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1. INTRODUCTION

Let C and Q be nonempty closed convex subsets of real Hilbert spaces H1 and H2, respectively, and
let A : H1 → H2 be a bounded linear operator. The split feasibility problem (SFP) is to find a point x∗

satisfying

x∗ ∈C, Ax∗ ∈ Q. (1.1)

The SFP (1.1) was first introduced by Censor and Elfving [1]. It serves as a model for many inverse
problems where constraints are imposed on the solutions in the domain of a linear operator as well as
in the range of the operator. There are a number of significant applications of the SFP in intensity-
modulated radiation therapy, signal processing, image reconstruction and so on, and many well-known
iterative algorithms for solving it were established; see, e.g., [2, 3, 4, 5, 6].

Recently, Moudafi [7] introduced a new split feasibility problem. Let H1,H2,H3 be three Hilbert
spaces, let A : H1 → H3, B : H2 → H3 be two bounded linear operators, and let U : H1 → H1 and T :
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H2→ H2 be two firmly quasi-nonexpansive operators. The split equality fixed-point problem (SEFP) in
[7] is to find

x ∈ Fix(U), y ∈ Fix(T ) such that Ax = By, (1.2)

which allows asymmetric and partial relations between the variables x and y. The interest is to cover
many situations, for instance, in decomposition methods for PDE’s, applications in game theory and
in intensity-modulated radiation therapy (IMRT). In decision sciences, this allows to consider agents
who interplay only via some components of their decision variables (see [8]). In IMRT, this amounts to
envisage a weak coupling between the vector of doses absorbed in all voxels and that of the radiation
intensity (see [9]). Denote the solution set of SEFP by

Γ = {(x,y) ∈ H1×H2|x ∈ Fix(U),y ∈ Fix(T ),Ax = By}.

If H2 = H3 and B = I, then problem (1.2) reduces to the split common fixed-point problem (SCFP):

find x∗ ∈ Fix(U) such that Ax∗ ∈ Fix(T ),

which is a generalization of the SFP and the convex feasibility problem (CFP). The SCFP has been
studied by many authors; see, e.g., [10, 11, 12, 13] and references therein.

For solving the SEFP, Moudifi and Al-Shemas [14] introduced the following simultaneous iterative
algorithm: {

xk+1 =U(xk− γkA∗(Axk−Byk)),

yk+1 = T (yk + γkB∗(Axk−Byk)),
(1.3)

for firmly quasi-nonexpansive operators U and T , where non-decreasing sequence γk ∈ (ε,
2

λA +λB
−ε),

and λA,λB stand for the spectral radiuses of A∗A and B∗B, respectively.
Note that in algorithm (1.3), the determination of the stepsize {γk} depends on the operator norms

‖A‖ and ‖B‖ (or the largest eigenvalues of A∗A and B∗B). For algorithm (1.3), one has first to compute
(or estimate) operator norms of A and B, which is in general not an easy work in practice. To overcome
this difficulty, Lopez et al. [15] and Zhao and Yang [16] presented a helpful method for estimating
the stepsizes which don’t need prior knowledge of the operator norms for solving the split feasibility
problems and multiple-set split feasibility problems, respectively. Inspired by them, Zhao [17] introduced
the following algorithm: 

uk = xk− γkA∗(Axk−Byk),

xk+1 = (1−αk)uk +αkU(uk),

vk = yk + γkB∗(Axk−Byk),

yk+1 = (1−βk)vk +βkT (vk),

(1.4)

where the stepsize γk is chosen in such a way that

γk ∈ (0,
2‖Axk−Byk‖2

‖A∗(Axk−Byk)‖2 +‖B∗(Axk−Byk)‖2 ). (1.5)

The advantage of the stepsizes satisfying (1.5) lies in the fact that no prior information about the operators
norms of A and B. Under some suitable conditions, she proved the weak convergence of this algorithm
to solve the SEFP (1.2) governed by quasi-nonexpansive operators.
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Very recently, Zhao and He [18] introduced the following iterative algorithm for solving the SEFP
for generalized asymptotically quasi-nonexpansive mappings. Let x0 ∈ H1, y0 ∈ H2 be arbitrary, and the
sequence {(xk,yk)} be defined by

uk = xk− γkA∗(Axk−Byk)

xk+1 = (1−αk)uk +αkUk(uk),

vk = yk + γkB∗(Axk−Byk)

yk+1 = (1−αk)vk +αkT k(vk),

(1.6)

where {γk} is chosen by (1.5). They obtained the weak convergence of this algorithm under some suitable
conditions in Hilbert spaces.

In this paper, motivated and inspired by the works mentioned above, we consider iterative algorithm
(1.6) for solving the SEFP for totally quasi-asymptotically strictly pseudocontractive mappings which in-
clude generalized asymptotically quasi-nonexpansive mappings and asymptotically quasi-nonexpansive
mappings without prior knowledge of operator norms. And we establish some weak convergence results
under some suitable conditions in Hilbert spaces. Meanwhile, we note that the existing algorithms for the
SEFP in [17, 18] have only weak convergence in the framework of infinite-dimensional spaces. And it is
of interest to seek strong convergence for algorithm (1.6). Then we establish some strong convergence
theorems for the SEFP.

2. PRELIMINARIES

Let C be a nonempty closed convex subset of a real Hilbert space H with inner product 〈·, ·〉, and
norm ‖ · ‖. When {xn} is a sequence in H, we denote the strong convergence of {xn} to x ∈ H by xn→ x
and the weak convergence by xn ⇀ x. Denote by Fix(T ) the set of fixed points of a mapping T ; that is,
Fix(T ) = {x ∈C : T x = x}.

In order to facilitate our investigation in this paper, we recall some definitions as follows.

Definition 2.1. A mapping T : C→C is said to be
(i) nonexpansive if

‖T x−Ty‖ ≤ ‖x− y‖, ∀ x,y ∈C;

(ii) quasi-nonexpansive if Fix(T ) 6= /0 and

‖T x− z‖ ≤ ‖x− z‖, ∀ x ∈C,z ∈ Fix(T );

(iii) µ-demicontractive (see for example [11]) if there exists a constant µ ∈ [0,1) such that

‖T x− z‖2 ≤ ‖x− z‖2 +µ‖x−T x‖2, ∀ (x,z) ∈C×Fix(T ).

Definition 2.2. ([19, 20]). A mapping T : C→C is said to be
(i) (β ,{µk},{ξk},φ)-totally asymptotically strictly pseudocontractive, if there exist a constant β ∈ [0,1),
sequences {µk} ⊂ [0,∞) and {ξk} ⊂ [0,∞) with µk→ 0 and ξk→ 0 such that, for all x,y ∈C,

‖T kx−T ky‖2 ≤ ‖x− y‖2 +β‖x− y− (T kx−T ky)‖2 +µkφ(‖x− y‖)+ξk, k ≥ 1,

where φ : [0,∞)→ [0,∞) is a continuous and strictly increasing function with φ(0) = 0;
(ia) Especially, if φ(t) = t2 and ξk = 0, then T is said to be (β ,{µk})-asymptotically strictly pseudocon-
tractive;
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(ib) Especially, if φ(t) = t2 and β = 0, then T is said to be a generalized asymptotically nonexpansive
mapping with ({µk},{ξk});
(ic) Especially, if µk = ξk = 0, then T is said to be β -strictly pseudocontractive;
(ii) (β ,{µk},{ξk},φ)-totally quasi-asymptotically strictly pseudocontractive, if Fix(T ) 6= /0, and there
exist a constant β ∈ [0,1), sequences {µk} ⊂ [0,∞) and {ξk} ⊂ [0,∞) with µk→ 0 and ξk→ 0 such that
for all x ∈C

‖T kx− z‖2 ≤ ‖x− z‖2 +β‖x−T kx‖2 +µkφ(‖x− z‖)+ξk, k ≥ 1, ∀ z ∈ Fix(T ),

where φ : [0,∞)→ [0,∞) is a continuous and strictly increasing function with φ(0) = 0;
(iia) Especially, if φ(t) = t2 and ξk = 0, then T is said to be (β ,{µk})-quasi-asymptotically strictly pseu-
docontractive;
(iib) Especially, if φ(t)= t2 and β = 0, then T is said to be a generalized asymptotically quasi-nonexpansive
mapping with ({µk},{ξk});
(iii) uniformly L-Lipschitzian if there exists a constant L > 0 such that for all x,y ∈C

‖T kx−T ky‖ ≤ L‖x− y‖, ∀ k ≥ 1.

Remark 2.3. If T is a totally asymptotically strictly pseudocontractive mapping and Fix(T ) 6= /0, then T
is a totally quasi-asymptotically strictly pseudocontractive mapping.

Definition 2.4. A mapping T : C→C is said to be
(i) demiclosed at the origin if, for any sequence {xk} ∈ H and x∗ ∈ H, we have

xk ⇀ x∗

T (xk)→ 0

}
⇒ T x∗ = 0.

(ii) semicompact if, for any bounded sequence {xk} ⊂ H with limk→∞ ‖xk − T xk‖ = 0, there exists a
subsequence {xki} of {xk} such that {xki} converges strongly to a point x∗ ∈ H.

In a Hilbert space, we easily get the following equality:

2〈x,y〉= ‖x‖2 +‖y‖2−‖x− y‖2. (2.1)

In what follows, we give some lemmas needed for the convergence analysis of our algorithms.

Lemma 2.5. [21] Let H be a real Hilbert space. Then, for all t ∈ [0,1] and x,y ∈ H,

‖tx+(1− t)y‖2 = t‖x‖2 +(1− t)‖y‖2− t(1− t)‖x− y‖2.

Lemma 2.6. Let T : H→H be (β ,{µk},{ξk},φ)-totally quasi-asymptotically strictly pseudocontractive,
and set T k

α = (1−α)I +αT k for α ∈ (0,1]. Then, for any z ∈ Fix(T ) and x ∈ H, one has the following:

‖T k
α x− z‖2 ≤ ‖x− z‖2 +αµkφ(‖x− z‖)+αξk−α(1−α−β )‖T kx− x‖2.

Proof. It follows from Lemma 2.5 that

‖T k
α x− z‖2 = ‖(1−α)(x− z)+α(T kx− z)‖2

= (1−α)‖x− z‖2 +α‖T kx− z‖2−α(1−α)‖T kx− x‖2

≤ (1−α)‖x− z‖2−α(1−α)‖T kx− x‖2

+α[‖x− z‖2 +β‖x−T kx‖2 +µkφ(‖x− z‖)+ξk]

= ‖x− z‖2 +αµkφ(‖x− z‖)+αξk−α(1−α−β )‖T kx− x‖2.
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Lemma 2.7. [22]. Suppose {ak} is a sequence of nonnegative real numbers such that

ak+1 ≤ (1+δk)ak +bk, k ≥ 0.

If (i) Σ∞
k=0δk < ∞ and (ii) Σ∞

k=0bk < ∞, then limk→∞ ak exists. In particular, if {ak} has a subsequence
which converges strongly to zero, then limk→∞ ak = 0.

Proposition 2.8. [19] Let H be a real Hilbert space and let T : H→H be a uniformly L-Lipschitzian and
(γ,{µn},{ξn},φ})-totally asymptotically strictly pseudocontractive mapping. Then the demiclosedness
principle holds for T in the sense that if {xn} is a sequence in H such that xn ⇀ x∗, and

limsup
m→∞

limsup
n→∞

‖xn−T mxn‖= 0,

then (I−T )x∗ = 0. In particular, if xn ⇀ x∗, and ‖(I−T )xn‖ → 0, then (I−T )x∗ = 0, that is, I−T is
demiclosed at the origin.

3. MAIN RESULTS

In this section we will prove the weak and strong convergence of the algorithm (1.6) to solve the SEFP
(1.2).

Now let us assume that the following conditions are satisfied.
(H1) H1,H2,H3 are three Hilbert spaces, A : H1→H3, B : H2→H3 are two bounded linear operators.
(H2) U : H1→H1 is a uniformly L1-Lipschitzian and (β1,{µ(1)

k },{ξ
(1)
k },φ1)-totally quasi-asymptotically

strictly pseudocontractive mapping and T : H2→H2 is a uniformly L2-Lipschitzian and (β2,{µ(2)
k },{ξ

(2)
k },φ2)-

totally quasi-asymptotically strictly pseudocontractive mapping satisfying the following conditions:
(C1) µk = max{µ(1)

k ,µ
(2)
k }, ξk = max{ξ (1)

k ,ξ
(2)
k },k ≥ 0 and Σ∞

k=0µk < ∞, Σ∞
k=0ξk < ∞.

(C2) φ = max{φ1,φ2} and there exist two positive constants M and M∗ such that φ(λ )≤M∗λ 2 for all
λ ≥M.

(H3) The stepsize γk in the algorithm (1.6) is chosen in such a way that

γk ∈ (0,
2‖Axk−Byk‖2

‖A∗(Axk−Byk)‖2 +‖B∗(Axk−Byk)‖2 ), k ∈Ω, (3.1)

otherwise, γk = γ (γ being any nonnegative value), where the set of indexes Ω = {k : Axk−Byk 6= 0}.

Lemma 3.1. [17] Assume the solution set Γ of the SEFP (1.2) is nonempty. Then, γk defined by (3.1) is
well defined.

Theorem 3.2. Let H1,H2,H3,A,B,U,T,{µk},{ξk} and φ satisfy the assumptions (H1)-(H3) mentioned
before. Let x0 ∈ H1, y0 ∈ H2 be arbitrary, the sequence {(xk,yk)} be defined by (1.6). Assume, for small
enough ε > 0,

γk ∈ (ε,
2‖Axk−Byk‖2

‖A∗(Axk−Byk)‖2 +‖B∗(Axk−Byk)‖2 − ε), (3.2)

where k ∈ Ω, otherwise, γk = γ (γ being any nonnegative value). Let {αk} ⊂ (δ ,1−δ −β ) for a small
enough δ > 0, where β = max{β1,β2}. Assume that I−T and I−U are demiclosed at the origin.
(I) If Γ 6= /0, then {(xk,yk)} weakly converges to a solution (x∗,y∗) of the SEFP (1.2).



6 W. LIU, Y. WANG, S.Y. CHO

(II) In addition, if U and T are also semicompact, then {(xk,yk)} strongly converges to a solution (x∗,y∗)
of the SEFP (1.2).

Proof. (I) Repeating the proof of Theorem 2.4 in [17], we know that {γk} is bounded. For any (x,y) ∈ Γ,

i.e., x ∈ Fix(U), y ∈ Fix(T ) and Ax = By, by (1.6) and (2.1), we have

‖uk− x‖2 = ‖xk− x− γkA∗(Axk−Byk)‖2

= ‖xk− x‖2−2γk〈A∗(Axk−Byk),xk− x〉+ γ
2
k ‖A∗(Axk−Byk)‖2

= ‖xk− x‖2−2γk〈Axk−Byk,Axk−Ax〉+ γ
2
k ‖A∗(Axk−Byk)‖2

= ‖xk− x‖2− γk[‖Axk−Byk‖2 +‖Axk−Ax‖2−‖Byk−Ax‖2]

+γ
2
k ‖A∗(Axk−Byk)‖2. (3.3)

Similarly, by (1.6) and (2.1), we have

‖vk− y‖2 = ‖yk− y‖2− γk[‖Axk−Byk‖2 +‖Byk−By‖2−‖Axk−By‖2]

+γ
2
k ‖B∗(Axk−Byk)‖2. (3.4)

Combining (3.3), (3.4) and Ax = By, we have

‖uk− x‖2 +‖vk− y‖2 ≤ ‖xk− x‖2 +‖yk− y‖2− γk[2‖Axk−Byk‖2

−γk(‖A∗(Axk−Byk)‖2 +‖B∗(Axk−Byk)‖2)]. (3.5)

Since φ is a continuous and increasing function, it results that φ(λ )≤ φ(M), if λ ≤M, and φ(λ )≤M∗λ 2,
if λ ≥M. In either case, we can obtain that

φ(λ )≤ φ(M)+M∗λ 2, ∀ λ ≥ 0. (3.6)

By (1.6), (3.6) and Lemma 2.6, we obtain

‖xk+1− x‖2 ≤ ‖uk− x‖2 +αkµkφ(‖uk− x‖)

+αkξk−αk(1−αk−β1)‖Uk(uk)−uk‖2

≤ ‖uk− x‖2 +αkµk(φ(M)+M∗‖uk− x‖2)

+αkξk−αk(1−αk−β1)‖Uk(uk)−uk‖2

= (1+αkµkM∗)‖uk− x‖2 +αkµkφ(M)

+αkξk−αk(1−αk−β1)‖Uk(uk)−uk‖2

and

‖yk+1− y‖2 ≤ ‖vk− y‖2 +αkµkφ(‖vk− y‖)

+αkξk−αk(1−αk−β2)‖T k(vk)− vk‖2

≤ ‖vk− y‖2 +αkµk(φ(M)+M∗‖vk− y‖2)

+αkξk−αk(1−αk−β2)‖T k(vk)− vk‖2

= (1+αkµkM∗)‖vk− y‖2 +αkµkφ(M)

+αkξk−αk(1−αk−β2)‖T k(vk)− vk‖2.
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By the above two inequalities and (3.5), we obtain

‖xk+1− x‖2 +‖yk+1− y‖2

≤ (1+αkµkM∗)(‖uk− x‖2 +‖vk− y‖2)+2αkµkφ(M)+2αkξk

−αk(1−αk−β1)‖Uk(uk)−uk‖2−αk(1−αk−β2)‖T k(vk)− vk‖2

≤ (1+αkµkM∗)(‖xk− x‖2 +‖yk− y‖2)− (1+αkµkM∗)γk[2‖Axk−Byk‖2

−γk(‖A∗(Axk−Byk)‖2 +‖B∗(Axk−Byk)‖2)]+2αkµkφ(M)+2αkξk

−αk(1−αk−β )‖Uk(uk)−uk‖2−αk(1−αk−β )‖T k(vk)− vk‖2.

Setting ρk(x,y) = ‖xk− x‖2 +‖yk− y‖2, we have

ρk+1(x,y)

≤ (1+αkµkM∗)ρk(x,y)− (1+αkµkM∗)γk[2‖Axk−Byk‖2

−γk(‖A∗(Axk−Byk)‖2 +‖B∗(Axk−Byk)‖2)]+2αkµkφ(M)+2αkξk

−αk(1−αk−β )‖Uk(uk)−uk‖2−αk(1−αk−β )‖T k(vk)− vk‖2, (3.7)

which, together with (3.2), implies that

ρk+1(x,y)≤ (1+αkµkM∗)ρk(x,y)+2αkµkφ(M)+2αkξk.

Consequently, taking δk = αkµkM∗, bk = 2αkµkφ(M)+2αkξk, we have from Lemma 2.7 and (C1) that
{ρk(x,y)} converges to some finite limit, denoted by ρ(x,y). Therefore noting that Axk−Byk = 0, if
k /∈Ω, it follows from (3.2), (3.7) and the conditions on {αk}, {µk}, and {ξk} that

lim
k→∞

[2‖Axk−Byk‖2− γk(‖A∗(Axk−Byk)‖2 +‖B∗(Axk−Byk)‖2)] = 0, (3.8)

lim
k→∞

‖Uk(uk)−uk‖= 0, (3.9)

lim
k→∞

‖T k(vk)− vk‖= 0.

Furthermore, by (3.2) and (3.8), we have

lim
k→∞

(‖A∗(Axk−Byk)‖2 +‖B∗(Axk−Byk)‖2) = 0. (3.10)

So it follows from (3.8) and (3.10) that

lim
k→∞

‖Axk−Byk‖= 0. (3.11)

And (3.10) implies that

lim
k→∞

‖A∗(Axk−Byk)‖= lim
k→∞

‖B∗(Axk−Byk)‖= 0.

Furthermore, since {γk} is bounded, we obtain

lim
k→∞

‖uk− xk‖= lim
k→∞

γk‖A∗(Axk−Byk)‖= 0. (3.12)

It follows from (1.6) that

‖xk+1− xk‖ ≤ (1−αk)‖uk− xk‖+αk‖Uk(uk)− xk‖

≤ (1−αk)‖uk− xk‖+αk‖Uk(uk)−uk‖+αk‖uk− xk‖

= ‖uk− xk‖+αk‖Uk(uk)−uk‖,
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which, together with (3.9) and (3.12), implies that

lim
k→∞

‖xk+1− xk‖= 0. (3.13)

Similarly, we have

lim
k→∞

‖vk− yk‖= 0,

lim
k→∞

‖yk+1− yk‖= 0.

It follows from (3.12) and (3.13) that

‖uk+1−uk‖ ≤ ‖uk+1− xk+1‖+‖xk+1− xk‖+‖xk−uk‖→ 0(k→ ∞). (3.14)

Next we show that limk→∞ ‖U(uk)− uk‖ = 0 and limk→∞ ‖T (vk)− vk‖ = 0. Set ck = ‖Uk(uk)− uk‖,
Since U is uniformly L1-Lipschitzian, we get

‖U(uk)−uk‖ ≤ ‖Uk(uk)−uk‖+‖Uk(uk)−U(uk)‖

≤ ck +L1‖Uk−1(uk)−uk‖

≤ ck +L1(‖Uk−1(uk)−Uk−1(uk−1)‖

+‖Uk−1(uk−1)−uk−1‖+‖uk−uk−1‖)

≤ ck +L1(L1‖uk−uk−1‖+ ck−1)+L1(‖uk−uk−1‖).

Therefore, we obtain from (3.9) and (3.14) that

lim
k→∞

‖U(uk)−uk‖= 0. (3.15)

Similarly, we have

lim
k→∞

‖T (vk)− vk‖= 0. (3.16)

Taking (x∗,y∗)∈ωw(xk,yk), we have x∗ ∈ωw(xk) and y∗ ∈ωw(yk). limk→∞ ‖uk−xk‖= 0 and limk→∞ ‖vk−
yk‖= 0 imply that x∗ ∈ ωw(uk) and y∗ ∈ ωw(vk). Since I−T and I−U are demiclosed at the origin, we
have from (3.15) and (3.16) that x∗ ∈ Fix(U) and y∗ ∈ Fix(T ). Also Ax∗−By∗ ∈ ωw(Axk−Byk), which
together with the weakly lower semicontinuity of the norm and (3.11) implies that

‖Ax∗−By∗‖ ≤ liminf
k→∞

‖Axk−Byk‖= 0.

Hence (x∗,y∗) ∈ Γ. Following the last part of the proof in Theorem 2.4 in [17], we have the uniqueness
of the weak cluster points of {xk} and {yk}. Then {(xk,yk)} generated by (1.6) weakly converges to a
solution (x∗,y∗) of the SEFP (1.2).

(II) It follows from limk→∞ ρk(x,y) = ρ(x,y) that {xk} and {yk} are bounded. Then by limk→∞ ‖uk−
xk‖= 0 and limk→∞ ‖vk−yk‖= 0, we get that {uk} and {vk} are also bounded. Since U is semi-compact,
it follows from (3.15) that there exists a subsequence {uk j} ⊂ {uk} such that uk j → u∗ ∈ H1. xk j ⇀ x∗

and limk→∞ ‖A∗(Axk−Byk)‖= 0 imply that

uk j = xk j − γk j A
∗(Axk j −Byk j)⇀ x∗( j→ ∞).
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So u∗ = x∗, i.e., uk j → x∗. Thus by (3.12) we have xk j → x∗. Similarly, we can prove that yk j → y∗ (Nec-
essary we may take the subsequence of {k j}). Since limk→∞ ρk(x∗,y∗) = ρ(x∗,y∗), where ρk(x∗,y∗) =
‖xk− x∗‖2 +‖yk− y∗‖2, we have lim j→∞ ρk j(x

∗,y∗) = 0. So it follows from Lemma 2.7 that

lim
k→∞

ρk(x∗,y∗) = 0,

which implies that limk→∞ ‖xk− x∗‖ = 0 and limk→∞ ‖yk− y∗‖ = 0, i.e., {(xk,yk)} generated by (1.6)
strongly converges to a solution (x∗,y∗) of the SEFP (1.2). This competes the proof. �

Theorem 3.3. Let H1,H2,H3,A,B,{µk},{ξk} and φ be the same as Theorem 3.2. Let U : H1→ H1 be
a uniformly L1-Lipschitzian and (β1,{µ(1)

k },{ξ
(1)
k },φ1)-totally asymptotically strictly pseudocontractive

mapping and T : H2→ H2 be a uniformly L2-Lipschitzian and (β2,{µ(2)
k },{ξ

(2)
k },φ2)-totally asymptoti-

cally strictly pseudocontractive mapping. Let x0 ∈ H1, y0 ∈ H2 be arbitrary, the sequence {(xk,yk)} be
defined by (1.6). Assume for small enough ε > 0,

γk ∈ (ε,
2‖Axk−Byk‖2

‖A∗(Axk−Byk)‖2 +‖B∗(Axk−Byk)‖2 − ε),

where k ∈ Ω, otherwise, γk = γ (γ being any nonnegative value). Let {αk} ⊂ (δ ,1−δ −β ) for a small
enough δ > 0, where β = max{β1,β2}.
(I) If Γ 6= /0, then {(xk,yk)} weakly converges to a solution (x∗,y∗) of the SEFP (1.2).
(II) In addition, if U and T are also semicompact, then {(xk,yk)} strongly converges to a solution (x∗,y∗)
of the SEFP (1.2).

Proof. By Proposition 2.8, we have that I−T and I−U are demiclosed at the origin. And Γ 6= /0 implies
that Fix(U) 6= /0 and Fix(T ) 6= /0. Using Theorem 3.2 and Remark 2.3, we obtain the conclusions. �

Remark 3.4. By Theorem 3.3, both U and T are reduced to (β ,{µk})-asymptotically strictly pseudo-
contractive mappings or generalized asymptotically nonexpansive mappings with ({µk},{ξk}), and we
can obtain the corresponding weak and strong convergence for the sequence {(xk,yk)} defined by (1.6).

The following theorems can be concluded from Theorem 3.2 immediately.

Theorem 3.5. Let H1,H2,H3,A,B,{µk} be the same as Theorem 3.2. Let U : H1→H1 be a uniformly L1-
Lipschitzian and (β1,{µ(1)

k })-quasi-asymptotically strictly pseudocontractive mapping and T : H2→H2

be a uniformly L2-Lipschitzian and (β2,{µ(2)
k })-quasi-asymptotically strictly pseudocontractive map-

ping. Let x0 ∈ H1, y0 ∈ H2 be arbitrary, the sequence {(xk,yk)} be defined by (1.6). Assume for small
enough ε > 0,

γk ∈ (ε,
2‖Axk−Byk‖2

‖A∗(Axk−Byk)‖2 +‖B∗(Axk−Byk)‖2 − ε),

where k ∈ Ω, otherwise, γk = γ (γ being any nonnegative value). Let {αk} ⊂ (δ ,1−δ −β ) for a small
enough δ > 0, where β = max{β1,β2}. Assume that I−T and I−U are demiclosed at the origin.
(I) If Γ 6= /0, then {(xk,yk)} weakly converges to a solution (x∗,y∗) of the SEFP (1.2).
(II) In addition, if U and T are also semicompact, then {(xk,yk)} strongly converges to a solution (x∗,y∗)
of the SEFP (1.2).
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Theorem 3.6. Let H1,H2,H3,A,B,{µk},{ξk} be the same as Theorem 3.2. Let U : H1→ H1 be a uni-
formly L1-Lipschitzian and generalized asymptotically quasi-nonexpansive mapping with ({µ(1)

k },{ξ
(1)
k })

and T : H2 → H2 be a uniformly L2-Lipschitzian and generalized asymptotically quasi-nonexpansive
mapping with ({µ(2)

k }, {ξ
(2)
k }). Let x0 ∈ H1, y0 ∈ H2 be arbitrary, the sequence {(xk,yk)} be defined by

(1.6). Assume for small enough ε > 0,

γk ∈ (ε,
2‖Axk−Byk‖2

‖A∗(Axk−Byk)‖2 +‖B∗(Axk−Byk)‖2 − ε),

where k ∈ Ω, otherwise, γk = γ (γ being any nonnegative value). Let {αk} ⊂ (δ ,1− δ ) for a small
enough δ > 0. Assume that I−T and I−U are demiclosed at the origin.
(I) If Γ 6= /0, then {(xk,yk)} weakly converges to a solution (x∗,y∗) of the SEFP (1.2).
(II) In addition, if U and T are also semicompact, then {(xk,yk)} strongly converges to a solution (x∗,y∗)
of the SEFP (1.2).

Remark 3.7. Since µk ≥ 0,ξk ≥ 0, ∀ k≥ 0, it is easy to see that ∑
∞
k=0 µk < ∞,∑∞

k=0 ξk < ∞⇔∑
∞
k=0(µk +

ξk) < ∞. Thus Theorem 3.6 (I) is Theorem 2.4 in [18]. Moreover under the conditions of Theorem 3.6
we also obtain the strong convergence for the sequence {(xk,yk)} defined by (1.6).

Remark 3.8. Theorem 3.2 improves and extends the corresponding results of Zhao and He [18], Chang
et al. [19] and so on.

Example 3.9. [23] Let H = R. Let T : R→ R be defined by

T x =


ax, i f 0≤ x≤ 1/2,

a
2a−1(a− x), i f 1/2≤ x≤ a,
0, i f x < 0 or x > a,

where 1/2 < a < 1. Then Fix(T ) = {0}, T is a uniformly Lipschitzian, totally quasi-asymptotically
strictly pseudocontractive mapping. Meanwhile, I−T is demiclosed at 0, but T is not nonexpansive.

Proof. Clearly, F(T ) = {0}. Since 1/2 < a < 1, if 1/2 ≤ x ≤ a, then 0 ≤ a
2a−1(a− x) ≤ a/2(≤ 1/2).

Now we show that T is a uniformly Lipschitzian, totally quasi-asymptotically strictly pseudocontractive
mapping and I−T is demiclosed at the origin.

Indeed, if 0≤ x≤ 1/2 and 1/2≤ y≤ a, then T kx = akx and T ky = ak

2a−1(a− y). We observe

|T kx−T ky| = |akx− ak

2
+

ak

2
− ak

2a−1
(a− y)|

= |ak(x− 1
2
)+

ak

2a−1
[(a− 1

2
)− (a− y)]|

≤ ak|x− 1
2
|+ ak

2a−1
|y− 1

2
|

≤ ak

2a−1
|x− y|

≤ lk|x− y|

= |x− y|+(lk−1)|x− y|,

where lk = 1+ ak

2a−1 . Let L = supk≥1{lk}. Since ak

2a−1 → 0, T is (0,{lk−1},{ξk},φ})-totally asymptot-
ically strictly pseudocontractive mapping, where φ(t) = t2. By Lemma 2.8, I−T is demiclosed at the
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origin. Since Fix(T ) 6= /0, T is (0,{lk−1},{ξk},φ})-totally quasi-asymptotically strictly pseudocontrac-
tive mapping, moreover, T is uniformly L−Lipschitzian. However, if taking 1/2≤ x,y≤ a, by noticing

a
2a−1 > 1, 1

2a−1 > 1⇔ a < 1, we have

|T x−Ty|= a
2a−1

|x− y|> |x− y|,

which implies that T is not nonexpansive. �

Next, we give a remark satisfying the conditions in Theorem 3.2.

Remark 3.10. Let H1 = H2 = H3 = R. Take U = T as Example 3.9. We define a bounded linear operator
A : R→ R by Ax = 3x. Thus A∗x = 3x and ‖A‖= ‖A∗‖= 3. Let B = A. Since Fix(U) = Fix(T ) = {0},
Γ = {(0,0)} 6= /0. For small enough ε > 0, since

2‖Axk−Byk‖2

‖A∗(Axk−Byk)‖2 +‖B∗(Axk−Byk)‖2

≥ 2‖Axk−Byk‖2

‖A∗‖2‖Axk−Byk‖2 +‖B∗‖2‖Axk−Byk‖2

=
2

‖A∗‖2 +‖B∗‖2

= 1/9,

we just need to take ε ∈ (0,1/18). Then for each k≥ 0, choose {γk} satisfying the condition (3.2). From
the definitions of U and T , β1 = β2 = 0, so for any small enough δ > 0, we can choose {αk}⊂ (δ ,1−δ ).
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