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Abstract. A class of two species stochastic delay Lotka-Volterra competitive system under regime switching is proposed and
discussed. Some sufficient conditions on the extinction, non-persistence in the mean and weak persistence of the solutions are
established. The critical value between weak persistence and extinction is obtained.
Keywords. Competitive system; Markov switching; Delay; Persistence; Extinction.

2010 Mathematics Subject Classification. 60H10, 92D30.

1. INTRODUCTION AND PRELIMINARIES

As an important class of dynamical systems, Lotka-Volterra systems have been become the most
important means to explain the ecological phenomena and widely used in many other scientific fields.
Lotka-Volterra competition system is one of the most important topics in the study of population dynam-
ical systems. Recently, a lot of results were obtained on Lotka-Volterra competition systems; see, e.g.,
[1,2,3,4,5,6, 7,8, 9] and the references cited therein. The traditional two species nonautonomous
Lotka-Volterra system takes the form

dxi (1) _ x1(t) [r(t) —ani (t)x1(t) — ana(t)xa ()]
d . (1.1)
xdzt(f) = x(t) [rz(t) —ax (t)xi(t) — azz(t)xz(t)} 7

where r(t),a;;(t)(i,j = 1,2) are functions assumed to be continuous and bounded above and below
by positive constants. Recently, many authors studied the properties of system (1.1); see [1, 2, 3, 4].
However, in the real world, the growth rate of a natural species will not often respond immediately to
changes in its own population or that of an interacting species but will rather do so after a time lag [5].
Results [5, 6, 7, 8, 9] show that time delays have a great destabilizing influence on the species population.
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Thus, we further consider system (1.1) and take the time delay into the system. System (1.1) becomes
the following system

dx;t(t) = x1(t)[r1(t) — an (t)x1(t) — an(t)x(t — 7)]
(1.2)
dx;t(t) = x2(t) [r2(t) — a21 (1)x1 (1 — T2) — axa (1) x2(1)],

where 7; > 0(i = 1,2) represents the time delay.

On the other hand, stochastic population dynamical systems are extensively studied in recent years;
see, e.g., [10, 11, 12, 13, 14, 15, 16, 17, 18, 19] and the references therein. The important hot spot is how
to extend these deterministic systems to the case of stochastic systems, because population dynamics is
inevitably affected by the environmental white noise which is an important component in an ecosystem.
There are various types of environmental noise. For example, telegraph noise and the growth rates are
often affected by the telegraph noise. Moreover, the growth rates of some populations in the dry season
will be different from those in the rainy season [12]. Several authors pointed out that we can model
telegraph noise by a continuous-time Markov chain y(¢), ¢ > 0 with finite-state space S = {1,--- ,m};
see [10, 11, 12, 13, 14]. In light of the above analysis, we will consider the stochastic effects for system
(1.2).

Let the Markov chain 7(z) is generated by Q = (g;;), that is,

TAYS At),if j#1;

Pl ) = () =iy = { WA ABLITIEE
1+gijA+o(Ar),if j=1i,

where g;; > 0 for i,j=1,2,--- ,m with j # i and }', q;; = 0 for i = 1,2,--- ,m. Then system (1.2)

becomes

L) a0 [ () —an (1)) ) — (Ot~ )], -
20— a(0)[ra10)) o (70) o 1 — 2 — s (V0) (0] |
If y(0) = k € S, then (1.3) obeys
B — 6 0) (0 — s (6 (1) — ool — )],
dx;t(t) = x2(t) [r2 (%) = a21 () x:1 (t — 72) — aza (K)xa (1) ]

for a random amount of time until the Markov chain y(¢) jumps to another state, say, ¢ € S. Then the

model satisfies
dx; (t)
dt
dx;t(t) = x2(1) [r2(6) — a2 (§)x1(t — 12) — axa (§)x2(1)]

for a random amount of time until y(¢) jumps to a new state again. Now we take a further step by consid-

= x1(t)[r1(g) —an (§)xi (t) —ana(§)xa(t — )],

ering the environmental noise, namely, the white noise. Then system (1.2) will change significantly. Let
ri(k)(i = 1,2) denote the growth rate in regime k(k € S). We usually estimate it by an error term plus an
average value. Frequently, the error term follows a normal distribution. Therefore we can replace r;(k) by
ri(k)+0:1 (k)Bi (t) (i = 1,2) (see, e.g., [10, 11, 12, 13]), where B;; (t)(i = 1,2) is a white noise and o3 (k)
represents the intensity of the white noise. Similarly, —a;;(k)(i = 1,2) and —a;;(k)(i,j = 1,2,i # j) will
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become —aj;(k) + 0 (k)Bip (1) (i = 1,2) and —a;j (k) + 0;3(k)Bi3 (1) (i,j = 1,2,i # j) (see, e.g., [12, 15]),
respectively. Then we obtain the following stochastic delay Lotka-Volterra competitive system under
regime switching

dxy (1) = x1 (1) [ (¥() — an (y(0)x1 (1) — ara(¥(r) )22 (r — 7)) dr + 611 (y(2))x1 (1) dBui (1)
+012(Y(1))x7 (£)dB1a (1) + 013 (v(1) )1 (1)x2 (¢ — 71)dBy3 (1),

(1) = 32(6) [ra(7(0)) — a1 (7)1 (= 2) — e ((0) o))t + 01 (YO ()dBor 1)
+022(Y(1))x5(1)dBa (1) + 623 (¥(1))x2(1)x1 (f — 72)dB23 (1),

where B;(t) = (B;i(t),Bn(t),Bi3(t))(i = 1,2) is a standard white noise, namely, B;(f) is a Brownian
motion defined on a complete probability space (Q, F ,{F ;}i>0,P). Assume that the Markov chain y(-) is
independent of B;(¢) and has a unique stationary distribution & = (7, m, - -+ , 7,,) which can be obtained
by solving the following linear equation 7Q = O subjectto } ;' ; iy = 1 and 7 > 0,k € S. In this paper we
always assume that minges a;;(k) > 0(i = 1,2), minges a;j(k) > 0(i, j = 1,2,i # j) and minges 03 (k) >0
(i=1,2), k € S. Next, we define the following notations for the sake of convenience

f=maxf(k), f = inf f(k).

keS keS

2. MAIN RESULTS

In this section, we present the main results of this paper.

Theorem 2.1. (/.4) has a unique and positive solution on t > —7T a.s. (almost surely) for any initial
data {(x(t),x2(t)) : =7 <t <0} € C([-7,0],R%) and y(0), where R%. = {x e R* : x; > 0,i = 1,2} and
T =max{1, T }.

Proof. Note that the coefficients of the equation are locally Lipschitz continuous. For any given initial
value xo € R%, there is a unique maximal local solution x(¢) = (x(¢),x2(t)) on ¢ € (—eo, 1,], the explosion
time. To show that this solution is global, we need to show that 7, = o0 a.s. Let ky > O be sufficiently large
for every component of x( lying within interval [1/kg,ko]. For each integer k > ko, define the stopping
time

7 = inf{r € [0,7,) : x;(t) & (1/k,k) for some i=1,2.}

with usual setting inf@, where @ denotes the empty set. Clearly, 7; is increasing as k — co. Set T, =
limy_, Tx, Whence 7. < 7, a.s. If we can prove 7., = oo a.s., then T, = o a.s., which implies the desired
result. To prove this statement, let us define a C?-function V : Ri — R, by

2
V(x(r)) = ;u(xz'),

where x(r) = (x1 (1), x2(1)), u(x;) =Inx;. Clearly, u(-) > 0 and u(0") = u(c0) = co. Let T > 0 be arbitrary.
For 0 <t < 17, AT, applying the Ité formula (see [17]) to V (x(¢)), we obtain that

DV (x(t)) = LV (x(t))dt + M(t),
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where
LV(x(1)) = [r1 —anxi (t) — apx2(t — 1) — 0.50¢; — 0.50x7 — 0.56%x3 (1 — 71) @1
+ry —azx (l‘ — Tz) — agzxg(l‘) — 0.50221 — 0.56222)65 — 0.56223)6%(1‘ — Tz)] dt, ’
and
M(t) = o11dB11 + 012x1(t)dB12 4 013x2(t — 71 )dBy3
+021dBa1 + 022x2(t)dB2a + 0231 (t — T2)dBas,
where we drop ¢ from r;(t),a;;(t), 0;j(t),B;;(t). From (2.1) we have
ry —aixi (l) — 6112)62([ — T]) — 0.50121 — 0.50'122)6% — 0.56123)6%(1‘ — ’L'1)
+ry —anxy (l‘ — Tz) —anxy (I) — 0.56221 — 0.56222)6% — 0.56223)6%(1‘ — ‘L'z),
which is bounded, say by Kj, in R,. We therefore obtain
dV(x(t)) < Kidt+M(t),
as long as x(¢) € Ri. Integrating both sides from O to 7 A T, and taking expectations yield
EV (x(e AT)) < V(xo) +KiE(wAT) <V(xo)+ KT :=Kr.
By the definition of 7, x;(7x) = k or 1/k for some i = 1,2,
Pt < T)u(k ") Auk)] < Py <T)V(x(% <T))
< EVx(%w <T))
< Kr,
which implies that
. . Kr
| P, <T)<lim ———— =0.
fim sup P(z <T) < lim u(k=1) Au(k)
Since T > 0 is arbitrary, we have P(7. < o) = 0 as required. This completes the proof. U

Theorem 2.2. If Y, mb (i) < 0 and ¥, m;ba(i) < O, then the population x;(t) represented by model
(1.4) goes to extinction a.s. (almost surely), i.e., lim;_, 1 wx;(t) = 0, where b;(y) = r;(y) — 0.563 (7).

Proof. Applying the Itd formula (see [17]) to the first equation of system (1.4) gives

dInx (1) = [r1(Y(t)) —an (y(t))xi (t) — ana(y(t))x2(t — 1) — 0.507, (¥(t))
—0.56%(¥(1))x1 — 0.5073(y(2))x5(t — 11)]dt + 011 (¥(t))dBi: (¢)
+012(Y(1))x1(t)dB2(t) + 013(y(2) )x2(t — 71)dB13(1).

This further implies that
Inx; (1) —Inx (0) Z/Ot [bl (v(s)) —an1(y(s))x1(s) —ana(y(s))x2(s — 71)
3 (2.2)

~0.507,(¥(s))x1(s) = 0.5033(¥(s))3 (s — 1) lds + ) Mi(r),

i=1
where t
bi(¥(s)) = r1(¥(s)) — 0567 (¥(s)), Ml(t)Z/O o11(Y(s))dBi(s),

t

Male) = [ o) (9dBials), M) = [ o) als —7)dBis(s).

0
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Note that M (¢) is a local martingale, whose quadratic variation is

< My (), M (1) >= /Ot o2 (7(s))d(s) < 1.

Making use of the strong law of large numbers for local martingales (see, e.g., [12, 14]) yields

lim M;(r)/t =0 a.s. (2.3)

t—>Foo

On the other hand,

<M (0)M0) >= [ GHIENRIAS), < Msle)Ms(0) >= [ G (7(5)) 305 =)o)

In view of the exponential martingales inequality, for any positive constants 7', & and 3, we have

o
]P’{ sup [Ml-(t) — — < M;(1),M;(t) >} > ﬁ} <e® =23 (2.4)
0<t<T 2
Letting T =k, = 1 and B = 2Ink, we have
1 |
P< sup (M;(t) — = <M;(t),M;(t) > | >2Ink p < —, i=2,3.
0<r<k 2 k?

Using the Borel-Cantelli Lemma (see, e.g., [12, 14]) leads to the fact that, for almost all @ € Q, there is
a random integer ko = ko(®) such that, for k > ko, supg,<; [M;(t) — 5 < M;(t),M;(t) > ] < 2Ink. Then

t
My(t) < 21nk+% < Ms(t),My(t) >= 21nk+0.5/ o, (v(s))x3 (s)ds,
0

1 t
M;s(t) <2Ink+ 5 < M;(t),Ms(t) >= 21nk+0.5/ o (y(s))x3(s — 7)ds,
0

for all 0 <r < k,k > kg a.s. Substituting these inequalities into (2.2) gives

t
Inx;(¢) — Inx; (0 /b1 a’s—/ au(}/(s))xl(s)ds—/o apn(y(s))xz2(s — 11)ds
+M;(t)+4Ink (2.5)

/ bl dS—i—M]( )+4lnk,

for all 0 <t < k,k > ko almost surely. In other words, we have shown that, for 0 <k —1 <t <k,

4lnk M (1)
k— 1+ t

4 41 k M (
! Inx1 (1) — Inxg (0)] < t—f bi(y(s))ds+ 1+ M) / bi(y(s))ds +
0
Making use of (2.3) and the ergodicity of ¥(-), we have

limsups ' Inx; (r) < limsupzs ™~ / bi(y(s))ds = Zﬂibl(i)

[—+o0 t—r+oo
That is to say, if Y.1" | m;b1 (i) < 0, then lim,_, 1o x1 () = 0. As for x,(¢), the proof is similar to the above

discussion. Finally, we have Y | m;b, (i) < 0. Hence, lim;_, {ox2(¢) = 0. This completes the proof. [

Theorem 2.3. If Y b, (i) =0 and Y7' | miby(i) = O, then the population is nonpersistent in the mean
a.s., i.e, lim, ot~ ! [{xi(s)ds =0, as.
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Proof. For given € > 0, there exists a constant 77 = 7;(€) such that
/ by (y(s))ds < limsupz— / bi(y(s))ds+¢€/2= Zn,bl Vt+e/2=¢€/2, t >T.
t—>oo i

Substituting this inequality into (2.5), one see that

Inx; (¢) — Inx; (0 /b1 ds—/ a1 (y(s))xi(s)ds+M;(t) +41nk
SS[/Z 6111/ ( )dS+M1(t)+4ll’lk,
0

for all T} <t <k, k > ko almost surely. Note that there exists a 7 > T} such that for all 7 < k—1 <
t <k and k < ko. We have (4Ink)/r < €/4 and M/t < €/4. In other words, we have proved that
Inx; (#) — Inx; (0) < &t — dyy fyx1(s)ds for sufficiently large r > T. Letting g(t) = [ x1(s)ds, we obtain

In(dg/dt) < et —dng(t) +1Inx;(0), t>T.
That is to say d; ;' [ed”g(’) - ed“gm] < x1(0)e~![e* — ¢*T]. Rewriting this inequality, we get
eMgl) < oans(T) +Xx1 (O)avllé‘fleet — X1 (O)Cvl]lgilegT.

Taking logarithm on the both sides leads to

g(l‘) < dil In {xl (0)&’1187163 + ed“g(T) — X1 (O)CvllleileST },
that is,

t M

limsupz~! / x1(s)ds < d;; limsupz~'In [xl (0)ciy e e + el — x, (0)&118_16”] )
t—+oo 0 t—oo
An application of L’Hospital’s rule, one derives
t
limsuptil/ xi(s)ds < limsupdfllflln [xl(O)dllsle‘g’] =¢g/dy.
t—>—+too 0 t—>+too

Since ¢ is arbitrary, we get limsup,_, .+~ [;x1(s)ds < 0. As for x,(t), the proof is similar to the above
discussion. Finally, we have limsup,_, . ,#~! [;x2(s)ds < 0. This completes the proof. O

Theorem 2.4. [f Y7 | mbi (i) > 0and Y7 | miby(i) > 0, then the population is weakly persistent a.s., i.e.,
limsup,_, ., xi(t) >0, a.s.

Proof. First, let us show that
limsups 'Inx (1) <0, as. (2.6)

t—oo
By applying the It6 formula to Eq. (1.4) results in
d(é'Inx)=¢'Inx;dt + ¢'d1nx;
=e¢'[Inx; +b1(y) —an(y)x —an(y)x( — 1) - 0.50%(y)x7
—0.50'%:;,(}’))6%(1‘ — Tl)}dl‘—i— e [G]ldBll (I)+ GlledBlz(l‘) + (713)62(I — Tl)dBB(l‘)] .

Thus, we have shown that

Inx; (¢) — Inx; (0) :/0[ e’ [lnxl +b1(y(s)) —an (v(s))x1(s) —an(y(s))x2(s — 71)
3 (2.7

~0.507,(¥(s))x1(s) = 0.5033(7(s))a3 (s — 1) ]dds + ;Ni(f)
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where
t

M) = [ Contrs)aBu(s). M) = [ eontrs)m)aBne)

t
M) = [ o ((s))als = )dBia(s).
The quadratic variations of N;(r), N2 (¢) and Ns(¢) are

<M. >= [ G, <Na0)Na(e) >= [ HohHoNR(5)al0)

<M (0).Ns(1) >= [ 0% (19030~ 7)),
It follow from (2.4) that (choose T = k, o = e **, B = e’ Ink)

IP’{ sup [M(z)—o.se“ < Ni(t),Ni(1) >] > ee“lnk} <k i=1,273.
0<t<Ak

where 0 > 1 and A > 0 are arbitrary. By virtue of the Borel-Cantelli lemma, for almost all @ € Q, there
exists ko(@) such that, for every k > ko(®),

Ni(t) <0.5exp(—Ak) < N(t),Ni(t) > +0exp(Ak)Ink, 0<r <Ak, i=1,2,3,
that is,
Ni(1) < 0.5 exp(—Ak) / 62 (v(s))d(s) + 0 Ink,

Na(f) < 0.5exp(—Ak) / 6 ((s))2(s)d(s) + M Ink,

N3(1) < 0.5exp(—Ak) / 262 (¥(5)2 (s — 1)d(s) + 0 Ink,
for 0 < < yk. Substituting these inequality into (2.7) yields that
t
e Inx; (1) —Inx; (0) :/0 e’ [lnxl +b1(y(s)) —an (v(s))x1(s) —an(y(s))x2(s — 71)

(
—0.507,(Y(s))x7(s) — 0.5073(¥(s))x5 (s — 1) ds
10.5¢ / ¥(s))ds +0.5¢ /0 262 (¥(s))3 (s)ds

f1(
+0.5¢7* /t o2 (Y(s))x5 (s — 71)ds + 30 Ink
—/ [Inxi +b1((s)) — ari (¥(s))x1 (s) — ara(y(s))x2(s — 71)
40567, (4(s))e Hds — [ C0.50R ()01 - s
— /0 t 650.5613(y(s))x%(s— 7)1 — e "]ds+360eM Ink
g/ol ¢ Inx + by —dyixy(s) +O.56A121]ds+396’1k Ink,

where we use the facts that s < Ak and a(y(s)) > 0 in the last inequality. Since di; > 0, there exists a
constant C independent of k such that Inx; + b1 —dypx; +0. 5611 < C. In other words,
¢'Inx; (t) —Inx; (0) < Cle' — 1]+ 306 Ink, 0<r<Ak.

IfA(k—1) <t < Akand k> ko(®), we have Inx; (x)/t < e "In(0) /t+C[l —e ']/t +30e ** DAk Ink/t,
which becomes the desired assertion (2.6) by setting t — +-oco.
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Now we suppose Y/, m;b (i) > 0. We will prove that limsup,_, . x1(¢) > 0 a.s. If this assertion is
not true, then P(F) > 0, where F = {limsup,_, ., x;(¢) = 0}. It follows from (2.2) that

" Inxy (1) — Inx; (0) / by (y(s))ds —1~! /0 tall(}/(s))xl(s)ctls
-+ /0 an(r(s)nl—mds—05" [[ohre)d6as s
3

—0.5t! /Ot o5 (y(s))x3(s — 71)ds + Y M;(1) /1
i=1
On the other hand, for Vo € F, we have limsup,_, , ., x; (¢, ®) = 0. Thus it follows from the law of large
numbers for local martingales that limsup, , ., M;(t)/t = 0,i = 1,2,3. Substituting these inequalities
into (2.8) gives limsup,_, . [Inx; (¢, w)/t] = ¥i" | m;b1 (i) > 0. Then P(limsup,_, , . [Inx(¢)/t] > 0) >0,
which leads to a contradiction with (2.6). Then limsup,_, ., x1(¢) > 0. As for x,(¢), the proof is similar
to the above discussion. Finally, we have

limsupxy(r) > 0.
t—>+oo

This completes the proof. O

3. DISCUSSION

In this paper, we proposed a stochastic delayed two species non-autonomous competitive system and
derived sufficient conditions on the extinction. Non-persistence in the mean and weak persistence were
established. The critical value between weak persistence and extinction was obtained.

In [12], the authors considered the following stochastic delay Logistic equation under regime switch-
ing

dx(t) = x(t) [r(y(t)) — a(y(t))x(r) — n(y(1))x(t — 7)) dt + 01 (y(1) )x(t)dB1 (¢)

T (Y ()R (B (e) + 05 (7)) x(1)x(t — T)dB (1) G-b

where B(t) = (B;(t),Bx(t),B3(t)) denotes a three-dimensional Brownian motion defined on a complete
probability space (Q,F ,{F};>0,P). The critical value between weak persistence and extinction was
obtained. In this paper, we generalized the stochastic delay Logistic system (3.1) into the stochastic
delayed two species non-autonomous competitive system system (1.4), and we have a same conclusion
with [12], that is, the extinction or persistence of x(7) depends only on Y, m:b(i). If Y7' |, mb(i) > 0,
then the species x(¢) is weakly persistent; if .7 | m;b(i) < 0, then the population x(z) goes to extinction.
We also obtained that the white noise o7 is unfavorable for the persistence of the species, and the white
noises 0, and o3 as well as the time delay 7 have no impact on the extinction and persistence of x(7).
However, the Markov chain y(¢) has impact on the extinction. The persistence of x(¢) and the distribution
(my,---,my) of y(¢) play a very important role in determining extinction or persistence of the species.
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