t)| ≤M|t|, ∀x ∈Ω, |t| ≤ L1,

where L1 is a positive constant. Combining the above inequality and ( f3), we get

|F(x, t)| ≥ −M|t|, ∀(x, t) ∈Ω×R,

where M is a positive constant. From (2.1), we obtain

∫
Ω\Ω1

F(x,un(x))

‖un(x)‖pθ

X0

dx≥−
M
∫

Ω\Ω1
|un|dx

‖un(x)‖pθ

X0

≥− M‖un‖1

‖un(x)‖pθ

X0

≥− MC1

‖un(x)‖pθ−1
X0

,

which implies

liminf
n→∞

∫
Ω\Ω1

F(x,un(x))

‖un(x)‖pθ

X0

dx≥ 0, (3.8)

where C1 is a positive constant. From (M2), we get

M̃ (t)≤ M̃ (1)tθ , ∀t ∈ [1,+∞). (3.9)
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By (3.5), (3.7), (3.8), (3.9), and boundedness of {ϖn}, we have

0 = lim
n→∞

c+o(1)

‖un(x)‖pθ

X0

= lim
n→∞

I(un)

‖un(x)‖pθ

X0

= lim
n→∞

1

‖un(x)‖pθ

X0

(1
p
M̃ (‖un‖p

X0
)− λ

p
‖un‖p

p−
∫

Ω

F(x,un)dx
)

≤ lim
n→∞

1

‖un(x)‖pθ

X0

(1
p
M̃ (1)‖un‖pθ

X0
− λ

p
‖un‖p

p−
∫

Ω1

F(x,un)dx−
∫

Ω\Ω1

F(x,un)dx
)

≤M̃ (1)
p
− λ

p
lim
n→∞

‖ϖn‖p
p

‖un‖pθ−p
X0

− lim
n→∞

∫
Ω1

F(x,un(x))
‖un(x)‖pθ

dx− liminf
n→∞

∫
Ω\Ω1

F(x,un(x))

‖un(x)‖pθ

X0

dx

≤M̃ (1)
p
− lim

n→∞

∫
Ω1

F(x,un(x))
‖un(x)‖pθ

dx =−∞,

which is a contradiction. Then we claim that {un} is bounded in X0. From Lemma 3.3, we can easily
obtain that {un} has a convergence subsequence. Thus, the functional I satisfies (Ce) condition. �

Theorem 3.5. Under the conditions of Theorem 1.3, functional I fulfills the (Ce)∗c condition.

Proof. On the basis of Lemma 3.3, we just need to prove that the boundedness of (Ce)∗c sequence.
Consider a sequence {un j}n j ⊂ X0 such that

un j ∈ Yn j , I(un j)→ c, (1+‖un j‖)I
′
Yn j

(un j)→ 0 as nj→ ∞.

For n j large enough and from the conditions (M1) and (M2), we obtain

1+ c+‖un j‖X0 ≥ I(un j)−
1
η
〈I ′(un j),un j〉

=
1
p
M̃ (‖un j‖

p
X0
)− 1

η
M (‖un j‖

p
X0
)‖un j‖

p
X0
−λ (

1
p
− 1

η
)‖un j‖p

p−α(
1
ξ
− 1

η
)‖un j‖

ξ

ξ

≥
{

m0(
1

pθ
− 1

η
)−max{0,λCp

p(
1
p
− 1

η
)}
}
‖un j‖

p
X0
−αCξ

p‖un j‖
ξ

X0
.

Pick a number Λ > 0 such that

m0(
1

pθ
− 1

η
)−λCp

p(
1
p
− 1

η
)> 0

for any λ ≤ Λ. We can deduce that {un j} in X0 is bounded. �

4. MAIN RESULTS

First, we state a lemma which will be used later.

Lemma 4.1. [21, Lemma 6] Let 1≤ q < p∗s and, for every k ∈ N, let

βk(q) := sup{‖u‖q : u ∈ Zk,‖u‖X0 = 1}.

Then, βk→ 0 as k→ ∞.

Next, We prove Theorem 1.2.
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Proof. Let X = X0, Y = Yk and Z = Zk. Obvious, I(0) = 0 and ( f4) implies I is even. According to the
previous discussion and Theorem 3.4, it suffices to show that (A2) and (A3) of Theorem 2.5 is satisfied.
Since Y is a finite dimensional space, all norms on Y are equivalent. Thus, there exists γ0 > 0 such that

‖u‖pθ ≥ γ‖u‖X0 ,∀u ∈ Y. (4.1)

By ( f3), for any M1 >
M̃ (1)
pγ pθ , there exists Γ0 > 0 such that

F(x, t)≥M1t pθ , ∀x ∈Ω, |t| ≥ Γ0.

In view of ( f1), we have

|F(x, t)| ≤C(1+Γ
q−1
0 )|t|, ∀ x ∈Ω, |t| ≤ Γ0,

which implies

F(x, t)≥M1t pθ −C
′ |t|, ∀(x, t) ∈Ω×R, (4.2)

where C
′
> 0. Therefore, from (2.1), (3.9), (4.1) and (4.2), we obtain that

I(u) =
1
p
M̃ (‖u‖p

X0
)− λ

p

∫
Ω

|u|pdx−
∫

Ω

F(x,u)dx

≤M̃ (1)
p
‖u‖pθ

X0
− λ

p
‖u‖p

p−M1‖u‖pθ

pθ
+C

′‖u‖1

≤(M̃ (1)
p
− γ

pθ M1)‖u‖pθ

X0
− λ

p
Cp

p‖u‖
p
X0
+C

′
C1‖u‖X0 .

So, for any finite dimensional subspace X̃ ⊂ X0, there exists R = R(X̃)≥ 1 such that I ≤ 0 as u ∈ X̃\Bρ .

Therefore pθ > p means the condition (A3) of Theorem 2.5 is satisfied.
Now, we verify the condition (A2) of Theorem 2.5.
By ( f1) and ( f5), for any σ > 0, there exists Cσ > 0 such that

F(x, t)≤ σ

p
|t|p + Cσ

q
|t|q, (4.3)

for any (x, t) ∈Ω×R. Let

Θ = min{m0,m0−
λ

λ1
}.

According to Lemma 4.1, for any fixed σ > 0, we choose an integer k̃ ≥ 1 such that

||u||pp ≤
2Θ

3σ
||u||pX0

, ||u||qq ≤
qΘ

3pCσ

||u||qX0
, (4.4)

for any u ∈ Zk̃.

Case 1. λ

m0
< λ1.

Choose

ρ := ‖u‖X0 =
1
3
, ∀u ∈ Zk̃.



A FRACTIONAL p-KIRCHHOFF TYPE PROBLEM INVOLVING A PARAMETER 11

From (4.3), (4.4) and (M1), we obtain

I(u) =
1
p
M̃ (‖u‖p

X0
)− λ

p

∫
Ω

|u|pdx−
∫

Ω

F(x,u)dx

≥1
p
M̃ (‖u‖p

X0
)− λ

p
‖u‖p

p−
Cσ

q
‖u‖q

q−
σ

p
‖u‖p

p

≥1
p

Θ‖u‖p
X0
− 1

3p
Θ}‖u‖q

X0
− 2

3p
Θ‖u‖p

X0
,

≥ 1
3p

Θ(‖u‖p
X0
−‖u‖q

X0
)

≥ 1
3p

Θ
( 1

3p −
1
3q

)
:= α > 0.

Case 2. λ

m0
≥ λ1.

Taking into account the sequence λk of the eigenvalues of L p
K is positive and divergent, we can

suppose that λ

m0
∈ [λk−1,λk) for some k ∈N, k≥ 2. We consider the variational properties of λk, denoted

by

λk = min
u∈Zk\{0}

∫∫
R2N |u(x)−u(y)|pK(x− y)dxdy∫

Ω
|u(x)|pdx

.

For every u ∈ Zk̃\{0}, we get that

I(u) =
1
p
M̃ (‖u‖p

X0
)− λ

p

∫
Ω

|u|pdx−
∫

Ω

F(x,u)dx

≥1
p
M̃ (‖u‖p

X0
)− λ

p
‖u‖p

p−
Cσ

q
‖u‖q

q−
σ

p
‖u‖p

p

≥1
p
(m0−

λ

p
)‖u‖p

p−
Cσ

q
‖u‖q

q−
σ

p
‖u‖p

p.

Similar to Case 1, the condition (A2) of Theorem 2.5 is also fulfilled. The proof of Theorem 1.2 is
completed. �

Now we prove Theorem 1.3. According to Theorem 3.5, we only need to show the assumptions
(B1)− (B3) hold.

Step 1. Verify condition (B1).
In view of p≤ pθ < η ≤ q < p∗s , we choose R ∈ (0,1) enough small such that

1
2p

min{m0,m0−
λ

λ1
}‖u‖p

X0
≥ |β |

η
Cη

η ‖u‖η

X0
,

for any u ∈ X0 with ‖u‖X0 ≤ R, where Cη is a positive constant given in (2.1).
Next, we divide the proof into two cases.

Case I. λ

m0
< λ1.
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We know, for u ∈ Zk with ‖u‖X0 ≤ R,

I(u) =
1
p
M̃ (‖u‖p

X0
)− λ

p

∫
Ω

|u|pdx− α

ξ

∫
Ω

|u|ξ dx− β

η

∫
Ω

|u|ηdx

≥1
p

min{m0,m0−
λ

λ1
}‖u‖p

X0
− α

ξ
β

ξ

k ‖u‖
ξ

X0
− |β |

η
Cη

η ‖u‖η

X0

≥ 1
2p

min{m0,m0−
λ

λ1
}‖u‖p

X0
− α

ξ
β

ξ

k ‖u‖
ξ

X0
.

Choosing

rk :=
( 2pαβ

ξ

k

ξ min{m0,m0− λ

λ1
}

) 1
p−ξ

,

we have from Lemma 4.1 that rk → 0 as k→ ∞. Therefore, there exists k0 > 0 such that rk ≤ R when
k ≥ k0. Thus for k ≥ k0 and u ∈ Zk with ‖u‖X0 = rk, we obtain I(u)≥ 0.

Case II. λ

m0
≥ λ1.

We can follow the proof of the latter part in the verification of (A2). By replacing min{m0,m0− λ

λ1
}

with (m0− λ

λk
), and following to that of the first case, it is easy to prove that conclusion.

Step 2. Verify condition (B2).
For each u ∈ Yk, ‖u‖X0 = γk with 0 < γk < rk, we have

I(u) =
1
p
M̃ (‖u‖p

X0
)− λ

p

∫
Ω

|u|pdx− α

ξ

∫
Ω

|u|ξ dx− β

η

∫
Ω

|u|ηdx

≤1
p

max
0<τ<1

M (τ)‖u‖p
X0
− λ

p
‖u‖p

p−
α

ξ
‖u‖ξ

ξ
− β

η
‖u‖η

η .

As on finite dimensional spaces, all norms are equivalent. By using α > 0 and ξ < p < η , we have
I(u)< 0 for small enough γk > 0.

Step 3. Verify condition (B3).
It follows from the verification of condition (B1) that, for k ≥ k0 and u ∈ Zk with ‖u‖X0 ≤ rk,

I(u)≥−α

ξ
β

ξ

k ‖u‖
ξ

X0
≥−α

ξ
β

ξ

k rξ

k .

Since βk→ 0, and rk→ 0 as k→ ∞, we have that condition (B3) is also satisfied. The proof of Theorem
1.3 is completed.

Now, we consider the following example as an application of the main result.

Example 4.2. Let 0 < s < 1 < p < ∞, ps < N and Ω be an open bounded set of RN with Lipschitz
boundary. We consider the problem

(
m0 +b

(∫∫
R2N

|u(x)−u(y)|p
|x−y|N+ps dxdy

)θ−1
)
(−4)s

pu(x)−λ |u|p−2u = |u|pθ−1u, in Ω,

u = 0, in RN\Ω,

where m0, b are positive constants and θ > 1 is also a constant.

It is clearly that

M (t) = m0 +btθ−1 ≥ m0 > 0 for all t≥ 0,
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and

M̃ (t) =
∫ t

0
M (s)ds≥ 1

θ
M (t)t for all t≥ 0.

Let f (x, t) = |t|pθ−1t. Thus F(x, t) = t pθ+1

pθ+1 . Obviously, f satisfies ( f1)− ( f5). From Theorem 1.2, we
obtain that the above problem has infinitely many nontrivial solutions {uk} in X0 with unbounded energy
for every λ ∈ R.
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