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1. INTRODUCTION

The aim of this paper is to establish existence results for the discrete system, namely, (E;J: ), given as
follows

[M(l—{—l,_])—ZM(l,])—FM(l— 1’.])]+[u(l’J+1)_2”(17])+u(l’]_ 1)]
+Af((i,),u(i,j)) =0, V(i,j)€[l,m]x[l,n]

with boundary conditions
u(i,0) =u(i,n+1)=0, Yie[l,m],
u(0,j) =u(m+1,j) =0, Vje[ln],
where [1,m] = {1,--- ,m}, [1,n] = {1,--- ,n}, f:[1,m] x [1,n] x R — R denotes a continuous function
and A is a positive real parameter.
In recent years, a great deal of work has been done in the study of the existence of solutions for
nonlinear algebraic systems for discrete boundary value problems due to applications such as the discrete

models of steady-state equations of reaction-diffusion equations, the steady-state equations of coupled
map lattices, the steady-state equations of compartmental system, the steady-state models on complex
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dynamical network, and the steady-state systems of discrete Turing instability models (see [1] and the
references therein). Discrete problems involving functions with two or several discrete variables are very
relevant and have been investigated deeply. Such an active interest is undoubtedly due to the advance
of modern digital computing devices. Indeed, since these relations can be simulated in a relatively easy
manner by means of these devices and since such simulations often reveal important information about
the behavior of complex systems, a large number of recent investigations related to image processing,
population models, artificial or biological neural networks, social behaviors, digital control systems,
computer science and mechanical engineering were described. In order to establish the existence and
multiplicity of solutions for discrete problems under some restrictions on f (sublinear or superlinear at
infinity), several authors exploited various abstract methods as fixed point theorems, Brouwer degree
and critical point theory; see, for instance, [2, 3] and [4, 5, 6] for related topics. We also cite the
papers [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16] for some interesting contributions related to the existence
results for nonlinear algebraic systems, as well as the books [17] and [18] as general references for
discrete problems. For example, Zhang and Liu [6] dealt with a class of semipositone discrete boundary
value problems via critical point theory, and obtained nonexistence and multiplicity results on sublinear
nonlinearities and an existence result on superlinear nonlinearities, respectively. Zhang and Feng [16],
applying fixed point theorems, proved results on existence, uniqueness, multiplicity and nonexistence
of positive solutions for a class of nonlinear algebraic system. Ji and Yang [10] studied the structure of
the spectrum of the problem (E ;’: ) and investigated the existence of a positive eigenvector corresponding
to the smallest eigenvalue. Galewski and Orpel [7], through variational methods and by using some
monotonicity results, analyzed problem (E{ ) and obtained the existence of one solution. Moreover,
Kristaly, Mihdilescu and Radulescu [19] studied a discrete boundary value problem, where the nonlinear
term has an oscillatory behaviour near the origin or at infinity. In fact, by a direct variational method,
they showed that the problem has a sequence of non-negative, distinct solutions which converges to 0
(resp. +o0) in the sup-norm whenever the nonlinear term oscillates at the origin (resp. at infinity). In
[20], Kristdly et al. studied an eigenvalue problem in the framework of difference equations and showed
that there exist two positive constants Ay and A; verifying A9 < A; such that any A € (0,4) is not an
eigenvalue of the problem, while any A € [4;,+<0) is an eigenvalue of the problem, and they gave some
estimates for Ay and A;. In [21], Cabada, Iannizzotto and Tersian extended a recent multiplicity theorem
for the critical points of a functional defined on a finitedimensional Hilbert space due to Ricceri, and
employed their result to discuss the existence of at least three solutionsfor Dirichlet boundary value
problems for difference equations involving the discrete p-Laplacian operator. In [11], Molica Bisci and
Repovs, using a multiple critical points theorem for locally Lipschitz continuous functionals, established
the existence of at least three distinct solutions for a parametric discrete differential inclusion problem
involving a real symmetric and positive definite matrix. They presented also applications to tridiagonal,
fourth-order and partial difference inclusions. In [9], employing a version of [22, Theorem 2.1], the
existence of infinitely many solutions for the discrete Dirichlet problem (E{ ) was examined. More
precisely, unbounded intervals of parameters such that the problem (E/{ ) admits either an unbounded
sequence of solutions, provided that the nonlinearity has a suitable behaviour at infinity, or a pairwise
distinct sequence of solutions that strongly converges to zero if a similar behaviour occurs at zero have
been determined. Based on variation methods and critical point theory, Heidarkhani and Imbesi [8]
established the existence of multiple solutions for (E/{ ). More precisely, under appropriate assumptions
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on the nonlinearities, they determined exact collections of parameters such that the problem admits at
least three solutions.

In this paper, using two consequences of a local minimum theorem for differentiable functionals [23],
we discuss the existence of at least one nontrivial solution for the problem (E 7’[ ).

For an overview on this subject, we refer the reader to the papers [4, 24]. See, for more details about
partial difference equations, the monograph of Cheng [25].

2. NOTATIONS AND BASIC FACTS

Let (X,| -||) be a finite dimensional Banach space and let J, : X — R be a function satisfying the

following structure hypothesis:
(A) Jy(u) := ®(u) — AP (u) for all u € X, where ®,¥ : X — R are two functions of class C' on X
with @ coercive, i.e. lim)|_.. ®(u) = +o0, and A is a real positive parameter.

In this framework finite dimensional variants of [23, Theorem 5.1] and [23, Theorem 5.3] are the follow-
ing theorems, respectively: the consequences of the existence results of a local minimum [23, Theorem
3.1] which are inspired by Ricceri’s variational principle (see [26]).

We define the following functions

SUPycp-! (r1,r2) lP(u) - lP(v)

1.9 5 = 'l'lf )
(rl r2) VGCDEI(r] ,}"2) r2 - @(V)
pirir) = sup P(v) = sup,eq1( o) ¥(u)
1\r1,72) —
ved=1(ry,r) CI)(V) —-n

for all ri, € R, r; < ry, and
B () = $Up, 1 (oo P0)
p2(r)= sup

VE®1 (1 <o) P(v)—r

forall r € R.
Lemma 2.1. Assume that there are ri,ry € R, r| < ry such that

O(ry,r) < pi(ri,r).

Setting I := ®— A, for each A E]m, 60}”) [, there is ug 5 € @' (r1,r2) such that I (ug 3 ) < I (u)

Vu € @ (r1,r) and I} (up 5) = 0.
Lemma 2.2. Fix infy ® < r < supy ® and assume that

pz(r) > 0,
1

and for each A > 50 the functional I, := ® — AW is coercive. Then for each A €]

g, € P! (r,+o0) such that I (ug 3) < I (u) Yu € @' (r,+o0) and I} (ug 3) = 0.

1
pa(r)

, oo, there is

As ambient space X, we consider the mn-dimensional Banach space R™" endowed by the norm
leell := () uic) -
k=1

Moreover, M, (R),1 € N, stands for the linear space of all the matrices of order 1 with real en-
tries. Let & : [1,m] x [1,n] — [1,mn] be the bijection defined by h(i,j) := i+ m(j — 1), for every
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(i,7) € [1,m] x [1,n]. As pointed out in [9], it can be displayed in the following way:

(m,1) (m,2) (m,3) (m,4)

L],

(m—1,1) (m—1,2) (m—1,3) (m—1,4) (m—1,n—1)

(2.1 (2,2) (2,3) (2,4)

(1,1) (1,2) (1,3) (1,4)

(m—1,n)

m

2m

3m 4m m(n—1) mn

[T 1] []

m—1

2m—1

m+2

3m—1 4m—1 mn—1)—1  mn—1

2m+2 3m+2 m(n—2)+2 m(n—1)+2

L L

m+1

2m+1 3m+1 m(n—2)+1 m(n—1)+1

Let’s denote wy := u(h~'(k)) and gx(wy) := f(h~'(k),wy), for every k € [1,mn].

Thus, problem (E{ ) can be written as the nonlinear algebraic system

Aw=24g(w), (%)
L —-I 0 0 0 O
-1 L —I 0 0 O
0 -1 L 0 0 O
0O 0 —I 0 0 O
in which A := (a;;) is the matrix € Munscmn(R)
0 0 O -1 0 O
0 0 O L -1 0
0 0 O -1 L —I
0 0 O 0 —-I L
4 -1 0 0o 0 O
-1 4 -1 0o 0 0
0o -1 4 0o 0 0
0 0 -1 o 0 0
such that L is the submatrix € Musm(R),
0O 0 O -1 0 0
0 0 0 4 —1 0
0 0 O -1 4 -1
0 0 O 0o -1 4
I € Mym(R) is the identity matrix, and g(w) := (g1(W1), .., &mn(Wimn))', for every w € X.
Moreover, a direct computation ensures that
mn
Y aij=2(m+1)n—2(n—1)m=2(m+n). (2.1

i’j:

1
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Example 2.3. For m =n =3, problem (E)'j ) takes the form

4u(1,1) = u(2,1) = u(1,2) = A £((1,1),u(1, 1)),

—u(1,1) +4u(2,1) —u(3,1) —u(2,2) = A £((2,1),u(2,1)),
—u(2,1)+4u(3,1) —u(3,2) = A £((3,1),u(3,1)),

—u(1,1) +4u(1,2) —u(2,2) —u(1,3) = A £((1,2),u(1,2)),
—u(2,1) —u(1,2) +4u(2,2) —u(3,2) —u(2,3) = 2 £((2,2),u(2,2)),
—u(3,1) —u(2,2) +4u(3,2) —u(3,3) = 1£((3,2),u(3,2)),
—u(1,2) +4u(1,3) —u(2,3) = A £((1,3),u(1,3)),

—u(2,2) —u(1,3)+4u(2,3) —u(3,3) = 1 £((2,3),u(2,3)),
—u(3,2) —u(2,3)+4u(3,3) = Af((3,3),u(3,3)),

and, through the map £, it can be also written as follows

4w —wy —ws = Ag1(w1),

—wi +4wy — w3 —ws = Aga(wy),

—wy +4ws —we = Agz(ws),

—wi +4ws —ws — w7 = Ag4(wa),
(S3.2) —wa — w4 +4ws —ws —wg = Ags(ws),
—w3 —Ws +4wg —wg = 7Lg6(w6),

—w4 44wy —wg = Ag7(w7),

—ws — w7 +4wsg —wg = Agg(wg),

—we —wg + 4wy = Ag9(w9),

L -1 0
where wy := u(h='(k)), gx(wi) := f(h~ ' (k),wi),Vk € [1,9],andA= | —I L —I
0O —-I L

Furthermore, the matrix A is positive-definite, see [10]. By denoting with A1, ..., 4., its eigenvalues
such that they satisfy the ordering 0 < 4; < A, < ... < A, it results, for every w € X,

Aw]? < wAw < A llw]|?, (2.2)
and
1
Wl < —=(w'Aw) /2, 2.3)
v
where ||w||o 1= max ]wk|

ke[l,m
It is easy to affirm that the solutions of (E { ) are the critical points of the C'-functional

mn

! w,
Tw) = A, Z/O ‘eun)dr, YweXx. 2.4)
k=1

Indeed, a column vector w = (W, ..., Wn,)" € X is a critical point of the functional Jj, if the gradient
of J) at w is zero. Moreover, it is well-known that
aw'Aw

a Wi

=2(Aw)y,
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mn
where (Aw) := Z aijw;. Thus,
=1

dJ; (w)
=(Aw) — A
Iw (Aw) — Agi(wi),
which yields our conclusion.
From now on, set
tA mn
D(w) = WZW, and W(w) == ¥ Fi(wy), (2.5)
k=1

t
where Fj (1) := / gk(s)ds, for every t € R and k € [1,mn].
0

Recall the following strong maximum principle for the problem (E/{ ) as given in [9, Proposition 2.2].
Proposition 2.4. Assume that there exists u : [0,m+ 1] x [0,n+ 1] — R such that
@i+ 1,) — 201, j) + @i — 1, )] + [@i, j+ 1) — 200, j) + @i, j— 1)] <0,
for every (i, j) € [1,m] x [1,n] and
u(i,0) =u(i,n+1)=0, Vie[l,m]; u(0,j)=ulm+1,j)=0, Vje[l,n].
Then, either u is the identically zero function or u(i, j) > 0 for every (i, j) € [1,m] x [1,n].

Note that, when f : [1,m] x [1,n] x R — R is a nonnegative function, the above maximum principle
ensures that every solution of the problem (E/{ ) is either zero or positive.

Remark 2.5. (Contemplate (E { ) as a discrete nonlinear Laplace 2-dimensional equation)
As pointed out in [7], problem (E/{ ) serves as the discrete counterpart of the following problem
’u  d%u
FrR 2 +Af((x,y),u(x,y)) =0,
u(x,0) =u(x,n+1)=0, Vx € (0,m+1),
u(0,y) =u(m+1,y) =0, ¥y € (0,n+1).
However, the obtained results cannot be directly achieved proving the existence of solutions for the above
equation.

Remark 2.6. (Interpretation and consequences of the multi-solutions)

Problem (E/{ ) can be expressed starting from the following algebraic terminology.

A lattice point z := (i,j) in the plane is a point of integer coordinates. Two lattice points are said
neighbours if their Euclidean distance is 1. An edge (resp. directed edge) is a pair (resp. an ordered pair)
{z,2"} of neighbouring points. A path between two lattice points z and z* is a sequence z = 2, ...,Zs = 2
of lattice points such that z; and z;; are neighbours for 0 <i <s—1. A set S of lattice points is said to
be connected if there is a path contained in S between any two points of S. A net is a finite and connected
set of lattice points. An exterior boundary point of a net S is a point outside S but having a neighbour
in S. The set of all edges (resp. directed edges) of a net S is denoted by I'(S) (resp. E(S)). The pair
(S,T(S)) is a planar graph, and the pair (S,E(S)) is a directed planar graph. Let dS be the set of all
exterior boundary points.
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With the above notations, problem (E { ) can be rewritten as follows

Du(z) +Af(z,u(z)) =0, z€S,
u(z) =0, z€dS,

where
Du(z) :=[u(i+1,j) = 2u(i,j)+u(i—1,)]+[u(i,j+ 1) —2u(i,j)+u(i,j—1)],

is the discrete Laplacian acting on a function u : SUJS — R.
A nice application can be found studying connectness between nets in networks and telecommunica-
tion phenomena, see [25].

3. MAIN RESULTS
For a given nonnegative constant ¢ and a positive constant d, with
c? 2
52’1 # (m+n)d )
put
mn
Y, (maxy < (1)) — Y Fi(d)
k=1

<A — (m+n)d>

aq(c) =
We formulate our main result as follows.

Theorem 3.1. Assume that there exist a nonnegative constant ¢\ and two positive constants ¢y and d

with ¢ < /%(m—i—n)d < ¢ such that

(a1)  aa(c2) <aalcr).

Then, for each A € } @ (ICI), @ (162) { problem (E{ ) admits at least one nontrivial solution u; € X such that

Al < ulAuy < 3.

Proof. Fix A as in the conclusion, and take the real Banach space X as defined in Section 2, and put
® and W as in (2.5) and Jj, as in (2.4). Our aim is to apply Lemma 2.1. We observe that Assumption
(A) holds. Indeed, we clearly see that the functionals ®, ¥ are C' on X, and inequality (2.2) yields ® is
coercive. Choose

w(t) =d foreveryt € [0,T] (3.1)

2 2
as well as | := 9 A; and r, := 2A,. By using the condition

2
c1 <y/—(m+n)d<cy,
M

we get r; < ®(w) < rp. Thanks to (2.3) and
{weX:wAw <2rn} C{weX : |w| <c2, Yk € [1,mn]},

it follows that

mn

sup  WP(u) < Z max Fy(1).

UE®=! (—o0,r7) =111
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Therefore, one has
SUPy e (oo ry) P (1) — ¥ (W)
r,—®(w)
Yl max, <., Fi(t) — X320 Fi(d)
%kl — (m+n)d?

S(ri,rn) <

= aq(c2).
On the other hand, arguing as before, one has

W(W) = SUPeq 1 (—co ] F (1)

p(rl,rz) > (I)(W)—I"l
kail Fk(d) — Z max Fk(l)
S = 1"‘<"1
B (m+n)d? )Ll

= ay(cy).

Hence, from Assumption (a;), one has ¥ (ry,r2) < p(ri1,r2). Therefore, employing Lemma 2.1, for each

c ] 1 1 [
ad(cl)’ ad(cQ) ’
the functional J), admits at least one critical point u; € X such that r; < ®(u;) < ry, that is
A < ulAup < 3.
The proof is complete. U

The following result is an immediate consequence of Theorem 3.1.

Corollary 3.2. Assume that there exist two positive constants ¢ and d with %l(m +n)d < c such that
Yo (max <. Fi(t)) oM Y4B
c? 2(m+n) 4>

(m+n)d® %ll

kagl Fk(d) ’ Z;{"znl (mang(:Fk(t)
lution uy € X such that 0 < ujAu; < 2.

(a2)

Then, for every A € ) [, the problem (E{ ) admits at least one nontrivial so-

Proof. The conclusion follows from Theorem 3.1 by taking ¢; = 0 and ¢, = c. Indeed, from the assump-
tions, one has

(1 El > Z (max|t|§ch(t))

%Qu—(m—i-n)d2
Zmn (max‘,KCFk(t))
2
Lz, Fild)
(m+n)d?)
= ad(O).
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In particular, one has
T (maxy <. Fi(7))

aq (C) 2 Afl s
which follows
<A _ !
Y (maxy < Fi(r))  aalc)
Hence, Theorem 3.1, ensures the result. O

Now, we present an application of Lemma 2.1, which we will use to obtain multiple solutions.

(m+n)

Theorem 3.3. Assume that there exist two positive constants ¢ and d with ¢ < d such that

mn

(bl) Z maka < ZFk

— lt=<e

Fi(1)
[2

(b))  limsup

< :, Vk € [1,mn], where
f—o0 A
=2
T_ (m+n)d*— S ‘
Y Fe(d) -, (max|t|§EFk(t))
Then, for each A > A, problem (E{ ) admits at least one nontrivial solution u; € X such that i\’ Au; >
2
ceA.

Proof. Fix A > A, take the real Banach space X as defined in Section 2, and put ® and ¥ as in (2.5) and
J), as in (2.4). Our aim is to apply Lemma 2.1. Moreover, from (b;) there exist two constants ¥, € R
with

1
O<y< =
4 A
such that .
;L—Fk(t) < y*+nforallr € R,
1
for all k € [1,mn]. Fix u = (u1,--* ,umn) € X. Then
Y Ficlu) < 2a(y Y lel> +). (3.2)
k=1 k=1
So, for any fixed A > A, we have from (2.2)-(3.2) that
u'Au &
Pu) —A¥(u) = 5~ A Y Fug)
k=1
tA mn
> S Ay Yl = Adm
k=1
!
A
> - 5 v muA A y||ul|Z — An
!
> wAw mnAi }/—utAu — AN
2 A
= (% —mnAy)u' Au— A
> (1= mny2) Al — TAam.
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Since 1 —mnyA > 0, this leads to the coercivity of the functional ® — AW. Put 7 = %ll and choose
w = (W1,..., W) With wy = d for every k € [1,mn]. We have w'Aw = 2(m +n)d*. Arguing as in the
proof of Theorem 3.1, we obtain that

pa(F) > i Fi(d) =X, (max\z\gaFk(t))
N (m+n)d?— % | '

So, from our assumptions, it follows that p>(7) > 0. Hence, Lemma 2.2 ensures that the functional
® — AW admits at least one local minimum i € X such that 17;’Air; > &2\, and since any critical point
of the functional ® — AW is a solution of (E{ ), we have the conclusion. O

Now, we point out some results in which the function f has separated variables. To be precise, consider
the discrete system, namely (E;%), given as follows

(w(i+1,7)—2u(i,j)+u(i—1,))]+u(i,j+1) = 2u(i,j)+u(i,j—1)]

+ra(i, j)z(u(i,j) =0, V(i,j) € [l,m]x][l,n]
with boundary conditions
u(i,0) =u(i,n+1)=0 Vie[l,m],
u(0,j) =u(m+1,j)=0 Vje[l,n],
where a : [1,m] x [1,n] — R is a nonnegative and non-zero function and z : [0, 4+0) — R is a continuous

function such that z(0) = 0.
For a given nonnegative constant ¢ and a positive constant d, with

c? )
Ell # (m+n)d*,

put
| MmaXp<g<, fo5 z(s)ds — f(fz(s)ds
<A — (m+n)d> '

bd(C) .

Setting

o
7 i)1) = { R, =

for every (i,j) € [1,m] x [1,n] and ¢t € R, taking into account Proposition 2.4, we have the following

existence results as consequences of Theorem 3.1, Corollary 3.2 and Theorem 3.3, respectively.

Theorem 3.4. Assume that there exist a nonnegative constant c¢1 and two positive constants ¢y and d
with ¢} < )%l(m—l-n)d < ¢ such that

(33) bd(CQ) < bd(C1>.

Then, for each A € | wm— b,(lcl)’ I hd(lcz) , problem (Efl"a) admits at least one
), a(h (k) ), a(h (k)
k=1 k=1

positive solution uy € X such that ¢3A; < u{Auy < c3A,.

Corollary 3.5. Assume that there exist two positive constants ¢ and d with %1 (m~+n)d < c such that
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maXo<g<c foé z(s)ds < M f(;jz(s)ds

(a4) c? 2(m+n) d?

2
d? 1 S M
Then, for every A € 1 (m+n) 2
f ry mn jodz(s)ds > mn Maxg<g <, fog z(s)ds

Y ok~ (k) Y ok~ (k)
k=1 k=1

least one positive solution uy € X such that 0 < uAu; < .

, problem (E5*) admits at

Theorem 3.6. Assume that there exist two positive constants ¢ and d with ¢ < Z(W/{T") d, such that
g d
(b3)  max / Z(s)ds < / z(s)ds;
o<e<éJo 0
. '2(s) d
(bs)  limsup,_, ., f"z(ti) P < %
Then, for each A > A!, where
T 1 (m—l—n)d?—%?h
~ mn 7 )
Z a(h_l (k) f(fz(s)ds —maXxg<g <z fog z(s)ds

k=1

problem (Ei’a) admits at least one positive solution i, € X such that it;' Ay > & A4.
Here we illustrate Theorem 3.6 by giving the following example.
Example 3.7. Consider the problem
[w(i+1,7) = 2u(i, j) +u(i = 1, ) 4 [u(i, j+1) = 2u(i, j) +-u(i,j—1)]
+Az(u(i,j)) =0, V(ij)e1,2]x[1,2]

with boundary conditions
u(i,0) =u(i,3) =0, Vie[l,2],
u(0,j) =u(3,j)=0, Vjell,2],

where z(t) = e 't>(3 —t) for each t > 0. The matrix A associated to the above problem is

Clearly, its characteristic polynomial can be easily computed obtaining that
p(A) :=det(A —ALy) = A* — 161> 49247 — 2244 +192 = (A —2)(A —4)*(A —6).
Therefore, the first eigenvalue A, is equal to 2. By choosing ¢ = 1 and d = 2, since

t
d
limsup &i)s =0
f—too t

)

we observe that all hypotheses of Theorem 3.6 are fulfilled. Hence, by applying Theorem 3.6, for every

15
A > m the above problem admits at least one positive solution i#; € X such that i1’ Ay > 2.
e c—e
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We give a special case of Corollary 3.5 as follows.

Theorem 3.8. Assume that

t
lim ﬂ = oo,
t—0*t 1
<2

Then, for each A € |0, sm——— SUp,g —=———— |, problem (Ei’a) admits at least one posi-

1 maxg<e < Jy z(s)ds

Y ok~ (k)
tive solution in X.
Proof. For fixed
1 Sh

Ae |0

) Sup )
f (X(h_l(k >0 maXp<g<e fO ( )dS

there exists a positive constant ¢ such that

CZ
A< : bi
Z a(hfl(k)) maX0<é<L fo ( )dS
k=1
Moreover, the condition
t
lim & = 400
t—0t+ f
yields
t
d
lim 20508 _
t—0t t

Therefore, we can choose positive constant d satisfying

2
g —(m+n)d<c
such that J
A(m+n) - Jo z(s)ds
Yy a(h (k) d?
Hence, from Corollary 3.5 we have the conclusion. O

We end this paper by presenting the following example to illustrate Theorem 3.8.

Example 3.9. Consider the problem
[w(i+1,7) = 2u(i, j) +u(i=1, /)] + [u(i,j + 1) = 2u(i, j) +u(i,j — 1)]
+Az(u(i,j)) =0, VY(i,j)€l,2]x[1,2]
with boundary conditions
u(i,0) =u(i,3) =0, Vie][l,2],
u(0,j)=u(3,j)=0, Vjell,2]

where

() = 0, t=0,
| 1+zsin®(In(r)), > 0.
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It is clear that lim, ¢+ Z(t—l) = +oo. The first eigenvalue A; of the matrix A associated to the above problem

is equal to 2 (see Example 3.7). Hence, by applying Theorem 3.8, for every

S ]O lsu ¢ [
4 C>I(; c+ %cz(sin2(lnc) - %sin(21nc) + %cos(2lnc)) ’

the above problem admits at least one positive solution in X.
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