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Abstract. In this paper, based on the well-known Ky Fan section theorem and separation theorems, and new assumptions, some
existence results on vector equilibrium problems and weak vector equilibrium problems with set-valued mappings are obtained,
respectively. Some examples are given to illustrate our main results.
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1. INTRODUCTION

Let X and V be real Hausdorff topological vector spaces, and let X0 ⊂ X be a nonempty subset. Let S
be a pointed closed convex cone. (Weak) Vector equilibrium problem is to find x̄ ∈ X0 such that

f (x̄,y) 6∈ −S\{θ}(−intS), ∀y ∈ X0,

where θ is the zero element of V and f : X0×X0→V is a vector-valued mapping. This problem provides
a unified framework of many important problems, such as, vector optimization problems, vector saddle
point problems, vector non-zero sum game problems and vector variational inequality problems and has
wide applications in mathematical economics and operational research; see, e.g., [1, 2, 3, 4, 5, 6] and
the references therein. In view of these important applications, a lot of authors have devoted themselves
to the study of existence results of vector equilibrium problems and weak vector equilibrium problems.
Bigi, Capătă and Kassay [2] investigated existence theorems for vector equilibrium problems by virtue
of separation theorems of convex sets. As a special case, they also obtained existence results for vector
saddle point and vector variational inequalities. Ansari and Flores-Bazán [3] investigated the necessary
and sufficient conditions of weakly vector equilibrium problems by using a recession method. By a
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vector various minimax theorem, Lin [4] obtained an existence result for generalized weak vector equi-
librium problems. Under convex and nonconvex domains, Gong [5] investigated existence problems for
weak vector equilibrium problems. Kien, Wong and Yao [6] investigated existence results for variational
inequality problems under some pseudomonotone and discontinuity assumptions.

The payoff function of classic decision problems is single; a real number or a vector. However, it is
difficult to know the exact values of payoffs owing to some unexpected situations. We can only give
an estimate of values of payoffs. Therefore, decision problems with set payoff become an interesting
research topic. Research on set-valued mappings is a new branch of mathematics. As a powerful tool
for solving nonlinear analysis problems, it has become an indispensable part of nonlinear analysis; see,
e.g., [7, 8, 9, 10, 11, 12, 13]. Li, Chen and Lee [7] and Li, Chen and Yang [8] first obtained set various
minimax theorems. Zhang and Li [9] investigated some set various Ky Fan minimax theorems. Han
and Huang [10] obtained the existence and connectedness results of solutions for weak vector quasi-
equilibrium problems with set-valued mappings.

Motivated by these results, we establish some existence theorems of solutions for two type of vector
equilibrium problems with set-valued mappings under some new assumptions. Some examples are also
given to illustrate our main results. The rest of the paper is organized as follows. In Section 2, we
present notations and preliminary results. In Section 3, we state some existence theorems for set vector
equilibrium problems and set weak vector equilibrium problems.

2. PRELIMINARIES

Let X and V be real Hausdorff topological vector spaces. Assume that S is a pointed closed convex
cone in V with its interior intS 6= /0. The dual cone S∗ of S is defined as follows:

S∗ := {s∗ ∈V ∗ : s∗(s)≥ 0,∀s ∈ S},

where s∗(s) is the value of the continuous linear function s∗ on s.
First, we give the following two type of set various vector equilibrium problems. Let F : X0×X0→ 2V

be a set-valued mapping.
Set vector equilibrium problem (SVEP) is to find x̄ ∈ X0 such that

F(x̄,y)
⋂
(−S\{θ}) = /0, ∀y ∈ X0.

Set weak vector equilibrium problem (SWVEP) is to find: x̄ ∈ X0 such that

F(x̄,y)
⋂
(−intS) = /0, ∀y ∈ X0.

Some fundamental terminologies are presented as follows.

Definition 2.1. [14] Let F : X → 2V be a set-valued mapping, and x0 ∈ X .
F is said to be quasi-upper (lower) semicontinuous on x0 iff, for any b ∈V ,

F(x0) 6⊂ b+S(F(x0) 6⊂ b−S),

there exists a neighborhood U of x0 such that

F(x) 6⊂ b+S(F(x) 6⊂ b−S), ∀x ∈U.

F is said to be S-quasi-upper (lower) semicontinuous on X iff F is S-quasi-upper (lower) semicontinuous
for any x ∈ X .
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Lemma 2.2. The set-valued mapping F : X → 2V is S-quasi-upper semicontinuous on X if and only if,
for any b ∈V , the level set

LevF(b) := {x ∈ X : F(x)⊂ b+S}
is closed.

Proof. From the proof of Lemma 2.2 in [14], we can obtain the desired immediately. �

Definition 2.3. [8, 9, 10] Let X0 be a nonempty convex set in X and let F : X0 → 2V be a set-valued
mapping.

(i) The set map F is said to be properly S-quasiconvex iff, for any x1,x2 ∈ X0 and l ∈ [0,1],

F(x1)⊂ F(lx1 +(1− l)x2)+S or F(x2)⊂ F(lx1 +(1− l)x2)+S;

(ii) The set map F is said to be S-quasiconvex iff, for any z ∈V , the set

LevF(z) := {x ∈ X0 : ∃t ∈ F(x),s.t. t ∈ z−S}

is convex;
(iii) The set map F is said to be natural S-quasiconvex iff, for any x1,x2 ∈ X0 and l ∈ [0,1],

co{F(x1,F(x2))} ⊂ F(lx1 +(1− l)x2)+S.

Next, we give the nonlinear scalarization functions and some useful lemmas.

Definition 2.4. [15] Let k ∈ intS and a ∈ V . The nonlinear scalarization functions ξka(z) : V → R is
defined by

ξka(z) = min {t ∈ R : z ∈ a+ tk−S}.

Lemma 2.5. [16] Let k ∈ intS and a ∈V . The following conclusions hold:
(i) ξka(z)≤ r⇔ z ∈ a+ rk−S;
(ii) ξka(z)≥ r⇔ z 6∈ a+ rk− intS;
(iii) ξka(·) is strictly monotonically increasing ((z1− z2 ∈ intS⇒ ξka(z1)> ξka(z2)));
(iv) ξka(·) is monotonically increasing ((z1− z2 ∈ S⇒ ξka(z1)≥ ξka(z2)));
(v) ξka(·) is continuous.

Lemma 2.6. Let k ∈ intS and a ∈V . If the set map F : X0→ 2V is properly S-quasiconvex, then ξka ·F :
X0→ 2R is R+- quasiconvex.

Proof. We only need to prove that, for any r ∈ R, the set

LevF(r) = {x ∈ X0 : ∃t ∈ ξka ◦F(x)s.t. t ≤ r}

is convex. Let x1,x2 ∈ LevF(r) and l ∈ [0,1]. Thus, there exist z1 ∈ F(x1),z2 ∈ F(x2) such that

ξka(z1)≤ r, ξka(z2)≤ r.

By Lemma 2.5 (i), we have
z1 ∈ a+ rk−S, z2 ∈ a+ rk−S.

Since F is properly S-quasiconvex, there exists z′,z′′ ∈ F(lx1 +(1− l)x2) satisfying z′ ∈ z1− S or z′′ ∈
z2−S. Hence,

z′ ∈ a+ rk−S
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or
z′′ ∈ a+ rk−S.

By Lemma 2.5 (i), we have ξka(z′)≤ r or ξka(z′′)≤ r, that is,

lx1 +(1− l)x2 ∈ LevF(r).

�

Lemma 2.7. [9] Let X0 ⊂ X be a nonempty convex set, and let F : X0 → 2R be a set-valued map. The
following two statements are equivalent:

(i) ∀r ∈ R, {x ∈ X0 : ∃t ∈ F(x)s.t. t ≤ r} is convex;
(ii) ∀w ∈ R, {x ∈ X0 : ∃t ∈ F(x)s.t. t < w} is convex.

Lemma 2.8. [17, 18] Let X0 ⊂ X be a nonempty convex subset, and let A⊂ X0×X0. If
(i) ∀y ∈ X0,{x ∈ X0 : (x,y) ∈ A} is closed;
(ii) ∀x ∈ X0,{y ∈ X0 : (x,y) 6∈ A} is convex or empty;
(iii) ∀x ∈ X0,(x,x) ∈ A,
then there exists x0 ∈ X0 such that {x0}×X0 ⊂ A.

3. MAIN RESULTS

First, by using the Ky Fan section theorem and the non-convex separation theorem, we prove the
following result.

Theorem 3.1. Let k ∈ intS, and a ∈ V . Let X0 ⊂ X be a nonempty compact convex subset, and let
F : X0×Y0→ 2V be a set map. If the following conditions are satisfied:

(i) for each y ∈ X0, F(x,y) is quasi S-upper semicontinuous and F(x,x) is quasi S-lower semicontinu-
ous;

(ii) for each x ∈ X0, F(x, ·) is properly S-quasiconvex on X0;
(iii)

⋃
x∈X0

F(x,x)⊂V\{−S\{θ}},
then (SVEP) has a solution.

Proof. We divide the proof into the following several steps.
Step 1. We prove that there exists x̄ ∈ X0 satisfying

ξka ◦F(x̄,X0)⊂
⋃

x∈X0

ξka ◦F(x,x)+R+. (3.1)

Let
A := {(x,y) ∈ X0×X0 : ξka ◦F(x,y)⊂

⋃
x∈X0

ξka ◦F(x,x)+R+}.

First, we show that, for any y ∈ X0, the set {x ∈ X0 : (x,y) ∈ A} is closed. Let {xn} ⊂ {x ∈ X0 : (x,y) ∈ A}
and xn→ x0. By the assumptions, for any y ∈ X0, we have

ξka ◦F(xn,y)⊂min
⋃

x∈X0

ξka ◦F(x,x)+R+.

By Lemma 2.2, for any y ∈ X0, we have

ξka ◦F(x0,y)⊂min
⋃

x∈X0

ξka ◦F(x,x)+R+,
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that is,
{x ∈ X0 : (x,y) ∈ A}

is a closed set.
Second, we show that, for any x ∈ X0, {y ∈ X0 : (x,y) 6∈ A} is convex. By using the definition, we have

{y ∈ X0 : (x,y) 6∈ A}= {y ∈ X0 : ∃z ∈ ξka ◦F(x,y)s.t. z < min
⋃

x∈X0

ξka ◦F(x,x)}.

From Lemmas 2.6 and 2.7, for each x ∈ X0, we obtain that

{y ∈ X0 : (x,y) 6∈ A}

is convex. From the definition of A, it is obvious that x ∈ X0, (x,x) ∈ A. It follows from Lemma 2.8 that
there exists x̄ ∈ X0 such that

{x̄}×X0 ⊂ A,

i.e., (3.1) holds.
Step 2. We prove that there exists x̄ ∈ X0 satisfying

F(x̄,X0)⊂
⋃

x∈X0

F(x,x)+S. (3.2)

As a matter of fact, if
z 6∈

⋃
x∈X0

F(x,x)+S,

i.e.,
(z−S)

⋂
(
⋃

x∈X0

F(x,x)) = /0,

we find from Lemma 2.5 (i) that

ξkz(u)> 0, ∀u ∈
⋃

x∈X0

F(x,x).

By (3.1), there exists x̄ ∈ X0 such that

ξkz ◦F(x̄,X0)⊂ intR+,

that is,
ξkz(w)> 0, ∀w ∈ F(x̄,X0).

Thanks to Lemma 2.5 (i), we obtain z 6∈ w+S. Hence,

z 6∈ F(x̄,X0).

So, (3.2) holds.
Step 3. We show that (SVVEP) has a solution.
Since

S+V\{−S\{θ}}=V\{−S\{θ}},

We obtain from (3.2) and condition (iii) that there exists x̄ ∈ X0 such that

F(x̄,X0)⊂V\{−S\{θ}},

i.e.,
F(x̄,X0)

⋂
(−S\{θ}) = /0.
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This shows that there exists x̄ ∈ X0 such that

F(x̄,y)
⋂
(−S\{θ}) = /0, ∀y ∈ X0.

�

Remark 3.2. (i) In the literatures, there are some existence results for the SVEP. However, the continuity
assumption on map f is related to the neither open nor closed set S\{θ}. Thus, it is difficult to verify the
corresponding ones. Moreover, since the set S\{θ} is neither closed nor open, the direct investigation on
the existence results for the SVEP via traditional methods is not easy. Clearly, Theorem 3.1 is different
from theirs.

(ii) In Step 2 of the proof above, we cannot obtain (3.2) by using the (strictly) monotonically increasing
property of the nonlinear function ξka. Meanwhile, it can be seen that the nonlinear function ξka depicts
the property of the separation between a convex cone and non-convex set.

(iii) If set map F is reduced to a vector map, then the quasi S-upper(lower) semicontinuous becomes
S-upper(lower) semicontinuous of vector-valued mappings.

The following result can be obtained immediately.

Corollary 3.3. Let k ∈ intS and a ∈ V . Let X0 ⊂ X be a nonempty compact convex subset, and let
f : X0×Y0→V be a vector-valued mapping. If

(i) for each y ∈ X0, f (x,y) is S-upper semicontinuous and f (x,x) is S-lower semicontinuous;
(ii) for each x ∈ X0, f (x, ·) is properly S-quasiconvex on X0;
(iii)

⋃
x∈X0

f (x,x)⊂V\{−S\{θ}},
then the vector equilibrium problem has a solution.

Remark 3.4. The following assumption is standard in the literatures

f (x,x) ∈ S, ∀x ∈ X0.

Clearly, the corresponding assumption in Corollary 3.3 is strictly weakened. The following example
illustrates this case.

Example 3.5. Let X = R, V = R2, X0 = [−1,1] and S = R2
+. Let f : X0×X0→ R2 be defined by

f (x,y) = (y(x,1)).

Obviously, all conditions of Corollary 3.3 hold. By simple calculation, we have⋃
x∈X0

f (x,x) = {(u,v) : u = v2,v ∈ [−1,1]}.

Clearly, ⋃
x∈X0

f (x,x)⊂V\{−S\{θ}}.

Taking x̄ ∈ [−1,0), x̄ is a solution of the vector equilibrium problem. However, let x0 =−1,

f (x0,x0) 6∈ R2
+.

Hence, these results in [1, 2, 3, 4, 5, 10] are not applicable, however, Corollary 3.3 is still applicable.

Now, by using the Ky Fan section theorem and the separation theorem of convex sets, we prove the
following result.
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Theorem 3.6. Let X0 ⊂ X be nonempty compact convex subset, and let F : X0×Y0→ 2V be a set map. If
(i) for each y ∈ X0, F(x,y) is quasi S-upper semicontinuous and F(x,x) is quasi S-lower semicontinu-

ous;
(ii) for each x ∈ X0, F(x, ·) is natural S-quasiconvex on X0;
(iii) co(

⋃
x∈X0

F(x,x))⊂V\{−S\{θ}},
then the SVEP has a solution.

Proof. Letting s∗ ∈ S∗\{θ}, we prove that there exists x̄ ∈ X0 satisfying

s∗ ◦F(x̄,X0)⊂
⋃

x∈X0

s∗ ◦F(x,x)+R+. (3.3)

Let

A := {(x,y) ∈ X0×X0 : s∗ ◦F(x,y)⊂
⋃

x∈X0

s∗ ◦F(x,x)+R+}.

By the definition of A, it is easy to see that, for any y ∈ X0, the set {x ∈ X0 : (x,y) ∈ A} is a closed set
and, for any x ∈ X0, (x,x) ∈ A.

Next, we show that, for any x ∈ X0, {y ∈ X0 : (x,y) 6∈ A} is convex. By the definition of A and the
assumptions, we have

{y ∈ X0 : (x,y) 6∈ A}= {y ∈ X0 : ∃z ∈ s∗ ◦F(x,y)s.t. z < min
⋃

x∈X0

s∗ ◦F(x,x)}.

Letting y1,y2 ∈ {y ∈ X0 : (x,y) 6∈ A} and l ∈ [0,1], we can obtain

∃z1 ∈ s∗ ◦F(x,y1) s.t. z1 < min
⋃

x∈X0

s∗ ◦F(x,x),

and

∃z2 ∈ s∗ ◦F(x,y2) s.t. z2 < min
⋃

x∈X0

s∗ ◦F(x,x).

By the natural S-quasiconvex of F and the monotonically increasing property of s∗, there exists z ∈
s∗ ◦F(lx1 +(1− l)x2) satisfying

λ z1 +(1−λ )z2 ≥ z, ∀λ ∈ [0,1].

Hence,

z < min
⋃

x∈X0

s∗ ◦F(x,x),

i.e.,

lx1 +(1− l)x2 ∈ {y ∈ X0 : (x,y) 6∈ A}.

Thus, by Lemma 2.8, there exists x̄ ∈ X0 such that

{x̄}×X0 ⊂ A,

i.e., (3.3) holds.
We next prove that there exists x̄ ∈ X0 satisfying

F(x̄,X0)⊂ co(
⋃

x∈X0

F(x,x))+S. (3.4)
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In fact, we suppose that
z 6∈ co(

⋃
x∈X0

F(x,x))+S,

i.e.,
(z−S)

⋂
co(

⋃
x∈X0

F(x,x)) = /0.

Thus, by the strong separation of convex sets, there exists continuous linear function s∗ 6= θ such that

s∗(z− s)< s∗(u) ∀u ∈ co(
⋃

x∈X0

F(x,x)),s ∈ S. (3.5)

Since (3.5) and S is a cone, we have that s∗ ∈ S∗\{θ}. Using (3.5) and setting s = θ , we have

s∗(z)< s∗(u) ∀u ∈ co(
⋃

x∈X0

F(x,x)).

By (3.3), there exists x̄ ∈ X0 satisfying

s∗(w)> s∗(z), ∀w ∈ F(x̄,X0).

By the monotonically increasing property of s∗, we have

z 6∈ F(x̄,X0)+S.

Hence,
z 6∈ F(x̄,X0).

This shows that (3.4) holds. Using the proof of Theorem 3.1, we conclude that the SVEP has a solution.
�

Corollary 3.7. Let X0 ⊂ X be a nonempty compact subset, and let f : X0×Y0→ V be a vector-valued
map. If

(i) for each y ∈ X0, f (x,y) is S-upper semicontinuous and f (x,x) is S-lower semicontinuous;
(ii) for each x ∈ X0, f (x, ·) is natural S-quasiconvex on X0;
(iii) co(

⋃
x∈X0

f (x,x))⊂V\{−S\{θ}},
then the vector equilibrium problem has a solution.

Remark 3.8. The convex hypothesis of Corollary 3.7 is different from the ones in Corollary 3.3. The
following example illustrates this case.

Example 3.9. Let X = R, V = R2, X0 = [0,1] and S = R2
+. Let f : X0×X0→ R2 be defined by

f (x,y) = (x(y,y2−2y)).

Clearly, all the assumptions of Corollary 3.7 hold. But, f (x, ·) is not properly S-quasiconvex. Thus,
Corollary 3.3 are not applicable, however, Corollary 3.7 is applicable. Note that

co(
⋃

x∈X0

f (x,x))⊂V\{−S\{θ}}.

Taking x̄ ∈ [0,1], we have that x̄ is a solution of vector equilibrium problem. In addition, letting x0 6= 0,
we have

f (x0,x0) 6∈ R2
+.

Hence, our results are different from the corresponding ones in the literatures.



NEW EXISTENCE THEOREMS FOR VECTOR EQUILIBRIUM PROBLEMS WITH SET-VALUED MAPPINGS 9

Next, we also obtain two types of existence results of the SWVEP by virtue of the approach of Theo-
rems 3.1 and 3.6, respectively.

Theorem 3.10. Let k ∈ intS, and a ∈ V . Let X0 ⊂ X be a nonempty compact convex subset, and let
F : X0×Y0→ 2V be a set map. If

(i) for each y ∈ X0, F(x,y) is quasi S-upper semicontinuous and F(x,x) is quasi S-lower semicontinu-
ous;

(ii) for each x ∈ X0, F(x, ·) is properly S-quasiconvex on X0;
(iii)

⋃
x∈X0

F(x,x)⊂V\{−intS},
then the SWVEP has a solution.

Proof. In view of the proof of Theorem 3.1 and S+V\{−intS}=V\{−intS}, one can obtain the desired
conclusion immediately. �

Corollary 3.11. Let k ∈ intS, and a ∈ V . Let X0 ⊂ X be a nonempty compact convex subset, and let
f : X0×Y0→V be a vector map. If

(i) for each y ∈ X0, f (·,y) is S-upper semicontinuous and f (x,x) is S-lower semicon- tinuous;
(ii) for each x ∈ X0, f (x, ·) is properly S-quasiconvex on X0;
(iii)

⋃
x∈X0

f (x,x)⊂V\{−intS},
then the weak vector equilibrium problem has a solution.

All the assumptions of Example 3.5 holds. It is obvious that⋃
x∈X0

f (x,x)⊂V\{−intR2
+}.

Taking x̄ ∈ [−1,0), we have that x̄ is a solution of the weak vector equilibrium problem. However, letting
x0 =−1, we have

f (x0,x0) 6∈ R2
+.

This shows that our results are different with the corresponding ones in the literatures.

Theorem 3.12. Let X0 ⊂ X be nonempty compact convex subset, and let F : X0×Y0→ 2V be a set map.
If

(i) for each y ∈ X0, F(x,y) is quasi S-upper semicontinuous and F(x,x) is quasi S-lower semicontinu-
ous;

(ii) for each x ∈ X0, F(x, ·) is natural S-quasiconvex on X0;
(iii) co(

⋃
x∈X0

F(x,x))⊂V\{−intS},
then the SWVEP has a solution.

Proof. Using the proof of Theorem 3.6 and S+V\{−intS} = V\{−intS}, one can obtain the desired
conclusion immediately. �

Corollary 3.13. Let k ∈ intS, and a ∈ V . Let X0 ⊂ X be a nonempty compact convex subset, and let
f : X0×Y0→V be a vector map. If

(i) for each y ∈ X0, f (·,y) is S-upper semicontinuous and f (x,x) is S-lower semicon- tinuous;
(ii) for each x ∈ X0, f (x, ·) is properly S-quasiconvex on X0;
(iii) co(

⋃
x∈X0

f (x,x))⊂V\{−intS},
then the weak vector equilibrium problem has a solution.
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All the assumptions of Example 3.9 holds. It is obvious that

co(
⋃

x∈X0

f (x,x))⊂V\{−intR2
+}.

Taking x̄ ∈ [0,1], we have that x̄ is a solution of the weak vector equilibrium problem. However, x0 6= 0,
f (x0,x0) 6∈ R2

+. Therefore, our results are different with the corresponding ones in the literatures.

Funding
This research was partially supported by Yunnan Provincial Department of Education (No. 2018JS370)
and National Natural Science Foundation of China (No. 11901511).

Acknowledgements
The authors are grateful to the anonymous referees for their valuable comments and suggestions, which
improved the paper.

REFERENCES

[1] M. Bianchi, G. Kassay, R. Pini, Existence of equilibria via Ekeland’s principle, J. Math. Anal. Appl. 305 (2005), 502-512.
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