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Abstract. In this paper, we study a new class of boundary value problems for Caputo-type multi-term fractional differential
equations and inclusions with four-point boundary conditions. In case of the single-valued problem, we apply Sadovski fixed
point theorem, Banach contraction mapping principle and Leray-Schauder nonlinear alternative to derive the existence results,
while the multi-valued problem is studied with the aid of nonlinear alternative for contractive maps and Covitz-Nadler fixed
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1. INTRODUCTION

Fractional differential equations attracted much attention in recent years due to their widespread ap-
plications in many fields of science and engineering, such as, fluid flow, signal and image processing,
fractals theory, control theory, electromagnetic theory, fitting of experimental data, optics, potential the-
ory, biology, chemistry, diffusion, and viscoelasticity. For a detailed account of applications and recent
results on initial and boundary value problems of fractional differential equations and inclusions, we
refer the reader to a series of books and papers ([1]-[18]) and the references cited therein.

Equations containing more than one fractional differential term are called multi-term fractional dif-
ferential equations, which have some concrete applications in many fields. One of the first problems of
this kind was considered by Bagley and Torvik to study the motion of a finite sized plate immersed in a
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Newtonian fluid [4]. The general form of the so-called Bagley-Torvik equation is
AY'(1)+B D*?y(1) +Cy(1) = (1),

where A, B and C are constants.

Recently, in [19, 20], the authors investigated boundary value problems containing fractional deriva-
tives and integrals of multiple orders in fractional differential equation as well as boundary conditions.
Precisely, they considered the following differential equation involving two fractional orders:

(w“+(1—x)pﬁ)x(z):f(t,x(t)), t€(0,T), (1.1)

supplemented with the boundary conditions:

- two fractional derivatives
%(0) =0, uDMx(T)+(1—w)DPx(T) = 7, (1.2)

or

- two fractional integrals
x(0) =0, pIx(T)+(1—wI*x(T) =&, (1.3)

or

- one fractional derivative and one fractional integral
x(0) =0, wuDx(T)+(1—p)I%x(T) =1, (1.4)

where D? is the Riemann-Liouville or Caputo fractional derivative of order ¢ € {c,8,7,7>} such that
I<a,fp<2and0< 7y, <a—PB, 1,0 <R, IZis the Riemann-Liouville fractional integral of order
X €{61,8},0<A<1,0<pu<1are given constants and f : [0,7] x R — R is a continuous function.
Existence and uniqueness results were obtained by using classical fixed point theorems.

Also the multi-valued analogue of the above boundary value problems was discussed by considering
the differential inclusion:

(wa+(1 _;L)Dﬁ)x(z) € F(1,x(t)), t€(0,T), (1.5)

equipped with the boundary conditions (1.2)-(1.4), where F : [0,T] x R — Z(R) is a multivalued func-
tion (Z(R) is the family of all nonempty subjects of R).

Here we remark that (1.1) and (1.5) can be called as generalized Bagley-Torvik equation and inclusions
respectively with multiple orders.

In a recent work [21], the authors studied existence and stability results for the following three-point
boundary value problem with Riemann-Liouville fractional derivatives and integrals

{ A Dgx(t) + Dix(t) = f(t,x(1)), 1 €J == [0,T], (1.6)

x(0) =0, uD§'x(T) +1Px(n) = 1,

where DS‘,Dg are Riemann-Liouville fractional derivatives with | <o <2and 1 < < a,0< A <1,
0<u<1,0<n<a—-PB,2>0,0<n<Tandf:]0,7] x R — Ris a given function.
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In this paper, motivated by the above works, we study a new class of boundary value problems for
multi-term fractional differential equations and inclusions supplemented with four-point boundary con-
ditions. Precisely, we investigate the criteria for the existence of solutions for the problems:

A €D (1) +CDPx(t) = f(t,x(r)), t € J := [0, T], 47
x’(é):chVx(n),x(T):‘uI‘sx(G), 5777796(077"% '
and
{ A €D (t) +¢ DBx(t) € F(t,x(1)), t € J := [0, T], (1.8)
¥(§)=vED"x(n), x(T) = uI°x(6), §,1,6 € (0,T), '

where €DZ is Caputo fractional derivatives of order x € {o, 8,7}, A, V,u R, 1 <a<2,1<B < «,
0<y<oa—B<1,8>0,I°is the Riemann-Liouville fractional integral of order &, f:[0,T] x R — R
is a continuous function and F : [0,T] x R — £ (R) is a multivalued map (Z?(R) is the family of all
nonempty subsets of R).

The four-point boundary conditions in (1.7) can be interpreted as the value of the derivative of the
unknown function at the nonlocal position & is proportional to the value of the fractional derivative of
the unknown function at the nonlocal position 7, while the value of the unknown function at the right end
point (t = T') of the interval [0, 7] is proportional to the value of the fractional integral of the unknown
function at the nonlocal position 8.

The rest of this article is structured as follows. Some background material related to our work is
presented in Section 2. In Section 3, existence and uniqueness results for problem (1.7) are obtained
with the aid of the tools of the fixed point theory for single valued maps such as Sadovski fixed point
theorem, Banach contraction mapping principle and Leray-Schauder nonlinear alternative, while the
existence results for problem (1.8), based on the nonlinear alternative for contractive maps and Covitz-
Nadler fixed point theorem, are proved in Section 4. Examples for illustration of our main results are
presented. Finally, in Section 5, we discuss the boundary value problems for Riemann-Liouville type
multi-term fractional differential equations and inclusions.

2. PRELIMINARIES

In this section, we introduce some notations and definitions of fractional calculus [1, 2] and present
preliminary results needed in our proofs later.

Definition 2.1. The Riemann-Liouville fractional integral of order o > 0 for a function g : (0,00) - R

is defined by
t(t—s)%!

J%(t) = / ———g(s)ds,
80 = [ e
provided that the right-hand side is point-wise defined on (0, ), where I is the Gamma function.

Definition 2.2. The Riemann-Liouville fractional derivative of order & > 0 of a continuous function
g:(0,00) — R is defined by

1 dyn [t gls)

Doty == () [ wicacn
$O=ro—a\a) Jy Gogemids " "

where n = [a] + 1, [o] denotes the integer part of real number ¢, provided that the right-hand side is

point-wise defined on (0, ).
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Definition 2.3. The Caputo derivative of order ¢ for a function f : [0,e0) — R can be written as

n—1 .k
"qu(t):Dq<f(t)—2%f(k)(0)), t>0, n—1<g<n.

Remark 2.4. If f € C"[0,0), then

C 1 ! f(n) n— n
qu(t)zr(n—q)/o(t—s)’fi)l_”dSZI M (1), 1>0,n—1<g<n.

Lemma 2.5. If a+ B > 1, then the equation (I°IPu)(t) = (I1°Pu)(t),t € J is satisfied for u € L'(J,R).
Lemma 2.6. Let B > o. Then the equation (D*IPu)(t) = (IP~%u)(t),t € J is satisfied for u € C(J,R).
Lemma 2.7. Letn = [a]+ 1] if a ¢ N and n = o if oo € N. Then the following relations hold:

() forke {0,1,2,...,n—1}, D%k = 0;

(ii) if B > n then D%P~" = F(;(f)a)tﬁ_a_l ;

a,f—1 _ & B+oa—1
(i) It _F(B+Ot)t .

Lemma 2.8. For g > 0, the general solution of the fractional differential equation “Dx(t) = 0 is given
by

x(t) =cotcit4...+epit",
where c; €R,i=0,1,2,....n—1 (n=[g]+1).
In view of Lemma 2.8, it follows that
19Dx(t) = x(t) +co+cit + ...+ cp 1", (2.1)
forsomec; €R,i=0,1,2,....n—1 (n=[g] +1).
Lemma 2.9. Lety € C([0,T],R) and

16°
T(1+9)

1+6
20 AT HO T 2.2)

-y
__n 1
Q=1 £0, A =1 To55)

I2-7y)

Then the unique solution of the linear boundary value problem:

{ A CD% (1) +CDPx(t) = y(t), t € ]0,T], 03
¥(§)=vEDx(n), x(T) = uI°x(6), §,1,6 € (0,T), '
is given by
x(t) = —;Llafﬁx(t) + %Iay(t)
H(r= 1) 7 (V1P ) 4 1775 #1508 - 178 )
+)L1A1{ w(—1%P0x(0) +1970y(0)) + 1% Px(T) —I“y(T)}. (2.4)
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Proof. Taking Riemann-Liouville fractional integral of order ¢ of both sides of fractional differential
equation in (2.3), we get

1 1

1) =——IPx(t) + -

x(1) = =1 Pa(t) +

Applying the Caputo fractional derivative of order ¥ to both sides of (2.5), we have

1%y(t) +c1t + 3. (2.5)

=

1 1
Cny _ S go—B-vy S ga—y o
D¥x(t) = )LI x(t)+ ll y(t)+c1 PR

Taking the Riemann-Liouville integral of order & of both sides of (2.5) yields
5 L apts L ats (o 0
I°x(t) = —=1"" 1)+ 1 t .
x(r) x(1) + y()+clr(2+5)+czr(1+5)

A A
From (2.5), we have
1 1
X(t) = —Ila_ﬁ_lx(t) + ZIOHy(z) +cr.

Using the above values in the boundary conditions of (2.3) and solving for ¢; and c,, we get

_ly Viagpy Viay 1o g1 ey 1o
e = g = 31T+ 1T+ 1P (E) e ) (2.6)
_ ML Boapis Hogys Toop i 1o
2= cl—i-A]{ L1 POx(0) 4 L1 y(0) 1% Px(T) ~ o1 y(1)}. 2.7

Substituting the values of ¢; and ¢, into (2.5) completes solution (2.4). The converse follows by direct

computation. The proof is completed. U

For computational convenience, we set

Moy 1 vinePr g
) {F(a—ﬁ—y+1)+r(a—ﬁ)}

01 = (T-l-

AT
1 ’mgaf/ﬂé TP To—B
+W’/\1\{F(O¢—ﬁ+8+l)+F(a—ﬁ+1)}+M|r(a_ﬁ+l), (2.8)
_ |As| 1 |vin®Y go-l
e - (T+|A1\>W!Q\{F(a—y+1)+r(a)}
1 |6+ T* T®
+I/Illml{r(<x+<$+1)+r(oz+1)}+|;L|p(oc+1)- (2.9)

3. EXISTENCE AND UNIQUENESS RESULTS FOR PROBLEM (1.7)

Let € := C(J,R) denote the Banach space of all continuous functions from J into R with the norm
[lx]| = sup{|x(r)], # € J}.

3.1. Existence results via Sadovskii fixed point theorem. Our first existence result for problem (1.7) is
based on Sadovskii fixed point theorem. Before proceeding further, let us recall some auxiliary material.

Definition 3.1. Let M be a bounded set in metric space (X,d). The Kuratowski measure of noncompact-

ness, o(M), is defined as

inf{€ : M covered by a finitely many sets such that the diameter of each set < €}.
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Definition 3.2. [22] Let @ : 2(®) C X — X be a bounded and continuous operator on Banach space X.
Then @ is called a condensing map if &¢(®(B)) < o(B) for all bounded sets B C Z(P), where o denotes
the Kuratowski measure of noncompactness.

Lemma 3.3. [23, Example 11.7] The map K + C is a k-set contraction with 0 < k < 1, and thus also

condensing, if

(1) K,C: 2 CX — X are operators on the Banach space X ;
(ii) K is k-contractive, that is, for all x,y € & and a fixed k € [0, 1),

[[Kx = Ky|| < kl}x—yll;
(iii) C is compact.

Lemma 3.4. [24] Let B be a convex, bounded and closed subset of a Banach space X and ® : B — B be

a condensing map. Then ® has a fixed point.

Theorem 3.5. Let f:J xR — R be a continuous function. Assume that:
(Hy) there exists a function p € C(J,R.) such that
|f(t,u)| < p(t), forae. t€J, andeachu € R,
(Hy) Q1 < 1, where Qy is defined by (2.8).

Then boundary value problem (1.7) has at least one solution on J.

Proof. Let B, = {x € € : ||x|| < r} be a closed bounded and convex subset of €, where r is a fixed
constant. Consider the operator <7 : € — % defined by

Ax(t) = —%I“*ﬁx(tw%lo‘f(t,x(t))
+(r—ﬁj)llg{V(—I""3yx(n)+1””f(n,x(n)))+1“’3lx(é)—l‘“f(é,x(é))}

_|_;L1A]{‘u(—lo‘_ﬁ+5x(9) +1970£(0,x(0))) +1% Px(T) —Io‘f(T,x(T))}, tel.

Let us define &), .95 : € — € by

Axlt) = —%za*ﬁx(t) + (e~ 2?) ﬁ{ VI a() 1P ()}
+TA1{ — w1 B x(g) +1“—ﬁx(T)}, e, 3.1)
and
1 Ay 1 a— a-1
nle) = 1)+ (1= ) g Ve~ (6 x(E) }
+/11A1{u1°‘+5f(9,x(9)) —Io‘f(T,x(T))}, rel. (3.2)
Clearly

(/x)(1) = (1) (1) + () (1), 1 € J. (33)

We shall show that .«7] and @ satisfy all the conditions of Lemma 3.4. The proof will be given in several
steps.
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Step 1. &/B, C B,.

Let us select r > ’l’p_’ | Q?, where Q; and Q5 are respectively given by (2.8) and (2.9). For any x € B,,
we have
i
< el P >+upumﬂ< ><T>+(T+m)g|{u [HIARROI)
Hip ”||X||’°‘ )+ Il %P 0@ + ol (1)}
o ‘{H AP 00) + ol (1))
il 1B ) (r >+upumza< )1}
< Il

Aoy 1 [ fvne b geb
(” |A1|) IA]1Q] {r(a—ﬁ —7+1) * F(a—B) }

1 w|9a—ﬁ+6 T8 To-B
TAA ) Ta=B+6+1) Ta—B+0) [ T AT(@=B+1)
Aoy 1 lviper  go!
el (”rm\)wrm{r<a—y+1>+r<a>}

M)A | T(e+6+1)  T(a+1) IA|T(oc+1)
< rO1+|pllQ2 <

1 |.u|9a+5 T TO
+ + +

which implies that /B, C B,.
Step 2. % is compact.

Observe that the operator 2% is uniformly bounded in view of Step 1. Let t1,# € J with #; < t, and
x € B,. Then we have

| x(t2) — hax(11)]

MI(O‘) [ ot] (12— 5)* 7! = (11 =) |P(s)ds—|—/tlt2(t2 —s)“_lp(s)ds]

It —1

’ 1% n oy 1 & .
A9 {F(oc—y)/o (n—s)*77 1p(s)ds+r(a_1)/0 (E—5) 2p(s)ds}

Ipll e B Ipll|t2 — 1] lvin®Y go-l
S Flagn P+ —al+ s = Fa—ye 1) T @ [

which is independent of x and tends to zero as t; —t; — 0. Thus, <% is equicontinuous. Hence, by the

+

Arzela-Ascoli Theorem, 2% (B, ) is a relatively compact set.

Step 3. & is Q;-contractive.
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Let x,y € B,. Then we have

et
< O -0+ = 2 (e -
1o Uoglbfa-
ol RO @ e e @) (o)
1,
gl PRI ()l
<

Aoly 1 vineFr b
<T+ \A1|> A]1Q {r(a—ﬁ—wrl) +F(a—l3)}

1 "u‘e(x pB+o To—B
A Tla—B+6+1)  Ta—p+1)

7% B
= Oillx—yll,

which is Q|-contractive, since Q1 < 1.

Step 4. &7 is condensing. Since .¢7 is continuous, Q;-contraction and % is compact, therefore, by
Lemma 3.3, & : B, — B, with &/ = &/} + < is a condensing map on B,.

From the above four steps, we conclude by Lemma 3.4 that .« has a fixed point, which, in turn, implies
that the problem (1.7) has a solution on J. ]

3.2. Uniqueness result via Banach fixed point theorem. In this section, we establish the uniqueness
of solutions for the problem (1.7).

Theorem 3.6. Let f:[0,T] x R — R be a continuous function. Assume that the following condition
holds:

(By) there exists £ > 0 such that
|f(t,u) — f(t,v)| <Ll||lu—v|, forteJ andeveryu,veR.

If
O1+£40> < 1, (3.4)

where Q1,0 are defined by (2.8) and (2.9) respectively, then there exists a unique solution for the
boundary value problem (1.7) on the interval J.

Proof. Consider the operator
o :C(J,R) = C(J,R)

associated with problem (1.7) defined by (3.1). With Q; and O, respectively given by (2.8) and (2.9), we

fix

02 /o B
r> mv fo= St‘;?|f(t70)|a
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and show that </ B, C B,, where

B, ={xeC(U,R): x| < r}.

For x € B,, using (B ), we get

IN

IN

IN

IN A

IWX( )|

oa—p Lo X
|7L|I |()|+|M1 (1 (2, x(2)) = £ (2,0)| + (2, 0)]]

(s ) e 2t + e
1

—f(,0)[+1f(n,0)[] + WI“ P 1x(E)]

Ml‘l‘” A ()~ £E0)+17E0)}

b oglu] e B+8, M ays . B
+|A1]{|7L|I RO+ 711 1/(0.x(8)) — £(8,0)| +1/(8.0)]

1o, -
+Il|1 Plx(r )\+m1 Hf(T,X(T))—f(T,0)|+|f(T,0)I]}
1

x||——1%P X 1
| HI)»II ((T) + (¢] ||+fo)w1

(1 2 g (e )

*()(T)

+(€\IXH+f)‘|A|I“ )+ el (D)
<euxu+f0>m1“ ()}

Y ,{n B 0(6)-+ (el + ) S (0)(6)
g PO+ (Il + o) 1))

Mol 1 [ pvipefr | gepo
<T+|A1|>WIQ!{F(a—ﬁ—YH)+F(a—l3)}

1 |‘u’9(x B+o T B T® B
TIAA\Tla—p+8+1) Tla—p+1) [ Aa—p+1)

T L A
<”|A1|>|x||ﬂ|{r<a—y+1>+r<a>}
N 1 |u‘9a+5 N T N o
AAN Ta+d+1) oD [ AT(e+1)

rQ1+ (Ur+ f0) 02

r

]

+(Cllxll + fo)

which, on taking the norm for ¢ € J, yields ||.<7 (x)|| < r. This shows that .27 maps B, into itself.
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In order to show that the operator ¢/ is a contraction, let x,y € C(J,R). Then, using (2.8) and (2.9),

we get

|7/ (x)(1) = (y)(1)]

< Pl ~0) |+ e (0) = £ 5(0)
(1 2 g e T sl e atn) - 7))
™ HE) ~(@)+ 7 AE ) — S E @)}
+|A|{;§f:1“ P431x(6) ~3(0)| + 191 (0.x(6)) - £(6.5(0))|
1P =5 (D) I () = AT (T) )
<

Moy 1 [ v e
(”!A1\>W\Q!{Fw—ﬁ—Hl)+F(a—ﬁ>}
1 |‘u|9a B+6 Tafﬁ TO—
TAIM T@—B+6+1) " T@—B+1) ( AT(a=g+1)
Azl 1 viner g+l

(”|A1\)|A||Q|{r<a—y+1>+r<a>}
1 ||@%+o T* T®
TN T@+6+1) Tt ATa+rD)

= (Q1+L0)|lx—yl.

Consequently we obtain

[l =yll

_l’_

Cllx =yl

17 (x) = ()| < (Q1 +£Q2)[Ix =],
which, in view of (3.4), implies that <7 is a contraction. Hence <7 has a unique fixed point by Banach’s
contraction principle. This, in turn, shows that problem (1.7) has a unique solution on J. The proof is
completed. O

3.3. Existence results via Leray-Schauder nonlinear alternative. The next existence result is based

on Leray-Schauder nonlinear alternative.

Lemma 3.7. (Nonlinear alternative for single valued maps) [22]. Let E be a Banach space, C a closed,
convex subset of E, U an open subset of C and 0 € U. Suppose that F : U — C is a continuous, compact
(that is, F(U) is a relatively compact subset of C) map. Then either

(i) F has a fixed point in U, or

(ii) there is a u € AU (the boundary of U in C) and A € (0,1) with u = AF (u).

Theorem 3.8. Let f: [0,T] x R — R be a continuous function satisfying (Ha). Moreover, the following
hypotheses hold:

(C1) there exist a continuous nondecreasing function y : [0,00) — (0,0) and a function p € C(J,R")
such that |f(t,u)| < p(t)w(||u||) for each (t,u) € J x R;
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(Cy) there exists a constant M > 0 such that

(1-01)M
— > 1,
Ipllw(M)Q,
where Q1 and Q, are defined by (2.8) and (2.9), respectively.

Then the boundary value problem (1.7) has at least one solution on J.

Proof. Consider the operator <7 : C(J,R) — C(J,R) defined by (3.1). We shall show that the operator
&/ is continuous and completely continuous.

Step 1: &7 is continuous.

Let {x,} be a sequence such that x,, — x in C(J,R). Then

| (1) — /(1))

1 (0 —0) 1 exa0) = 0

+(T+m)|m{mlaﬁy\xn(n)—x(n)H H’“ 7% (m)) — £ (1.2())|

IN

1 o—pB—1 L oqo—1 X - %
w’ 52(8) = (&) + 71 (G~ FE (E)) )

- 4] a- B+6 | s B .
A I{IMI [%.(6) — (9>I+WI 1£(6,x,(0)) — f(6,x(0))|

L jo-p X x 1 x - x
P (T) XD+ A (Ta(T)) = F(T(T)

< Ol =+ Qallf (- x) — F(0) -
Since f is a continuous functions, therefore, we have
%0 — x| < Q1 lloen = x[| + Q2| £ (-, %) = f (-, %) | = 0

as n — oo,
Step 2: <7 maps bounded sets into bounded sets in C(J,R).

Indeed, it is enough to show that, for any r > 0, there exists a positive constant # such that, for each
x€B,={xcC(J,R):|x|| <r}, we have | x| < /. By (C,), for each t € J, we have

0] < gt P )+ () o 1))
+(r +;A:),Q|{r I )(n)+\|pl!w(HxH>mI“V(U(n)
+ux||w1“ @)+ Il 1 (D&}
o |{|| 1B 31)(0) + vl 12 (1)(6)

+|IXIIW1“ Payr )+||P||‘I/(||x||)m1a(1)(T)}
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Moy 1 [ vipebr gapo
(7+an) |z|rsz|{r<a—ﬁ—y+1> *rw—m}
1 “u|9a—[3+5 TOo—B N To-B
IA|AL] | T(a—B+6+1) T(a—p+1) AT(x—B+1)

R L A
(”rm\)Mum{rm—wl)*r(a)}

1 |“|9a+6 T TO
- - -
A[[A] | T(a+8+1) T(a+1) [ " [A|T(e+1)
=[xl + lIpllw(lx[) Q-

IN

Il

+

+lpllw ()

Thus
x| < rQi+lplw(r)Qy:=1.

Step 3: <7 maps bounded sets into equicontinuous sets of C(J,R).

Lett1,t € J, t; < tp, B, be a bounded set of C(J,R) as in Step 2, and let x € B,. Then

|/ (x(2)) — o (x(11))]

1 [ [l o —s)“—ﬁ-1||x<s)lds+/,:2 (n _S)a_ﬁ_1|x(5)|ds]

= Tt p)
i) l A e e O ARt If(s,x(s))ldsl
22— 1] vi T
Tl {Mr(a—ﬁ—y)/o (=) P x(s)lds
L n a—y— % 14 ape
ey Jy (1 o+ ey [ (€= st
g
+m | e s)“‘2f<s7x<s>)|ds}
< wf(ar_ﬁ_,_l)[z(tz—fl)aB+|tgﬁ—t{xﬁ|]+M||111|(|Zjﬁ)l)[2(t2—t1)a+|t§‘—tf‘|]
It —11] |v|n*—B-7r go-p-1 |vin®~? ga-l
el r{r(a—ﬁ—7+1)+F(a—B)}+”pW(r){r(a—y+1)+r(a)}]'

Clearly the right-hand side of the above inequality tends to zero independent of x as t; — 1.
In consequence of Steps 1 to 3, it follows by the Arzeld-Ascoli theorem that the operator <7 : C(J,R) —

C(J,R) is continuous and completely continuous.

Step 4: We show that there exists an open set U C C(J,R) with x # c.9/ (x) for 6 € (0,1) and x € dU.
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Letx € C(J,R) and x = 6.9/ (x) for some 0 < ¢ < 1. Then, for each ¢ € J, we have

x(r) = —%I“‘ﬁx(t) + %Io‘f(t,x(t)) +o(i- /’t?) ;2{ _ %Ia—ﬁ—yx(n)

AT ) + 1P x(E) —iz“lf@,x(é))}

O ) Hogpys Hooys 10 p
+A1{ ;LI x(0)+ AI f(6,x(0))+ 7LI x(T) (3.5)

1
—llo‘f(T,x(T))}, tel.
As in Step 2, for each ¢ € J, it can be established that

()] < Il Q1 + [Pl w(lIx]) Q2

which can be expressed as
(-0l _,
12w (lix) Q2
In view of (C2), there exists M such that ||x|| # M. Let us set

U={xeCWU,R):|x| <M}

Note that the operator .« : U — C(J,R) is continuous and completely continuous. From the choice of U,
there is no x € dU such that x = 0.<7x for some ¢ € (0,1). Consequently, by the nonlinear alternative of
Leray-Schauder type (Lemma 3.7), we deduce that . has a fixed point x € U, which is a solution of the
problem (1.7). This completes the proof. g

Example 3.9. Let us consider the following boundary value problem
9 D8 x(t) + €D 4x(r) = f(t,x(2)), t € J :=[0,2],
X (3/4) = (2/11) °D'x(1), x(2) = (1/7) I'*x(3/2),

where 0 =8/5, B =5/4,y=1/5,8 =1/3,A=9,v=2/11,u=1/7,E=3/4,1=1,0=3/2,T =2
and f(r,x(t)) will be fixed later.

(3.6)

Using the given data, we find that |Q| ~ 0.8047870411, A; ~ 0.8168708196, A ~ 1.793979672, Q) ~
0.7689763997 and O, ~ 1.177019171, where Q, A1, Ay, O1, and Q» are given by (2.2), (2.8) and (2.9).
For illustrating Theorem 3.5, we take

te”!

f(t)x) - %

( M’i -t Cosx> . 3.7)

Clearly f(z,x) is continuous and bounded by a positive real valued function p(r) = % Also, the con-
dition (H>) is satisfied, where Q; < 1. Hence all the conditions of Theorem 3.5 are satisfied and conse-
quently the conclusion of Theorem 3.5 implies that the problem (3.6) with f(¢,x) given by (3.7) has at
least one solution on [0,2]. Next, Theorem 3.6 can be illustrated by taking

tan ' x+e !

flt,x) = W’ (3.8)
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where f(,x) is continuous and satisfies the condition (B;) with £ =1/36. Also Q; +/£Q» ~0.8016713767
< 1. Thus, we conclude that there exist a unique solution on [0, 2] for the problem (3.6) with f(¢,x) given
by (3.8). In order to illustrate Theorem 3.8, we choose

f(t’x) =

~'cost 1
¢ cos (tan*1x+x+7>. 3.9

8
e ' cost

It is easy to check that f(¢,x) is continuous and satisfy the condition (Cy) with p(t) = 55> and y =
x| + *&H. Also, by condition C>, we find that M > 0.3469052365. Thus, the hypothesis of Theorem
3.8 holds true, which implies that problem (3.6) with f(z,x) given by (3.9) has at least one solution on
[0,2].

4. EXISTENCE RESULTS FOR PROBLEM (1.8)

First of all, we recall some basic concepts for multi-valued maps [25, 26, 27].

For a normed space (X, || -||), let Z(X) ={Y € Z(X) : Yisclosed}, Z(X) ={Y € Z(X):

Y is bounded}, Z.,(X) ={Y € Z(X):Y is compact} and P, (X) ={Y € Z(X):Y is compact and convex }.

A multi-valued map G : X — Z(X) :

(i) is convex (closed) valued if G(x) is convex (closed) for all x € X;

(ii) is bounded on bounded sets if G(B) = U,cpG(x) is bounded in X for all B € &7,(X) (i.e.
sup,ep{sup{[y|:y € G(x)}} <oo);

(iii) is called upper semi-continuous (u.s.c.) on X if for each xy € X, the set G(x¢) is a nonempty
closed subset of X, and if for each open set N of X containing G(xo), there exists an open
neighborhood 4§ of xq such that G(.4j) C N;

(iv) G is lower semi-continuous (l.s.c.) if the set {y € X : G(y) "B # 0} is open for any open set B in
E;

(v) is said to be completely continuous if G(B) is relatively compact for every B € 27, (X);

(vi) is said to be measurable if for every y € R, the function
t—d(y,G(1)) = inf{|y —z| : 2 € G(1)}

is measurable;
(vii) has a fixed point if there is x € X such that x € G(x). The fixed point set of the multivalued
operator G will be denoted by FixG.

Definition 4.1. A multivalued map F : J x R — Z?(R) is said to be Carathéodory if

(i) t — F(t,x) is measurable for each x € R;
(ii) x — F(t,x) is upper semicontinuous for almost all 7 € J.

Further a Carathéodory function F is called L' —Carathéodory if
(iii) for each a > 0, there exists @y € L'(J,R™) such that

1F(2,x)[| = sup{|v| : v € F(t,x)} < @ (t)
for all x € R with ||x|| < a and for a.e. t € J.
Recall that ¢ := C(J,R). For each x € €, define the set of selections of F by
Spxi={veL'(J,R):v(t) € F(t,x(t)) forae.t € J}.
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We define the graph of G to be the set Gr(G) = {(x,y) € X XY,y € G(x) } and recall two useful results
regarding closed graphs and upper-semicontinuity.

Lemma 4.2. ([25, Proposition 1.2]) If G : X — Z(Y) is u.s.c., then Gr(G) is a closed subset of X X Y;
i.e., for every sequence {x, }nen C X and {y,}nen CY, if When n — oo, x,, — Xy, Yy — yx and y, € G(x,),
then y, € G(x,). Conversely, if G is completely continuous and has a closed graph, then it is upper
Semi-continuous.

Lemma4.3. ([28]) Let X be a separable Banach space. Let F : J xR — P, .(X) be an L' — Carathéodory

multivalued map and let ® be a linear continuous mapping from L'(J,X) to C(J,X). Then the operator
OoSr:C(J,X) = Pep(C(J,X)), x—= (O0Sp)(x) = O(Skxy)

is a closed graph operator in C(J,X) x C(J,X).

4.1. The Carathéodory case. To prove our main result in this section, we use the following form of the
nonlinear alternative for contractive maps [29, Corollary 3.8].

Theorem 4.4. Let X be a Banach space, and D a bounded neighborhood of 0 € X . Let Zy : X — P, o(X)
and Z, : D — P, (X) two multi-valued operators satisfying

(a) Z; is contraction, and

(b) 7, is upper semi-continuous and compact.
Then, if Q =7, + Z, either

(i) Q has a fixed point in D or

(ii) there is a point u € dD and A € (0,1) withu € AQ(u).

Definition 4.5. A function x € C'(J,R) is a solution of the problem (1.8) if ¥'(&) = v “Dx(n), x(T) =
wI%x(6), and there exists function v € L' (J,R) such that v(¢) € F(z,x(r)) a.e. on J and

1 1 Ary 1
x(t) = —zlo‘_ﬁx(t) + zlav(t) + (t — —A?> —Q{ — %I“‘ﬁ_yx(n)
Via- 1 o—p—-1 1 o—1
! Tv(n) + ! x(8) - ! v(&)} 4.1)
L Hpaps Kot Loy Lo
+A1{ ;LI x(9)+kl v(9)+ll x(T) AI v(T)},

where Q # 0,A; # 0 and A; are defined by (2.2).

Theorem 4.6. Let f:[0,T] Xx R — R be a continuous function satisfying (H,). In addition, we assume
that:
(A1) F:JxR— 2., (R) is L'-Carathéodory;
(Ay) there exists a continuous nondecreasing function @ : [0,00) — (0,0) and a function p € C(J,R")
such that

IF (62 = sup{y] : v € F(t,2)} < p(O)®(|x]) for each (%) € ] x R;
(A3) there exists a constant M > 0 such that

(1-01)M
|pl|®(M)Q>
where Q1 and Q; are defined by (2.8) and (2.9) respectively.

> 1, 4.2)
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Then boundary value problem (1.8) has at least one solution on J.

Proof. To transform problem (1.8) into a fixed point problem, we define an operator A" : € — P (%)
by

hev:
| 1 . Aoy 1 Vo0 B
— 1% Px()+ 51 v(t)—l—(t—A—?)ﬁ{—II B=7x(n)
) I + 5 1P — 2% ()}

dy Hapis Hoars 1asp
+A1{ )LI x(0)+ ll v(0) + AI x(T)

—%IQV(T)},

for v € Sg,.
Next we introduce the operator % : ¢ — € by

1, ANT( Vv, 5 |
Bxt) = —1° ﬁx(t)—i—(t—A—?)ﬁ{—xla p () + 17 p lx(é)}
Ly Hapes Liap
+A1{ /II x(9)+/ll x(T)},tEJ

and the multi-valued operator %, : € — (%) by

he%:
B B S R )
_|_

Ay

for v € Sp. Observe that A" = % + %,. We shall show that the operators %, and %, satisfy all the
conditions of Theorem 4.4 on J. First, we show that the operators %, and %, define the multivalued
operators By,%, : B, = P, (¢) where B, = {x € ¢ : ||x|| < r} is a bounded set in €. First we prove
that %, is compact-valued on B,. Note that the operator %, is equivalent to the composition .Z o S,
where . is the continuous linear operator on L' (J,R) into ¢, defined by

2000 = 190+ (- 32) g { v - 7))

i E o+6 _l o
Y {AI v(0)— 71 v(T)}.

Suppose that x € B, is arbitrary and let {v,} be a sequence in Sr,. Then, by definition of Sg, we
have v, (t) € F(t,x(t)) for almost all 7 € J. Since F(¢,x(¢)) is compact for all # € J, there is a convergent
subsequence of {v,(r)} (we denote it by {v,(r)} again) that converges in measure to some v(¢) € Sg for
almost all 7 € J. On the other hand, . is continuous, so .2 (v,)(t) — Z(v)(t) pointwise on J.
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In order to show that the convergence is uniform, we have to show that {_£(v,)} is an equi-continuous
sequence. Let t(,, € J with #; < f,. Then, we have

£ (va)(12) = Z (va) (11)]

< i | e 9 s [ —s)“‘p<s>ds]
CI)(r)||ts§tl| { |;L|r|(fx| = /On(n —8)* " p(s)ds
T Ca G —s)a—2p<s>ds}
< p”q)(r)[2(tz—t1)°‘+|t§‘—tf‘l]+llp|<I>(r)||tiﬁg|{ e +§(a)}

Io+1) I'oa—v+1)

We see that the right hand of the above inequality tends to zero as #; — ;. Thus, the sequence {-Z(v,,)}
is equi-continuous and by means the Arzeld-Ascoli theorem, we get that there is a uniformly convergent
subsequence. So, there is a subsequence of {v,} (we denote it again by {v, }) such that Z(v,) — Z(v).
Note that, £ (v) € Z(Sr.). Hence, %5 (x) = £ (SF.) is compact for all x € B,.. So %, (x) is compact.

Now, we show that %, (x) is convex for all x € €. Let hy,hy € %, (x). We select vy, v, € Sp, such that

mie) = 1)+ (i - if)é{zl‘x*yw(n)—%l‘“vi(é)}

L Hiats, _l a, -
+ I{AI vi(0) ),I v,(T)}7 i=1,2,
for almost all t € J. Let 0 < ¢ < 1. Then, we have

[ohi + (1 —0)hy)(r)

. %I“[le(t)—k(l—c) (r——) {F1%Mom () + (1 opa(n)]
—%I"H[le(é)—y(l— @n}+ 1{%1‘”5@1 )+ (1= 0)a(6)]

1
— 1% lon (1) + (1= 0)wa(T)] |-
Since F has convex values, we have that Sg,, is convex and ov(s) + (1 — 6)va(s) € Sg. Thus
chy + (1 — O')h2 S %2()6).

Consequently, %, is convex-valued. Obviously, %, is compact and convex-valued.
The rest of the proof consists of several steps and claims.

Step 1: We show that A, is a contraction on % .
The proof is similar to that of Theorem 3.5 (Step 3) and we omit it.

Step 2: %, is compact and upper semi-continuous. This will be established in several claims.

CLAIM I: %, maps bounded sets into bounded sets in €. Let B, = {x € € : ||x|| < r} be a bounded set
in €. Then, for each h € %,(x),x € B,, there exists v € S such that

he) = %1%(:) (i 2?) S;{Xza—yv(n) _ %I"‘_lv(é)} + Ail{%zmv(e) _ %I"v(T)}.
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Then, for ¢t € J, we have

(@) < pll(x])

Moy 1 f v ge
<”\Alr)wmr{rm—wl)*r(a)}

1 |‘u|9a+6 T TO
+ + +
MM | T(e+6+1)  T(a+1) IA|T(oc+1)

Thus,

1Al < plid(r)

Ay 1 [ vipergent
(”|A1|)mum{rw—m)*r(m}

1 |u‘9a+5 T TO
+ + +
AA ) T(@+8+1) T(a+1) [  JAT(a+1)

CLAIM II: B, maps bounded sets into equi-continuous sets. The proof is based on the arguments em-
ployed in proving that {.Z(v,)} is an equicontinuous sequence, so we do not repeat it here.

Next we show that %, is an upper semi-continuous multi-valued mapping. It is known by Lemma
4.2 that %, will be upper semicontinuous if we establish that it has a closed graph. Since %, is already
shown to be completely continuous, we only need to show that will prove that %, has a closed graph.
CLAIM III: B, has a closed graph. Let x, — x.,h, € %(x,) and h, — h,. Then we need to show that
h. € %5 (x,). Associated with h, € %,(x,), there exists v, € Sk, such that for eachz € J,

1 ANT (v 1 .,
M) = 10+ (15 ) g {71 ) — 1 (@)

1 ru 1
{51 (0) = 1% (T) }.
A O = ()
Thus it suffices to show that there exists v, € Sr, such that for each r € J,
1 ANT (v 1 .,
ho(t) = —I%.(t <t——)—{—l“7’* — 1%y, }
0 = 10+ (1= 2) g {Frmm - @)
1 ru 1
100y,(8) = 51V (T) }.
s b

Let us consider the linear operator ® : L' (J,R) — % given by

() A (- L)

v OO)1) = 1M+
+— {% v(G)f%I“v(z‘)}.

Observe that || h, (1) — hi(t)|| — 0, as n — oo. Thus, it follows by Lemma 4.3 that ® o Sy is a closed
graph operator. Further, we have 4, () € ©(Sk,, ). Since x, — x., we have that

m@) = 20+ (-2 g (G- 1 @)

1 ru (x+5 _l o
+A1{7LI (0) = 51w (T)



MULTI-TERM FRACTIONAL BOUNDARY VALUE PROBLEMS 19

for some v, € Sr,,. Hence %, has a closed graph (and therefore has closed values). In consequence, the
operator %, is compact valued and upper semi-continuous.

Thus the operators % and %, satisfy all the conditions of Theorem 4.4 and hence its conclusion
implies either condition (i) or condition (ii) holds. We show that the conclusion (ii) is not possible. If
x € pA(x)+pA(x) for p € (0,1), then there exist v € Sy, such that

1 1 AN v
x(t) = _pII“*ﬁx(t) +pII“v(t) +p (t — A—?) 5{ — I]“*ﬁﬂx(n)
X o—y l o—p—1 _l o—1
1)+ 1P () = 17 v(E) |
i _E oa—pB+0 H o+6 l oa—p _l o
+pA1{ 1A () + L1 OV(0) + 21 Px(T) — 5 v(T)}.

By our assumptions, we have

A 1 v|ineB-v a-p-1
<T+| 2|> vin s

A/ Q| T(e = —y+1)  T(a—p)

1 |‘u|9a—ﬁ+3 TO—B To—B
A\ T(@—B1o+1) Ta—B+) [ Aa—B+1)

Moy 1 gy g
(”\A]!)M\Ql{r(a—y+1)+r(a)}

1 |‘u’90l+5 T(x T(x
+ + +
AlJA] | T(e+6+1)  T(a+1) [ [A[D(e+1)
Q1 [lxll + 1P ([lx][) Q2

@) < lxll

_l’_

+llplIClxll)

IA

Thus
(1=0)llx[| < [[pl|@(lx]) Q2 (4.3)
If condition (ii) of Theorem 4.4 holds, then there exists p € (0,1) and x € dBy (By ={x € C: ||x]| <
M}) with x = p.#(x). Then, x is a solution of (1.8) with ||x|| = M. Now, by the inequality (4.3), we get

(1-01)M <1,
[pl|P(M)Q>

which contradicts (4.2). Hence, .4 has a fixed point on J by Theorem 4.4, and consequently the problem
(1.8) has a solution. This completes the proof. O

4.2. The Lipschitz case. In this subsection we prove the existence of solutions for the problem (1.8)
with a not necessary nonconvex valued right hand side, by applying a fixed point theorem for multivalued
maps due to Covitz and Nadler [30].

Let (X,d) be a metric space induced from the normed space (X ||-||). Consider H; : Z(X) x Z(X) —
R U {eo} given by

H;(A,B) = max{supd(a,B),supd(A,D)},
acA beB

where d(A,b) = inf,cad(a;b) and d(a,B) = infyepd(a;b). Then (P ;(X),Hy) is a metric space (see
[31D).

Definition 4.7. A multivalued operator N : X — Z.;(X) is called
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(a) y—Lipschitz if and only if there exists ¥ > 0 such that
Hy(N(x),N(y)) < 7d(x,y) for each %,y € X;
(b) acontraction if and only if it is y—Lipschitz with y < 1.

Lemma 4.8. ([30]) Let (X,d) be a complete metric space. If N : X — ZP(X) is a contraction, then
FixN # 0.
Theorem 4.9. Assume that:
(D1) F:JxR—= Z,(R) is such that F(-,x) : J = Z.,(R) is measurable for each x € R;
(D2) Hy(F(t,x),F(t,%)) <m(t)|x—X|for almost allt € J and x,x € Rwithm € C(J,R") and d(0,F (¢,0)) <
m(t) for almost all t € J.

Then the boundary value problem (1.8) has at least one solution on J if
@:=Q+|m||0> < 1. (4.4)

Proof. Consider the operator .4~ defined at the begin of the proof of Theorem 4.6. Observe that the set
SF.x is nonempty for each x € ¢ by the assumption (D), so ./ has a measurable selection (see Theorem
I11.6 [32]). Now we show that the operator ./ satisfies the assumptions of Lemma 4.8. We show that
N (x) € P (€) for each x € €. Let {uy }n>0 € A (x) be such that u, — u (n — ) in €. Then u € ¢
and there exists v, € Sg,, such that, for each ¢ € J,
| 1 Apy 1 Vo ou—B—
unlt) = =1 (0) 1) + (r - /T?) 5{ — 1)
\ A | I o
1)+ 1P (E) = 1% (&)
1 _ | 1
+/\71{ — %I“ P+ox,(0)+ %1“*%,1(6) + II(X B (T) — II“V,,(T)}.

As F has compact values, we pass onto a subsequence (if necessary) to obtain that v, converges to v
in L' (J,R). Thus, v € S, and for each 7 € J, we have

un(t) = u(t) = —%I“ B ()+/111“ ( 1{ Y Brx(n)

RT3 1 P (E) - % 18 }
+A11{ R 0u() + B 00 () — 1)

which implies that u € 4 (x).
Next we show that there exists @ < 1 (defined by (4.4)) such that

Hy (AN (x), ./ (X)) < @||x — x|| for each x,x € C(J,R).
Let x,x € C(J,R) and h; € .#"(x). Then there exists v (t) € F(t,x(t)) such that, for eacht € J,

W) = 51 Pa(0+ 1@+ (- 2) g { - 1P )
+%I“—le(n)+%l°“ﬁ”X(§)—%I‘HVI@)}

i _H oa—B+6 E o+ l a—f _l o
+A1{ 1T E(0) + SO (0) 4+ 1 Pa(T) — 21 vl(T)}.
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By (D;), we have
Hy(F(t,x),F(t,%)) <m(t)|x(t) — x()].
So, there exists w € F(¢,x(r)) such that
vi(t) —w| <m(t)x(t) —x(r)|, t € J.
Define U : J — Z(R) by
O(r) = {w € R: vy (1) — w| < m(r) (1) — 5(1)] .

Since the multivalued operator U(t) N F(t,%(t)) is measurable (Proposition IIL4 [32]), there exists a
function v,(¢) which is a measurable selection for U. So v1(t) € F(t,%(t)) and for each ¢ € J, we have

vi(#) —va(t)| < m(t)|x(r) —x(t)].
For each t € J, let us define

)a{- g

— 1)

Thus,

< P =S+ () —vale)
Ao\ 1 fIV] op Ve
(re ) V\x(n)—x(n)le v () = va(m)]

P ) RO+ i I (E) D) }

L |‘LL’ o— ﬁ+5x “’l" OH—5V v
L (0) —0) 14 ()~ va(6)

1 P(T) =KD+ 10 (T) = va(T)]

Aoy 1 vineBr  gapo
(T+|A1\)|/l||£2|{1"(a—l3—7/+1)+F(a—ﬁ)}

1 “J|9a B+o TOo—p TO—
TR\ Tla—B+6+1)  Tla—p+1) | AT(a—B+1)

Mol 1 [ pvper | gen
<”|A1|>|A|Qr{r<a—y+1>+r<a>}

1 |u|9a+6 T To
+ + +

IN

[lx = ]

+

][ loe — ]

A|A1] | T(oe+6+1)  T(o+1) IAT(a+1)
= (Q1+[ml|Q2)lx —x].
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Hence,
11 = ha| < (Q1 + [|Im]|Q2) [lx — %]|.
Analogously, interchanging the roles of x and X, we obtain
Ha(A (x), 4 (%)) < (Q1 + [Im]| Q2)[|Jx — x]|.

So 4 is a contraction. Therefore, it follows by Lemma 4.8 that .4 has a fixed point x, which is a
solution of (1.8). This completes the proof. U

Example 4.10. Consider the following inclusions problem

9 CDS/Sx(t>—|—CD5/4X(t) S F(I,X(t)), rel:= [0’2]’

4.5)
¥ (3/4) = (2/11) °D'Px(1), x(2) = (1/7)1'x(3/2),
where F(z,x(t)) will be fixed later.
In order to illustrate Theorem 4.6, we take
e’ |x| 1\ (1+1) . 1
F = - t = 11. 4.6
(t,x(1)) [A/W(x\—kl —l—x—|—8> T an x+x+3 (4.6)

It is easy to check that F(¢,x(r)) satisfies the conditions (A;) and (A;) with p(t) = (142') and ®(||x||) =
Iyl + %. Also by condition (A3), we have M > 1.177535025. Thus, all the conditions of Theorem
4.6 hold true and consequently the problem (4.5) with F(¢,x) given by (4.6) has at least one solution on
[0,2].

Furthermore, Theorem 4.9 can be illustrated by choosing

cost ) 1\ e |x|
_cost i) I t)]. 47
(30+t)<smx+2> ’250<yxy+1+ )] @7

Hy(F(t,x),F(1,5)) < (301:)”"‘2”'

1
Letting m(t) = 0.7 it is easy to check that d(0, F(¢,0)) < m(z) holds for almost all # € [0,2] and that
@ ~0.8082103721 < 1 (@ is given by 4.4). As the hypotheses of Theorem 4.9 are satisfied, we conclude
that the problem (4.5) with F(,x(¢)) given by (4.7) has at least one solution on [0,2].

F(t,x(t)) =

Clearly

5. SIMILAR PROBLEMS

Here we introduce boundary value problems involving Riemann-Liouville fractional derivatives in-
stead of Caputo fractional derivative appeared in problem (1.7). Precisely, we consider the following
boundary value problems

A RLD%x (1) +-RLDBx(t) = f(1,x(r)), t € J := [0, T], 5.0

x(0) =0, x(T) = ul®x(0), 6 € (0,T), '
and

A RLD%x(t) + RLDPx(t) = f(1,x(1)), t € J := [0, T, 52

x(0) =0, RLDYx(n) = uI®x(6), 1,6 € (0,T), ‘
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where *EDX y € {a, B, 7} is Riemann-Liouville fractional derivative of order x. We emphasize that for
the case of Riemann-Liouville fractional derivative the condition x(0) = 0 is necessary for the well-
possednes of the problem.

The solution for problem (5.1) is given by the integral equation

x(t) = —%[a—ﬁx(t) + %Iaf(t,x(t)) _|_ta—l g;{ _ %Ia_ﬁ+8x(9)
1 1
+ 814 £(8,(8)) + 1% X(T) — LI (T.X(T)) }, (5.3)

where

_ pa—1_ [.LF(OC) at+o—1
=T —rars? 7O

while the solution for problem (5.2) is

x(t) = —%Ia_ﬁx(t) + %I“ Flt,x(t)) 147! giz{ A1)
1 1
L0 1(0,4(0)) 4 1% B Ta(n) ~ 1% £ (n.x(m) . 54

where

T T(a—vy) I(a+35)

The existence results for the Riemann-Liouville boundary value problems (5.1) and (5.2) can be obtained

QZ F(a) a—y—1 “F(a) 9a+6715£0'

by applying the strategy used in proving the results for Caputo type boundary value problem (1.7). To
avoid the repetition, we omit the details. In a similar manner, one can deal with the the Riemann-Liouville
inclusions problems associated with (5.1) and (5.2).

6. CONCLUSIONS

In this paper, We studied some new nonlocal fractional order boundary value problems. As a first
problem, we considered a Caputo type multi-term fractional differential equation subject to nonlocal flux
type and integral boundary conditions (problem (1.7)), and derived some existence and uniqueness results
for this problem. It is imperative to note that Caputo type multi-term fractional differential equation
(inclusions) for o« =2 and B = 3/2 corresponds to a generalized nonlinear version of Bagley-Torvic
equation (inclusions). Moreover, the results obtained for problem (1.7) specialize to some interesting
new cases for appropriate choices of the parameters involved in it. For example, the results obtained
for problem (1.7) are reduced to the ones for a nonlocal flux type terminal value problem when y = 0.
On the other hand, if we take v = 0, our results become the ones for a nonlocal zero-flux and integro-
terminal value problem. For further enrichment of the literature on the topic, we considered the multi-
valued analogue of problem (1.7) and presented some existence results for it. We have also provided
the outline for proving the existence of solutions for a Riemann-Liouville type multi-term fractional
differential equation supplemented with (i) Riemann-Liouville type integral boundary conditions and
(ii) Riemann-Liouville type nonlocal integro-differential initial conditions. In a nutshell, the present
work is innovative and interesting, and significantly contributes to the available materials on multi-term
fractional differential equations and inclusions.
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