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1. INTRODUCTION AND PRELIMINARIES

Suppose that E is a real Banach space with E* being its dual space. Let K be a nonempty closed and
convex subset of E. The symbol (x, f) denotes the value of f € E* atx € E. And, “—” and “—” denote
strong and weak convergence, respectively.

Recall that a Banach space E is strictly convex [1] if for any two points x and y in £, which are linearly
independent, one has ||x+y|| < [|x||+ ||y||. E is said to be uniformly convex [1] if, for any two sequences
{x,} and {y, } in E such that ||x,|| = ||y4|| = 1 and lim,,_,c ||, + y»|| = 2, one has lim,, e ||x, — y4|| = 0.

Let ng : [0,4c0) — [0, +o0) be a function. Recall that 1 is said to be the modulus of smoothness of
E [1]if it is defined as follows:

1
Mg () = supls (e +yll + e =yl = 1rxy € B, flxl =1, [lyll <z}
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Recall that a Banach space E is said to be uniformly smooth [1] if lim,_o n%m —0,ast—0. Eis
said to have Property (H) if for any sequence {x,} C E which satisfies both x,, — x and ||x,|| — ||x|| as
n — oo, one has x, — x, as n —» oo,

Recall that the normalized duality mapping Jg : E — 2F is defined by
Je(0) ={f €E" (. f) = |xl® I fll = x|}, x € E.

Lemma 1.1. [1] The normalized duality mapping Jg : E — 2E" has the following properties:
(i) if E is a real reflexive and smooth Banach space, then Jg is single-valued;
(ii) if E is reflexive, then Jg is surjective;
(iii) if E is uniformly smooth and uniformly convex, then Jg+ = Jg Vis the duality mapping from E* into
E. Moreover, both Jg and Jg- are uniformly continuous on each bounded subset of E or E*, respectively,
(iv) for any x € E and k € (0,+-0), Jg (kx) = kJg(x).

Definition 1.2. [2] Suppose that A : D(A) C E — E is a mapping. Then
(1) A is called d-accretive if for all x,y € D(A), (Ax— Ay, je(x) — je(y)) > 0, where jg(x) € Jg(x), je(y)
€ Je(y);
(2) A is called m-d-accretive if A is d-accretive and R(I + AA) = E for YA > 0;
(3) A is called accretive if for all x,y € D(A), (Ax — Ay, je(x—y)) > 0, where jg(x—y) € Jg(x —Y);
(4) A is called m-accretive if A is accretive and R(I + AA) = E for VA > 0.

It is easy to see that in non-Hilbertian Banach space, d-accretive mappings and accretive mappings
are two different types of nonlinear mappings. Let 7 : D(T) C E — E be a mapping. For mapping 7', we
use T~'0 to denote the set of zero points of T, that is, 770 = {x € D(T) : Tx = 0}. We use Fix(T) to
denote the set of fixed points of 7. That is, Fix(T) = {x € D(T) : Tx = x}.

Definition 1.3. [3] A mapping B C E x E* is said to be monotone if (x; —xz,y; —y2) >0, Vy; € Bx;,i =
1,2. The monotone mapping B is called a maximal monotone mapping if R(Jg +AB) = E*, for VA > 0.

Lemma 1.4. [3] Let B C E X E* be maximal monotone. Then
(1) B0 is convex and closed subset of E;
(2) if x, — x and y, € Bx, with y, —y, or x, — x and y, € Bx, with y, —y, then x € D(B) and y € Bx.

Definition 1.5. [4] The Lyapunov functional @ : E x E — R is defined as follows:
o(x,y) = [lx[* = 20x, je (7)) + I, Va,y € E, je(y) € Je ()
Similarly, the Lyapunov functional @ : E* x E* — R is denoted as follows:
®(x,y) = ||x[* = 20 (0),%) + IYI1°, Vox.y € E*, jp= (¥) € I+ (9).

Definition 1.6. Let C : E — E be a mapping. Then

(1) C is said to be non-expansive if ||Cx —Cy|| < ||x —y|| for Vx,y € E;

(2) C is said to be generalized non-expansive [5] if Fix(C) # 0 and o(Cx,p) < o(x,p), for Vx € E
and p € Fix(C).

It is easy to see that non-expansive and generalized non-expansive mappings are two different types
of mappings.
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Definition 1.7. [1, 6] (1) If E is a reflexive and strictly convex Banach space, then, for each x € E, there
exists a unique element v € K such that ||x — v|| = inf{|[x — y|| : y € K}. Such an element v is denoted by
Pxx and Py is called the metric projection of E onto K.

(2) If E is a real reflexive, strictly convex and smooth Banach space, then, for Vx € E, there exists a
unique element xy € K satisfying @ (xo,x) = inf{@(z,x) : z € K}. In this case, Vx € E, define ng : E — K
by mxx = xo. Then 7k is called the generalized projection from E onto K.

Definition 1.8. [7] Let E be a real smooth Banach space.
(1) Define G : K x E* — (0,+o0] by

G(x,y) = [IxlI* = 2(x.y) +[lyll* +2pf(x), ¥x € K,y € E*,

where p >0 and f : K — (—o0,+o0] is a proper convex and lower-semi-continuous function.

(2) 1t} : E — 2F is called the generalized f—projection if 7/ (y) = {z € K : G(z,Jgy) < G(x,JEy),Vx €
K}, Vy€eE.

Definition 1.9. [5] Let Q be a mapping of E onto K. Then Q is said to be sunny if Q(Q(x) +#(x —
0O(x))) = O(x), for all x € E and r > 0. A mapping Q : E — K is said to be a retraction if Q(z) = z for
every z € K. If E is a smooth and strictly convex Banach space, then the sunny generalized non-expansive
retraction of E onto K is uniquely determined, which is denoted by Rg.

Definition 1.10. [8] Let {K,,} be a sequence of nonempty closed and convex subsets of E. Then

(1) s-liminf K,,, which is called a strong lower limit of {K, }, is defined as the set of all x € E such that
there exists x,, € K, for almost all » and it tends to x as n — oo in norm.

(2) w-limsup K,,, which is called a weak upper limit of {K, }, is defined as the set of all x € E such that
there exists a subsequence {K,, } of {K,} and x,,, € K,,, for every n,, and it tends to x as n,, — oo in the
weak topology;

(3) If s-liminfK,, = w — limsup K,,, then the common value is denoted by lim K.

Lemma 1.11. [9] Suppose that E is a real reflexive and strictly convex Banach space. If imK, exists
and is not empty, then {Px x} converges weakly to Pimk,x for every x € X. Moreover, if E has Property

(H), then the convergence is in norm.

Lemma 1.12. [8] Let {K,} be a decreasing sequence of closed and convex subsets of E, i.e. K, C Ky, if
n>m. Then {K,} converges in E and imK,, = (,_, K;.

Lemma 1.13. [10] Let E be a real smooth and uniformly convex Banach space, and let {x,} and {y,}
be two sequences in E. If either {x,} or {y,} is bounded and ®(x,,y,) — 0 as n — oo, then x, —y, — 0
asn — oo.

Recently, a lot of results on iterative designs for zero points of m-accretive mappings has been done
during past 20 years, see, for examples, [11, 12, 13, 14, 15, 16] and the references therein. The d-accretive
mapping is also a kind of important nonlinear accretive-type mappings. However, less research results on
d-accretive mappings were established. The possible reasons are that they do not have “good” properties
and “few” real word applications can be founded. In recent years, some work has been done to design
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iterative algorithms to approximate zero points of d-accretive mappings and to find their applications,
see, for example, [2, 7, 17, 18, 19].

In 2014, Wei, Liu and Agarwal [2] presented the following block projection iterative algorithm for a
finite family of m-d-accretive mappings {A;}" | C E X E:

;

x1 €E,

tp = Y i[O 60+ (1= 0 ) (110 iA7) 50,
Vit = L7y bl Brixn + (1= Bui) (I + 50,:Ai) ™'yl
H =E,

Hyy={z€H,: 0(vp,2) < 0(x,,2)},

Xn+1 :RHH+1x17 neNn.

(1.1)

Under mild assumptions, They proved that {x,} generated by (1.1) strongly converges to an element in
iAo,
We also mention that they also studied m-d-accretive mappings based on the following nonlinear
elliptic boundary value problem

—div(a(gradu)) + [ulP~2u+g(x,u(x)) = f(x), a.e. in Q,

(12)
— (0, a(gradu)) € Bi(u(x)), a.e.inT,

where Q is a bounded conical domain of Q with its boundary I" € C!, ¥ is the exterior normal derivative
of "and o : RV — RY is a monotone and continuous function satisfying some conditions. This gives us
an example of d-accretive mappings.

In 2016, by employing G-function and Jrlf( in Definition 1.8, Wei and Liu [7] presented the following
iterative algorithm with computational errors for a finite family of m-d-accretive mappings {A;}", C
E*xE*
x1€E,r;>0,i=1,2,---,m,

Yni = (Jg +rniAdg) exa,i=1,2,--- .m,

Jeuni = BuiJeyni+ (1= Bui)Jeen,i=1,2,--- /m,

JEzni = O iJgXn + (1 — @ i) gt i i = 1,2, m,

C,=Ei=12-- m,

C =M% Cu,

Cot1,i={ve€C,: GV, JEzni) < (O i+ Bri— O iPn,i) G(v,JEXn)
+(1 =) (1= Bri)G(v, Jgen) },i= 1,2, m,

Cor1 =21 Cos 1,

_f
\xn+1—n‘cn+1x1, neNnN.

(1.3)

Under mild assumptions, {x,} generated by (1.3) was proved to be strongly convergent to an element in
A0,
Comparing the results announced in Wei, Liu and Agarwal [2] and Wei and Liu [7], we find new ideas
from Wei and Agarwal [19] that (1) a finite family of m-d-accretive mappings is extended to the case of
an infinite family. (2) New projection sets are constructed to avoid computing @(v,,z) (or ®(x,,z)) in
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(1.1) or G(v,Jgzn,i) (or G(v,Jex,) or G(v,Jgey)) in (1.3), and Ry, x;1 in (1.1) or 7r£1+|x1 in (1.3). (3) The
iterative element can be arbitrarily chosen in a set. There is only one choice made in (1.1) or (1.3).

Indeed, Wei and Agarwal [19] presented the following two iterative algorithms. One is for an infinite
family of m-d-accretive mappings {A;};7; C E x E as follows

p
uy=veE*,

= (I +sp i JEAJTE) iy,
U=
Uns1,i={2 € E* : (Jp-(tp — Wn,i),Wn,i —z) > 0},
Unt1 = (Miz1 Un+1,) Uy,
Vart ={z€ Uit [v—2|* < ||Py,., (V) =V[* + Tur1} nEN,

Upt+1 € Vn+1)

1.4)

U, = Jgxu,, n € N.
\

The sequence {%, } generated by (1.4) was proved to be strongly convergent to an element in (;2; A;” 0.
The other one is for an infinite family of infinite m-d-accretive mappings {A;}?> | C E* X E* as follows

/

x1=uck,
Vi (I—I—rn JEA; JE) Xn,
X, =E,

Xn+1,i = {2 € E : (Yni — 2, JE(Xn — Yni)) > 0},
Xn+1 - (ﬂ?ozlxn—&-l,i) ﬂxna
Yo ={z€Xpsr : lu—zl]> < [|Px,.,(v) = v[* + 8ui1},

Xnt1 € Yoy,

(1.5)

\E:JExn, neN.

The sequence {X,} generated by (1.5) was proved to be strongly convergent to an element in (;2; A;” 0.
In Wei and Agarwal [19], m-d-accretive mappings were also studied based on the following general-
ized (p,q)-Laplacian parabolic systems

(24e) _ givf(Cy (x ,t)—i—Wu] )2 V] + & |u] 2u

+g1(x u,Vu) = fi(x,1), (x,1) € Q% (0,T),
9vix) dlv[(Cz(x t)—l— IVV2) 2 Vi) + &, v~ 2v
X

—l—gz(x v, V) = fa(x,1), ( 1) €Qx(0,7), (1.6)
—(0,(Cy(x,t) + |Vul|? ) E Vu> € Bu(u(x,1)), (x,1) €T x(0,7T),
—(8,(Ca(x,1) + [VWP) T V) € Be(v(x,1)), (x,1) €T % (0,T),

ku(x,O) =u(x,T),v(x,0) =v(x,T), x € Q,

where Q, I and ¢ are as in (1.2). This provides another example of d-accretive mappings.
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Remark 1.14. There are two skips in Step 2 of Algorithm 2.1 and Step 2 of Algorithm 2.2 in [19]. V4
should be V11 = {z € Upy1 : [v—2|* < ||Py,., (v) —2||* + Tus1} and Y41 should be ¥,i1 = {z € Xpi1 :
lu — 21> < [|Px,.., (u) = 2||* + 8n41 }, respectively.

Notice that, in both (1.4) and (1.5), infinite sets of U, 11 ; and X,,;1; should be evaluated, Vi € N. Can
we borrow the ideas of (1.1) and transfer the evaluation of infinite sets to the evaluation of the iterative
element? In this paper, we shall give an answer to this question.

To obtain the strong convergence, the following lemma is needed.

Lemma 1.15. [20] Let E be a real uniformly convex Banach space and r € (0,+). Then there exists a

continuous, strictly increasing and convex function g : [0,2r] — [0, +o0) with g(0) = 0 such that
lleex + (1= o0)yl|* < el + (1 = ) |yl|* — ee(1 — e)g(|fx — ),

fora €0,1], x,y € E with ||x|| <rand ||y|| <r.

2. NEW ITERATIVE DESIGN FOR m-d-ACCRETIVE MAPPINGS {A;}?* | C E* x E*

Lemma 2.1. Let E be a real uniformly smooth and uniformly convex Banach space and let A C E* X E*
be an m-d-accretive mapping with A='0 # 0. Then, for Vx € E, Yz € A~'0 and Vr > 0,

o (Jg-z,(Jg 4 rAJg) " gx) + o((Jg + rAJg) " Jex,x) < 0(Jgz,x).
Proof. From Lemma 1.1, Vx € E and Vr > 0, we have
Je(Jg 4 rAJe) "\ Jpx+ AA[Jg (Jg + rAJg) "V Jpx] = Jgx. (2.1)
Since A is d-accretive, we have
((Jg +rAJg) \Jpx — Jge2, AJg (Jg +rAJg) "1 Jpx) > 0.
From the definition of Lyapunov functional and (2.1), one has

O (Jg-2,x) — 0((Jg +rAJg) " gx,x) — ©(Jg-z, (Jg + rAJg) "1 JEx)
= 2(Jg-2,Jg(Jg + rAJg) " gx — Jex) — 2((Jg + rAJg) " gx, Jg (Jg + rAJg) ' Jpx — Jgx)
= 2r{(Jg + rAJg) " gx — Jpe2, AJg (Jg + rAJg) "N gx) > 0,

which concludes the desired conclusion. This completes the proof. O
Theorem 2.2. Let E be a real uniformly smooth and uniformly convex Banach space and let {A;}7 | C

E* x E* be an infinite family of m-d-accretive mappings such that (\;—, A;lo # 0. Suppose that {e,} CE
is an error sequence, {0, } C [0,1),{t,} C [0,4+00), {an;} C (0,1) and {rn;} C (0,+c0). Let {x,} be a
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sequence generated by the following iterative algorithm:

x1€E, el €E,

yn = Je+ [Qdgxn + (1= o) X2y aniJE(JE + raiAidE) ™ g (X0 + €4)],

U =E=V,

Uns1 ={p €Uy, : (p,Jeyn — OJgxn — (1 — 0ty)JE (X0 +€)) > Lyl
Vier = {p € Unsr ¢ [lx1 = pI* < [Py, (1) =21 [P+t 3,

Xnt1 € Vg1,

[

2(1—0(,,)“Xn+€nH2 L2

X, =Jgx,, n€N.
\

If Y2 a,; =1, liminf, r,; >0, Vie N, 0 <sup, o, < 1, lim, e, = 0 and limsup,,_,,, i, = 0, then
X, — JEPﬂ::l U, (X]) = JEPﬂ,Zl(A,-JE)*IO(xl) € ﬂ;;lAi_IO, as n —» oo,

Proof. We split the proof into ten steps.

Step 1. Show =, (A:Jg) 10 # 0.

Since N2 A; 10 £ 0, we find that there exists ¢ € E* such that A;g = 0, for i € N. In view of Lemma
1.1, there exists p € E such that Jgp = q. Thus (AjJg)p = A;(Jep) = Aig = 0, for i € N, which implies
that "=, (A:Jg) 10 # 0.

Step 2. Show (= (AJg)~'0 C Uy, foralln € N.
To this end, we shall use inductive method. For n = 1, it is obvious that N, (AJg)~'0 C Uy = E.
Now, Vp € N (AiJg) 10, we know from Lemma 2.1 that

o(p,y1) = lp|* = 2(p, onJgxi + (1 — 1) ¥ a1 iJe(Je + riiAidg) " g (x1 +e1))
i=1

oo

+ ||OC]JE)C1 + (1 — 061> Zal,i‘]E(‘]E +r17iAiJE)_1JE(x1 —i—el)Hz
i=1

oo

<|IpI* =200 (p,Jex1) + aullxi > =2(1 — ) Y a1.i(p, Je (Je + riAide) " e (xi +e1))
i=1

+(1—ou) Y aril(Je +ridde) e (x +e)|?
i=1

oo

= 061(0(]9,)61) + (1 — 061) Zalyi(l)(p, (JE —|—}’17,'A,‘JE)_1.]E()61 —1—61))
i=1

< oqo(p,x)+(1—on)o(p,xi+ei).
It follows from the definition of Lyapunov functional that

o Iy 12— oul|lxi | — (1 —ou) ||lx1 +e Hz'

(p,Jeyt — oJpxy — (1 — o )Jg(x1 +e1)) > 5
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Thus p € U,. Suppose that the result is true for n = k+ 1. Now, if n = k4 2, using Lemma 2.1 again
yields that, Vp € N, (AiJg) 10,

o(p,yir1) = [1P1? = 2(p, o1 Jexiss + (1 — 1) Y iJe (e + i 1iAide) e (e +exp))
=1

+ s 1T xesr + (1= 01) Y a1 ie (Jg + i iAide) ™ e (Kt + exr) ||
i=1

< 041 0(p,xps1) + (1= 0r1) Y arr1,i0(p, (Je + rice1iATE) ™ T (Xest + €kg1))

i=1
L G 10(p,Xpq1) + (1 = Qg 1) O(p, Xiq 1 + €p1).
It follows from the definition of Lyapunov functional that
(P JEYi1 — st EXk1 — (1= Ot g (X1 + €xt1))

o Iy = o [l 17 = (1 = O ) [Pxiess + e[
> 5 .
Thus p € Uy1». By induction, N, (AiJg) 10 C Uy, for alln € N.

Step 3. Show that U, is a closed and convex subset of E, for all n € N.
The result follows immediately from the definition of U, in (2.2).

Step 4. Show Py, (x1) — Pn=_, v, (1), as n — oo.
In fact, from Step 1 to Step 3, and employing Lemmas 1.11 and 1.12, we know that Py, (x;) —
Pn;’:l U, (x1), as n — oo.

Step 5. Show V,, # 0.
Since ||Py, ., (x1) —x1|| = infyey,,, ||[v—x1]], for 41, there exists d,,41 € Uy,41 such that

1=t 2 < gt v+ e = Py 1) =1t
Then V,, # 0, which implies that {x,} is well-defined.

Step 6. Show that {x, } is bounded.
Since x,,+1 € V.41, one has

11 = Xng1 II* < [Py, (x1) =1 1>+ g1
From Step 4 and p,, — 0, we know that {x, } is bounded.

Step 7. Show x, — Pr=_ y, (x1) and y, — Pr= g, (x1), as n — oo.
Since x,+1 € V11 C Uy41 and U, is convex, we have, Vk € (0,1),

kPy,.,(x1) + (1 —=k)xp+1 € Upy1.
Thus
1By, (x1) = x| < [kPy,,, (x1) + (1 = K)xn 1 — x|
Using Lemma 1.15, we have
1Py, ., (1) =21l < [|kPy, ., (1) + (1= k) =01
< kl|Py,, (1) =12+ (U= k) Ponr —x1 |2 = k(1= k)8 ([|Pu,., (x1) =21 ]).
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Therefore, kg(||Py,., (x1) = Xns1]]) < [Jxns1 — x> - |Py,., (x1) —x1]|?> < Wpi1 — 0, as n — oo, Then
Xnt1— Py, (x1) — oo, as n — oo. Step 4 ensures that x, — Pn= ¢, (X1), as n — 0. Since X1 € Vi1 C
U,+1, we have

||2 — O‘onnH2 — (1 — o) ||xn +enH2

(Xnt1,JEYn — O Jgxy — (1 — 06y JE (xn +€4)) > [|yn | |

which is equivalent to

OXnt1,Vn) < OO (Xn+1,X) + (1 — 04) O (X 41,0 + €5).
Thus x,41 —y, — 0, which ensures that y, — Pn= ¢, (x1), as n — oo,
Step 8. Show Pn=_ ), (x1) € NZ,(AJE) 0.
For Vg € N, (AJg) 0, using Lemma 2.1, we have

oo

w(‘]7yn) < O‘nw(%xn) + (1 - an) Zan,iw(Q7 (JE + rn,iAiJE)_IJE(xn + en))
i=1

< ana)(%xn) + (1 - OC,,) Zan,i[w(%xn +en) - w((JE + rn,iAiJE)il-]E(xn + 6,,),)6” +en)]'
i=1
Then

(1 — Otn) Z a,,,ico((JE + rmiAiJE)*lJE(xn + en),xn + en)
i=1

< 0, 0(q, %) — O(q,yn) + (1 — 04) (g, X + €4)
= 0 [@0(q,Xn) — O(q, %+ en)] + [@(q, X+ €n) — O(q,Yn)]
< xall® = I+ enll> + 20l gl Ve (xn + €n) — Texal|

+ [len + eall” = [lyall® + 21 gll e (xa + €2) = TEyall-
Since 0 < sup, o, < 1, x, —y, — 0 and ¢,, — 0, we have

oo

Z an,;i0((Jg + rn,iAiJE)_IJE (xn+en), X, +€,) — 0,
i=1

which implies from Lemma 1.13 that
(Je+ rn7,~A,~JE)_1JE(xn +e,) — (x,+e,) =0,
as n — oo. So, Step 7 implies that
(Je+ rn,iAiJE)il-IE (X0 +en) = Po=_ v, (x1),
asn — oo. Let z,; = (Jg + 1 AiJg) Vg (%, +e,). Then
JEZni + Tn,iAiJEZni = JE(Xn +€n).

Note that z,; — Pn=_ v, (x1), Xn — Pn=_, v, (*1), €, — 0 and liminf,, ,, ; > 0. Then A;Jgz,; — 0, as n — oo.
It is easy to see that A;Jg C E x E* is maximal monotone. From Lemma 1.4, we imply that Pr=_ ¢, (x1) €
n?:] (A,JE)*IO.

Step 9. Show Pﬂ:?:l U, (X1) = Pﬂﬁll(AiJE)’IO(xl)'
From Step 8, Pn= , (x1) € N2 (AiJg) 0. It follows that

1Pz (ap)-10x1) —x1]| < 1Phe o, (x1) — 1.
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From Step 2, N, (AJg)~'0 C U,,. Then

1Pz, v, (1) = x1 | < [P, 4y -10(x1) — 1.
Thus

1Bz 0, () =1l = 1By (a,0)-10061) = xa -
Since Py~ y, (x1) is unique, we have P 1, (x1) = P 4,0,)-10(X1)-

Step 10. Show X, = JePnz_, v, (*1) = JEP=  (a)-10(%1) € Nz A710, as n— oo
Since X,, = Jgx,, Lemma 1.1 implies that

E_LIEPﬂ:ﬁUn(xl) :JEPQ (AiJg)~10 x1 ﬂA 10

as n — oo, This completes the proof. O

Theorem 2.3. Let {X,} be a sequence generated by algorithm (2.2). Set A, = 21”1*1'61 Lforalln € N.
Let ¥!' | c; — oo, as n — oo. Under the assumptions of Theorem 2.2, we obtain the result of ergodic

convergence in the sense that A, — JePny_ v, (x1) = JEPnz | (a,)-10(¥1) € (21 A7 10 asn — o
Proof. The proof is similar to that of Step 5 of theorem 2.2 in [18]. So, we omit the proof here. 0

Remark 2.4. We remark that iterative algorithm (2.2) is different from iterative algorithms (1.1), (1.3),
(1.4) and (1.5). We no longer need to evaluated infinite projection sets in (2.2). Moreover, to obtain the
strong convergence of the iterative sequence, the techniques of employing the properties of Lyapunov

functional are employed.

3. NEW ITERATIVE DESIGN FOR m-d-ACCRETIVE MAPPINGS {B;}> | CE X E

Lemma 3.1. Let E be a real uniformly smooth and uniformly convex Banach space and let BC E X E
be an m-d-accretive mapping with B='0 # 0. Then, for Vx € E*, ¥z € B~'0 and ¥r > 0,
@(Jgz, (Jg +rBJg:) " gx) + ®((Jg- + rBJg ) Jpx,x) < @(Jpz,x).

Proof. From the proof of Lemma 2.1, we can find the desired conclusion immediately. This completes
the proof. 0

Theorem 3.2. Let E be a real uniformly smooth and uniformly convex Banach space and let {B;}? | C
E x E be an infinite family of m-d-accretive mappings such that (\;—; B 10 # 0. Suppose that {€,} C E
is the error sequence, {0,,} C [0,1),{A,} C [0,+e0),{by;} C (0,1) and {sni} C (0,400). Let {u,} be
generated by the following iterative algorithm:
u € E*, g € E*,
Vi = Jg [Tty + (1 — 0) iy by id e (Jg + $n,iBidg+) ™ g (un + €4)],
U =E*=V,
2— Un 2 (1- n)[|[UnTE&n 2
Unit = {0 € Uy : U = Oty = (1= 00y + &), ) > Lol idlurally,
Vart ={g € Upy1 : w1 —ql* < |Py,.., (1) —ur ||+ Ans1 },

Upt1 € Vgt

u, =Jgru,, n € N.
3.1
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IfY7 bpi=1,0<sup, o, <1, liminf,s,; > 0 for i € N, lim, ;. &, = 0 and limsup,,_, ., A, = 0, then
ty, — Je Py v, (1) = JePr= (g0 -10(1) € iy B0, as n — .

Proof. We split the proof into ten steps.

Step 1. Show (= (BiJg+) 10 # 0.

Since i, B;IO # (0, there exists p € E such that B;p =0, for i € N. In view of Lemma 1.1, there
exists ¢ € E* such that Jg+qg = p. Thus (BiJg+)q = Bi(Jg+q) = B;p = 0, for i € N, which implies that
N1 (BiJp-)~'0 £ 0.

Step 2. Show (= (BiJg+)~'0 C Uy, foralln € N.
For this, we shall use inductive method. For n = 1, it is obvious that N, (Bi/Jg:)~'0 C U; = E*. Now,
Vg € N2y (BiJg-) 10, we know from Lemma 3.1 that

oo

@(q,v1) = llql* =21 + (1= 00) Y b1 (Jgs + 1Bidis) " e (u1 +€1),q)
i=1

+laJgeur + (1= ar) Y by e (Jps + s1iBidg=) " g (ur + &)|*
i=1

<|lgl* =206 (w1, q) + o Jun||* = 2(1 — 1) Y b1 i (J+ (J= + s1,Bid=) e (w1 + €1), )
i=1

oo

+(1—0u) Y b1l (Je +s1Bidg-) g (1 + 1) |?
i=1

= oq@(q,u1) + (1— o) Y b1 i®(q, (Jg +s51,Big-) s (w1 + &1))
i=1

< a1 ®(q,ur) + (1 —a1)0(q,uy +€).
It follows from the definition of Lyapunov functional that
[vi]l* = onlfun][* — (1 — o) Jus + &>
> .

Thus g € U,. Suppose the result is true for n = k+ 1. Now, if n = k+ 2, using Lemma 3.1 again, we have
Vg € N1 (Bile) 0,

(Je=vi — oJpauy — (1 — o )Jp+(u1 + €1),q) >

oo

@(q,vicr1) = llgl* — 2(0us 1 e w1 + (1= 1) Y b1 il (Jee + sii1iBides) ™ e (et + €41),9)
i=1

=

+ s 1Ttk + (1= 1) Y b1, i (Jee + Skg1,iBide) T (U + Exs1) |12
=1

< O 10(q, 1) + (1= 1) Y b1 i®(q, (T + sei1Bidies) ™ T (i1 + €k41))
i=1

< 01 O(q, ur1) + (1 — 0y 1) O(q, Ups 1 + Exq1)-

It follows from the definition of Lyapunov functional that

(JEvirr — O 1ttt — (1= Oy 1 ) (U1 + E41),9)

o v = ol |2 = (1= 0r) iess + &1
puliiy 2 .
Thus p € Uyy2. Then, by induction, (=, (Bl-JE*)_lO Cc U, forallneN.
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Step 3. Show that U,, is a closed and convex subset of E, for all n € N.
The result follows immediately from the definition of U, in (2.3).

Step 4. Show Py, (u1) — Pry_, v, (u1), as n — oo.
In fact, from Step 1 to Step 3, and employing Lemmas 1.11 and 1.12 , we know that Py, (u1) —
Pﬂ;’;l U, (Lt] ), as n —» oo,

Step 5. Show V,, # 0.

Since || Py, ., (u1) —ui|| = infyey,,, [|[v —u1]|, for A4 there exists dj, 1.1 € Uy such that
ur = dpst |1* < (infocu,, v —w]])* + Ansr = 1Py, (1) — g |[> + Ang1
Then V,, # 0, which implies that {u, } is well-defined.
Step 6. Show that {u,} is bounded.
Since u,41 € V41, we have
leer = st [I* < (1P, (o) =t |[* o+ A
From Step 4 and A,, — 0, we know that {u,} is bounded.

Step 7. Show u, — Pn=_ v, (1), va — Py, v, (u1), as n — oo

n=1

Since up41 € Vyq1 C Uyy1 and U, is convex, we have, Vk € (0,1), kPy,,, (u1) + (1 —k)upt1 € Upyr.
Thus

1Pu,r (ur) —ur|| < [[kPy, ., (ur) + (1= K)up gy —ua ||
Using Lemma 1.15, we have
1Py, (1) = ][> < [[kPy,., (1) + (1 = Kttt — ]|
< k|[Py,., (1) = [P 4 (1= k) a1 = ar[|* = k(1= k)& (|| Py, ., (1) = 1 ]])-
Therefore,
kg([1Pu, ., (1) = tnal]) < llttnsr = w||* = | P, (un) = i[> < Ay = 0,
as n — oo. Step 4 ensures that u, — Pn=_ , (u1), as n — 0. Since w11 € Vo1 C Upp, We have

an||2 - O‘n””nHz — (1 — o) |un ""gnHz

<JE*Vn_an-]E*un_<1 _an)JE*(un+8n);un+l> Z ) 3

which is equivalent to
6(”71-&-1 7Vn) < anw(un-i-l ) un) + (1 - an)a(un-‘rl yUp + en)‘
Thus u, 1 — v, — 0, which ensures that v, — Pr=_ ¢, (u1), as n — oo

Step 8. P~ v, (u1) € N, (BiJg:)~'0.
For Vp € N, (BiJg+) !0, from Lemma 3.1, one has

b, @(p, (Jg- +52,iBiJg-) " e (un + €,))

gk

E(Pv Vn) < O‘na(lﬁurz) + (1 - O‘n)

—_

bpi[0(p,u,+ &) — o ((Je- + Sn,iBiJE*)_l«]E* (Up + &), 1y + €,)].

s

S ana(paun) + (1 - an)
i=1
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Then

(1 - an) Zb ,i6(<JE* +5n,iBiJE*)_1-]E* (un + 8}1)7 Uy + en)
=1

< an[ (Pvun) (pﬂ"n +8n)] + [6(177“11 +8n) _6(177‘%)]
< utnll® = llttn + &l1* + 2/ p || |+ (1t + €0) — T+t

+ [l + €11 = vl + 201 P [T (s + €0) = T val |
Since 0 < sup, o, < 1, u, — v, — 0 and €, — 0, we have

an,ia((JE* +Sn.,iBiJE*)71JE* (un + en)7un + Sn) — 07
i=1

which implies from Lemma 1.13 that

(Jg+ +8piBiJg )~ g (tn + &) — (tp + &) — 0,
as n — oco. Thus from Step 7 and &, — 0, we know that

(Jg+ + $piBiJg )" g (up + &) — Pn= v, (w1),

as n — oo, Let wy; = (Jg + 5,,iBiJg+) " g (U + €,). Then Jg«wy; + $piBiJg-Wn,i = Jg+ (Uy + €,). Since
Wn,i — P v, (1), y — Py v, (u1), & — 0 and liminf,s,; > 0. From Lemma 1.1, BiJg:w,; — 0, as
n — oo. Since B;Jg+ C E* X E is maximal monotone, Lemma 1.4 implies that

oo

Pﬂ::] U, (ul) S m(BiJE*)_IO.
i=1

Step 9. Show Py, (u1) = Pz | (B )-10(u1)-
From Step 8, Py=_ , (1) € N1 (BiJg+) 10, then

HPm;?;,(B,-JE*)—lo(Ml) —u| < HPﬂ;;l v, (1) —uy |-
From Step 2, N, (BiJg+)~'0 C U,. Hence

1Pz, (u1) — || < (|Prz By -10(n) — .
Thus
||Pﬂ,, 1Un(”1)—’41|| - ||Pm (BiJg+ )~ 10(141)—141”

Since P, y, (1) is unique, we have
My, (ur) = Pﬂ?ll(BiJE*)”O(ul)'

Step 10. Show 1, — Jg+ Py v, (1) € (72 B; 10, as n — oo,
Since u,, = Jg+u,, we conclude form Lemma 1.1 that

LTn—)JE*Pﬂ;":lUn(“l) JE*in (BiJg+) “19(ur) mB 10

as n — oo, This completes the proof. O

Theorem 3.3. Let {ii,} be generated by Algorithm (3.1). Set 1, = Z’,%,C’u’ forneN.LetY! ci— oo, as
n — oo, Under the assumptions of Theorem 3.2, we obtain the result of ergodic convergence in the sense

that M, — Jg-P=_ u, (u1) = JE*PQ;I(B[JE*)qO(ul) € mj.;lB;lo, asn— oo,
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Remark 3.4. We remark that iterative algorithm (3.1) is different from iterative algorithms (1.1), (1.3),
(1.4) and (1.5). We no longer need to evaluated infinite projection sets in (3.1).

Remark 3.5. The normalized duality mapping Jr or Jg- is no longer needed to be weakly sequentially
continuous as that in [2, 7, 17]. The m-d-accretive mapping is no longer needed to be uniformly bounded
and demi-continuous as that in [21], and it need not satisfy condition (1.4) as that in [17].

4. APPLICATIONS

In this section, we provide some applications of our main results.
4.1. Elliptic systems with generalized p-Laplacian.
Remark 4.1. Recall that the following nonlinear elliptic boundary value problem in [2] is presented:

—div(a(gradu)) + |ulP72u+g(x,u(x)) = f(x), x € Q,
— < V,a(gradu) >€ Be(u(x)), x €T,

“4.1)

which contains the special case for the p-Laplacian problem if we take & : RY — RN by at(&) = | |P—2E
for & € RN. Based on (4.1), an m-d-accretive mapping is defined. Under some assumptions, the connec-
tion between zero points of an m-d-accretive mapping and the solution of (4.1) is set up, which admits
the iterative sequence derived from the iterative algorithms to approximate the solution of (4.1).

Now, we consider an elliptic systems with generalized p-Laplacian to support our main results.

—div(a;(gradu)) 4 [uD P24 + ¢(x,u) (x)) = f(x), x € Q,

. , 4.2)
— < 8, 04(gradu) > B, (u)(x)), x €T, i €N,

where Q is a bounded conical domain of a Euclidean space RV (N > 1) with its boundary I" € C!, ¥ is the
exterior normal derivative of ', g : @ x RN — R is a given function satisfying Carathéodory’s conditions
such that u € L*(Q) — g(x,u(x)) € L*(Q) is well-defined and there exists a function 7'(x) € L*(Q) such
that g(x,#)t > 0 for |f| > T(x) and x € Q where 1 < s < 4oo, f, is the subdifferential of ¢,, where
¢, =¢(x,-):R— RforxeT'and ¢ : ' X R — R is a given function. Moreover, 3, and ¢, are supposed
to satisfy the following assumptions:

(A1) For each x € T, ¢, = ¢(x,-) : R — R is a proper, convex and lower-semi-continuous function
with ¢,(0) = 0.

(A2) 0 € B,(0) and for each 7 € R, the function x € T’ — (I+A8,) ! (¢) € R is measurable for 1 > 0.

Assume that o; : R¥ — R" is monotone and continuous and there exist positive constants ki, k» and k3
such that, for V&, &’ € RN, the following conditions are satisfied, for each i € N:

(A3) |oi(&)| < ki€,

(Ad) |0i(§) — ai(&")] < kal|E |28 — &P 2E;

(AS) < a;(€),E >> k3|&|Pi, where < -,- > denotes the inner-product in RV .

From [2], we can find the following results immediately.
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Theorem 4.2. For 1 < p; <2 and i —1—5 = 1, define B; : W'"Pi(Q) — (WhPi(Q))* by
B = [ < alsrad(ul”sgmul; ™), grad (17 sgmvl 1% ) > d
Q i

Yu,v € WHPi(Q). And, define B; as the maximal monotone expansion of B; from WPi(Q) to LPi(Q).
Then B; : LPi(Q) — LP(Q) is maximal monotone, i € N.

Theorem 4.3. For 1 < p; <2 and % —|—[% = 1, define A; : LP'(Q) — LP(Q) by Aju = BiJ; 'u, for Vu €

LPi(Q), where J; : LPi(Q) — LV (Q) is the normalized duality mapping defined by Jiu = \ulpl(*lsgnuHuH;fp:
Then A; is m-d-accretive, Vi € N.

Theorem 4.4. A;'0 = {u(x) € L (Q) : u(x) = Const}, Vi € N.
Theorem 4.5. If f(x) € N7, L7 (Q), then (4.2) has a unique solution u) (x) € LP/(Q), fori € N.

Theorem 4.6. Consider a special case that g(x,u) (x)) = u® (x) — |u® (x)|P~2u\) (x), where i € N. If
f(x) =k, where k is a constant, then AfIO coincides with the set of solution of (4.2). In this case, if
p = infien{pi, p}} and E = LP(Q), then it is not difficult to see that the iterative algorithms (2.2) and

(3.1) can be applied to approximate zero point of m-d-accretive mappings A; or solution of (4.2).
4.2. Parabolic systems involving p-Laplacian.

Remark 4.7. Another example of the m-d-accretive mapping is presented in [19] which involves the
following (p, q)-Laplacian parabolic systems:

a”g;t —div[(Cy(x,1) + |gradu]2)¥gradu] +&|ul""2u+ g1 (x,u, gradu)

= fi(x,1), (x,1) € @x(0,T),

avg;[ —div[(Ca(x,1) + |gradv| )qTizgradv] +&|v[* "2 + g2 (x, v, gradv)

= fa(x,1), (x,1) € Q% (0,T), (4.3)
— <, (Ci(x,1) + |gradu|?) T *gradu >€ Bi(u), (x,t) eI'x (0,T),

— < 0,(Ca(x,1) + |gradv|?) = gradv >e Be(v), (x,1) €eI'x(0,T),

u(x,0) =u(x,T),v(x,0) =v(x,T), x € Q.

Under some assumptions, the connection between zero point problems of an m-d-accretive mapping
and solutions of (4.3) is set up, which admits the iterative sequence derived from the iterative algorithms
to approximate solutions of (4.3).

Now, we extend (4.3) to the following case to support our results.

0 . — .
Q) _ v (C(x, 1) + |gradu 2) r Vuld)]
e 2+ g e, u, gradul®) = fi(x,1), (x,1) € Q% (0,7),
— <9, (Ci(x,1) + |gradu|? )Tgradu( >e Bo(ud), (x,1) €T x (0,T),
u(x,0) =uD(x,T), x€ Q, i €N,

4.4)

where Q, I , ¥ and B, are the same as those in (4.2). We also need the following assumptions:
1\%]1 < ri < min{p;,p}}, & is a non-negative constant, T is a positive constant, 0 < Ci(x,t) € V; =
LP(0,T;WhPi(Q)), fi(x,t) € W; = Lm@Apirik (0, T; L*{Pri} (Q)) are given functions, where i € N. The
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function g; : Q x R¥*! — R (i € N) is a given function satisfying Carathéodory’s conditions such that the

following are also satisfied:

(A6) Fori e N, (g,-(x,rl,--- ,I’N+1) —gi(x,tl,--- ,Z‘N+1)) > (1”1 —l‘l), where x € Q and (}’1,--' ,rN+1),
(tlv"' ,tN+1) ERN+1'

(A7) For i € N, |gi(x,r1, -+ ,rN+1)]max{Pl”p§} < |hi(x,t)|Pi + bi|r i), where (ry,--- ,ryi1) € RV
hi(x,t) € W; and b; is a positive constant.
From [19], we can obtain the following results.

Theorem 4.8. Let % % = 1,Vi € N. Define the mapping B, , : WLPHQ) — (WP (Q))* by

pi

I 2—p} —2 I 2—p}
<w,Bp,-,r,-u>=/Q<<(Ci(x,t)+\grad(lu!”' Lsgnul|ull, ")) grad (|ul” sgnullull, ™),

grad(|w|p§*lsgnw||w||i{_pi) > dx,

Sfor any u,w € lel’?(Q), where i € N. Then B, ,, is maximal monotone.

Theorem 4.9. Let 1 < p; <2 and i —1—# =1 for i € N. The mapping é;;, :L”g(O,T;W“’;(Q)) —
(LP(0, T; WP (Q)))* defined by

T
<W? Bpi;riu> - / <W7Bl7iariu>dt7
0
for u,w € LPi(0,T; WhPi(Q)) is maximal monotone.

Theorem 4.10./ Define S; :ID(Si) = {u(x,t) € L7 (0, T;WhPi(Q)) : % e (LP(0,T; WP (Q)))*, u(x,0) =
u(x,T)} — (LPi (0, T;WPi(Q)))* by Siu = %,for u € D(S;). Then S; is linear maximal monotone, Yi €
N.

Theorem 4.11. Let 1 < p; <2 and 5+ = 1 fori € N. The mapping U; : D(U;) C L7 (0,T; W'Pi(Q)) —
(L7 (0, T; WP (Q)))* defined by

Uw = prvmw + Siw,

forw € D(U;) is maximal monotone where i € N.

Theorem 4.12. For 1 < p; <2andi€N, A; : LPi(0, T;WPi(Q)) — LPi(0, T; W7 (Q)) defined by Aju =
UiJ;u, is m-d-accretive, where u € LPi(0, T;WPi(Q)), J7 1 LPi(0, T; WP (Q)) — LPH(0, T;WhPi(Q))
is the normalized duality mapping and U is the maximal monotone extension of U; from LP: (0,T;Wh7i(Q))
to LP(0,T;WhPi(Q)).

Theorem 4.13. Fori € N,A;'0 = {u € L7 (0,T;W'P(Q)) : u(x,t) = Const}.
Theorem 4.14. For a special case that g;(x,u') (x), gradu (x)) = u®) (x), & = 0 and B, = 0, if fi(x,1) =
k, where k is a constant, then A; 10 coincides with the set of solution of (4.4), where i € N. In this case, if

we set p = infien{pi,pi} and E = LP(Q), then it is not difficult to see that the iterative algorithms (2.2)
and (3.1) can be applied to approximate zero point of m-d accretive mappings A; or solution of (4.4).
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4.3. Curvature systems. Using similar methods as those in Sections 4.1 and 4.2, we can discuss an
example of curvature systems with the Neumann boundary value in our paper

—div|(1 + |gradu®|?)? |gradu® " gradu®] + e|u® 724 + 4 (x) = f(x), x € Q,

oo . . , (4.5)
— <, (1+|gradu® [*)%|gradu® "~ gradu > B.(u')(x)), xeT, i€ N.

where Q , I" € C', ¢ and B, satisfy the same assumptions of (4.2), € is a non-negative constant, n; +
si+1=gq;, mj >0 and Nz—f:’l <qi<2.If gi > N, we suppose 1 < r; < 400, and if ¢; < N, we suppose
1<r<y% VieN.

Theorem 4.15. Fori € N, define B; : W'4i(Q) — (W4 (Q))* by
(w, Bju)

— 2—q; 5 - 2—q\ ym— - 2—¢,
= | < (1 grad (- sgmulu ) P grad - sgmulu ) grad - sl ),
grad([v{*sgnv|vl[3 ) > d,

for Yu,v € W4 (Q). And, define B; as the maximal monotone expansion of B; from W4 (Q) to L% ().
Then B; : L% (Q) — L9 (Q) is maximal monotone, Vi € N.

Theorem 4.16. Fori € N, define A; : L4 (Q) — L4 (Q) by Aju = EJ{lu, Yu € L4 (Q), where J; : L9 () —
L%(Q) is the normalized duality mapping. Then A; is m-d-accretive, Vi € N.

Theorem 4.17. A '0 = {u(x) € L%(Q) : u(x) = Const}, Vi € N.

Theorem 4.18. Consider the special case that B, =0 and € =0, if f(x) =k, where k is a constant, then
A;10 coincides with the set of solution of (4.5). In this case, if ¢ = infien{qi, q'} and E = LI(Q), then it
is not difficult to see that iterative algorithms (2.2) and (3.1) can be applied to approximate zero points

of m-d-accretive mappings A; or solutions of (4.2).
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