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Abstract. The purpose of this paper is to propose some formulae for Hopf bifurcation analysis, and investigate applications to a
chaotic system. We perform a substantial simplification for the classical Hopf bifurcation formulae. Our results can be extended
to multi-dimensional quadratic systems. As an application, we consider the Genesio-Tesi system. Finally, the dynamics of the
system are analyzed by bifurcation diagrams, Lyapunov exponents, phase portraits and Poincaré maps. We show that the system
can generate chaos via a Hopf bifurcation and period doubling cascade as the control parameter varies. Some other bifurcations
can be observed, which includes saddle-node bifurcations, interior crises and boundary crises.
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1. INTRODUCTION

Periodic oscillations are observed in many naturally occurring non-conservative systems. These phe-
nomena are often related to the occurrence of Hopf bifurcations. A Hopf bifurcation is a critical point
where the stability switches and a limit cycle arises. More precisely, it is a local bifurcation around
an equilibrium point, which occurs when a simple pair of complex conjugate eigenvalues cross the
imaginary axis as certain parameters are varied. We can classify Hopf bifurcations as supercritical or
subcritical, according to whether the nonlinearity is destabilising or stabilising respectively. The Hopf
bifurcation of autonomous systems is widely described in literature. The extensive list of references
connecting with this problem is for instance presented in [1, 2, 3, 4, 5].

Based on the center manifold theorem and the normal form theory, Hassard, Kazarinoff and Wan [2]
gave a comprehensive treatment of Hopf bifurcation theorem and its generalizations and applications,
and developed a set of bifurcation formulae for the parameters i, 7> and 3. These formulae can be used
to determine the direction of the bifurcation, the period, the amplitude and the stability of bifurcating
limit cycles. However, the calculations for these parameters involve so many high order partial deriva-
tives of the nonlinear functions in the real canonical system, which lead to a heavy computational load.
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Even for some simple 3-D quadratic systems, for example, Rossler model (see [6, Conjecture 5]), the
computational load is still very heavy. For this reason, we present the concise expressions of i, 7>, B, for
the general 3-D quadratic systems in Section 2. The computation is now based on the original formulae
[2], the complex canonical form, the chain rule, the complex arithmetic and the nature of quadratic sys-
tems. The use of complex canonical form is inspired by the previous work [7, 8, 9, 10] for 3-D systems,
where the computation of Lyapunov coefficients (also known as focus quantities, focus values, etc.) was
discussed. For the general multi-dimensional systems, Lyapunov coefficients can be used to determine
the stabilities and the number of bifurcating limit cycles. The first Lyapunov coefficient (equivalent to
B2) was derived in [11] via projection methods. Chaos theory is a branch of mathematics that deals with
nonlinear dynamical systems, which have a very sensitive dependence on their initial conditions. After
the discovery of chaos in a 3-D weather model, i.e., the Lorenz system [12], the modelling and analysis
of new chaotic systems have been extensively investigated. In particular, there has been a strong interest
in the study of 3-D quadratic chaotic systems, see [13, 14]. In fact, this class represents the minimal
complexity in dimension and nonlinearity such that a system can display chaotic motions.

The analytical study of local bifurcations (Hopf bifurcations, pitchfork bifurcations, saddle-node bi-
furcations, zero-Hopf bifurcations, etc) in the chaotic systems can help to understand the formulating
mechanism of strange attractors. Although many studies have been made on Hopf bifurcations of some
special 3-D quadratic systems: Chen system [15, 16], economic chaotic systems [17, 18, 19], Lorenz-
like systems [20, 21, 22], Lii system [15, 23], Maxwell-Bloch system [24], Rikitake system [25], Rossler
system [6], Rucklidge system [26], Shimizu-Morioka system [27], T system [28], Genesio-Tesi system
[29, 30, 31] and so on, a challenge still exists for producing a concise unified scheme on the Hopf bi-
furcation analysis. Furthermore, the results in [31] on Hopf bifurcation are incomplete due to a lack of
consideration of the period, amplitude and analytical approximations of limit cycles; the statement of
criticality is incorrect (This error was first discovered and corrected by Dias and Mello [29] with the
projection method). This motivates us to derive a set of bifurcation formulae for the general family of
3-D quadratic systems (includes the quadratic family in [29]) independently, not based on the projec-
tion method. By the way, Cardin and Llibre [32] studied the transcritical and Zero-Hopf bifurcations of
Genesio-Tesi system.

Consider a jerk equation

dx dx d’x
i)

with a nonlinear function f. The term “jerk” comes from the fact that in a mechanical system in which

x is the displacement, % is the velocity, and % is the acceleration, the quantity % is called the “jerk”,
see [14, 33]. The assignments x = x,y = %,z = % transform the equation into the following system

dx

dr =,

dy

=,

e 7

dz

e

| 2 = 622)

which is called a jerk system.
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Inspired by the problem of determining conditions under which a nonlinear differential system presents

chaotic behavior, Genesio and Tesi [30] introduced the following jerk equation

d? d? d
a a l+cx—x2:0,

— —+b
dr3 ta dr? * dt
where a,b,c € R". Letx = x,y = %,z = %. Then the equation can be transformed into

dx _
dt _ya
dy
A 1.1
P (1.1)
dz 2
e ex—by— 7
I cx—by—az+x

which is known as the Genesio-Tesi system (also called the Genesio system). This jerk system serves
as a paradigm for chaos since it captures many features of chaotic systems, see, for instance, [13, 34].
Since ¢ > 0, it has two equilibrium points : O := (0,0,0) and G := (c,0,0).

1.1. Divergence. LetV =X % +Y 8% +Z a% be the vector field of system (1.1). The divergence of the
vector field V' is
Xi+Y,+Z, = —a,
which is negative since a > 0. Denoting a typical element of phase-space volume by I'(r), we thus have
a contraction of the form
[(t) =T(0)e .

Hence the volume in phase-space shrinks exponentially fast. The dynamical system is dissipative and
can have stable attractors.

1.2. Local analysis of the equilibrium O. The Jacobian matrix of the Genesio-Tesi system at O is
0 1 0
Jo = 0 0 1
—c —b —a
We now consider the characteristic polynomial of Jp, i.e.,
Dp(A) =A%+ 51147 + 5124 + 513,

where s1; = a,s512 = b and 513 = ¢. According to the Routh-Hurwitz criterion, see, for instance, [35,
Theorem 6, pages 58-59], the equilibrium O is asymptotically stable if s;; > 0,512 > 0,513 > 0 and
513 < S11512. Since we have assumed that a,b,c € R, it is asymptotically stable if ¢ < ab.

Let Ap be the discriminant of (1), i.e.,

Ao = —4a’c+a*b> +18abc —4b> —27 .

If Ap > 0, then ®p(A) has three distinct real roots. If Ap < 0, then P (A) has three distinct roots: one
is real and two form a complex conjugate pair. If Ap = 0, then ®(A) has only real roots, one of which
occurs with multiplicity at least 2.

Since 511 =a > 0,510 = b > 0,513 = ¢ > 0, it follows from [36, Theorem 5.15-5.16, page 132], [37,
pages 181-182] and [38, page 2014] that:
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(i) If Ap > 0, then all the roots of ®(A) are negative. In this case the equilibrium O is a stable node.

(ii) If Ap < 0, then the real root of ®p(A) is negative. In this case, if 511512 — 513 = ab—c¢ > 0 the
equilibrium O is a stable focus-node; if 511512 — 513 = ab — ¢ < 0 it is a saddle-focus; if s11512 — 513 =
ab—c =0, i.e., c = ab, then a Hopf bifurcation can occur. In fact, we can choose ¢ as a bifurcation
parameter, that is, 11,512,513 can be considered as function of ¢ with s1;(c) = a,s12(c) = b,s13(c) =c.
For ¢ = ab, we have s11(ab) = a # 0, s12(ab) = b > 0, s11(ab)s12(ab) — s13(ab) = 0 and

[S]](C)S]z(c)—S13(C)H1:ab =—1 750. (1.2)

Thus all the conditions of the Hopf bifurcation are satisfied, see [39, Proposition, page 634-635] or [40,
Theorem, page 252].

1.3. Local analysis of the equilibrium G. The Jacobian matrix of the Genesio-Tesi system at G is
0 1 O
Jegi=|] 0 O 1
c —b —a
Let us consider the characteristic polynomial of Jg, i.e.,
DG(A) 1= A7 +521A% + 5204 + 523,

where 571 = a,s00 = b and s33 = —c. Since sp3 = —c < 0 and s21500 — s23 = ab+c > 0, G is always
hyperbolic and unstable. Thus, the Hopf bifurcation cannot occur in the neighborhood of G.
Let Ag be the discriminant of @ (1), i.e.,

A =4d’c+a*b* —18abc —4b> —27 2.

Since 51 =a > 0,500 =b > 0,533 = —c < 0, it follows from [36, Theorem 5.15-5.16, page 132] and [38,
page 2014] that:

(i) If Ag > 0, then one real root of @ (1) is positive, the other real roots are negative. In this case G
is a saddle point.

(ii) If Ag < 0, then the real root A; of ®;(A) is positive. In this case the other two A, A3 are complex
conjugate roots; since A; + (A +A3) = A1 +2R(A,) = —s21 = —a < 0, we have R(A,) < 0. Hence G is
a saddle-focus.

1.4. The structure of the rest part of this paper. We have discussed some basic properties of the
Genesio-Tesi system in details, with the same restriction on the parameters as in [30], i.e., a,b,c € RT.
The rest of this paper is organized as follows. In order to facilitate the analysis of Hopf bifurcations in
the general 3-D quadratic systems, we present a set of concise bifurcation formulae for i, 7, and 3, in
Section 2. In Section 3, using these formulae, we study the qualitative properties of Hopf bifurcation
in the Genesio-Tesi system. Due to the positiveness of parameters, the Hopf bifurcation can only occur
at the origin when ¢ = ab. By a direct computation, we determine the direction of the bifurcation, the
period, amplitude and stability of bifurcating limit cycles. Dias and Mello [29] discussed the same sys-
tem with the projection method, however, the period, amplitude of limit cycles and the routes to chaos
were not taken into account. Thus their discussion is still incomplete. Due to the general-purpose formu-
lae in Section 2, we can conclude the contributions of this section and the next section are independent
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and necessary. The last section is devoted to the verification of theoretical results by means of numeri-
cal simulations. The underlying mechanisms leading to chaos are also discussed with some numerical
simulations.

2. HOPF BIFURCATION FOR THREE-DIMENSIONAL QUADRATIC SYSTEMS

Consider a class of 3-D autonomous systems

dx

o =S, x=(x1,0,x03) €ERpe 7 CR, @.1)
where x is the state variable and u is the distinguished bifurcation parameter. In Section 2.1, following
[2, 41, 42], we give a brief description on the Hopf bifurcation of system (2.1). In Section 2.2, for the
general 3-D quadratic systems, we present a set of bifurcation formulae for i, 7, and ;. In contrast to
the original version [2, 41], these formulae are more concise and convenient in handling the general 3-D
quadratic systems. This improvement can help to study the Hopf bifurcations of many mathematically

or physically important 3-D quadratic systems.
2.1. Hopf bifurcation theory of 3-D systems. According to [2, 41, 42], we have the following result.

Proposition 2.1. For system (2.1), we assume that the following hypotheses hold.
(H1) f is sufficiently smooth in x and W in a neighborhood of (xo, o) € R® x R, where xo = x(Lo);
(H2) There is an isolated equilibrium point x(lt) of the system for values of L € 7 ;
(H3) The Jacobian matrix Dy f(x(i), 1) has a pair of complex conjugate eigenvalues, A » := o(1) £
1@ (W), and a negative eigenvalue A3 :=d(l) < 0, with @(Uo) = @y > 0, (o) =0, o’ (o) # 0.
Generically, the system has a family of small limit cycles. In particular, there is a real number [y such

that if Uy # O, the limit cycle can be approximated by

x=plt;p) = xo+ “;f“we%m)m(u—uo), 2.2)
where 5
T Tz 2
T = — 14+ —=(u-— 17 — 2.3
() wo( 2 m>)+ (1= o)) 23)

and uy is the eigenvector of the Jacobian matrix D, f (xo, L) corresponding to Ai (W), with its first non-
vanishing component being 1. If iy > 0, the limit cycles exist for © > Uy, and if Uy < 0, the limit cycles
exist for L < Wy. Moreover, if B, := =2 a/(lo) U < O, the limit cycles are orbitally asymptotically stable,
while if B, > 0 they are unstable.

The expressions for W, 7, and 3, for finite-dimensional systems were given in [2], together with the
long procedure required to obtain them. In Proposition 2.1, if p(t;ut) = (x1(t; ), x2(t; ), x3(¢51))7,
x0 = (x10,%20,%30)7 and uy = (w11 + 1wz, uz1 + iuxy,uz; +1iuzp)? with uijj € R, then the limit cycle
(2.2) can be written in component form as

xi(t; ) =x10+R(1) (cos (ot ) ury — sin (@ot) u12) + O (1L — Uo),
x2(t; 1) =x20 + R() (cos (ot ) upy — sin (@ot) ux) + O(1 — o), (2.4)
x3(t; 1) =x30 + R(p) (cos (@ot) uz1 —sin (ot ) usz) + O (1 — Ho),

where

R(n) == (2.5)
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is the approximate amplitude.

After outlining some basic results of Hopf bifurcation in 3-D systems, we are now in a position to
develop our method based on “complex canonical form”. In [9], we have taken the advantage of it
without giving a name. Thus, it is necessary to formulate this concept in the setting of Proposition 2.1.

Let P=(v,v1,r3), where v := % uy with u; coming from Proposition 2.1, and r3 be the eigenvector of
D, f(xo0, Ho) corresponding to A3(Ug) := d. Applying the transformation x = Pz -+ xp, we see that system
2. l)‘u:uo becomes

dz_
dr

whose Jacobian matrix evaluated at the origin is

A2), z=(z1,22,23)7, (2.6)

iy 0 0
DA(0) = 0 —imy O
0 0 d

(2.6) is called the complex canonical form of system (2.1) for g = . Let

1 1 0
0= 1 —i 0
0 0 1

By using the transformation z = Qy, system (2.6) can be transformed into

dy

= F0), y= (y1,y2,y3)" €R?, 2.7)

whose Jacobian matrix evaluated at the origin is

0 —w O
DF0)=| @ O O
0 0 d

Accordingly, (2.7) can be called the real canonical form of system (2.1) for t = . In consequence, by
using the transformation x = PQy + xg, system (2. l)‘u:uo can be transformed into system (2.7). It should
be noted that

PO = (Vl +v1,1i(vy —W),r3) = (29?(v1),—23(v1),r3);

according to the facts v; = %ul, and the first non-vanishing component of v; + vy is 1, i.e., v + vy is a

normalized vector in the sense of [2, Chapter 2, page 87].
For systems (2.6) and (2.7), we set A = (A1,A,A3)" and F = (F!,F2,F?)T, respectively. According
to the transformation z = Qy between these systems, we have

A1(Qy) =F'(3)+1F?(y), A2(Qy) =F'(y) —iF*(y), A3(Qy) =F>(y), (2.8)

where

Al =A4A,;, A;€R. 2.9
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2.2. Hopf bifurcation formulae for quadratic systems. Instead of presenting results for general sys-
tems, we restrict our attention to the quadratic systems. From now on, we shall assume that system (2.1)
is a 3-D quadratic system. Based on the original formulae of Hassard et al. [2], we now use the chain
rule and complex arithmetic to obtain the explicit forms of L, T, B,, which are in terms of second-order
partial derivatives of the components of A. For convenience, let us introduce the abbreviations

%Ak

o= ’ k,s,j=1,2,3. 2.10
ks 07,0z I (10

According to [2], there are many intermediate terms involved in a reduction to the Poincaré normal form,

i.e., 811,802,820, Ga1,hly, hig, Wi, who, Gl1o,Glop,821,¢1(0) and ¢ (0). Using the chain rule for partial
differentiation, we get

1 1 1 . 2 2
811 = Z Fyl,yl+Fy2,yz+1(FY17)’1+FY27Y2)
_ 1'82A1(Qy)+32A1(QY)]
41 oy 93
= mii2,
1- 1 1 2 . 2 2 1
802 = 4 Fy oy =y =20y, 1y — By, 128,
_ 1[PAIQy)  9’Ai(Qy) .82A1<Qy>]
= = 5 — 5 +2i
41 9y 9y3 dy19y>
= mja2,
1- 1 1 2 . 2 2 1
820 = 4 F)’hyl_Fszz—i_ZFylwz—i_l Feryl_FYZr}’Z_Z}?yhyz
1[0%A1(Qy)  9°A1(Qy) 2.92A1(QJ’)]
frg —_ 5 - 2 —Z1
4_ (9y1 ayz ay]ayz
= mi,
Gy = Oa
LT
1 _ 3 3
hy = 4 Fy17y1+Fyz7Y2]
_ 1[%45(0y) | 9%A5(0y)
4| 3y% 8y%
= ms3i2,
LT
1 3 3 .3
hyy = 4 F;’l1y1_F;’27YZ_21F;’17}'2:|
_ 1[2%A3(0y)  %As(Qy) . 32A3(Qy>]
41 9y? 9y3 dy19y2
= ms3ii,
hl
-
_ _m312
d )
| My
Wo = —
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_ m3p
d—2ampi’

1 2 . 2 1
Fyl V3 + F)’z% +1 <FY1 N wa’3>]

[9%A1(Qy) X 32A1(Qy)}

L
GllO -

| 9y19y3 dy20y3
= mii3,

1 2 . 2 1
F;’IJS _Fyz,y3 +1 (F;’l V3 +F;127)’3>:|

'82A1(Qy)+i82A1(Qy)}
| dyi1dy3 dy2dys |’
= m23.

= =

S S

Thus,
=Gy +2G ow! + Gl wh
821 = G21 +2G oWy + G W
Al 11
=2Gy w11 +Gioiwao

_ Zmuzmziy migzman
d d—2wpi’

= ﬁ(gzogu —2)gnl* - % |g02|*) + %

i 1 mi13m312

= m(mmmnz —2myiamoin — gmuzmzn) -
mi23m3g

2(d—2api)’

C1 (O)
(2.11)

—i

c1(0) = =——(mpama12 — 2my12ma12 — = mi22ma 1)
2y 3

| Mmo3mzin  Mpi3man

d 2(d+2ampi)

(2.12)

It should be noted that the last equation follows from (2.8), (2.9) and (2.10).
Next, by applying the bifurcation formulae of Hassard et al. [2, page 90] and using the above simpli-
fications for intermediate terms, we have the following result.

Theorem 2.2. Assume that system (2.1) is a 3-D quadratic system and all the conditions of Proposition

2.1 are satisfied. Then the bifurcation formulae can be expressed as follows

R(c1(0))
= — 2.13
H a,(‘uo) ’ ( )
3(c1(0))  @'(o)
- _ — 2.14
(7] Mo ) ( )
B = 2%R(c1(0)), (2.15)

where
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C](O)—i-C](O)
2
_maip(mi3+my3)  d(minmig —mopman) | moizman
2d 4 ax 4(d+24amp)
m23msiy
424wy —d)’
c1(0) —¢1(0)
217
imzin (M3 —mop3)  3myyimie — 12myjamain — 2minmayy +3mxpamain
2d 12 oo

n (2.16)

3(a(0)) =

_ tmai3m3yn 1mi3msng 2.17)
4(d+21im) 4Q25imp—d) '

Proof. Using (2.11) and (2.12), we get (2.16) and (2.17). According to the general formulae [2, page
90], we obtain (2.13), (2.14) and (2.15). d

2.3. Remarks and discussions. For a class of quadratic 3-D systems, we developed a set of explicit
expressions for L, T;, B, in terms of second-order partial derivatives of the functions A1,A; and A3. By
means of these bifurcation formulae, we can determine the direction of bifurcation, the period, ampli-
tude and stability of bifurcating limit cycles at the critical value of the bifurcation parameter. However,
without the previous simplifications for the intermediate terms, the computational load would become
very heavy due to the tedious substitutions involved. This partially explains the fact [2]: the algorithm
of Hassard et al. is not effective for handling the problems beyond a certain complexity. With some nec-
essary modifications, the simplifications for intermediate terms can be generalized to multi-dimensional
systems.

3. A HOPF BIFURCATION IN THE GENESIO-TESI SYSTEM

In general, the study of Hopf bifurcation includes the existence and the properties such as the direction
of bifurcation and the stability of bifurcating limit cycles. In practice, however, it is more difficult to
determine the properties of a Hopf bifurcation than to find the existence of a Hopf bifurcation. In Section
1.2 we showed the existence of a Hopf bifurcation in the Genesio-Tesi system. Based on the formulae
obtained in Section 2, we next explore some properties: the direction of bifurcation, the period, the
amplitude, and the stability of bifurcating limit cycles at the critical value ¢ = cg := ab. For the sake of
convenience, we set ¥(4;¢) := ®p(A), where ®p(A) can be seen in Section 1.2. When ¢ = ¢¢ := ab,
W(A;c) has a simple pair of purely imaginary roots: A 2(co) = #iv/b and a negative root A3(co) = —a.
Let A (c) = a(c) +1 @(c) be the continuation of 4;(co), with ¢ near ¢(. By a direct computation, we can
check that

1

-~ o G.1)
Aei(co)omey  2@2F+2D

a

=-— >0 (3.2)
Aemi(co)e—cy  2VD(a®+D)
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By introducing the transformation
1 1
x2521+522+§7
1
=——-bz1—=b
Z > 21 3 22 + 23,
system (1.1).—., can be transformed into
( d i 72 i
dzy —i \/EZ1 B iz3 B 172073
dt Vba? (i\/l;+a) Vba? (iﬁ+a)
_ iZz2 B 17123 B 17122 _ iZ12
4\/;;(i¢zs+a) Vba? (i\/;;ﬂ) 2\/15(1\/54—61) 4@(1\/5+a)
=A1(21,22,23),
dzy — iVt iz? n i2073
dt Vba (—i\/15+a> Vba? <—i\/I;+a>
n 1122 n 17123 n 17122 n
4\/E<—ix/l;+a) Vba? (—i\/l;+a) 2\/l;<—i\/l;+a) 4\/E<—ix/l;+a)
=A2(21,22,23),
d 2 22,2 a2 272
ﬁz—aa-l- . Z; §2Z3 i 2Z2 + 2123 + 22122 2Zl
dt a’>(a®>+b) a*+b  4(a*>+b) a*+b 2(a*>+D) 4(a®>+D)
=A3(21,22,23).

\

(3.3)

In the setting of Proposition 2.1 , we have 1 = ¢, iy = co = ab and @y = v/b,d = —a. According to
(2.10), (2.16) and (2.17), we get

Furthermore, in view of (2.13), (2.14), (2.15), (3.1), (3.2), (3.4), (3.5), and a,b € R™, we get

—a’—8b
R(c1(0)) 4 (a2 +4b)(a?+b)ba’
3(c1(0)) d =

B a’+8b -0
= sab@tan)
1
S
2T e (Er4b)
2
—a”~—8b
B. =

2 (@1 4b) (@ +b)ba

0.

12 (a2 +4b) 32 (a2 +b)’

3.4)

(3.5)

(3.6)

3.7)

(3.8)

Letuy = (uy1 +iupa,uo1 +1iunn,uz +iu)’ = (1,v/bi, —b)" with u;j € R, where u, is the eigenvector
of the Jacobian matrix of the system (1.1).—,p, evaluated at the origin, corresponding to the eigenvalue
Mi(co) = iv/b. According to (2.3), (2.4) and (2.5), the limit cycle arising from the Hopf bifurcation can



HOPF BIFURCATION FORMULAE AND APPLICATIONS 11

be written in component form as
:¢) =R(c)cos(Vbt) + O(c —ab),
y(t;¢) =—=VbR(c)sin(vbt) + O(c — ab), (3.9

=
—

~

)

z(t;¢) = —bR(c)cos(Vbt) 4+ O(c — ab),

where
2 (c—ab)ab(a®+4b)
R(c) = 1
(c) \/ a’+8b (3-10)

is approximate amplitude for 0 < ¢ —ab < 1 and the approximate period is

2n (c—ab)a o 2T

T(c)=—4|(14+55—F O((c—ab — 3.11

where 0 < c—ab < 1.
Based on the above discussion, we have the following results.

Theorem 3.1. For the Genesio-Tesi system, the following statements hold.

(i) The Hopf bifurcation occurs at the origin when ¢ = ab is supercritical, i.e., the small limit cycles,
which exist for 0 < ¢ —ab < 1, are asymptotically stable.

(ii) The period of the bifurcating limit cycle increases with respect to ¢, where c: 0 < c—ab < 1.

Proof. In view of the existence of Hopf bifurcation in Section 1.2, we only require the signs of u,, 7, and
B> to prove the theorem. From (3.6), (3.7) and (3.8), we can conclude from Proposition 2.1 the desired
conclusion immediatley. U

Remark 3.2. The conclusion (i) was also obtained by Dias and Mello [29] with a different method (the
projection method). However, the conclusion (ii) was not presented in [29].

4. NUMERICAL SIMULATION ON HOPF BIFURCATIONS AND CHAOS

In order to verify the analytical results, we carry out numerical simulations (based on the fourth-order
Runge—Kutta method, with time step size 0.001) for some special cases of the Genesio-Tesi system,
with the same initial conditions: x(0) = y(0) = z(0) = 0.1. We plot respectively the trajectories for the
cases (a,b,c) = (1,1,0.9) and (a,b,c) = (1,1,1.1). Since a = b = 1, the critical value of cis c =1 at
which a Hopf bifurcation occurs. The origin is an asymptotically stable equilibrium point for ¢ < 1 and
an unstable equilibrium point for ¢ > 1 with an asymptotically stable limit cycle for ¢ > 1. The Hopf
bifurcation occurs at the origin when ¢ = 1 is supercritical, see Fig. 1.

Finally, we turn our attention to chaos in system (1.1). In the following discussion, we always choose
a =1,b =", the initial conditions x(0) = y(0) = z(0) = 0.5 and vary c¢. According to Section 3, a
supercritical Hopf bifurcation occurs at ¢ = 7 , see Fig. 2, which are bifurcation diagrams of the suc-
cessive maxima of x as a function of ¢ in the ranges [6,12] and [12,15.5]. It reveals the following
route to chaos: stable equilibrium, limit cycle and the period doubling of the limit cycles. The largest
Lyapunov exponents as a function of c¢ is plotted in Fig. 3 for ¢ € [6,15.5], which is consistent with
the bifurcation diagrams. Several periodic windows can be found in the chaotic regions, for example,
[14.31,14.33],[14.92,14.93],[15.17,15.22]. See the enlarged views of bifurcation diagrams from Fig-
ure 2, i.e., Fig. 4, from which saddle-node bifurcations (SN), period doubling bifurcations (PD) and
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FIGURE 1. (a) A trajectory of the Genesio-Tesi system spirals toward the origin, which
is a stable equilibrium; (b) In the neighborhood of the origin, a trajectory of the Genesio-
Tesi system spirals toward a stable limit cycle.

(@) (b)

FIGURE 2. (a) Bifurcation diagram for ¢ € [6, 12]; (b) Bifurcation diagram for ¢ € [12,15.5].

interior crises (IC) can be found. From Fig. 2, we can conclude that the interior crisis can also be found
around ¢ = 14.5, and the boundary crisis can be found around 15.5.

TABLE 1. Lyapunov exponents

c Ly L L3 Lyapunov Dimension | Dynamics
14.2 1 0.1433 | 0.0003 | —1.1436 2.1255 Chaos
14.6 | 0.1971 | —0.0002 | —1.1969 2.1645 Chaos

For the chaotic attractors in Fig. 5 with ¢ = 14.2,14.6, the Poincaré maps on the plane z = 0 and the

Lyapunov exponents are depicted in Fig. 6 and Table 1, respectively.
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