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PERSISTENCE AND EXTINCTION OF A STOCHASTIC DELAY COMPETITIVE SYSTEM
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Abstract. A class of two species stochastic delay Lotka-Volterra competitive system under regime switching is proposed and
discussed. Some sufficient conditions on the extinction, non-persistence in the mean and weak persistence of the solutions are
established. The critical value between weak persistence and extinction is obtained.
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1. INTRODUCTION AND PRELIMINARIES

As an important class of dynamical systems, Lotka-Volterra systems have been become the most
important means to explain the ecological phenomena and widely used in many other scientific fields.
Lotka-Volterra competition system is one of the most important topics in the study of population dynam-
ical systems. Recently, a lot of results were obtained on Lotka-Volterra competition systems; see, e.g.,
[1, 2, 3, 4, 5, 6, 7, 8, 9] and the references cited therein. The traditional two species nonautonomous
Lotka-Volterra system takes the form

dx1(t)
dt

= x1(t)
[
r1(t)−a11(t)x1(t)−a12(t)x2(t)

]
dx2(t)

dt
= x2(t)

[
r2(t)−a21(t)x1(t)−a22(t)x2(t)

]
,

(1.1)

where ri(t),ai j(t)(i, j = 1,2) are functions assumed to be continuous and bounded above and below
by positive constants. Recently, many authors studied the properties of system (1.1); see [1, 2, 3, 4].
However, in the real world, the growth rate of a natural species will not often respond immediately to
changes in its own population or that of an interacting species but will rather do so after a time lag [5].
Results [5, 6, 7, 8, 9] show that time delays have a great destabilizing influence on the species population.
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Thus, we further consider system (1.1) and take the time delay into the system. System (1.1) becomes
the following system

dx1(t)
dt

= x1(t)
[
r1(t)−a11(t)x1(t)−a12(t)x2(t− τ1)

]
dx2(t)

dt
= x2(t)

[
r2(t)−a21(t)x1(t− τ2)−a22(t)x2(t)

]
,

(1.2)

where τi > 0(i = 1,2) represents the time delay.
On the other hand, stochastic population dynamical systems are extensively studied in recent years;

see, e.g., [10, 11, 12, 13, 14, 15, 16, 17, 18, 19] and the references therein. The important hot spot is how
to extend these deterministic systems to the case of stochastic systems, because population dynamics is
inevitably affected by the environmental white noise which is an important component in an ecosystem.
There are various types of environmental noise. For example, telegraph noise and the growth rates are
often affected by the telegraph noise. Moreover, the growth rates of some populations in the dry season
will be different from those in the rainy season [12]. Several authors pointed out that we can model
telegraph noise by a continuous-time Markov chain γ(t), t ≥ 0 with finite-state space S = {1, · · · ,m};
see [10, 11, 12, 13, 14]. In light of the above analysis, we will consider the stochastic effects for system
(1.2).

Let the Markov chain γ(t) is generated by Q = (qi j), that is,

P{γ(t +∆t) = j|γ(t) = i}=

{
qi j∆t +o(∆t), i f j 6= i;
1+qi j∆+o(∆t), i f j = i,

where qi j ≥ 0 for i, j = 1,2, · · · ,m with j 6= i and ∑
m
j=1 qi j = 0 for i = 1,2, · · · ,m. Then system (1.2)

becomes
dx1(t)

dt
= x1(t)

[
r1(γ(t))−a11(γ(t))x1(t)−a12(γ(t))x2(t− τ1)

]
,

dx2(t)
dt

= x2(t)
[
r2(γ(t))−a21(γ(t))x1(t− τ2)−a22(γ(t))x2(t)

]
.

(1.3)

If γ(0) = κ ∈ S, then (1.3) obeys

dx1(t)
dt

= x1(t)
[
r1(κ)−a11(κ)x1(t)−a12(κ)x2(t− τ1)

]
,

dx2(t)
dt

= x2(t)
[
r2(κ)−a21(κ)x1(t− τ2)−a22(κ)x2(t)

]
for a random amount of time until the Markov chain γ(t) jumps to another state, say, ς ∈ S. Then the
model satisfies

dx1(t)
dt

= x1(t)
[
r1(ς)−a11(ς)x1(t)−a12(ς)x2(t− τ1)

]
,

dx2(t)
dt

= x2(t)
[
r2(ς)−a21(ς)x1(t− τ2)−a22(ς)x2(t)

]
,

for a random amount of time until γ(t) jumps to a new state again. Now we take a further step by consid-
ering the environmental noise, namely, the white noise. Then system (1.2) will change significantly. Let
ri(k)(i = 1,2) denote the growth rate in regime k(k ∈ S). We usually estimate it by an error term plus an
average value. Frequently, the error term follows a normal distribution. Therefore we can replace ri(k) by
ri(k)+σi1(k)Ḃi1(t)(i = 1,2) (see, e.g., [10, 11, 12, 13]), where Ḃi1(t)(i = 1,2) is a white noise and σ2

i1(k)
represents the intensity of the white noise. Similarly, −aii(k)(i = 1,2) and −ai j(k)(i, j = 1,2, i 6= j) will
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become −aii(k)+σi2(k)Ḃi2(t)(i = 1,2) and −ai j(k)+σi3(k)Ḃi3(t)(i, j = 1,2, i 6= j) (see, e.g., [12, 15]),
respectively. Then we obtain the following stochastic delay Lotka-Volterra competitive system under
regime switching

dx1(t) = x1(t)
[
r1(γ(t))−a11(γ(t))x1(t)−a12(γ(t))x2(t− τ1)

]
dt +σ11(γ(t))x1(t)dB11(t)

+σ12(γ(t))x2
1(t)dB12(t)+σ13(γ(t))x1(t)x2(t− τ1)dB13(t),

dx2(t) = x2(t)
[
r2(γ(t))−a21(γ(t))x1(t− τ2)−a22(γ(t))x2(t)

]
dt +σ21(γ(t))x2(t)dB21(t)

+σ22(γ(t))x2
2(t)dB22(t)+σ23(γ(t))x2(t)x1(t− τ2)dB23(t),

(1.4)

where Bi(t) = (Bi1(t),Bi2(t),Bi3(t))(i = 1,2) is a standard white noise, namely, Bi(t) is a Brownian
motion defined on a complete probability space (Ω,z,{zt}t≥0,P). Assume that the Markov chain γ(·) is
independent of Bi(t) and has a unique stationary distribution π = (π1,π2, · · · ,πm) which can be obtained
by solving the following linear equation πQ= 0 subject to ∑

m
k=1 πk = 1 and πk > 0,k∈ S. In this paper, we

always assume that mink∈S aii(k)> 0(i = 1,2), mink∈S ai j(k)≥ 0(i, j = 1,2, i 6= j) and mink∈S σ2
i2(k)> 0

(i = 1,2), k ∈ S. Next, we define the following notations for the sake of convenience

f̂ = max
k∈S

f (k), f̌ = inf
k∈S

f (k).

2. MAIN RESULTS

In this section, we present the main results of this paper.

Theorem 2.1. (1.4) has a unique and positive solution on t ≥ −τ a.s. (almost surely) for any initial
data {(x1(t),x2(t)) :−τ ≤ t ≤ 0} ∈C([−τ,0],R2

+) and γ(0), where R2
+ = {x ∈ R2 : xi > 0, i = 1,2} and

τ = max{τ1,τ2}.

Proof. Note that the coefficients of the equation are locally Lipschitz continuous. For any given initial
value x0 ∈ R2

+, there is a unique maximal local solution x(t) = (x1(t),x2(t)) on t ∈ (−∞,τe], the explosion
time. To show that this solution is global, we need to show that τe =∞ a.s. Let k0 > 0 be sufficiently large
for every component of x0 lying within interval [1/k0,k0]. For each integer k ≥ k0, define the stopping
time

τk = inf{t ∈ [0,τe) : xi(t) /∈ (1/k,k) for some i = 1,2.}

with usual setting inf /0, where /0 denotes the empty set. Clearly, τk is increasing as k→ ∞. Set τ∞ =

limk→∞ τk, whence τ∞ ≤ τe a.s. If we can prove τ∞ = ∞ a.s., then τe = ∞ a.s., which implies the desired
result. To prove this statement, let us define a C2-function V : R2

+→ R+ by

V (x(t)) =
2

∑
i=1

u(xi),

where x(t) = (x1(t),x2(t)), u(xi) = lnxi. Clearly, u(·)≥ 0 and u(0+) = u(∞) = ∞. Let T > 0 be arbitrary.
For 0≤ t ≤ τk∧T , applying the Itô formula (see [17]) to V (x(t)), we obtain that

DV (x(t)) = LV (x(t))dt +M(t),



4 A. MUHAMMADHAJI, A. HALIK

where

LV (x(t)) =
[
r1−a11x1(t)−a12x2(t− τ1)−0.5σ2

11−0.5σ2
12x2

1−0.5σ2
13x2

2(t− τ1)

+r2−a21x1(t− τ2)−a22x2(t)−0.5σ2
21−0.5σ2

22x2
2−0.5σ2

23x2
1(t− τ2)

]
dt,

(2.1)

and
M(t) = σ11dB11 +σ12x1(t)dB12 +σ13x2(t− τ1)dB13

+σ21dB21 +σ22x2(t)dB22 +σ23x1(t− τ2)dB23,

where we drop t from ri(t),ai j(t),σi j(t),Bi j(t). From (2.1) we have

r1−a11x1(t)−a12x2(t− τ1)−0.5σ2
11−0.5σ2

12x2
1−0.5σ2

13x2
2(t− τ1)

+r2−a21x1(t− τ2)−a22x2(t)−0.5σ2
21−0.5σ2

22x2
2−0.5σ2

23x2
1(t− τ2),

which is bounded, say by K1, in R+. We therefore obtain

dV (x(t))≤ K1dt +M(t),

as long as x(t) ∈ R2
+. Integrating both sides from 0 to τk∧T , and taking expectations yield

EV (x(τk∧T ))≤V (x0)+K1E(τk∧T )≤V (x0)+K1T := KT .

By the definition of τk, xi(τk) = k or 1/k for some i = 1,2,

P(τk ≤ T )[u(k−1)∧u(k)]≤ P(τk ≤ T )V (x(τk ≤ T ))
≤ EV (x(τk ≤ T ))
≤ KT ,

which implies that

lim
k→∞

sup P(τk ≤ T )≤ lim
k→∞

KT

u(k−1)∧u(k)
= 0.

Since T > 0 is arbitrary, we have P(τ∞ < ∞) = 0 as required. This completes the proof. �

Theorem 2.2. If ∑
m
i=1 πib1(i) < 0 and ∑

m
i=1 πib2(i) < 0, then the population xi(t) represented by model

(1.4) goes to extinction a.s. (almost surely), i.e., limt→+∞ xi(t) = 0, where bi(γ) = ri(γ)−0.5σ2
i1(γ).

Proof. Applying the Itô formula (see [17]) to the first equation of system (1.4) gives

d lnx1(t) =
[
r1(γ(t))−a11(γ(t))x1(t)−a12(γ(t))x2(t− τ1)−0.5σ2

11(γ(t))
−0.5σ2

12(γ(t))x
2
1−0.5σ2

13(γ(t))x
2
2(t− τ1)]dt +σ11(γ(t))dB11(t)

+σ12(γ(t))x1(t)dB12(t)+σ13(γ(t))x2(t− τ1)dB13(t).

This further implies that

lnx1(t)− lnx1(0) =
∫ t

0

[
b1(γ(s))−a11(γ(s))x1(s)−a12(γ(s))x2(s− τ1)

−0.5σ
2
12(γ(s))x

2
1(s)−0.5σ

2
13(γ(s))x

2
2(s− τ1)]ds+

3

∑
i=1

Mi(t),
(2.2)

where

b1(γ(s)) = r1(γ(s))−0.5σ
2
11(γ(s)), M1(t) =

∫ t

0
σ11(γ(s))dB11(s),

M2(t) =
∫ t

0
σ12(γ(s))x1(s)dB12(s), M3(t) =

∫ t

0
σ13(γ(s))x2(s− τ1)dB13(s).
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Note that M1(t) is a local martingale, whose quadratic variation is

< M1(t),M1(t)>=
∫ t

0
σ

2
11(γ(s))d(s)≤ σ̂21t.

Making use of the strong law of large numbers for local martingales (see, e.g., [12, 14]) yields

lim
t→+∞

M1(t)/t = 0 a.s. (2.3)

On the other hand,

< M2(t),M2(t)>=
∫ t

0
σ

2
12(γ(s))x

2
1(s)d(s), < M3(t),M3(t)>=

∫ t

0
σ

2
13(γ(s))x

2
2(s− τ1)d(s).

In view of the exponential martingales inequality, for any positive constants T,α and β , we have

P
{

sup
0≤t≤T

[
Mi(t)−

α

2
< Mi(t),Mi(t)>

]
> β

}
≤ e−αβ , i = 2,3. (2.4)

Letting T = k,α = 1 and β = 2lnk, we have

P
{

sup
0≤t≤k

[
Mi(t)−

1
2
< Mi(t),Mi(t)>

]
> 2lnk

}
≤ 1

k2 , i = 2,3.

Using the Borel-Cantelli Lemma (see, e.g., [12, 14]) leads to the fact that, for almost all ω ∈Ω, there is
a random integer k0 = k0(ω) such that, for k ≥ k0, sup0≤t≤k

[
Mi(t)− 1

2 < Mi(t),Mi(t)>
]
≤ 2lnk. Then

M2(t)≤ 2lnk+
1
2
< M2(t),M2(t)>= 2lnk+0.5

∫ t

0
σ

2
12(γ(s))x

2
1(s)ds,

M3(t)≤ 2lnk+
1
2
< M3(t),M3(t)>= 2lnk+0.5

∫ t

0
σ

2
13(γ(s))x

2
2(s− τ1)ds,

for all 0≤ t ≤ k,k ≥ k0 a.s. Substituting these inequalities into (2.2) gives

lnx1(t)− lnx1(0) =
∫ t

0
b1(γ(s))ds−

∫ t

0
a11(γ(s))x1(s)ds−

∫ t

0
a12(γ(s))x2(s− τ1)ds

+M1(t)+4lnk

≤
∫ t

0
b1(γ(s))ds+M1(t)+4lnk,

(2.5)

for all 0≤ t ≤ k,k ≥ k0 almost surely. In other words, we have shown that, for 0≤ k−1≤ t ≤ k,

t−t [lnx1(t)− lnx1(0)]≤ t−t
∫ t

0
b1(γ(s))ds+

4lnk
t

+
M1(t)

t
≤ t−t

∫ t

0
b1(γ(s))ds+

4lnk
k−1

+
M1(t)

t
.

Making use of (2.3) and the ergodicity of γ(·), we have

limsup
t→+∞

t−1 lnx1(t)≤ limsup
t→+∞

t−1
∫ t

0
b1(γ(s))ds =

m

∑
i=1

πib1(i).

That is to say, if ∑
m
i=1 πib1(i)< 0, then limt→+∞ x1(t) = 0. As for x2(t), the proof is similar to the above

discussion. Finally, we have ∑
m
i=1 πib2(i)< 0. Hence, limt→+∞ x2(t) = 0. This completes the proof. �

Theorem 2.3. If ∑
m
i=1 πib1(i) = 0 and ∑

m
i=1 πib2(i) = 0, then the population is nonpersistent in the mean

a.s., i.e., limt→+∞ t−1 ∫ t
0 xi(s)ds = 0, a.s.
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Proof. For given ε > 0, there exists a constant T1 = T1(ε) such that

t−t
∫ t

0
b1(γ(s))ds≤ limsup

t→+∞

t−1
∫ t

0
b1(γ(s))ds+ ε/2 =

m

∑
i=1

πib1(i)+ ε/2 = ε/2, t ≥ T1.

Substituting this inequality into (2.5), one see that

lnx1(t)− lnx1(0)≤
∫ t

0
b1(γ(s))ds−

∫ t

0
a11(γ(s))x1(s)ds+M1(t)+4lnk

≤εt/2− ǎ11

∫ t

0
x1(s)ds+M1(t)+4lnk,

for all T1 ≤ t ≤ k, k ≥ k0 almost surely. Note that there exists a T > T1 such that for all T ≤ k− 1 ≤
t ≤ k and k ≤ k0. We have (4lnk)/t ≤ ε/4 and M1/t ≤ ε/4. In other words, we have proved that
lnx1(t)− lnx1(0)≤ εt− ǎ11

∫ t
0 x1(s)ds for sufficiently large t > T . Letting g(t) =

∫ t
0 x1(s)ds, we obtain

ln(dg/dt)< εt− ǎ11g(t)+ lnx1(0), t > T.

That is to say ǎ−1
11

[
eǎ11g(t)− eǎ11g(T )

]
< x1(0)ε−1

[
eεt − eεT

]
. Rewriting this inequality, we get

eǎ11g(t) < eǎ11g(T )+ x1(0)ǎ11ε
−1eεt − x1(0)ǎ11ε

−1eεT .

Taking logarithm on the both sides leads to

g(t)< ǎ−1
11 ln

{
x1(0)ǎ11ε

−1eεt + eǎ11g(T )− x1(0)ǎ11ε
−1eεT

}
,

that is,

limsup
t→+∞

t−1
∫ t

0
x1(s)ds≤ ǎ−1

11 limsup
t→+∞

t−1 ln
[

x1(0)ǎ11ε
−1eεt + eǎ11g(T )− x1(0)ǎ11ε

−1eεT
]
.

An application of L’Hospital’s rule, one derives

limsup
t→+∞

t−1
∫ t

0
x1(s)ds≤ limsup

t→+∞

ǎ−1
11 t−1 ln

[
x1(0)ǎ11ε

−1eεt
]
= ε/ǎ11.

Since ε is arbitrary, we get limsupt→+∞ t−1 ∫ t
0 x1(s)ds≤ 0. As for x2(t), the proof is similar to the above

discussion. Finally, we have limsupt→+∞ t−1 ∫ t
0 x2(s)ds≤ 0. This completes the proof. �

Theorem 2.4. If ∑
m
i=1 πib1(i)> 0 and ∑

m
i=1 πib2(i)> 0, then the population is weakly persistent a.s., i.e.,

limsupt→+∞ xi(t)> 0, a.s.

Proof. First, let us show that
limsup

t→+∞

t−1 lnx1(t)≤ 0, a.s. (2.6)

By applying the Itô formula to Eq. (1.4) results in

d(et lnx)= et lnx1dt + etd lnx1

=et
[

lnx1 +b1(γ)−a11(γ)x1−a12(γ)x2(t− τ1)−0.5σ2
12(γ)x

2
1

−0.5σ2
13(γ)x

2
2(t− τ1)

]
dt+ et

[
σ11dB11(t)+σ12x1dB12(t)+σ13x2(t− τ1)dB13(t)

]
.

Thus, we have shown that

lnx1(t)− lnx1(0) =
∫ t

0
es
[

lnx1 +b1(γ(s))−a11(γ(s))x1(s)−a12(γ(s))x2(s− τ1)

−0.5σ
2
12(γ(s))x

2
1(s)−0.5σ

2
13(γ(s))x

2
2(s− τ1)]ds+

3

∑
i=1

Ni(t),
(2.7)
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where

N1(t) =
∫ t

0
es

σ11(γ(s))dB11(s), N2(t) =
∫ t

0
es

σ12(γ(s))x1(s)dB12(s),

M3(t) =
∫ t

0
es

σ13(γ(s))x2(s− τ1)dB13(s).

The quadratic variations of N1(t),N2(t) and N3(t) are

< N1(t),N1(t)>=
∫ t

0
e2s

σ
2
11(γ(s))d(s), < N2(t),N2(t)>=

∫ t

0
e2s

σ
2
12(γ(s))x

2
1(s)d(s),

< N3(t),N3(t)>=
∫ t

0
e2s

σ
2
13(γ(s))x

2
2(s− τ1)d(s).

It follow from (2.4) that (choose T = γk,α = e−λk,β = θeλk lnk)

P
{

sup
0≤t≤λk

[
Ni(t)−0.5e−λk < Ni(t),Ni(t)>

]
> θeλk lnk

}
≤ k−θ , i = 1,2,3.

where θ > 1 and λ > 0 are arbitrary. By virtue of the Borel-Cantelli lemma, for almost all ω ∈Ω, there
exists k0(ω) such that, for every k ≥ k0(ω),

Ni(t)≤ 0.5exp(−λk)< Ni(t),Ni(t)>+θ exp(λk) lnk, 0≤ t ≤ λk, i = 1,2,3,

that is,

N1(t)≤ 0.5exp(−λk)
∫ t

0
e2s

σ
2
11(γ(s))d(s)+θeλk lnk,

N2(t)≤ 0.5exp(−λk)
∫ t

0
e2s

σ
2
12(γ(s))x

2
1(s)d(s)+θeλk lnk,

N3(t)≤ 0.5exp(−λk)
∫ t

0
e2s

σ
2
13(γ(s))x

2
2(s− τ1)d(s)+θeλk lnk,

for 0≤ t ≤ γk. Substituting these inequality into (2.7) yields that

et lnx1(t)− lnx1(0) =
∫ t

0
es
[

lnx1 +b1(γ(s))−a11(γ(s))x1(s)−a12(γ(s))x2(s− τ1)

−0.5σ
2
12(γ(s))x

2
1(s)−0.5σ

2
13(γ(s))x

2
2(s− τ1)]ds

+0.5e−λk
∫ t

0
e2s

σ
2
11(γ(s))ds+0.5e−λk

∫ t

0
e2s

σ
2
12(γ(s))x

2
1(s)ds

+0.5e−λk
∫ t

0
e2s

σ
2
13(γ(s))x

2
2(s− τ1)ds+3θeλk lnk

=
∫ t

0
es[ lnx1 +b1(γ(s))−a11(γ(s))x1(s)−a12(γ(s))x2(s− τ1)

+0.5σ
2
11(γ(s))e

s−γk]ds−
∫ t

0
es0.5σ

2
12(γ(s))x

2
1(s)[1− es−γk]ds

−
∫ t

0
es0.5σ

2
13(γ(s))x

2
2(s− τ1)[1− es−γk]ds+3θeλk lnk

≤
∫ t

0
es[ lnx1 + b̂1− ǎ11x1(s)+0.5 ˆ

σ2
11]ds+3θeλk lnk,

where we use the facts that s≤ λk and a12(γ(s))≥ 0 in the last inequality. Since ǎ11 > 0, there exists a
constant C independent of k such that lnx1 + b̂1− ǎ11x1 +0.5 ˆ

σ2
11 ≤C. In other words,

et lnx1(t)− lnx1(0)≤C[et −1]+3θeλk lnk, 0≤ t ≤ λk.

If λ (k−1)≤ t ≤ λk and k≥ k0(ω), we have lnx1(x)/t ≤ e−t ln(0)/t+C[1−e−t ]/t+3θe−λ (k−1)eλk lnk/t,
which becomes the desired assertion (2.6) by setting t→+∞.
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Now we suppose ∑
m
i=1 πib1(i) > 0. We will prove that limsupt→+∞ x1(t) > 0 a.s. If this assertion is

not true, then P(F)> 0, where F = {limsupt→+∞ x1(t) = 0}. It follows from (2.2) that

t−1[lnx1(t)− lnx1(0)] = t−1
∫ t

0
b1(γ(s))ds− t−1

∫ t

0
a11(γ(s))x1(s)ds

−t−1
∫ t

0
a12(γ(s))x2(s− τ1)ds−0.5t−1

∫ t

0
σ

2
12(γ(s))x

2
1(s)ds

−0.5t−1
∫ t

0
σ

2
13(γ(s))x

2
2(s− τ1)ds+

3

∑
i=1

Mi(t)/t.

(2.8)

On the other hand, for ∀ω ∈ F , we have limsupt→+∞ x1(t,ω) = 0. Thus it follows from the law of large
numbers for local martingales that limsupt→+∞ Mi(t)/t = 0, i = 1,2,3. Substituting these inequalities
into (2.8) gives limsupt→+∞[lnx1(t,ω)/t] = ∑

m
i=1 πib1(i)> 0. Then P(limsupt→+∞[lnx1(t)/t]> 0)> 0,

which leads to a contradiction with (2.6). Then limsupt→+∞ x1(t) > 0. As for x2(t), the proof is similar
to the above discussion. Finally, we have

limsup
t→+∞

x2(t)> 0.

This completes the proof. �

3. DISCUSSION

In this paper, we proposed a stochastic delayed two species non-autonomous competitive system and
derived sufficient conditions on the extinction. Non-persistence in the mean and weak persistence were
established. The critical value between weak persistence and extinction was obtained.

In [12], the authors considered the following stochastic delay Logistic equation under regime switch-
ing

dx(t) = x(t)
[
r(γ(t))−a(γ(t))x(t)−n(γ(t))x(t− τ)

]
dt +σ1(γ(t))x(t)dB1(t)

+σ2(γ(t))x2(t)dB2(t)+σ3(γ(t))x(t)x(t− τ)dB3(t)
(3.1)

where B(t) = (B1(t),B2(t),B3(t)) denotes a three-dimensional Brownian motion defined on a complete
probability space (Ω,z,{zt}t≥0,P). The critical value between weak persistence and extinction was
obtained. In this paper, we generalized the stochastic delay Logistic system (3.1) into the stochastic
delayed two species non-autonomous competitive system system (1.4), and we have a same conclusion
with [12], that is, the extinction or persistence of x(t) depends only on ∑

m
i=1 πib(i). If ∑

m
i=1 πib(i) > 0,

then the species x(t) is weakly persistent; if ∑
m
i=1 πib(i)< 0, then the population x(t) goes to extinction.

We also obtained that the white noise σ1 is unfavorable for the persistence of the species, and the white
noises σ2 and σ3 as well as the time delay τ have no impact on the extinction and persistence of x(t).
However, the Markov chain γ(t) has impact on the extinction. The persistence of x(t) and the distribution
(π1, · · · ,πm) of γ(t) play a very important role in determining extinction or persistence of the species.
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