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1. INTRODUCTION

Let C and Q be nonempty closed convex subsets of real Hilbert spaces H| and H;, respectively, and
let A : HA — H; be a bounded linear operator. The split feasibility problem (SFP) is to find a point x*
satisfying

X" €C, Ax* € Q. (1.1)

The SFP (1.1) was first introduced by Censor and Elfving [1]. It serves as a model for many inverse
problems where constraints are imposed on the solutions in the domain of a linear operator as well as
in the range of the operator. There are a number of significant applications of the SFP in intensity-
modulated radiation therapy, signal processing, image reconstruction and so on, and many well-known
iterative algorithms for solving it were established; see, e.g., [2, 3, 4, 5, 6].

Recently, Moudafi [7] introduced a new split feasibility problem. Let H,H,,H3 be three Hilbert
spaces, let A : Hy — Hs, B : Hy — H3 be two bounded linear operators, and let U : Hy — Hj and T :
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H, — H, be two firmly quasi-nonexpansive operators. The split equality fixed-point problem (SEFP) in
[7] is to find

x € Fix(U), y € Fix(T) such that Ax = By, (1.2)

which allows asymmetric and partial relations between the variables x and y. The interest is to cover
many situations, for instance, in decomposition methods for PDE’s, applications in game theory and
in intensity-modulated radiation therapy (IMRT). In decision sciences, this allows to consider agents
who interplay only via some components of their decision variables (see [8]). In IMRT, this amounts to
envisage a weak coupling between the vector of doses absorbed in all voxels and that of the radiation
intensity (see [9]). Denote the solution set of SEFP by

I'={(x,y) € H x Hb|x € Fix(U),y € Fix(T),Ax = By}.
If Hy = H3 and B = I, then problem (1.2) reduces to the split common fixed-point problem (SCFP):
find x* € Fix(U) such that Ax* € Fix(T),

which is a generalization of the SFP and the convex feasibility problem (CFP). The SCFP has been
studied by many authors; see, e.g., [10, 11, 12, 13] and references therein.
For solving the SEFP, Moudifi and Al-Shemas [14] introduced the following simultaneous iterative

algorithm:
Xk+1 :U(xk_’ykA*(Axk_Byk))? (1.3)
Yir1 = T (Vi + %eB* (Ax — Byx)),

for firmly quasi-nonexpansive operators U and 7', where non-decreasing sequence %; € (€ €),

Mty
and A4, Ap stand for the spectral radiuses of A*A and B*B, respectively.

Note that in algorithm (1.3), the determination of the stepsize {7y} depends on the operator norms
|A|| and ||B|| (or the largest eigenvalues of A*A and B*B). For algorithm (1.3), one has first to compute
(or estimate) operator norms of A and B, which is in general not an easy work in practice. To overcome
this difficulty, Lopez et al. [15] and Zhao and Yang [16] presented a helpful method for estimating
the stepsizes which don’t need prior knowledge of the operator norms for solving the split feasibility
problems and multiple-set split feasibility problems, respectively. Inspired by them, Zhao [17] introduced
the following algorithm:

up = xx — BA* (Axy — Byy),
X1 = (1 — oy )ug + 0 U (u),
)

N (1.4)
Vi = Yk + YiB" (Axy — Byy),
Vi1 = (1= Bi)vi+ BeT (vi),
where the stepsize ¥ is chosen in such a way that
2||Axi — Byi|?

|| A* (Axe — Byi)|I> + [|B* (Axi — By ||?
The advantage of the stepsizes satisfying (1.5) lies in the fact that no prior information about the operators

norms of A and B. Under some suitable conditions, she proved the weak convergence of this algorithm
to solve the SEFP (1.2) governed by quasi-nonexpansive operators.
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Very recently, Zhao and He [18] introduced the following iterative algorithm for solving the SEFP
for generalized asymptotically quasi-nonexpansive mappings. Let xo € Hy, yo € H, be arbitrary, and the
sequence {(xx,yx)} be defined by

g = xg — WA*(Axg — Byx)
X1 = (1= o)y + g U (),
Vi = Vi + YB* (Axy — By)
Yia1 = (1= og)vi + o T*(vy),

(1.6)

where {7} is chosen by (1.5). They obtained the weak convergence of this algorithm under some suitable
conditions in Hilbert spaces.

In this paper, motivated and inspired by the works mentioned above, we consider iterative algorithm
(1.6) for solving the SEFP for totally quasi-asymptotically strictly pseudocontractive mappings which in-
clude generalized asymptotically quasi-nonexpansive mappings and asymptotically quasi-nonexpansive
mappings without prior knowledge of operator norms. And we establish some weak convergence results
under some suitable conditions in Hilbert spaces. Meanwhile, we note that the existing algorithms for the
SEFP in [17, 18] have only weak convergence in the framework of infinite-dimensional spaces. And it is
of interest to seek strong convergence for algorithm (1.6). Then we establish some strong convergence
theorems for the SEFP.

2. PRELIMINARIES

Let C be a nonempty closed convex subset of a real Hilbert space H with inner product (-,-), and
norm || - ||. When {x,} is a sequence in H, we denote the strong convergence of {x, } tox € H by x, — x
and the weak convergence by x,, — x. Denote by Fix(T) the set of fixed points of a mapping T'; that is,
Fix(T)={xeC:Tx=x}.

In order to facilitate our investigation in this paper, we recall some definitions as follows.

Definition 2.1. A mapping T : C — C is said to be
(i) nonexpansive if
[Tx=Ty| <[lx=yl, VxyeC;
(ii) quasi-nonexpansive if Fix(T) # 0 and
|ITx—z|]| < |x—z||, VxeC,ze Fix(T);
(iii) u-demicontractive (see for example [11]) if there exists a constant u € [0, 1) such that

1T = 2] < [l =2l + p e = Tx|%, ¥ (x,2) € C x Fix(T).

Definition 2.2. ([19, 20]). A mapping T : C — C is said to be
) (B, {w},{&}, ¢)-totally asymptotically strictly pseudocontractive, if there exist a constant 3 € [0, 1),
sequences { g} C [0,00) and {&} C [0,00) with ty — 0 and & — 0 such that, for all x,y € C,

1T =T V|2 < =y [P + Bl =y = (T = TD) |1 + e (x =yl + &, k=1,

where ¢ : [0,00) — [0, 0) is a continuous and strictly increasing function with ¢ (0) = 0;
(ia) Especially, if ¢(t) = ¢> and & = 0, then T is said to be (B, {1 })-asymptotically strictly pseudocon-
tractive;



4 W.LIU, Y. WANG, S.Y. CHO

(ib) Especially, if ¢(¢) = > and B = 0, then T is said to be a generalized asymptotically nonexpansive

mapping with ({t},{&¢});
(ic) Especially, if y, = & = 0, then T is said to be B-strictly pseudocontractive;

() (B,{t},{&},9)-totally quasi-asymptotically strictly pseudocontractive, if Fix(T) # 0, and there
exist a constant 8 € [0,1), sequences {} C [0,00) and {&} C [0,00) with u — 0 and § — 0 such that
forallx e C

1T —2|* < [lx —2]* + Bllx — T3> + o (x —2ll) + &, k=1, Vz e Fix(T),

where ¢ : [0,00) — [0, o) is a continuous and strictly increasing function with ¢ (0) = 0;

(iia) Especially, if ¢ (t) = ¢? and & = 0, then T is said to be (B, { i })-quasi-asymptotically strictly pseu-
docontractive;

(iib) Especially, if ¢ (t) =¢> and § = 0, then T is said to be a generalized asymptotically quasi-nonexpansive

mapping with ({ti}, {S});
(iii) uniformly L-Lipschitzian if there exists a constant L > 0 such that for all x,y € C

IT* =T < Lilx—y], Yk>1.

Remark 2.3. If T is a totally asymptotically strictly pseudocontractive mapping and Fix(T) # 0, then T
is a totally quasi-asymptotically strictly pseudocontractive mapping.

Definition 2.4. A mapping T : C — C is said to be
(i) demiclosed at the origin if, for any sequence {x;} € H and x* € H, we have

X — x*

= Tx*=0.
T(xk) —0 }

(ii) semicompact if, for any bounded sequence {x;} C H with limy_,e ||xx — Txx|| = 0, there exists a
subsequence {xi, } of {x;} such that {x;,} converges strongly to a point x* € H.

In a Hilbert space, we easily get the following equality:
20x,y) = Il + Iyl? = e =yl 2.1)
In what follows, we give some lemmas needed for the convergence analysis of our algorithms.
Lemma 2.5. [21] Let H be a real Hilbert space. Then, for allt € [0,1] and x,y € H,
lex+ (1 =)yl = el + (1 =) Iy]? = (1 = 1) e =y

Lemma 2.6. Let T : H— H be (B, {1}, {&}, 9)-totally quasi-asymptotically strictly pseudocontractive,
and set Tk = (1 — &)l + aT* for o € (0,1]. Then, for any z € Fix(T) and x € H, one has the following:

15 —2l* < e —2l* + apud ([lx —z) + e — (1 — o — B) | T x — >
Proof. It follows from Lemma 2.5 that
ITgx—z> = (1 -a)(x—2)+a(T*x—2)|?
= (1-a)|x—zl* +al T —z|* — o(1 — ) | T*x — x>
< (I-a)|x—zl? —a(l - o) T —x||?
+afflx—zl? + Bl — T]1* + e (Jlx —zl]) + &
e —2? + ot ([lx — 2l1) + @i — (1 — &t = B) || T —x|| .
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Lemma 2.7. [22]. Suppose {a} is a sequence of nonnegative real numbers such that
ag+1 < (14 O)ax + by, k> 0.

If (i) 226 < oo and (ii) X7_ybi < oo, then limy_,o ay exists. In particular, if {a;} has a subsequence

which converges strongly to zero, then limy_,. a; = 0.

Proposition 2.8. [19] Let H be a real Hilbert space and let T : H — H be a uniformly L-Lipschitzian and
(v, {tn},{&s}, 0})-totally asymprotically strictly pseudocontractive mapping. Then the demiclosedness
principle holds for T in the sense that if {x,} is a sequence in H such that x,, — x*, and
limsuplimsup||x, — T"x,|| = 0,
Mm—so0  n—yoo
then (I —T)x* = 0. In particular, if x, — x*, and ||(I — T )x,|| — O, then (I —T)x* =0, that is, =T is

demiclosed at the origin.

3. MAIN RESULTS

In this section we will prove the weak and strong convergence of the algorithm (1.6) to solve the SEFP
(1.2).

Now let us assume that the following conditions are satisfied.

(H1) H,, H,, Hs are three Hilbert spaces, A : Hy — H3, B : Hy — H3 are two bounded linear operators.

(H2) U : Hy — H, is a uniformly L;-Lipschitzian and (f;, { /.L,El)}, { ékm }, 91)-totally quasi-asymptotically
strictly pseudocontractive mapping and T : Hy — H, is a uniformly L,-Lipschitzian and (3, { ulgz) } {?jkm }02)-
totally quasi-asymptotically strictly pseudocontractive mapping satisfying the following conditions:

€1 pe=max{”, 1P}, & = max{ &1 £}k > 0 and Tf oy < oo, T7 & < oo.

(C2) ¢ = max{¢y, ¢ } and there exist two positive constants M and M* such that ¢ (1) < M*A? for all
A>M.

(H3) The stepsize ¥ in the algorithm (1.6) is chosen in such a way that

2||Axi — Byel®
|A*(Axi — Byi)||* + || B*(Axic — By ||

%€ (0 ), k€ Q, (3.1)

otherwise, % = ¥ (y being any nonnegative value), where the set of indexes Q = {k : Ax; — By # 0}.

Lemma 3.1. [17] Assume the solution set I of the SEFP (1.2) is nonempty. Then, ¥ defined by (3.1) is
well defined.

Theorem 3.2. Let Hy,H,,H3,A,B,U,T,{1},{&} and ¢ satisfy the assumptions (HI)-(H3) mentioned
before. Let xo € Hy, yo € Hy be arbitrary, the sequence {(xi,yi)} be defined by (1.6). Assume, for small
enough € > (),

2||Ax; — Byi||? _¢)
"[|A*(Ax — By 1> + || B*(Axi — Bye) |2
where k € Q, otherwise, Y, = Y (Y being any nonnegative value). Let {0y} C (8,1 — 8 — B) for a small
enough 8 > 0, where B = max{fi, B2 }. Assume that [ — T and I — U are demiclosed at the origin.
() If T # 0, then {(xx,yr)} weakly converges to a solution (x*,y*) of the SEFP (1.2).

%€ (€ (3.2)
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(Il) In addition, if U and T are also semicompact, then {(xy,yx)} strongly converges to a solution (x*,y*)
of the SEFP (1.2).

Proof. (1) Repeating the proof of Theorem 2.4 in [17], we know that {7} is bounded. For any (x,y) € T,
ie.,x€ Fix(U), y € Fix(T) and Ax = By, by (1.6) and (2.1), we have

g — x> =[xk —x— %A"(Axe — Byo)||?
= |l — x> = 2%(A* (Axc — Bye), 5k — x) + R A" (Ax — Byo) ||
= |l — x]|* — 2% (Axi — By, Axi — Ax) + R |A* (Axe — Byy)||*
= |l —x)1> = wlllAxk — B> + || Axx — Ax||* — || By — Ax||*]
+1R A" (Axe — By || (3.3)
Similarly, by (1.6) and (2.1), we have
=3I = llyx =1 = wlllAxk = Byxl|* + 1By — By||* — || Axk — Byl|’]
+1B* (Ax — By 1> (3.4)
Combining (3.3), (3.4) and Ax = By, we have
o —6[* + v =317 < [pa = x4 [lyx = 211> = wel2l|Axe — By
~%([|A* (Axi — Byo)||* + || B (Axi — Byi) [|*)]- (3.5)

Since ¢ is a continuous and increasing function, it results that ¢ (1) < ¢(M),if A <M, and ¢(1) < M*A2,
if A > M. In either case, we can obtain that

d(A) < o(M)+M*A* Y A >0. (3.6)
By (1.6), (3.6) and Lemma 2.6, we obtain

Ik — x> < flue —x||* + o d ([ — x]])
+ogdy — o (1— oy — Br) |U* () — we|?

< g — x| + o (¢ (M) + M| — x[|*)
+og8 — o (1 — o5 — B)[[U* (ur) — w2

= (14 ogueM")||ug — x| + o p (M)
+og 8 — o (1 — o5 — ) [[U* (ur) — w2

and
eer =17 < vie—=yII* + ot (|Jve = y1)

oy — o (1 — a4 — Bo) | T (vi) — vl

< vk =1+ ot (9 (M) + M v — %)

+ o — o (1 — o — Bo) || TH(vi)) — wie||?
= (14 ogueM™)||v — y||* + ot (M)
+og & — (1 — o — Bo) || T*(vi) — wie| %
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By the above two inequalities and (3.5), we obtain

[Pt = xlI + [[yiess =12

< (U4 o)l — x|* + v = ¥ 11?) + 2009 (M) + 2048
— oy (1= o — B IU* () — ure||* — 0w (1 — 04 — o) | T* (vi)) — i)
< (L4 o) (|3 —x [ > + lye = YII%) = (1 + o kM *) % [2]| Axie — By ||

—1e([|A* (Axx — Byo) || + (1B (Axx — Byo) )] + 206t (M) + 2048
— o (1 — o4 — B)||U* (k) — ual[* — o (1 — 0 — B)|| T*(vie) — vil*-
Setting px(x,y) = [l — x|+ [[ye —y[|%, we have
Pr+1(x,y)
(1+ o4 teM ™) pi (x,3) — (1+ o pieM™ ) % [2]| Axic — By ||*
—1e([|A* (Axx = Bye) || + [|B* (Axx — By) %)) + 206 (M) + 2048
— o (1 — o4 — B)[[U* () — ur]|* — o (1 — 0 = B)|| T (vie) — wil, (3.7)

which, together with (3.2), implies that

IN

Pit1(x,y) < (1+ oM ™) pre(x,y) + 200149 (M) + 2048

Consequently, taking & = oy M*, by = 204 (M) + 204y, we have from Lemma 2.7 and (C1) that
{pk(x,y)} converges to some finite limit, denoted by p(x,y). Therefore noting that Ax; — By, = 0, if
k ¢ Q, it follows from (3.2), (3.7) and the conditions on {cy}, {4}, and {&} that

Jim [2[Ax, — Byi|” = ne([[A* (A — By > + | B* (A — By |1*)] = 0, (3.8)
lim | U* () — ue]| =0, (3.9)
k—yo0

lim ||T%(v;) — v = 0.
k—so0
Furthermore, by (3.2) and (3.8), we have
lim (J]A" (Axe — By) 1>+ 1B (A = By)||*) = 0. (3.10)
So it follows from (3.8) and (3.10) that
lim ||Ax; — Byy|| = 0. 3.11)
k—ro0
And (3.10) implies that
lim ||A*(Ax; — Byy)|| = lim ||B*(Axx — Byy)|| = 0.
k—>oo0 k—yoo
Furthermore, since {7} is bounded, we obtain
lim ||y — x || = lim % ||A* (Axx — Byy)|| = 0. (3.12)
k—o0 k—so0

It follows from (1.6) that

IN

o1 — x| (1 — o) g — xi || + o | U* () — x|

IN

(1 — o) — x| + || U (uge) — || + 0t g — x|

e 20 -+ ouc| U (ut) — ],
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which, together with (3.9) and (3.12), implies that
lim ||xk+1 —ka =0. (313)
k—yo0
Similarly, we have
lim HVk _ka = 07
k—yo0
lim ||y 1 —yil| = 0.
k—yo0
It follows from (3.12) and (3.13) that

1 = wiell < Mttt =Xt |+ (11 — x| + (o — || = O(k — o). (3.14)

Next we show that limy ... ||U (ux) — ug|| = 0 and limy_e ||T(vi) — vi|| = 0. Set ¢ = ||[U* (ux) — uy

bl

Since U is uniformly L;-Lipschitzian, we get

U (i) — el < 1 U* (i) — we]| + 11U (a) — U (i) |
< o+ LU () — e
< a4+ LU (w) = U (we) |
HNU () — g ||+ Nk — w1 )
< cx+Li (Lo || — ug—y || + cx—1) + Ly (||ug — ug—1])-

Therefore, we obtain from (3.9) and (3.14) that

lim ||U (ux) — ug|| = 0. (3.15)
k—ro0

Similarly, we have
lim ||7 (vi) — vi|| = 0. (3.16)
k—yo0

Taking (x*,y*) € @, (xk,yx), we have x* € wy, (xx) and y* € @y, (yi). limg_yeo ||t — x| = 0 and limy o0 || Vi —
v&|| = 0 imply that x* € @,,(ux) and y* € ®,,(vx). Since I — T and I — U are demiclosed at the origin, we
have from (3.15) and (3.16) that x* € Fix(U) and y* € Fix(T). Also Ax* — By* € ®,,(Ax; — Byy), which
together with the weakly lower semicontinuity of the norm and (3.11) implies that

|Ax* — By*|| < lilgnianAxk —Byi||=0.
—>00

Hence (x*,y*) € I'. Following the last part of the proof in Theorem 2.4 in [17], we have the uniqueness
of the weak cluster points of {x;} and {y;}. Then {(xt,yx)} generated by (1.6) weakly converges to a
solution (x*,y*) of the SEFP (1.2).

(IT) It follows from limy_,e px(x,y) = p(x,y) that {x;} and {y;} are bounded. Then by limy_, ||ux —
x|l = 0 and limy . ||k — yx|| = 0, we get that {u; } and {v;} are also bounded. Since U is semi-compact,
it follows from (3.15) that there exists a subsequence {u, } C {ui} such that wy, — u* € Hy. xp; — x*
and limy_, ||A* (Axx — Byy)|| = 0 imply that

ur; = X, — Yi, A" (Axg, — By;) — X" (j — o0).
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So u* = x*,i.e., uy; — x*. Thus by (3.12) we have x;, — x*. Similarly, we can prove that y;; — y* (Nec-
essary we may take the subsequence of {k;}). Since limy_,. pr(x*,y*) = p(x*,y*), where pi(x*,y*) =
[l — x*[|* + Ilyk — y*[|*, we have lim .. pg, (x*,y*) = 0. So it follows from Lemma 2.7 that

lim py (x*,y") =0,
k—yo0

which implies that limy_,e ||xx — x*|| = 0 and limy e ||yx — y*|| = 0, i.e., {(xk,yx)} generated by (1.6)
strongly converges to a solution (x*,y*) of the SEFP (1.2). This competes the proof. U

Theorem 3.3. Let Hy,Hy,H3,A,B, {1 },{&} and ¢ be the same as Theorem 3.2. Let U : Hi — H, be
a uniformly Ly-Lipschitzian and (B1,{ ,LL,EI)}, { ék(l)}, 01)-totally asymptotically strictly pseudocontractive
mapping and T : Hy — H, be a uniformly Ly-Lipschitzian and (f3,,{ /.1,52)}, { ék(z)}, 0)-totally asymptoti-
cally strictly pseudocontractive mapping. Let xy € Hy, yo € H, be arbitrary, the sequence {(xi,yi)} be
defined by (1.6). Assume for small enough € > 0,

2)|Axi — By _
|A*(Axi — Byo) > + [|B* (Axi — Byi) ||*

Y € (87 | 8)7

where k € Q, otherwise, Y, = Y (Y being any nonnegative value). Let {og} C (8,1 — 8 — ) for a small
enough 6 > 0, where B = max{f;,B:}.

() If T #£ 0, then {(xx, k) } weakly converges to a solution (x*,y*) of the SEFP (1.2).

(1) In addition, if U and T are also semicompact, then {(x,yx)} strongly converges to a solution (x*,y*)
of the SEFP (1.2).

Proof. By Proposition 2.8, we have that I — T and I — U are demiclosed at the origin. And I" # 0 implies
that Fix(U) # 0 and Fix(T) # 0. Using Theorem 3.2 and Remark 2.3, we obtain the conclusions. O

Remark 3.4. By Theorem 3.3, both U and T are reduced to (f, { i })-asymptotically strictly pseudo-
contractive mappings or generalized asymptotically nonexpansive mappings with ({},{&}), and we
can obtain the corresponding weak and strong convergence for the sequence { (xt,yx)} defined by (1.6).

The following theorems can be concluded from Theorem 3.2 immediately.

Theorem 3.5. Let Hy,H,,H3,A, B, { W} be the same as Theorem 3.2. Let U : Hy — H\ be a uniformly L;-
Lipschitzian and (B, { /.L,El)})—quasi—asymptotically strictly pseudocontractive mapping and T : Hy — H,
be a uniformly Ly-Lipschitzian and (B, {[,LIEZ)})-quasi—asymptotically strictly pseudocontractive map-
ping. Let xo € Hy, yo € Hy be arbitrary, the sequence {(xi,yx)} be defined by (1.6). Assume for small
enough € > 0,

2||Axi — By? B
"[|A*(Ax — Byi) |1 + |B* (Axi — Bye) |2
where k € Q, otherwise, Y, = v (y being any nonnegative value). Let {o} C (8,1 — 6 — B) for a small
enough 8 > 0, where B = max{f;,B.}. Assume that [ — T and I — U are demiclosed at the origin.
() If T # 0, then {(xx,yx) } weakly converges to a solution (x*,y*) of the SEFP (1.2).
(1) In addition, if U and T are also semicompact, then {(x,yx)} strongly converges to a solution (x*,y*)
of the SEFP (1.2).

%E (e €),
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Theorem 3.6. Let Hy,H>,Hs,A,B, {1 },{&} be the same as Theorem 3.2. Let U : H — H, be a uni-
formly L;-Lipschitzian and generalized asymptotically quasi-nonexpansive mapping with ({ ,u,EI) H {ék(l) b
and T : Hy — H, be a uniformly Ly-Lipschitzian and generalized asymptotically quasi-nonexpansive
mapping with ({ ,LL,EZ)}, {ék(z)}) Let xo € Hy, yo € Hy be arbitrary, the sequence {(xi,yx)} be defined by
(1.6). Assume for small enough € > 0,

2, By o
|A* (Ax — Byi)[|> + || B*(Axe — By [|F
where k € Q, otherwise, Y, = v (Y being any nonnegative value). Let {0y} C (6,1 — &) for a small

7’k€(87|

enough & > 0. Assume that I — T and I — U are demiclosed at the origin.

() If T # 0, then {(xx,yx) } weakly converges to a solution (x*,y*) of the SEFP (1.2).

(1) In addition, if U and T are also semicompact, then {(xx,yi)} strongly converges to a solution (x*,y*)
of the SEFP (1.2).

Remark 3.7. Since p > 0,& >0, Vk >0, it is easy to see that Y5 ot < o0, Y o & < oo Y (i +
&) < oo. Thus Theorem 3.6 (I) is Theorem 2.4 in [18]. Moreover under the conditions of Theorem 3.6
we also obtain the strong convergence for the sequence {(xy,yx)} defined by (1.6).

Remark 3.8. Theorem 3.2 improves and extends the corresponding results of Zhao and He [18], Chang
et al. [19] and so on.

Example 3.9. [23] Let H =R. Let T : R — R be defined by

ax, if 0<x<1/2,
Tx=1{ siq(a—x), if 1/2<x<a,
0,if x<0orx>a,
where 1/2 < a < 1. Then Fix(T) = {0}, T is a uniformly Lipschitzian, totally quasi-asymptotically

strictly pseudocontractive mapping. Meanwhile, I — T is demiclosed at 0, but T is not nonexpansive.

Proof. Clearly, F(T) = {0}. Since 1/2<a<1,if 1/2<x <a, then 0 < 5%5(a—x) <a/2(<1/2).
Now we show that T is a uniformly Lipschitzian, totally quasi-asymptotically strictly pseudocontractive
mapping and / — T is demiclosed at the origin.

Indeed, if 0 <x < 1/2and 1/2 <y < a, then T*x = a*x and T*y = %(a —v). We observe

k k k
The_Thkyl — gL 44 _
[T x —T"y| @' ==+ 5 =5 (a=y)|
1 a 1
N I
1 ar 1
k —_— PR
< al—slt o — -5l
ak
< 5ol
< llx—y)

= |x—=y[+h—=1)|x—yl,

where [, = 1+ % Let L = sup;~ {/x}. Since 25{1 — 0, Tis (0,{lx — 1},{&}, 9})-totally asymptot-
ically strictly pseudocontractive mapping, where ¢(¢) = t*>. By Lemma 2.8, I — T is demiclosed at the
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origin. Since Fix(T) # 0, T is (0, {l; — 1},{&}, ¢ } )-totally quasi-asymptotically strictly pseudocontrac-
tive mapping, moreover, 7 is uniformly L—Lipschitzian. However, if taking 1/2 < x,y < a, by noticing
ﬁ>l,ﬁ>l@a<l,wehave

a
_l‘x_y’>’x_y|a

Tx—Ty| =
[ Tx—Ty| P

which implies that 7" is not nonexpansive. O
Next, we give a remark satisfying the conditions in Theorem 3.2.

Remark 3.10. Let H} = H, = Hy; = R. Take U =T as Example 3.9. We define a bounded linear operator
A:R — Rby Ax =3x. Thus A*x =3x and ||A|| = ||A*|| = 3. Let B=A. Since Fix(U) = Fix(T) = {0},
I' = {(0,0)} # 0. For small enough € > 0, since

2||Axk—Bka2
||A* (Axx — Byx)||> + || B* (Axx — Byy)||?
S 2|/ Axi — By ||
A2 )| Axx — By||2 + ||B*||2[|Axx — By |?
B 2
[|A* (|2 + || B*[|?

— 1/9,

we just need to take € € (0,1/18). Then for each k > 0, choose {} satisfying the condition (3.2). From
the definitions of U and T', 8; = B, = 0, so for any small enough § > 0, we can choose {} C (6,1—9).
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