
J. Nonlinear Funct. Anal. 2019 (2019), Article ID 47 https://doi.org/10.23952/jnfa.2019.47

DYNAMIC ANALYSIS ON THE SINGLE LINE QUEUEING MODEL WITH REPEATED
DEMANDS
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Abstract. In this paper, we consider the single line queueing model with repeated demands which is described by infinitely
many partial differential equations with boundary conditions. By using the strong continuous semigroup theory of linear oper-
ators, we prove the existence of the unique positive time-dependent solution of the model. We also investigate the asymptotic
behavior of the time-dependent solution and deduce that the time-dependent solution of the model strongly converges to its
steady-state solution.
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1. INTRODUCTION

From Farahmand [1], the single-line queueing model with repeated demands can be described by the
following partial differential equations:

d p0(t)
dt

=−λ p0(t)+
∫

∞

0
η(x)W0(x, t)dx, (1.1)

d pn(t)
dt

=−(λ +ξ )pn(t)+
∫

∞

0
η(x)Wn(x, t)dx, n≥ 1, (1.2)

∂W0(x, t)
∂ t

+
∂W0(x, t)

∂x
=−(λ +η(x))W0(x, t), (1.3)

∂Wn(x, t)
∂ t

+
∂Wn(x, t)

∂x
=−(λ +η(x))Wn(x, t)+λWn−1(x, t), n≥ 1, (1.4)

Wn(0, t) = λ pn +ξ pn+1, n≥ 1, (1.5)

p0(0) = 1, pm(0) = 0, m≥ 1, Wn(x,0) = 0, n≥ 0, (1.6)
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where (x, t) ∈ [0,∞)× [0,∞), pn(t) denotes the probability that the server is idle and n customers are in
orbit, Wn(x, t) stands for the joint probability that at time t there are n customers in orbit and a customer
in service with elapsed service time lying in (x,x+dx], λ is the mean arrival rate of customers, ξ is the
repeated rate of customers in the orbit, η(x) is the service completion rate at time x satisfying

η(x)≥ 0,
∫

∞

0
η(x)dx = ∞.

Retrial queueing (or queueing with repeated demands) systems have been widely used to model many
problems in telephone switching systems, computer and communication systems. Many researchers
studied such queueing system; see, e.g., Falin and Templeton [2], Atencia et al. [3], Artalejo and Gomez-
Corral [4], Choi, Melikov and Velibekov [5], Choudhury [6], Wang, Zhao and Zhang [7] for the steady-
state analysis, and Gupur [8, 9], Kasim and Gupur [10], Gao and Zhu [11] for the dynamical analysis.

Retrial queues have a significant difference with the usual queueing systems that, with retrial queues,
the server cannot be in continuous contact with the waiting customers, who can only call in to test the state
of the server. If the server is free, service commences immediately. However, if the server is occupied,
the customer must break contact and reinitiate their request later. These unsatisfied customers produce a
source of customers called the orbit. Therefore, the server receives requests from arrivals, from outside
at a rate λ , and from customers in the orbit at a rate ξn when the orbit size is n according to the Poisson
process. Farahmand [1] considered the case of discouraged repeated demands, ξn = ξ/n, in which the
customers from orbit are relaxed, and are prepared to reduce their rate of service as more customers join
the orbit. Obviously, the competition to find the server idle is higher. Farahmand established the above
model by using the supplementary variable technique and gave the several characteristic quantities of
this queueing model in steady-state case under the hypothesis that “the time-dependent solution of the
model converges to a nonzero steady-state solution”. However, Farahmand did not answer if the above
hypothesis holds. We know that it is not always hold [9]. Therefore, it needs to study above hypothesis.
This paper is an effort on this subject. We investigate dynamic analysis for above queueing model. First,
we transform the model into an abstract Cauchy problem, and, by using the C0- semigroup theory, prove
that the model has a unique positive time-dependent solution which satisfies the probability condition.
Next, by studying spectral properties of the underlying operator, which corresponds to the model, we
obtain that the time-dependent solution converges to the steady-state solution.

Take a state space as follows.

X =

{
(p,W )

∣∣∣∣∣ p0 ∈ l1, W ∈ Y
‖(p,W )‖= ‖p‖l1 +‖W‖Y < ∞

}
,

where

Y =

W

∣∣∣∣∣∣
W = (W0,W1,W2, · · ·) ∈ L1[0,∞)×L1[0,∞)×L1[0,∞)×·· · ,
‖W‖=

∞

∑
n=0
‖Wn‖L1[0,∞)

 .
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It is obvious that X is a Banach space. We now define a maximal operator (Am,D(Am)) and its domain
as:

Am




p0

p1

p2

p3
...

 ,


W0(x)
W1(x)
W2(x)
W3(x)

...



=




−λ 0 0 · · ·
0 −(λ +ξ ) 0 · · ·
0 0 −(λ +ξ ) · · ·
...

...
...

. . .




p0

p1

p2

p3
...



+


ψ 0 0 · · ·
0 ψ 0 · · ·
0 0 ψ · · ·
...

...
...

. . .




W0(x)
W1(x)
W2(x)

...

 ,


φ 0 0 0 · · ·
λ φ 0 0 · · ·
0 λ φ 0 · · ·
0 0 λ φ · · ·
...

...
...

...
. . .




W0(x)
W1(x)
W2(x)
W3(x)

...



 ,

D(Am) =

(p,W ) ∈ X

∣∣∣∣∣∣∣∣
dWn

dx
∈ L1[0,∞),Wn(x) is absolutely

continuous and
∞

∑
n=0

∥∥∥dWn
dx

∥∥∥
L1[0,∞)

< ∞,

 ,

where

ψ f =
∫

∞

0
η(x) f (x)dx, f ∈ L1[0,∞),

φg =−dg(x)
dx
− (λ +η(x))g(x), g ∈W 1,1[0,∞).

We denote the boundary space of X by

∂X = l1

and define two boundary operators by

L : D(Am)→ ∂X , Φ : D(Am)→ ∂X ,

L




p0

p1

p2

p3
...

 ,


W0(x)
W1(x)
W2(x)
W3(x)

...



=


W0(0)
W1(0)
W2(0)
W3(0)

...

 ,

Φ




p0

p1

p2

p3
...

 ,


W0(x)
W1(x)
W2(x)
W3(x)

...



=


λ ξ 0 0 0 · · ·
0 λ ξ 0 0 · · ·
0 0 λ ξ 0 · · ·
0 0 0 λ ξ · · ·
...

...
...

...
...

. . .




p0

p1

p2

p3
...

 .

If we define the operator A and its domain as

A (p,W ) = Am(p,W ),

D(A ) = {(p,W ) ∈ D(Am) | L(p,W ) = Φ(p,W )} ,
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then system (1.1)–(1.6) can be written as the following abstract Cauchy problem in Banach space X :

d(p,W )(t)
dt = A (p,W )(t), t ∈ (0,∞),

(p,W )(0) =




1

0
...

 ,


0

0
...


 .

(1.7)

2. THE WELL-POSEDNES OF SYSTEM (1.7)

In this section, we first prove that the operator generates a positive contraction C0-semigroup.

Theorem 2.1. If η(x) satisfies η = sup
x∈[0,∞)

η(x) < ∞, then A generates a positive contraction C0-

semigroup T (t).

The proof is given in the appendix.
It is easy to check that X∗, the dual space of X , is equal to

X∗ =

{
(q∗,W ∗)

∣∣∣∣∣ q∗ ∈ l∞,W ∗ ∈ Y ∗,
|‖(q∗,W ∗)|‖= sup{‖q∗‖l∞ ,‖W ∗‖Y ∗}

}
,

where

Y ∗ =

{
W ∗

∣∣∣∣∣ W ∗ = (W ∗
0 ,W ∗

1 , · · ·) ∈ L∞[0,∞)×L∞[0,∞)×·· · ,
‖W ∗‖= supn≥0 ‖W ∗n ‖L∞ < ∞

}
.

It is obvious that X∗ is a Banach space. If we take a set Z in X as

Z =

{
(p,W ) ∈ X

∣∣∣∣∣ pn ≥ 0, n≥ 0,
Wn(x)≥ 0, ∀x ∈ [0,∞), n≥ 0,

}
,

then Z is a cone in X . For any (p,W ) ∈ D(A )∪Z, we take

(q∗,W ∗) = ‖(p,W )‖




1
1
...

 ,


1
1
...


 ∈ X∗.

Then, ‖|q∗‖|= ‖p‖ and

〈(p,W ),(q∗,W ∗)〉= ‖(p,W )‖
∞

∑
n=0

pn +‖(p,W )‖
∞

∑
n=0

∫
∞

0
Wn(x)dx = ‖(p,W )‖2,

that is, (q∗,W ∗) ∈ θ((p,W ), where

θ((p,W )) =
{
(q∗,W ∗) ∈ X∗ | 〈(p,W ),(q∗,W ∗)〉= ‖(p,W )‖2 = ‖|(q∗,W ∗)‖|2

}
.
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For such (q∗,W ∗), by using boundary condition on (p,W ) ∈ D(A )∪Z, we calculate

〈A (p,W ),(q∗,W ∗)〉

= ‖(p,W )‖
{
−λ p0 +

∫
∞

0
η(x)W0(x)dx

}
+

∞

∑
n=1
‖(p,W )‖

{
−(λ +ξ )pn +

∫
∞

0
η(x)Wn(x)dx

}
+
∫

∞

0

{
−dW0(x)

dx
− (λ +η(x))W0(x)

}
‖(p,W )‖dx

+
∞

∑
n=1

∫
∞

0

{
−dWn(x)

dx
− (λ +η(x))Wn(x)+λWn−1(x)

}
‖(p,W )‖dx

=−‖(p,W )‖

{
∞

∑
n=0

λ pn−
∞

∑
n=1

ξ pn

}
+‖(p,W )‖

∞

∑
n=0

∫
∞

0
η(x)Wn(x)dx

+‖(p,W )‖
∞

∑
n=0
{λ pn +ξ pn+1}−‖(p,W )‖

∞

∑
n=0

∫
∞

0
(λ +η(x))Wn(x)dx

+‖(p,W )‖
∞

∑
n=1

∫
∞

0
λWn−1(x)dx

= 0,

which shows that A is a conservative operator.
From (p,W )(0) ∈ D(A 2)∪Z and the Fattorini theorem (see [12]), we obtain the following result.

Theorem 2.2. T (t) is isometric for the initial value of system (1.7), that is,

‖T (t)(p,W )(0)‖= ‖(p,W )(0)‖, ∀t ∈ [0,∞). (2.1)

From Theorem 2.1 and Theorem 2.2, we obtain the desired results in this paper.

Theorem 2.3. If η = sup
x∈[0,∞)

η(x) < ∞, then system (1.7) has a unique positive solution (p,W )(x, t),

which satisfies

‖(p,W )(·, t)‖= 1, t ∈ [0,∞).

Proof. From Theorem 2.1 and Gupur, Li and Zhu [13], we know that system (1.7) has a unique positive
time-dependent solution (p,W )(x, t), which can be expressed as

(p,W )(x, t) = T (t)(p,W )(0), t ∈ [0,∞).

This together with Theorem 2.1 (i.e., (2.1)) gives

‖(p,W )(·, t)‖= ‖T (t)(p,W )(0)‖= ‖(p,W )(0)‖= 1, ∀t ∈ [0,∞). (2.2)

�

We remark that (2.2) just reflects the physical background of the model.
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3. ASYMPTOTIC BEHAVIOR OF SYSTEM (1.7)

According to Theorem 14 in Gupur, Li and Zhu [13] and using Theorem 2.3, we can obtain the
asymptotic behavior of the time-dependent solution of system (1.7). Indeed, we know that the difficulties
are the boundary condition. In 1987, Greiner [14] developed an idea through which the spectrum of the
underlying operator can be deduced by discussing the maximal operator Am and boundary operators L
and Φ.

Now, by using the probability generating function, we prove that 0 is an eigenvalue of A with geo-
metric multiplicity one.

Lemma 3.1. If λ

(
1+ λ

ξ

)∫
∞

0 xη(x)e−
∫ x

0 η1(τ)dτdx < 1, then 0 is an eigenvalue of A with geometric
multiplicity one.

Proof. We consider the equation A (p(1), p(2)) = 0, which is equivalent to

λ p0 =
∫

∞

0
η(x)W0(x)dx, (3.1)

(λ +ξ )pn =
∫

∞

0
η(x)Wn(x)dx, n≥ 1, (3.2)

dW0(x)
dx

=−(λ +η(x))W0(x), (3.3)

dWn(x)
dx

=−(λ +η(x))Wn(x)+λWn−1(x), n≥ 1, (3.4)

Wn(0) = λ pn +ξ pn+1, n≥ 0. (3.5)

Let the probability generating functions P(z) =
∞

∑
n=0

pnzn, and G(x,z) =
∞

∑
n=0

Wn(x)zn, for all complex vari-

ables |z| < 1. Theorem 2.3 ensures that P(z) and G(x,z) are well-defined. (3.1)-(3.2) and (3.3)-(3.4)
give

−ξ p0 +
∞

∑
n=0

(λ +ξ )pnzn =
∫

∞

0
η(x)

∞

∑
n=0

Wn(x)zndx

=⇒

(λ +ξ )P(z) = ξ p0 +
∫

∞

0
η(x)G(x,z)dx, (3.6)

∞

∑
n=0

∂Wn(x)zn

dx
=−

∞

∑
n=0

(λ +η(x))Wn(x)zn +λ z
∞

∑
n=0

Wn(x)zn

=⇒
∂G(x,z)

∂x
= (λ z−λ −η(x))G(x,z)

=⇒

G(x,z) = G(0,z)eλ (z−1)x−
∫ x

0 η(s)ds. (3.7)
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This together with (3.6) and (3.5) follows that

G(0,z) = λ

∞

∑
n=0

pnzn +ξ

∞

∑
n=0

pn+1zn

= λP(z)+
ξ

z

∞

∑
n=0

pn+1zn+1 = λP(z)+
ξ

z

(
∞

∑
n=0

pnzn− p0

)

=

(
λ +

ξ

z

)[
ξ

λ +ξ
p0 +

1
λ +ξ

∫
∞

0
η(x)G(0,z)eλ (z−1)x−

∫ x
0 η(s)dsdx

]
− ξ

z
p0

=
λξ (z−1)
z(λ +ξ )

p0 +
λ z+ξ

z(λ +ξ )
G(0,z)h(z)

=⇒

G(0,z) =
λξ (z−1)

z(λ +ξ )− (λ z+ξ )h(z)
p0, (3.8)

where h(z) =
∫

∞

0 η(x)eλ (z−1)x−
∫ x

0 η(s)dsdx. Since limz→1 h(z) =
∫

∞

0 η(x)e−
∫ x

0 η(s)dsdx = 1, and dh(z)
dz =∫

∞

0 λxη(x) eλ (z−1)x−
∫ x

0 η(s)dsdx, we derive from the L’Hospital rule and (3.8) that

lim
z→1

G(0,z) = lim
z→1

λ (z−1)ξ
z(λ +ξ )− (λ z+ξ )h(z)

p0

= lim
z→1

λξ

λ +ξ −λh(z)− (λ z+ξ )dh(z)
dz

p0

=
λξ

ξ − (λ +ξ )λ
∫

∞

0 xη(x)e−
∫ x

0 η(s)dsdx
p0

=
λ

1−λ

(
1+ λ

ξ

)∫
∞

0 xη(x)e−
∫ x

0 η(s)dsdx
p0.

By using (3.7), we obtain
∞

∑
n=0

Wn(x) = lim
z→1

G(x,z) =
λe−

∫ x
0 η(s)ds

1−λ

(
1+ λ

ξ

)∫
∞

0 xη(x)e−
∫ x

0 η(s)dsdx
p0

=⇒
∞

∑
n=0

∫
∞

0
Wn(x)dx =

λ
∫

∞

0 e−
∫ x

0 η(s)dsdx

1−λ

(
1+ λ

ξ

)∫
∞

0 xη(x)e−
∫ x

0 η(s)dsdx
p0 < ∞, (3.9)

∞

∑
n=0

pn = lim
z→1

P(z) =
ξ

λ +ξ
p0 +

λ
∫

∞

0 η(x)e−
∫ x

0 η(s)dsdx

(λ +ξ )
[
1−λ

(
1+ λ

ξ

)∫
∞

0 xη(x)e−
∫ x

0 η(s)dsdx
] p0

=
ξ

λ +ξ
p0 +

λ

(λ +ξ )
[
1−λ

(
1+ λ

ξ

)∫
∞

0 xη(x)e−
∫ x

0 η(s)dsdx
] p0 < ∞. (3.10)

(3.9) and (3.10) imply

‖(p,W )‖=
∞

∑
n=0

pn +
∞

∑
n=0
‖Wn‖L1[0,∞) < ∞.

Hence, the eigenvectors corresponding to zero span one-dimensional linear spaces, that is, the geometric
multiplicity of 0 is one. �
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In the following, by applying Greiner’s idea, we obtain the resolvent set of A on the imaginary
axis. To do this, we need to introduce an operator (A0,D(A0)), and then determine the expression of
(γI−A0)

−1. Next, we consider the explicit expression of ker(γI−Am) and denote by Dγ the inverse of
L in ker(γI−Am), which is called the Dirichlet operator. Moreover, we give the expressions of Dγ and
ΦDγ . Finally, by applying the relation between the spectrum of A and the spectrum of ΦDγ , we get the
resolvent set of A on the imaginary axis.

We define A0 and its domain as

A0(p,W ) = Am(p,W ),

D(A0) = {(p,W ) ∈ D(Am) | L(p,W ) = 0} ,

and discuss its inverse. For any given (y,z) ∈ X , we consider the equation (γI−A0)(p,W ) = (y,z), i.e.,

(γ +λ )p0 =
∫

∞

0
η(x)W0(x)dx+ y0, (3.11)

(γ +λ +ξ )pn =
∫

∞

0
η(x)Wn(x)dx+ yn, n≥ 1, (3.12)

dW0(x)
dx

=−(λ +η(x))W0(x)+ z0(x), (3.13)

dWn(x)
dx

=−(λ +η(x))Wn(x)+λWn−1(x)+ zn(x), n≥ 1, (3.14)

Wn(0) = 0, n≥ 0. (3.15)

By solving (3.11)-(3.15), we have

p0 =
1

γ +λ
y0 +

1
γ +λ

∫
∞

0
η(x)W0(x)dx, (3.16)

pn =
1

γ +λ +ξ
yn +

1
γ +λ +ξ

∫
∞

0
η(x)Wn(x)dx, (3.17)

W0(x) = e−
∫ x

0 (γ+λ+η(s))ds
∫ x

0
z0(τ)e

∫
τ

0 (γ+λ+η(s))dsdτ, (3.18)

Wn(x) = λe−
∫ x

0 (γ+λ+η(s))ds
∫ x

0
Wn−1(τ)e

∫
τ

0 (γ+λ+η(s))dsdτ

+ e−
∫ x

0 (γ+λ+η(s))ds
∫ x

0
zn(τ)e

∫
τ

0 (γ+λ+η(s))dsdτ, n≥ 1. (3.19)

If we introduce the following operators

V f (x) = e−
∫ x

0 (γ+λ+η(s))ds
∫ x

0
f (τ)e

∫
τ

0 (γ+λ+η(s))dsdτ, f ∈ L1[0,∞),

then (3.18) and (3.19) imply

W0(x) =V z0(x), (3.20)

Wn(x) =
n

∑
k=0

λ
kV k+1zn−k(x), n≥ 1, (3.21)

p0 =
1

γ +λ
y0 +

1
γ +λ

ψV z0(x), (3.22)

pn =
1

γ +λ +ξ
yn +

1
γ +λ +ξ

n

∑
k=0

λ
k
ψV k+1zn−k(x). (3.23)
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(3.20)-(3.23) give the expression of (γI−A0)
−1 as follows if (γI−A0)

−1 exists

(γI−A0)
−1




y0

y1

y2

y3
...

 ,


z0(x)
z1(x)
z2(x)
z3(x)

...



=





1
γ+λ

0 0 0 · · ·
0 1

γ+λ+ξ
0 0 · · ·

0 0 1
γ+λ+ξ

0 · · ·
0 0 0 1

γ+λ+ξ
· · ·

...
...

...
...

. . .




y0

y1

y2

y3
...



+



1
γ+λ

ψV 0 0 0 · · ·
λ

γ+λ+ξ
ψV 2 1

γ+λ+ξ
ψV 0 0 · · ·

λ 2

γ+λ+ξ
ψV 3 λ

γ+λ+ξ
ψV 2 1

γ+λ+ξ
ψV 0 · · ·

λ 3

γ+λ+ξ
ψV 4 λ 2

γ+λ+ξ
ψV 3 λ

γ+λ+ξ
ψV 2 1

γ+λ+ξ
ψV · · ·

...
...

...
...

. . .




z0(x)
z1(x)
z2(x)
z3(x)

...

 ,


V 0 0 0 · · ·

λV 2 V 0 0 · · ·
λ 2V 3 λV 2 V 0 · · ·
λ 3V 4 λ 2V 3 λV 2 V · · ·

...
...

...
...

. . .




z0(x)
z1(x)
z2(x)
z3(x)

...



 .

From which together with the definition of the resolvent set we have the following result.

Lemma 3.2. If

0 < η = inf
x∈[0,∞)

η(x)≤ η = sup
x∈[0,∞)

η(x)< ∞,

then {
γ ∈ C

∣∣Reγ +λ > 0, Reγ +η > 0
}
⊂ ρ(A0).

That is, all points on the imaginary axis belong to the resolvent set of A0.

Proof. For any f ∈ L1[0,∞), we estimate

‖V f‖L1[0,∞) ≤
∫

∞

0

−1
Reγ +λ +η

∫ x

0
| f (τ)|e

∫
τ

0 (Reγ+λ+η(s))dsde−
∫ x

0 (Reγ+λ+η(s))ds

=− 1
Reγ +λ +η

{
e−

∫ x
0 (Reγ+λ+η(s))ds

∫ x

0
| f (τ)|e

∫
τ

0 (Reγ+λ+η(s))dsdτ

∣∣∣x=∞

x=0

−
∫

∞

0
| f (x)|e

∫ x
0 (Reγ+λ+η(s))dse−

∫ x
0 (Reγ+λ+η(s))dsdx

}
=

1
Reγ +λ +η

‖ f‖L1[0,∞)

=⇒

‖V‖ ≤ 1
Reγ +λ +η

. (3.24)
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By using ‖φ‖ ≤ η and (3.24) we estimate, for any (y,z) ∈ X

∥∥(γI−A0)
−1(y,z)

∥∥
≤
∣∣∣∣ 1
γ +λ

y0 +
1

γ +λ
ψV z0

∣∣∣∣+ ∣∣∣∣ 1
γ +λ +ξ

y1 +
λ

γ +λ +ξ
ψV 2z0 +

1
γ +λ +ξ

ψV z1

∣∣∣∣
+

∣∣∣∣ 1
γ +λ +ξ

y2 +
λ 2

γ +λ +ξ
ψV 3z0 +

λ

γ +λ +ξ
ψV 2z1

+
1

γ +λ +ξ
ψV z2

∣∣∣∣+ · · ·+‖V z0‖L1[0,∞)+
∥∥λV 2z0 +V z1

∥∥
L1[0,∞)

+
∥∥λ

2V 3z0 +λV 2z1 +V z2
∥∥

L1[0,∞)
+

∥∥∥∥∥ 3

∑
k=0

λ
kV k+1z3−k

∥∥∥∥∥
L1[0,∞)

+ · · ·+

∥∥∥∥∥ n

∑
k=0

λ
kV k+1zn−k

∥∥∥∥∥
L1[0,∞)

+ · · ·

≤ 1
|γ +λ |

|y0|+
1

|γ +λ +ξ |

∞

∑
n=1
|yn|

+
1

|γ +λ +ξ |

∞

∑
n=0

n

∑
k=0

λ
k‖ψ‖‖V‖k+1‖zn−k‖L1[0,∞)+

∞

∑
n=0

n

∑
k=0

λ
k‖V‖k+1‖zn−k‖L1[0,∞)

≤sup

{
1

|γ +λ |
,

η

|γ +λ +ξ |(Reγ +η)
+

1
Reγ +η

}
‖(y,z)‖

<∞.

This completes the proof. �

Lemma 3.3. Let

0 < η = inf
x∈[0,∞)

η(x)≤ η = sup
x∈[0,∞)

η(x)< ∞.

If γ ∈ ρ(A0), then

(p,W ) ∈ ker(γI−Am)⇐⇒

p0 =
1

γ +λ
a0

∫
∞

0
η(x)e−

∫ x
0 (γ+λ+η(s))dsdx,

pn =
1

γ +λ +ξ

∫
∞

0
η(x)e−

∫ x
0 (γ+λ+η(s))ds

n

∑
k=0

(λx)k

k!
an−kdx, n≥ 1,

W0(x) = a0e−
∫ x

0 (γ+λ+η(s))ds,

Wn(x) = e−
∫ x

0 (λ+η(s))ds
n

∑
k=0

(λx)k

k!
an−k, n≥ 1,

(a0,a1,a2, · · ·) ∈ l1

(3.25)
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Proof. If (p,W ) ∈ ker(γI−Am), then (γI−Am)(p,W ) = 0, which is equivalent to

(γ +λ )p0 =
∫

∞

0
η(x)W0(x)dx, (3.26)

(γ +λ +ξ )pn =
∫

∞

0
η(x)Wn(x)dx, n≥ 1, (3.27)

dW0(x)
dx

=−(γ +λ +η(x))W0(x), (3.28)

dWn(x)
dx

=−(γ +λ +η(x))Wn(x)+λWn−1(x), n≥ 1. (3.29)

By solving (3.28)-(3.29), we have

W0(x) = a0e−
∫ x

0 (γ+λ+η(s))ds, (3.30)

Wn(x) = ane−
∫ x

0 (γ+λ+η(s))ds +λe−
∫ x

0 (γ+λ+η(s))ds
∫ x

0
Wn−1(τ)e

∫
τ

0 (γ+λ+η(s))dsdτ, n≥ 1. (3.31)

Repeating application of (3.30) and (3.31) yields

W1(x) = a1e−
∫ x

0 (γ+λ+η(s))ds +λe−
∫ x

0 (γ+λ+η(s))ds
∫ x

0
a0dτ

= e−
∫ x

0 (γ+λ+η(s))ds[a1 +λxa0], (3.32)

W2(x) = a2e−
∫ x

0 (γ+λ+η(s))ds +λe−
∫ x

0 (γ+λ+η(s))ds
∫ x

0
[a1 +λτa0]dτ

= e−
∫ x

0 (γ+λ+η(s))ds
[

a2 +λxa1 +
(λx)2

2
a0

]
, (3.33)

· · · · · ·

Wn(x) = e−
∫ x

0 (γ+λ+η(s))ds
[

an +λxan−1 +
(λx)2

2
an−2 + · · ·+

(λx)n

n!
a0

]
= e−

∫ x
0 (γ+λ+η(s))ds

n

∑
k=0

(λx)k

k!
an−k, n≥ 1. (3.34)

Substituting (3.30) and (3.34) into (3.26) and (3.27), we derive

p0 =
1

γ +λ
a0

∫
∞

0
η(x)e−

∫ x
0 (γ+λ+η(s))dsdx, (3.35)

pn =
1

γ +λ +ξ

∫
∞

0
η(x)e−

∫ x
0 (γ+λ+η(s))ds

n

∑
k=0

(λx)k

k!
an−kdx, n≥ 1, (3.36)

Since (p,W ) ∈ ker(γI−D(Am)), (p,W ) ∈ D(Am) implies by the imbedding theorem in Adams [15] that

∞

∑
n=0
|an|=

∞

∑
n=0
|Wn(0)| ≤

∞

∑
n=0
‖Wn‖L∞[0,∞)

≤
∞

∑
n=0
‖Wn‖L1[0,∞)+

∞

∑
n=0

∥∥∥∥dWn

dx

∥∥∥∥
L1[0,∞)

< ∞. (3.37)
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Hence, (3.30), (3.34), (3.35), (3.36) and (3.37) are necessary for this lemma. Conversely, if (3.25) hold,
then by direct calculating, we have

dW0(x)
dx

=−(γ +λ +η(x))a0e−
∫ x

0 (γ+λ+η(s))ds

=−(γ +λ +η(x))W0(x), (3.38)

dWn(x)
dx

=−(γ +λ +η(x))e−
∫ x

0 (γ+λ+η(s))ds
n

∑
k=0

(λx)k

k!
an−k

+ e−
∫ x

0 (γ+λ+η(s))ds
n

∑
k=1

λ kxk−1

(k−1)!
an−k

=−(γ +λ +η(x))Wn(x)+λe−
∫ x

0 (γ+λ+η(s))ds
n−1

∑
l=0

(λx)l

l!
an−1−l

=−(γ +λ +η(x))Wn(x)+λWn−1(x), n≥ 1. (3.39)

By using
∫

∞

0 xke−bxdx = k!
bk+1 , k ≥ 1, b > 0, we estimate

∞

∑
n=0
‖Wn‖L1[0,∞) ≤

∞

∑
n=0

n

∑
k=0
|an−k|

λ k

k!

∫
∞

0
xke−

∫ x
0 (Reγ+λ+η)dsdx

=
∞

∑
n=0

n

∑
k=0
|an−k|

λ k

k!
k!

(Reγ +λ +η)k+1

=
∞

∑
k=0

λ k

(Reγ +λ +η)k+1

∞

∑
n=k
|an−k|

≤ 1
Reγ +η

∞

∑
n=0
|an|< ∞. (3.40)

(3.38), (3.39) and (3.40) give

∞

∑
n=0

∥∥∥∥dWn

dx

∥∥∥∥
L1[0,∞)

≤ (Reγ +λ +η)
∞

∑
n=0
‖Wn‖L1[0,∞)+λ

∞

∑
n=1
‖Wn−1‖L1[0,∞)

≤

(
Reγ +λ +η

Reγ +η
+

λ

Reγ +η

)
∞

∑
n=0
|an|< ∞. (3.41)

(3.38)–(3.41) show that (p,W ) ∈ ker(γI−Am). �

Observe that the operator L is surjective. So,

L
∣∣∣
ker(γI−Am)

: ker(γI−Am)→ ∂X

is invertible if γ ∈ ρ(A0). Thus, we introduce an operator Dγ as follows

Dγ =

(
L
∣∣∣
ker(γI−Am)

)−1

: ∂X → ker(γI−Am).
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Lemma 3.3 gives the explicit form of Dγ for all γ ∈ ρ(A0),

Dγ


a0

a1

a2

a3
...

=




1

γ+λ
ψm11 0 0 · · ·

1
γ+λ+ξ

ψm21
1

γ+λ+ξ
ψm22 0 · · ·

1
γ+λ+ξ

ψm31
1

γ+λ+ξ
ψm32

1
γ+λ+ξ

ψm33 · · ·
...

...
...

. . .




a0

a1

a2

a3
...

 ,


m11 0 0 0 · · ·
m21 m22 0 0 · · ·
m31 m32 m33 0 · · ·
m41 m42 m43 m44 · · ·

...
...

...
...

. . .




a0

a1

a2

a3
...



 ,

where

mi j =
(λx)i− j

(i− j)!
e−

∫ x
0 (γ+λ+η(s))ds, i = 1,2, · · · , j = 1,2, · · · , i.

From the expression of Dγ and the definition of Φ, it is not difficult to determine the explicit form of
ΦDγ as follows

ΦDγ


a0

a1

a2

a3
...

=




λ

γ+λ
ψm11 0 0 · · ·

λ

γ+λ+ξ
ψm21

λ

γ+λ+ξ
ψm22 0 · · ·

λ

γ+λ+ξ
ψm31

λ

γ+λ+ξ
ψm32

λ

γ+λ+ξ
ψm33 · · ·

...
...

...
. . .




a0

a1

a2

a3
...



+


ξ

γ+λ+ξ
ψm21

ξ

γ+λ+ξ
ψm22 0 0 · · ·

ξ

γ+λ+ξ
ψm31

ξ

γ+λ+ξ
ψm32

ξ

γ+λ+ξ
ψm33 0 · · ·

ξ

γ+λ+ξ
ψm41

ξ

γ+λ+ξ
ψm42

ξ

γ+λ+ξ
ψm43

ξ

γ+λ+ξ
ψm44 · · ·

...
...

...
...

. . .




a0

a1

a2

a3
...



 .

According to Haji and Radl [16], we know that the following lemma illustrates the relations between the
spectrum of A and spectrum of ΦDγ .

Lemma 3.4. If γ ∈ ρ(A0) and there exists γ0 ∈ C such that 1 6∈ σ(ΦDγ0), then

γ ∈ σ(A )⇐⇒ 1 ∈ σ(ΦDγ).

From Lemma 3.4 and Nagel [17], we obtain the resolvent set of A on the imaginary axis.

Lemma 3.5. If 0 < η = infx∈[0,∞) η(x)≤ η = supx∈[0,∞) η(x)< ∞, then all points on the imaginary axis
except zero belong to the resolvent set of A .

Proof. Let γ = iω, ω ∈ R\{0}. The Riemann-Lebesgue lemma

lim
ω→∞

∫
∞

0
f (x)cosωxdx = 0, lim

ω→∞

∫
∞

0
f (x)sinωxdx = 0, f ∈ L1[0,∞)
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implies that there exists a positive constant Θ > 0 such that, ∀|ω|> Θ,∣∣∣∣∫ ∞

0
f (x)e−iωxdx

∣∣∣∣2 = ∣∣∣∣∫ ∞

0
f (x)(cosωx− isinωx)dx

∣∣∣∣2
<

(∫
∞

0
f (x)dx

)2

, 0 < f ∈ L1[0,∞).

In this formula, by replacing f (x) with η(x)e−
∫ x

0 (λ+η(s))ds, and using the fact
∫

∞

0 η(x)e−
∫ x

0 η(s)dsdx = 1,
and

∞

∑
j=l

∣∣∣∣∫ ∞

0
η(x)

(λx) j−l

( j− l)!
e−

∫ x
0 (iω+λ+η(s))dsdx

∣∣∣∣
≤

∞

∑
j=l

∫
∞

0
η(x)

(λx) j−1

( j− l)!

∣∣e−iωx
∣∣ ∣∣∣e−∫ x

0 (λ+η(s))ds
∣∣∣dx

=
∞

∑
j=l

∫
∞

0
η(x)

(λx) j−1

( j− l)!
e−

∫ x
0 (λ+η(s))dsdx, l ≥ 1.

we estimate, for~a = (a0,a1,a2, · · ·) ∈ l1,∥∥ΦDγ(~a)
∥∥≤ ∣∣∣∣∣ λ

γ +λ
ψm11 +

λ

γ +λ +ξ

∞

∑
j=2

ψm j1 +
ξ

γ +λ +ξ

∞

∑
j=2

ψm j1

∣∣∣∣∣ |a0|

+

∣∣∣∣∣ λ

γ +λ +ξ

∞

∑
j=2

ψm j2 +
ξ

γ +λ +ξ

∞

∑
j=2

ψm j2

∣∣∣∣∣ |a1|

+

∣∣∣∣∣ λ

γ +λ +ξ

∞

∑
j=3

ψm j3 +
ξ

γ +λ +ξ

∞

∑
j=3

ψm j3

∣∣∣∣∣ |a2|

+

∣∣∣∣∣ λ

γ +λ +ξ

∞

∑
j=4

ψm j4 +
ξ

γ +λ +ξ

∞

∑
j=4

ψm j4

∣∣∣∣∣ |a3|+ · · ·

≤ λ

|γ +λ |
|ψm11||a0|+

λ +ξ

|γ +λ +ξ |

∞

∑
j=2
|ψm j1||a0|

+
λ +ξ

|γ +λ +ξ |

∞

∑
j=2
|ψm j2|a1|+

λ +ξ

|γ +λ +ξ |

∞

∑
j=3
|ψm j3||a2|

+
λ +ξ

|γ +λ +ξ |

∞

∑
j=4
|ψm j4||a3|+ · · ·

<
∫

∞

0
η(x)

∞

∑
j=1

(λx) j−1

( j−1)!
e−

∫ x
0 (λ+η(s))dsdx|a0|+

∫
∞

0
η(x)

∞

∑
j=2

(λx) j−2

( j−2)!
e−

∫ x
0 (λ+η(s))dsdx|a1|

+
∫

∞

0
η(x)

∞

∑
j=3

(λx) j−3

( j−3)!
e−

∫ x
0 (λ+η(s))dsdx|a2|+

∫
∞

0
η(x)

∞

∑
j=4

(λx) j−4

( j−4)!
e−

∫ x
0 (λ+η(s))dsdx|a3|+ · · ·

=
∫

∞

0
η(x)e−

∫ x
0 η(s)dsdx

∞

∑
n=0
|an|=

∞

∑
n=0
|an|= ‖~a‖.

Thus, ‖ΦDγ‖ < 1, which means that 1 /∈ σ(ΦDγ) when |ω| > Θ. This together with Lemma 3.4 gives
γ ∈ ρ(A ) for |ω|> Θ, i.e.,

σ(A )∩ iR⊂ {iω | |ω| ≤Θ}
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is bounded. From Theorem 2.3 and Lemma 3.1, we know that spectral bound s(A ) = 0. Using Nagel
[17, P302], we obtain that σ(A ) is imaginary additively cyclic, which states that

iω ∈ σ(A )⇒ iωk ∈ σ(A ), all positive integer k.

Now, the boundedness of σ(A )∩ iR gives iR∩σ(A ) = {0}. �

In the following, we give the explicit expression of A ∗, the adjoint operator of A , and obtain that 0
is an eigenvalue of A ∗ with geometric multiplicity one.

Lemma 3.6.

A ∗(q∗,W ∗) =




−λ 0 0 0 · · ·
0 −(λ +ξ ) 0 · · ·
0 0 −(λ +ξ ) 0 · · ·
0 0 0 −(λ +ξ ) · · ·
...

...
...

...
. . .




q∗0
q∗1
q∗2
q∗3
...



+


λ 0 0 0 · · ·
ξ λ 0 0 · · ·
0 ξ λ 0 · · ·
0 0 ξ λ · · ·
...

...
...

...
. . .




W ∗

0 (0)
W ∗

1 (0)
W ∗

2 (0)
W ∗

3 (0)
...

 ,


d
dx − (λ +η(x)) λ 0 0 · · ·

0 d
dx − (λ +η(x)) λ 0 · · ·

0 0 d
dx − (λ +η(x)) λ · · ·

...
...

...
...

. . .




W ∗
0 (x)

W ∗
1 (x)

W ∗
2 (x)
...



+


η(x) 0 0 · · ·

0 η(x) 0 · · ·
0 0 η(x) · · ·
...

...
...

. . .




q∗0
q∗1
q∗2
...


 ,

D(A ∗) =

{
(q∗,W ∗) ∈ X∗

∣∣∣∣dW ∗
n (x)
dx

exist and W ∗
n (∞) = α, n≥ 0

}
,

where α in D(A ∗) is a constant which is irrelevant to n.
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Proof. By using integration by parts and the boundary conditions on (p,W ) ∈ D(A ), we have, for
(q∗,W ∗) ∈ D(A ∗),

〈A (p,W ),(q∗,W ∗)〉=
{
−λ p0 +

∫
∞

0
η(x)W0(x)dx

}
q∗0 +

∞

∑
n=1

{
− (λ +ξ )pn +

∫
∞

0
η(x)Wn(x)dx

}
q∗n

+
∫

∞

0

{
−dW0(x)

dx
− (λ +η(x))W0(x)

}
W ∗

0 (x)dx

+
∞

∑
n=1

∫
∞

0

{
−dWn(x)

dx
− (λ +η(x))Wn(x)+λWn−1(x)

}
W ∗

n (x)dx

= p0(−λq∗0)+
∞

∑
n=1

pn[−(λ +ξ )q∗n]+
∞

∑
n=0

∫
∞

0
Wn(x)[η(x)q∗n]dx

+
∞

∑
n=0

Wn(0)W ∗
n (0)+

∞

∑
n=0

∫
∞

0
Wn(x)

dW ∗
n (x)
dx

dx

+
∞

∑
n=0

∫
∞

0
Wn(x)[−(λ +η(x))W ∗

n (x)]dx+
∞

∑
n=0

∫
∞

0
Wn(x)[λW ∗

n+1(x)]dx

= p0(−λq∗0)+
∞

∑
n=1

pn[−(λ +ξ )q∗n]+
∞

∑
n=0

pn[λW ∗
n (0)+ξW ∗

n+1(0)]

+
∞

∑
n=0

∫
∞

0
Wn(x)

[
dW ∗

n (x)
dx

dx− (λ +η(x))W ∗
n (x)+λW ∗

n+1(x)+η(x)q∗n

]
dx

= 〈(p,W ),A ∗(q∗,W ∗)〉.

From the definition of adjoint operator, we conclude the desired conclusion immediately. �

From Theorem 2.3, Lemma 3.1 and Arendt and Batty [18], we know that 0 is an eigenvalue of A ∗.

Furthermore, we deduce the following result.

Lemma 3.7. If λ

(
1+ λ

ξ

)∫
∞

0 xη(x)e−
∫ x

0 η1(τ)dτdx < 1, then 0 is an eigenvalue of A ∗ with geometric
multiplicity one.

Proof. We consider the equation (A )∗(q∗,W ∗) = 0, which is equivalent to

−λq∗0 +λW ∗
0 (0) = 0,

− (λ +ξ )q∗n +ξW ∗
n−1(0)+λW ∗

n (0) = 0, n≥ 1,

dW ∗
n (x)
dx

− (λ +η(x))W ∗
n (x)+λW ∗

n+1(x)+η(x)q∗n = 0, n≥ 1.

(3.42)

It is easy to see that

(q∗,W ∗) =




α

α

...

 ,


α

α

...


 ∈ D(A∗)
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is a solution of (3.42). In addition, (3.42) is equivalent to

q∗0 =W ∗
0 (0),

q∗n =
ξ

λ +ξ
W ∗

n−1(0)+
λ

λ +ξ
W ∗

n (0), n≥ 1,

W ∗
n+1(x) =

1
λ

{
−dW ∗

n (x)
dx

+(λ +η(x))W ∗
n (x)−η(x)q∗n

}
, n≥ 1,

(3.43)

which shows that we can determine each q∗n and W ∗
n (x) for all n≥ 0 if W ∗

0 (x) is given. That is, geometric
multiplicity of zero is one. �

Combining Theorem 2.3, Lemma 3.1, Lemma 3.5 and Lemma 3.7 and Gupur, Li and Zhu [13, Theo-
rem 14], we conclude the following result.

Theorem 3.8. If 0 < η = inf
x∈[0,∞)

η(x) ≤ η = sup
x∈[0,∞)

η(x) < ∞, then the time-dependent solution of the

system (1.7) strongly converges its steady-state solution, i.e., limt→∞ ‖(p,W )(·, t)− β (p,W )(·)‖ = 0,
here (p,W )(x) is the eigenvector in Lemma 3.1 and β is decided by the eigenvector in Lemma 3.7 and
the initial value (p,W )(0).

4. CONCLUSION

In this paper, we considered the single-line retrial queueing system with discourage repeated de-
mands. The system is described by an infinite number of partial integro-differential equations with
integral boundary conditions. We first converted the system as an abstract Cauchy problem in a proper
Banach Space with corresponding operator, and then proved that the system has a unique time-dependent
solution (p,W )(x, t) = T (t)(p,W )(0), t ∈ [0,∞), where T (t) is C0− semigroup generated by the main
operator A . From the spectrum of the operator A on the right half complex plane and imaginary axis,
we obtained that the time-dependent solution of the system strongly converges its steady-state solution.
An interesting future research direction is to further study the spectrum of the operator on the left half
complex plane so that we can describe the spectrum of the operator A .

5. APPENDIX

Proof of Theorem 2.1. First, we take A = H +U +E , where

H (p,W ) =




−λ 0 0 0 · · ·
0 −(λ +ξ ) 0 0 · · ·
0 0 −(λ +ξ ) 0 · · ·
0 0 0 −(λ +ξ ) · · ·
...

...
...

...
. . .




p0

p1

p2

p3
...

 ,


− d

dx 0 0 0 · · ·
0 − d

dx 0 0 · · ·
0 0 − d

dx 0 · · ·
0 0 0 − d

dx · · ·
...

...
...

...
. . .




W0

W1

W2

W3
...



 , D(H ) = D(A )
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U (p,W ) =




0 0 0 · · ·
0 0 0 · · ·
0 0 0 · · ·
...

...
...

. . .




p0

p1

p2
...

 ,


−(λ +η(x)) 0 0 · · ·

0 −(λ +η(x)) 0 · · ·
0 0 −(λ +η(x)) · · ·
...

...
...

. . .




W0

W1

W2
...


 ,

E (p,W ) =



∫

∞

0 η(x)W0(x)dx∫
∞

0 η(x)W1(x)dx∫
∞

0 η(x)W2(x)dx
...

 ,


0
0
0
...


 , D(U ) = D(E ) = X .

Then, we prove that (γI−H )−1 exists and is bounded for γ > 0. For any given (y,z) ∈ X , we consider
the equation (γI−H )(p,W ) = (y,z). It is equivalent to the following equations

(γ +λ )p0 = y0, (A.1)

(γ +λ +ξ )pn = yn, n≥ 1, (A.2)

dWn(x)
dx

=−γWn(x)+ zn(x), n≥ 0, (A.3)

Wn(0) = λ pn +ξ pn+1, n≥ 0. (A.4)

Solving (A.1)-(A.3), we have

p0 =
1

γ +λ
y0, (A.5)

pn =
1

γ +λ +ξ
yn, n≥ 1, (A.6)

Wn(x) = ane−γx + e−γx
∫ x

0
zn(τ)eγτdτ, n≥ 0. (A.7)

Combining (A.5), (A.6) with (A.7), we deduce

∞

∑
n=0
|an|=

∞

∑
n=0
|Wn(0)|= λ

∞

∑
n=0
|pn|+ξ

∞

∑
n=0
|pn+1|

=
λ

γ +λ
|y0|+

λ

γ +λ +ξ

∞

∑
n=1
|yn|+

ξ

γ +λ +ξ

∞

∑
n=1
|yn|

=
λ

γ +λ
|y0|+

λ +ξ

γ +λ +ξ

∞

∑
n=1
|yn|. (A.8)
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By using (A.8) and the Fubini Theorem, we have

‖W‖=
∞

∑
n=0
‖Wn‖L1[0,∞)

≤
∞

∑
n=0
|an|

∫
∞

0
e−γxdx+

∞

∑
n=0

∫
∞

0
e−γx

∫ x

0
|zn(τ)|eγτdτdx

≤ λ

γ(γ +λ )
|y0|+

λ +ξ

γ(γ +λ +ξ )

∞

∑
n=1
|yn|+

∞

∑
n=0

∫
∞

0
|zn(τ)|eγτ

∫
∞

τ

e−γxdxdτ

=
λ

γ(γ +λ )
|y0|+

λ +ξ

γ(γ +λ +ξ )

∞

∑
n=1
|yn|+

1
γ

∞

∑
n=0
‖zn‖L1[0,∞). (A.9)

By combining (A.5),(A.6) and (A.9), it follows (without loss of generality assume that γ > 0 ) that

‖(p,W )‖=
∞

∑
n=0
|pn|+

∞

∑
n=0
‖Wn‖L1[0,∞)

≤ 1
γ +λ

|y0|+
1

γ +λ +ξ

∞

∑
n=1
|yn|

+
λ

γ(γ +λ )
|y0|+

λ +ξ

γ(γ +λ +ξ )

∞

∑
n=1
|yn|+

1
γ

∞

∑
n=0
‖zn‖L1[0,∞)

=
γ +λ

γ(γ +λ )
|y0|+

γ +λ +ξ

γ(γ +λ +ξ )

∞

∑
n=1
|yn|+

1
γ

∞

∑
n=0
‖zn‖L1[0,∞)

=
1
γ

∞

∑
n=0
|yn|+

1
γ

∞

∑
n=0
‖zn‖L1[0,∞)

=
1
γ
‖(y,z)‖. (A.10)

(A.10) shows that (γI−H )−1 exists when γ > 0, and

(γI−H )−1 : X → D(H ), ‖(γI−A)−1‖< 1
γ
.

Next, we prove that D(H ) is dense in X . For ∀(p,W ) ∈ X we have

∞

∑
n=0
|pn|+

∞

∑
n=0
‖Wn‖L1[0,∞) < ∞.

Hence, for any ε > 0, there exists a finite positive integer N such that

∞

∑
n=N
|pn|< ε,

∞

∑
n=N
‖Wn‖L1[0,∞) < ε,

which shows that the set

L =

(p,W )

∣∣∣∣∣∣∣∣∣
p = (p0, p1, p2, · · · , pk,0,0, · · ·)
W (x) = (W0(x),W1(x), · · · ,Wk(x), · · ·)
pn ∈ R, Wn ∈ L1[0,∞), n = 0,1,2, · · · ,k,
k is finite positive integer


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dense in X . If we set

V =


(p,W )

∣∣∣∣∣∣∣∣∣∣∣∣

p = (p0, p1, p2, · · · , pN ,0,0, · · ·)
W (x) = (W0(x),W1(x), · · · ,WN(x), · · ·)
Wn ∈C∞

0 [0,∞), there exists positive number ci > 0
such thatWi(x) = 0, x ∈ [0,ci], i = 0,1, · · · ,N,

N is finite positive integer


then it is obvious from Adams [15] that V is dense in L. Therefore, in order to prove that D(H ) is dense
in X , it suffices to prove V ⊂D(H ). In fact, if V ⊂D(H ), then X = L =V =V ⊂D(H ) = D(H )⊂ X
implies X = D(H ). Taking any fixed (p,W ) ∈ V, we have that there are a finite positive integer N and
positive numbers ci > 0(i = 0,1, · · · ,N) such that

p = (p0, p1, p2, · · · , pN ,0,0, · · ·),

W (x) = (W0(x),W1(x), · · · ,WN(x), · · ·),

Wi(x) = 0, for x ∈ [0,ci], i = 0,1, · · · ,N.

This implies Wi(x) = 0, for x ∈ [0,s], 0 < s < min{c0,c1, · · · ,cN}, i = 0,1, · · · ,N. Define

f s(0) = ( f s
0(0), f s

1(0), · · · f s
N(0),0, · · ·)

= (λ p0 +ξ p1,λ p1 +ξ p2, · · · ,λ pN +ξ pN+1,0, · · ·) ,

f s(x) = ( f s
0(x), f s

1(x), · · · , f s
N(0),0, · · ·),

where

f s
i (x) =

 f s
i (0)(1− x

s )
2 if x ∈ [0,s),

Wi(x) if x ∈ [s,∞).
, i = 0,1, · · · ,N.

It is easy to verify that (p, f s) ∈ D(A). Moreover

‖(p,W )− (p, f s)‖=
N

∑
i=0

∫ s

0
|Wi(x)− f s

i (x)|dx =
N

∑
i=0

∫ s

0
| f s

i (0)|(1−
x
s
)2dx

=| f s
i (0)|

s
3
→ 0, as s→ 0. (A.11)

(A.11) shows that D(H ) is dense in V . In other words, D(H ) is dense in X . From the above two steps
and the Hille-Yosida theorem, we know that A generates a C0−semigroup (see Gupur, Li and Zhu [13]).

A trivial verification shows that U and E are bounded linear operators. Hence, from the perturbation
theory of C0−semigroup, we get that H +U +E generates a C0−semigroup T (t).

Finally, by using the idea of Gupur, Li and Zhu [13], we prove that H +U + E is a dispersive
operator. For (p,W ) ∈ D(H ), we choose

φ0 =(
[p0]

+

p0
,
[p1]

+

p1
,
[p1]

+

p1
, · · ·),

φ1(x) =(
[W0(x)]+

W0(x)
,
[W1(x)]+

W1(x)
,
[W1(x)]+

W1(x)
, · · ·),

where

[pn]
+ =

pn if pn > 0

0 if pn ≤ 0
, n≥ 0, [Wn(x)]+ =

Wn(x) if W1(x)> 0

0 if Wn(x)≤ 0
, n≥ 0.
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If we define Ω = {x ∈ [0,∞) |Wn(x)> 0} and Ω̃ = {x ∈ [0,∞) |Wn(x)≤ 0}, then∫
∞

0

dWn(x)
dx

[Wn(x)]+

Wn(x)
dx =

∫
Ω

dWn(x)
dx

[Wn(x)]+

Wn(x)
dx+

∫
Ω̃

dWn(x)
dx

[Wn(x)]+

Wn(x)
dx

=
∫

Ω

dWn(x)
dx

[Wn(x)]+

Wn(x)
dx =

∫
Ω

dWn(x)
dx

dx

=
∫

∞

0

d[Wn(x)]+

dx
dx =−[Wn(0)]+, n≥ 0.∫

∞

0
η(x)Wn(x)dx≤

∫
∞

0
η(x)[Wn(x)]+dx, n≥ 0.

Then by using the boundary conditions on (p,W ) ∈ D(H ), we obtain that

〈(H +U +E )(p,W ),(φ0,φ1)〉=
[p0]

+

p0

{
−λ p0 +

∫
∞

0
η(x)W0(x)dx

}
+

∞

∑
n=1

[pn]
+

pn

{
−(λ +ξ )pn +

∫
∞

0
η(x)Wn(x)dx

}
+

∞

∑
n=0

∫
∞

0

{
−dWn(x)

dx
− (λ +η(x))Wn(x)

}
[Wn(x)]+

Wn(x)
dx

+
∞

∑
n=1

∫
∞

0
λWn−1(x)

[Wn(x)]+

Wn(x)
dx

=−λ [p0]
+− (λ +ξ )

∞

∑
n=1

[pn]
++

∞

∑
n=0

[pn]
+

pn

∫
∞

0
η(x)Wn(x)dx

−
∞

∑
n=0

∫
∞

0

dWn(x)
dx

[Wn(x)]+

Wn(x)
dx−

∞

∑
n=0

∫
∞

0
(λ +η(x))[Wn(x)]+dx

+
∞

∑
n=1

∫
∞

0
λWn−1(x)

[Wn(x)]+

Wn(x)
dx

=−λ

∞

∑
n=0

[pn]
+−ξ

∞

∑
n=1

[pn]
++

∞

∑
n=0

[pn]
+

pn

∫
∞

0
η(x)Wn(x)dx

+
∞

∑
n=0

[Wn(0)]+−
∞

∑
n=0

∫
∞

0
(λ +η(x))[Wn(x)]+dx

+
∞

∑
n=1

∫
∞

0
λ [Wn−1(x)]+

[Wn(x)]+

Wn(x)
dx

≤
∞

∑
n=0

[pn]
+

pn

∫
∞

0
η(x)[Wn(x)]+dx−

∞

∑
n=0

∫
∞

0
(λ +η(x))[Wn(x)]+dx

+λ

∞

∑
n=1

∫
∞

0
[Wn−1(x)]+dx

=
∞

∑
n=0

(
[p0]

+

p0
−1)

∫
∞

0
η(x)[Wn(x)]+dx≤ 0. (A.12)

From (A.12) together with the definition of dispersive operator we know that H +U +E is a dispersive
operator (see Gupur, Li and Zhu [13]). Therefor, from the first step, the second step and Phillips Theorem
we know that A generates a positive contraction C0−semigroup. By uniqueness of the C0−semigroup it
follows that this semigroup is just T (t). �
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