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1. INTRODUCTION

In this paper, we discuss the existence of non-negative solutions of the nonlinear boundary value
problem

−C Dαu(t) = f (t, u(t), u′(t)), t ∈ [0, 1], (1.1)

u′(0) = 0, β
CDα−1u(1)+u(η) = 0, (1.2)

where βΓ(α)− (1−η)α−1 > 0 and f ∈ C
(
[0, 1]× [0, ∞)× (∞, +∞), (0, +∞)

)
, η ∈ (0,1), β > 0.

And we always assume that the following Lipschitz type conditions hold, for each r1, r2 > 0, there exist
Lr > 0 such that for all s1, s2 ∈ [0, 1], t1, t2 ∈ [0,r1],v1, v2 ∈ [0,r2],

(h)
∣∣ f (s2, t2, v2)− f (s1, t1, v1)

∣∣≤ Lr max{|s2− s1|, |t2− t1| |v2− v1|}.

A function u(t) ∈C2([0, 1],R) is said to be a solution of (1.1)-(1.2) if u(t) satisfies the equation (1.1) on
[0, 1] and satisfies the boundary conditions (1.2).
Problem (1.1)-(1.2), which are models for a thermostat, came from the studies of stationary solutions
for a one-dimensional heat equation, corresponding to a heated bar, with a controller at 1 adding or
removing heat dependent on the temperature detected by a sensor at point η . The boundary condition
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(1.2) corresponds to the end at 0 being insulated. The original motivation of thermostat model came from
the work by Guidotti and Merino [1] who studied the linear problem

−u′′(t) = y(t), t ∈ (0,1), (1.3)

with boundary conditions

u′(0) = 0, u′(1)+βu(0) = 0,β > 0, (1.4)

which models the stationary state of a heated bar of length 1, insulated at t = 0, with a controller adding
or removing heat at t = 1 depending on the temperature detected by a point sensor at t = 0. Infante and
Webb [2] considered the nonlinear problem

−u′′(t) = f (t, u(t)), t ∈ (0,1), (1.5)

u′(0) = 0, βu′(1)+u(η) = 0,η ∈ (0,1), (1.6)

where β > 0 and f is a non-negative function. The existence and uniqueness results of solutions were
established by using the theory of fixed point index [3]. The authors also showed that solutions of
problem (1.5)-(1.6) lose positivity as parameter β decreases. Webb [4] discussed the existence of positive
solutions of boundary value problem

−u′′(t) = g(t) f (t, u(t)), t ∈ (0,1), (1.7)

u′(0) = α[u], u′(1)+β [u] = 0, (1.8)

where α and β are given by Riemann-Stieltjes integrals, which include the multi-point and integral types
of boundary conditions as special cases. The author studied the useful properties of the Green’s function
and established the existence of positive solutions. For other results on thermostat models, we refer
the readers to [5, 6, 7, 8, 9, 10] and the references therein. Most systems in practice have long-range
temporal memory and the modelling of such systems by fractional-order differential equations has more
advantages than classical models with integer-orders, see, e.g., [11, 12, 13, 14, 15, 16, 17, 18, 19, 20]
and the references therein. Recently, Nieto and Pimentel [21] considered the following fractional analog
of the thermostat model:

−C Dα(t) = f (t, u(t)), t ∈ [0, 1], (1.9)

u′(0) = 0, β
CDα−1u(1)+u(η) = 0, (1.10)

where 1 < α ≤ 2. The results in this paper extend the second-order thermostat model to the non-integer
case.

We notice that in the results on thermostat model the existence results of positive solutions were all
established under the assumption that the derivative of the unknown function u(t) was not involved in the
nonlinear term explicitly. On account of the physical meaning of u′(t), which describes the variety of the
temperature of thermostat, it is of interest to consider the thermostat model in which the derivative of the
unknown function u(t) is involved in the nonlinear term explicitly. In this paper, we use the properties of
the corresponding Green’s functions and the Avery-Peterson fixed point theorem to show the existence
of multiple non-negative solutions of problem (1.1)-(1.2).
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2. PRELIMINARIES

Definition 2.1. The Riemann-Liouville fractional integral of order α > 0 of a function u(t) is given by

Iα
0+u(t) =

1
Γ(α)

∫ t

0
(t− s)α−1u(s)ds

provided the integral exist.

Definition 2.2. The Caputo’s fractional derivative of order α > 0 of a function u(t) is given by

CDα
0+u(t) =

1
Γ(n−α)

∫ t

0

u(n)(s)
(t− s)α−n+1 ds,

(
n−1 < α ≤ n)

where n is the smallest integer greater than or equal to α .

Lemma 2.3. Let α > 0. The fractional differential equation CDα
0+u(t) = 0 has a solution

u(t) =C1 +C2t +C3t2 + ...+Cntn−1, Ci ∈ R, i = 1, 2, · · · , n. (2.1)

Lemma 2.4. Assume that u(t)∈Cn[0,1]∩L[0,1] with a fractional derivative of order α > 0 that belongs
to C[0,1]∩L[0,1] . Then

Iα
0+
(CDα

0+u(t)
)
= u(t)+C1 +C2t +C3t2 + ...+Cntn−1, Ci ∈ R, i = 1, 2, · · · , n, (2.2)

where n is the smallest integer greater than or equal to α .

Definition 2.5. Let E be a real Banach space. A nonempty convex closed set P is called a cone provided
that:
(1) au ∈ P, for all u ∈ P, a≥ 0;
(2) u,−u ∈ P implies u = 0.

Definition 2.6. The map φ is said to be a nonnegative continuous convex functional on the cone P of a
real Banach space E provided that φ : P→ [0,+∞) is continuous and

φ(tx+(1− t)y)≤ tφ(x)+(1− t)φ(y), x, y ∈ P, t ∈ [0,1]. (2.3)

Definition 2.7. The map β is said to be a nonnegative continuous concave functional on the cone P of
a real Banach space E provided that β : P→ [0,+∞) is continuous and

β (tx+(1− t)y)≥ tβ (x)+(1− t)β (y), x, y ∈ P, t ∈ [0,1]. (2.4)

Let γ,θ be nonnegative continuous convex functionals on P. Let φ be a nonnegative continuous
concave functional on P and let ψ be a nonnegative continuous functional on P. For positive numbers
a, b, c and d, we define the following convex sets:

P(γ, d) = {x ∈ P|γ(x)< d},
P(γ, φ , b, d) = {x ∈ P|b≤ φ(x), γ(x)≤ d},
P(γ, θ , φ , b, c, d) = {x ∈ P|b≤ φ(x), θ(x)≤ c, γ(x)≤ d},

and a closed set
R(γ, ψ, a, d) = {x ∈ P|a≤ ψ(x), γ(x)≤ d}.
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Lemma 2.8. [22] Let P be a cone in Banach space E. Let γ,θ be nonnegative continuous convex func-
tionals on P. Let φ be a nonnegative continuous concave functional on P, and let ψ be a nonnegative
continuous functional on P satisfying

ψ(λx)≤ λψ(x), f or 0≤ λ ≤ 1, (2.5)

φ(x)≤ ψ(x), ‖x‖ ≤ lγ(x) f or x ∈ P(γ, d), (2.6)

where P(γ, d) is the closure of the set P(γ, d). Suppose that T : P(γ, d) → P(γ, d) is completely
continuous and there exist positive numbers a, b, c with a < b such that
(S1) {x ∈ P(γ, θ , φ , b, c, d)|φ(x)> b} 6= /0 and φ(T x)> b for x ∈ P(γ, θ , φ , b, c, d);
(S2) φ(T x)> b for x ∈ P(γ, φ , b, d) with θ(T x)> c;
(S3) 0 6∈ R(γ, ψ, a, d) and ψ(T x)< a for x ∈ R(γ, ψ, a, d) with ψ(x) = a.
Then T has at least three fixed points x1, x2, x3 ∈ P(γ, d) such that:

γ(xi)≤ d, i = 1, 2, 3; b < φ(x1); a < ψ(x2), φ(x2)< b; ψ(x3)< a. (2.7)

3. MAIN RESULTS

Lemma 3.1. Suppose that y(t) ∈ AC[0,1],

w(t) =
∫ 1

0
G(t, s)y(s)ds ∈ AC2[0,1],

then the following boundary value problem

CDα
0+u(t)+ y(t) = 0, t ∈ [0, 1], (3.1)

u′(0) = 0, β
CDα−1u(1)+u(η) = 0 (3.2)

is equivalent to

u(t) =
∫ 1

0
G(t, s)y(s)ds,

where

G(t,s) =



β − (t−s)α−1

Γ(α) + (η−s)α−1

Γ(α) , 0≤ s≤ η , s≤ t,

β + (η−s)α−1

Γ(α) , 0≤ s≤ η , s≥ t,

β − (t−s)α−1

Γ(α) , η ≤ s≤ 1, s≤ t,

β , η ≤ s≤ 1, s≥ t.

Proof. Suppose that u(t) is a solution of problem (3.1-3.2), then from the definition and properties of the
fractional derivative and integral, we have

u(t) =−
∫ t

0

(t− s)α−1

Γ(α)
y(s)ds+ c0 + c1t.

Then

u′(t) =−
∫ t

0

(t− s)α−2

Γ(α−1)
y(s)ds+ c1,

which, together with the boundary condition u′(0) = 0, gives that c1 = 0. Thus

u(t) =−
∫ t

0

(t− s)α−1

Γ(α)
y(s)ds+ c0.
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From the fact βCDα−1u(1)+u(η) = 0, one has

c0 = β

∫ 1

0
y(s)ds+

∫
η

0

(η− s)α−1

Γ(α)
y(s)ds.

It follows that

u(t) =−
∫ t

0

(t− s)α−1

Γ(α)
y(s)ds+β

∫ 1

0
y(s)ds+

∫
η

0

(η− s)α−1

Γ(α)
y(s)ds =

∫ 1

0
G(t, s)y(s)ds.

Conversely, we first see that w′(t) = −Iα−1y(t). Then w′′(t) = −(Iα−1y(t))′ = −CD2−αy(t) for a.e.
t ∈ [0, 1]. Since y ∈ AC[0, 1] and 2−α ∈ (0, 1), we have CDαw(t) = I2−αw′′(t) = −y′′(t) for a.e.
t ∈ [0, 1] and (3.1) holds. Also we can check that boundary condition (3.2) holds.

�

Lemma 3.2. The function G(t,s) satisfies the following conditions:
(1) G(t, s) ∈C([0, 1]× [0, 1)), G(t, s)> 0, f or t, s ∈ (0,1);
(2) There exist a positive number γ such that

min
t,s∈[0, 1]

G(t,s)≥ γ0 max
t,s∈[0, 1]

G(t,s),

where

γ0 =
βΓ(α)− (1−η)α−1

βΓ(α)+ηα−1 .

Proof. It is easy to check that G(t,s) is continuous. Then, for each fixed s ∈ [0, 1], we have

∂G(t,s)
∂ t

=

 −
(α−1)
Γ(α) (t− s)α−2, s≤ t,

0, s≥ t

Then G(t, s) is decreasing on t for each fixed point s ∈ [0, 1]. Thus

min
t,s∈[0, 1]

G(t,s) =
βΓ(α)− (1−η)α−1

Γ(α)
,

max
t,s∈[0, 1]

G(t,s) =
βΓ(α)+ηα−1

Γ(α)
,

and

min
t,s∈[0, 1]

G(t,s)≥ γ0 max
t,s∈[0, 1]

G(t,s).

�

Lemma 3.3. Assume that y(t) > 0 and u(t) is a solution of problem (3.1)-(3.2). Then there exist a
positive constant γ1 such that

max
0≤t≤1

|u′(t)| ≥ γ1 max
0≤t≤1

|u(t)|, (3.3)

where γ1 =
Γ(α)

Γ(α−1)
(

βΓ(α)+ηα−1
) > 0.
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Proof. In view of Lemma 3.1, we obtain that

u′(t) =−
∫ t

0

(t− s)α−2

Γ(α−1)
y(s)ds,

and
max

0≤t≤1
|u′(t)| ≥ |u′(1)|

=
∫ 1

0

(1− s)α−2

Γ(α−1)
y(s)ds

≥
∫ 1

0

1
Γ(α−1)

y(s)ds≥ γ1

∫ 1

0
G(t, s)y(s)ds.

Thus,

max
0≤t≤1

|u′(t)| ≥ γ1 max
0≤t≤1

|u(t)|, t ∈ [0, 1].

�

Let the space X =C1[0, 1] endowed with the norm

‖u‖ := max
{

max
0≤t≤1

|u(t)|, max
0≤t≤1

|u′(t)|
}
. (3.4)

It is well known that X is a Banach Space . Define the cone K ⊂ X by

K =
{

u ∈ X : u(t)≥ 0, min
t∈[0, 1]

u(t)≥ γ0 max
0≤t≤1

u(t)
}
. (3.5)

Lemma 3.4. Let T : K→ X be the operator defined by

(Tu)(t) : =
∫ 1

0
G(t, s) f (s, u(s), u′(s))ds. (3.6)

Then T : K→ K is completely continuous and satisfies

max
0≤t≤1

|(Tu)′(t)| ≥ γ1 max
0≤t≤1

|Tu(t)|.

Proof. In view of the continuity of function G(t, s) and f (t, u(t), u′(t)), T : K→ X is continuous. Let
Ω⊂ K be bounded. Then there exist a positive constant R1 > 0 such that ‖u‖ ≤ R1, u ∈Ω. Denote

R = max
0≤t≤1, u∈Ω

| f (t, u(t), u′(t))|+1. (3.7)

For u ∈Ω, we have

|Tu| ≤
∫ 1

0
G(t, s)| f (s, u(s), u′(s))|ds≤ βΓ(α)+ηα−1

Γ(α)
R, (3.8)

and

|(Tu)′(t)|= |− 1
Γ(α−1)

∫ t

0
(t− s)α−2 f (s, u(s), u′(s))ds|

≤ R
Γ(α−1)

∫ 1

0
(1− s)α−2ds

=
R

(α−1)Γ(α−1)
=

R
Γ(α)

.
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Hence T (Ω) is bounded. For u ∈Ω, t1, t2 ∈ [0, 1], one has

|Tu(t2)−Tu(t1)|

=
1

Γ(α)
|
∫ t2

0
(t2− s)α−1 f (s, u, u′(s))ds−

∫ t1

0
(t1− s)α−1 f (s, u, u′(s))ds)|

≤ R
Γ(α +1)

|tα
2 − tα

1 |

and
|(Tu)′(t2)− (Tu)′(t1)|

≤ | 1
Γ(α−1)

(
∫ t2

0
(t1− s)α−2 f (s, u, u′(s))ds−

∫ t1

0
(t2− s)α−2 f (s, u, u′(s))ds)|

=
1

Γ(α−1)

∣∣∣∣∫ t1

0
((t2− s)α−2− (t1− s)α−2) f (s, u(s), u′(s))ds+

∫ t2

t1
(t2− s)α−2 f (s, u(s), u′(s))ds

∣∣∣∣
≤ R

Γ(α)

(∣∣tα−1
2 − tα−1

1

∣∣+2
∣∣t2− t1

∣∣α−1
)
.

(3.9)
Thus,

‖Tu(t2)−Tu(t1)‖→ 0 f or t1→ t2, u ∈Ω. (3.10)

By means of the Arzela-Ascoli theorem, we claim that T is completely continuous. Finally, we see that

min
0≤t≤1

|Tu(t)|= min
0≤t≤1

∫ 1

0
G(t, s) f (s, u(s), u′(s))ds

≥ γ0 max
0≤t≤1

∫ 1

0
G(t, s) f (s, u(s), u′(s))ds

= γ0 max
0≤t≤1

(Tu)(t),

and

max
0≤t≤1

|Tu′(t)| ≥
∫ 1

0

(1− s)α−2

Γ(α−1)
f (s, u(s), u′(s))dsds

≥
∫ 1

0

1
Γ(α−1)

f (s, u(s), u′(s))dsds

≥ γ1

∫ 1

0
G(t, s) f (s, u(s), u′(s))dsds

≥ γ1 max
0≤t≤1

|Tu(t)|.

Thus, we show that T : K→ K and satisfies that

max
0≤t≤1

|(Tu)′(t)| ≥ γ1 max
0≤t≤1

|Tu(t)|.

�

Let the nonnegative continuous concave functional α , the nonnegative continuous convex functionals
γ, and θ , and the nonnegative continuous functional ψ be defined on the cone by

γ(u) = max
0≤t≤1

|u′(t)|, θ(u) = ψ(u) = max
0≤t≤1

|u(t)|, φ(u) = min
0≤t≤1

|u(t)|. (3.11)

By Lemmas 3.3 and 3.4, the functionals defined above satisfy that

γ0θ(u)≤ φ(u)≤ θ(u) = ψ(u), ‖u‖ ≤ γ2γ(u), u ∈ K, (3.12)
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where γ2 = max{ 1
γ1
, 1}. Therefore, the condition (2.6) of Lemma 2.3 is satisfied. Assume that there exist

constants 0 < a, b, d with a < b < d, c = b
γ0

and (βΓ(α)− (1−η)α−1)d > b such that

(A1) f (t,u,v)≤ Γ(α)d, ∀(t, u, v) ∈ [0,1]× [0, γ2d]× [−d, d];

(A2) f (t,u,v)> Γ(α)
βΓ(α)−(1−η)α−1 b, ∀(t, u, v) ∈ [0, 1]× [b, b/γ0]× [−d, d];

(A3) f (t,u,v)< Γ(α)
βΓ(α)+ηα−1 a, ∀(t, u, v) ∈ [0, 1]× [0, a]× [−d, d].

Theorem 3.5. Under assumptions (A1)− (A3), problem (1.1)-(1.2) has at least three non-negative solu-
tions u1, u2, u3 satisfying

max
0≤t≤1

|u′i(t)| ≤ d, i = 1, 2, 3; b < min
0≤t≤1

|u1(t)|; a < max
0≤t≤1

|u2(t)|, min
0≤t≤1

|u2(t)|< b, max
0≤t≤1

|u3(t)| ≤ a.

(3.13)

Proof. Under the condition h, if u(t) is a solution of the operator equation

w(t) =
∫ 1

0
G(t,s) f (s, u(s), u′(s))ds = (Tu)(t). (3.14)

then w(t) ∈ AC2[0, 1] (see Proposition 3.1 in [23]). Problem (1.1)-(1.2) has a solution u = u(t) if and
only if u solves the operator equation (3.14).For u∈K(γ, d), we have γ(u) = max0≤t≤1 |u′(t)|< d. From
assumption (A1), we obtain f (t, u(t), u′(t))≤ Γ(α)d. Thus

γ(Tu) = max
0≤t≤1

∣∣∣− 1
Γ(α−1)

∫ t

0
(t− s)α−2 f (s, u(s), u′(t))ds

∣∣∣
≤ 1

Γ(α−1)
× 1

α−1
×Γ(α)d

= d.

Hence, T : K(γ,d)→ K(γ,d). The fact that the constant function u(t) = b
γ0
∈ K(γ, θ , φ , b, c, d) and

φ

(
b
γ0

)
> b implies that {u ∈ K(γ, θ , φ , b, c, d|φ(u)> b)} 6= /0. For u ∈ K(γ, θ , φ , b, c, d), we have

b≤ u(t)≤ b
γ0

and |u′(t)|< d for 0≤ t ≤ 1. From assumption (A2), we see

f (t, u(t), u′(t))>
Γ(α)

βΓ(α)− (1−η)α−1 b. (3.15)

Thus

φ(Tu) = min
0≤t≤1

∣∣∣∣∫ 1

0
G(t, s) f (s, u(s), u′(s))ds

∣∣∣∣
≥ βΓ(α)− (1−η)α−1

Γ(α)
× Γ(α)

βΓ(α)− (1−η)α−1 b = b,
(3.16)

which means

φ(Tu)> b, ∀u ∈ K
(

γ, θ , φ , b,
b
γ0
, d
)
.

These ensure that the condition (S1) of Lemma 2.8 is satisfied. For all u∈K(γ, φ , b, d) with θ(Tu)> c,

φ(Tu)≥ γ0θ(Tu)> γ0c = γ0
b
γ0

= b. (3.17)
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Thus, the condition (S2) of Lemma 2.8 holds. Finally, we show that (S3) also holds. We see that
ψ(0) = 0 < a and 0 6∈ R(γ,ψ,a,d). Suppose that u ∈ R(γ, ψ, a, d) with ψ(x) = a. Using assumption
(A3), one has

ψ(Tu) = max
0≤t≤1

∣∣∣∣∫ 1

0
G(t,s) f (s, u(s), u′(s))ds

∣∣∣∣
≤ βΓ(α)+ηα−1

Γ(α)
× Γ(α)

βΓ(α)+ηα−1 a

= a.

(3.18)

Thus, all the conditions of Lemma 2.8 are satisfied. Hence problem (1.1)-(1.2) has at least three non-
negative solutions u1, u2, u3 satisfying

max
0≤t≤1

|u′i(t)| ≤ d, i = 1, 2, 3; b < min
0≤t≤1

|u1(t)|; a < max
0≤t≤1

|u2(t)|, min
0≤t≤1

|u2(t)|< b, max
0≤t≤1

|u3(t)| ≤ a.

(3.19)
�

4. THE EXAMPLE

In this section, we present an example to illustrate the main theorems. Consider the nonlinear bound-
ary value problem

D1.7
0+u(t)+ f (t, u(t), u′(t)) = 0, t ∈ (0, 1), (4.1)

u′(0) = 0,
2
3

D0.7
0+u(1)+u

(3
4

)
= 0, (4.2)

where α = 1.7, β = 2
3 , η = 3

4 and

f (t,u,v) =



1
π2 et + 1

4 u3 + 1
100 sin

(
v

1000

)
, 0≤ u≤ 12,

1
π2 et +432+ 1

100 sin
(

v
1000

)
, u > 12.

By a straightforward calculation, we see that

γ0 =
βΓ(α)− (1−η)α−1

βΓ(α)+ηα−1 = 0.1594,

γ1 =
Γ(α)

Γ(α−1)(βΓ(α)+ηα−1)
= 0.4918,

and

γ2 = max
{ 1

γ1
, 1
}
= 2.0333.

We choose positive constants a = 1, b = 5 and d = 1000, and check that the nonlinear term f (t, u, v)
satisfies

(1) f (t, u, v)< Γ(α)d ≈ 908.6, (t, u, v) ∈ [0, 1]× [0, 2034]× [−1000, 1000];

(2) f (t, u, v)> Γ(α)
βΓ(α)−(1−η)α−1 b≈ 20.0291, (t, u, v) ∈ [0, 1]× [5, 31.3676]× [−1000, 1000];

(3) f (t, u, v)< Γ(α)
βΓ(α)+ηα−1 a≈ 0.6384, (t, u, v) ∈ [0, 1]× [0, 1]× [−1000, 1000].
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Then all the assumptions of Theorem 3.5 are satisfied. Thus problem (4.1)-(4.2) has at least three non-
negative solutions u1(t), u2(t),u3(t) satisfying

max
0≤t≤1

|u′i(t)| ≤ 1000, i = 1, 2, 3; 5 < min
0≤t≤1

|u1(t)|, 1 < max
0≤t≤1

|u2(t)|, min
0≤t≤1

|u2(t)|< 5, max
0≤t≤1

|u3(t)| ≤ 1.

Remark 4.1. We see that the first order derivative of function u(t) is involved in the nonlinear term of
problem (4.1)-(4.2) explicitly. The previous results for positive solutions of fractional thermostat model
are not applicable to this problem.
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Addendum posted by the editor on August 26, 2020
The main results presented in this paper are not correct. The authors were sent a detailed report

and were invited to make corrections but have not done so. The main difficulty is that solutions of the
integral equation are C1 functions but are not C2 functions except in special cases, see Theorem 6.26 of
K. Diethelm, The analysis of fractional differential equations. An application-oriented exposition using
differential operators of Caputo type. Lecture Notes in Mathematics No. 2004. Springer-Verlag, Berlin,
2010. The definition of the Caputo differential operator from Diethelm’s book should be used and not
the Definition 2.2 of this paper.
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