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Abstract. In this paper, we introduce and study a Bregan projection algorithm for treating generalized equilib-
rium and fixed point problems. Norm convergence of the projection algorithm is established in the framework of
reflexive Banach spaces.
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1. INTRODUCTION

Let E be a Banach space. Let C be a nonempty convex and closed set in E and let E* be the dual space
of E. Let M : C — E* be an operator and let G : C x C — R be a bifunction. Recall that the so called
generalized equilibrium problem [1]: find X such that

(Mx,y—Z%)+G(x,y) >0, VyeC. (1.1)
If M = 0, then the generalized equilibrium problem is reduced to the classical equilibrium problem in
the sense of Blum and Oettli [2]
G(x,y) >0, VyeCcC. (1.2)
If G = 0, then the generalized equilibrium problem is reduced to the generalized variational inequality
problem
(Mx,y—x) >0, VyeC.
In this paper, the set of solutions of the generalized equilibrium problem is denoted by GEP(M,G).

The equilibrium problems provides us a a unified approach to investigate problems arising in many
optimization problems; see [3, 4, 5, 6, 7, 8, 9] and the references.
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For set C, CB(C) is used to stand for the family of nonempty bounded closed subsets of C. Let H(-,-)
be the Hausdorff metric on CB(C) defined by
H(B,A) = max{supd(x,B),supd(y,A)}, VB,A e CB(C),
yEB

XEA

where d(b,A) = inf{||b—al| : a € A} is the distance from point b to subset A. Let T be a set-valued
mapping from C to CB(C). The set of fixed points of T is denoted by F(T) :={p € C: T(p) = p}.
Let f : E — (—oo,+oo| be a proper, lower semi-continuous, and convex function. The domain of f is
presented by domf, i.e., domf := {x € E : f(x) < +oo}. Let R and N be the sets of real numbers and
positive integers, respectively. Let any x € int domf and y € E, the right-hand derivative of f at x in the
direction of y is defined by
o . x+ty)—f(x
o) = tig LEADI=1)

Recall that the function f is said to be Gdateaux differentiable if it is Gateaux differentiable for any x €
int domf; Gdteaux differentiable at x if the limit f°(x,y) exists for any y; uniformly Fréchet differentiable
on a subset C of E if the limit f°(x,y) is attained uniformly for x € C and ||y|| = 1; Fréchet differentiable
at x if the limit f°(x,y) is attained uniformly in ||y|| = 1. It is known if f is Gateaux differentiable at
x, then f°(x,y) coincides with V f(x), the value of the gradient Vf of f at x. Let x € int domf, the
subdifferential of f at x is the convex set defined by

df(x) ={x"€E": f(x) < f(y) + (x",x—y), VyeE}
The Fenchel conjugate of f is the function f* : E* — (—oo, +oo] defined by
f(x*) =sup{(x",x) — f(x) :x € E}, Vx" € E".

In the framework of reflexive Banach spaces, we have the following facts: (i) (d.f) "' = df* and f is
Legendre if and only if f* is Legendre; (ii) f is essentially smooth if and only if f* is essentially strictly
convex; (iii) If f is Legendre, then V f is bijection satisfying V£ = (Vf*)~!, ranV f=domV f*=int dom f*
and ranV f*=domV f=int domf.

Recall that a function f is said to be (i) essentially stirctly convex if (df)~! is locally bounded on
its domain and f is strictly convex on every convex subset of domd f; (ii) essentially smooth if df is
both locally bounded and single-valued on its domain; (iii) Legendre, if it is both essentially smooth and
essentially strictly convex. Let f: E — (—oo,+o0] be a Gateaux differentiable function. The Bregman
distance with respect to f is the function D : domf xint domf — [0, +oo) defined by

Dy(y,x) = f(y) = f(x) = (VS (x),y —x).
Recall that bifunction Vs : E x E* — [0,00) associated with f is defined by
Vi(x,x™) = fF(x") + f(x) — (x,x"), Vx e E,x" € E™.
Then V/ is nonnegative and satisfies
Vi(x,x*) =Ds(x,Vf*(x")), Vx € E.x* € E™.

Dy(-,-) has the following important property, called the three point identity. For any x € domf and y, z €
int domf,

(Vf(2) =V (y),x—y)=Dy(x,y) = Ds(x,2) + Ds(y,2).
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Let f : E — (—oo, 40| be a convex and Gdteaux differentiable function and let C C domf be a nonempty,
closed, and convex set. The Bregman projection x € int domf onto C is the unique vector Pg (x)ecC
satisfying

Ds(PL(x),x) = inf{D(y,x) : y € C}.
LetB,:={z€E:|z|| <r}and Sg = {x € E : ||x|| = 1}. Then, a function f : E — R is said to be uniformly
convex on bounded subsets of E if p,(t) > 0 for all r,z > 0, where p, : [0,00) — [0, 0] is defined by

. of(x)+(1—0)f(y) — flox+ (1 —a)y)
H(t) = f .
pr(t) x,yeB,,\|xJﬁ|:z,ae(o,1) o(l—a)

Let f: E — (—o0,+oo] be Gateaux differentiable. The modulus of total convexity of f at x € domf is the
function vy(x,-) : [0, 4-00) — [0, +oo] defined by

Vi(x,0) = inf{Dy(y,x) : y € domf, |ly— x| = 1}.

The modulus of the total convexity of the function f on the set B is the function v : int domf x [0, 4-c0) —
[0, +oo] defined by

V(B,t) :=inf{v¢(x,t) : x € BNdomf}.

Recall that a function f is said to be: (i) totally convex at x if v¢(x,z) > 0, whenever ¢ > 0; (ii)
totally convex if it is totally convex at any point x € int domf’; (iii) totally convex on bounded sets if
Vy(B,t) > 0 for any nonempty bounded subset B of E and r > 0. A function f is said to be: strongly
coercive if 1im e f(x)/||x|| = oo; sequentially consistent if for any two sequences {x,} and {y,} in
E such that the first one is bounded, lim, e Df(yn,Xs) = 0 = lim,_e ||yn — x|| = 0. Recall that T
is said to be set-valued Bregman quasi-strictly pseudo-contractive with respect to f if F(T) # 0 and
D¢(p,u) < Dg(p,x)+kDs(x,u), Vu € Tx,x € C,p € F(T). Further, T is said to be set-valued Bregman
quasi-nonexpansive with respect to f if F(T) # 0 and D¢(p,u) < D¢(p,x),Vu e Tx,x € C,p € F(T).

Normal Mann iterative method is a powerful scheme to dealing with convex optimization prob-
lems; see, e.g., [10, 11, 12, 13, 14]. One knows that the normal Mann iterative method is efficient
for nonexpansive-type mappings, however, it is only weakly convergent in the framework of infinite di-
mensional spaces. The research on modified Mann iterative method is now under the spotlight of many
researchers; see, e.g., [15, 16, 17, 18, 19] and the references therein. We have to mention that the success
achieved in using geometric properties of Hilbert spaces is not easy to carry out to the framework of
Banach spaces. The main difficulty is that the normalized duality map appears in most Banach space
inequalities. This creates very serious technical difficulties in computation. Recently, attempts with the
Bregman distance have been made to overcome these difficulties; see [19, 20, 21] and the references
therein.

We in this paper focus on a Bregan projection algorithm for generalized equilibrium and fixed point
problems of a family of closed multi-valued Bregman quasi-strict pseudocontractions. To study equilib-
rium problem (1.1), we need the following restrictions on bifunction G and operator M.

(A1) G(x,y) > limsup, | G(tz+ (1 —1)x,y), Vx,,z € C;

(A2) G(y,x)+g(x,y) <0,Vx,y € C;

(A3) G(x,x) =0,Ya eC;

(A4) y+— G(x,y) is convex and weakly lower semi-continuous, Vx € C;
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(A5) M is Bregman inverse-strongly monotone (BISM [22]), that is, dom(A)Nint domf # @ and for
any x,y €int domyf and each x’ € Mx,y’ € My, (X' —y' ,Vf*(Vf(x)—x) =V (Vf(y)—))) >0.

2. PRELIMINARIES
For r > 0, the resolvent operator of bifunction G and operator M, Reslrw’G : E — Cis defined as follows:
Res™G(x) ={z€C:r{Mz,y—2) +{y—2,Vf(z) = Vf(x)) +rG(z,y) >0, Vy € C}, Vx € E.
From [23], the following lemma is easy to reach.

Lemma 2.1. Let E be a reflexive Banach space. Let C be a nonempty, closed, and convex subset of
E. Let f: E — R be a convex, continuous, and strongly coercive function which is bounded on bounded
subsets and uniformly convex on bounded subsets of E and let M : C — E* be a Bregman inverse-strongly
monotone operator. Let M, G satisfy (R-1)-(R-5) and let Reslrw"G : E — C be the resolvent defined above.
Then the following statements hold:

(a) Reslrw"c is single-valued;

(b) F (Reslrw’G) = GEP(M,G) is closed and convex;

(c) Df(p,Res],VI’Gx) —I—Df(Reser[’Gx,x) <Dy(p,x),VpeGEP(M,G),Vx<cE.

Lemma 2.2. [24] Suppose x € E and y € int domf. If f is essentially strictly convex, then D¢(x,y) =
0 < x =y. Function f is sequentially consistent if and only if f is totally convex on bounded sets.

Lemma 2.3. [24] Let f : E — R be a Gateaux differentiable and totally convex function. If xo € E and
the sequence {D(x,,x0)} is bounded, then the sequence {x,} is bounded too.

Lemma 2.4. [24] Let f : E — R be a convex function which is bounded on bounded subsets of E. f* is
Fréchet differentiable and V f* is uniformly norm-to-norm continuous on bounded subsets of domf*=E*
if and only if f is strongly coercive and uniformly convex on bounded subsets of E.

Lemma 2.5. Let f : E — R be a Legendre function which is uniformly Fréchet differentiable and bounded
on subsets of E. Let C be a nonempty, closed, and convex subset of E and let T : C — CB(C) be a multi-

valued Bregman quasi-strictly pseudocontractive mapping with respect to f. Then, for any x € C, u € Tx,

pEF(T)andke€|0,1), (1—k)Ds(x,u) < (x—p,Vf(x)—Vf(u)).
Proof. Letue Tx,pe F(T),x€ C,and k € [0,1), one has
Dy (p,u) < Dy(p,x) +kDy(x,u).
This implies that
Dy(p,x) +Dy(x,u) + (p—x,Vf(x) = V() < Ds(p,x) +kDy(x,u).
It follows that

(1=k)Dy(x,u) < (x—=p,Vf(x) = V[f(u)).
This completes the proof. 0

Lemma 2.6. [19] Let f : E — R be a Legendre function which is uniformly Fréchet differentiable on
bounded subsets of E. Let C be a nonempty, closed, and convex subset of E and let T : C — CB(C)
be a multi-valued Bregman quasi-strictly pseudocontractive mapping with respect to f. Then F(T) is a

convex and closed set.
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Lemma 2.7. [25] Suppose that f is Gateaux differentiable and totally convex on int domf. Let x € int
domf and let C C int domf be a nonempty, closed and convex set. If X € C, then the following conditions
are equivalent: (i) (Vf(x) —Vf(%),£—y) >0,V yeC; (i) Df(y,%) + Ds(%,x) < Ds(y,x),Vy€C; and
(iii) £ = PL(x).

3. THE STRONG CONVERGENCE THEOREM

In this section, we state and prove our main theorem.

Theorem 3.1. Let C be a nonempty, convex and closed set in a real reflexive Banach space E. Let M; be
a BISM and let Let G; be a bifunction with (Al), (A2), (A3), (A4) and (AS5) for eachi €[]. Let f : E - R
be a strongly coercive Legendre function which is bounded, uniformly Fréchet differentiable, and totally
convex on bounded subsets of E. Let [] be a index set. Let T; : C — CB(C) be a closed and multi-valued
Bregman quasi-strict pseudocontraction. Assume that Q := NieF (T;) \NicfGEP(M, G;) # 0. Let {x, }
be a sequence defined by

% €E, C1;=C, Ci = NieCi» x1 = P, (x0),

Vi = V[0 V() + (1= 04 ))V(zni)],  2ni € Tixn,

FoiMitt i,y — tn i) 4 10, Gi(Un i) 4+ (Y — iy Vf (i) — Vf (Yni)) >0,

Coi1i = {2 € Cui: Dy(z,uni) < Dy(2,yni) < Dy(2,%n) G.1)
15 0 — 2, V() = Vf(zni)) }

Cn+1 = Nie[Cnii

Xt :Pé‘",m (x1),

where k € [0,1), liminf, (1 — 04,;)0,; > 0 liminf, ,e.7,,; > 0, for Vi € []. Then {x,} converges in
normto p = Pé (x1), where PSJ; is the Bregman projection of E onto Q.

Proof. Using Lemma 2.1 and Lemma 2.6, one concludes that our solution set is convex and closed. Now,
we prove that set G, is a convex and closed set. One knows that C; ; = C is a convex and closed set. We
now let Gy ; is a convex and closed subset for every integer k > 1. Set z; and z, be two arbitrary points in
Cin+1,i- From the construction of set C,, one obtains z1,z» € Ci ;. Further, one sets

z12=10—-1)zn+ Az,
where A is a real number in (0, 1). It follows that

D¢(z10,upi) < Dyr(z12,Yk,)

<D¢(z12,%) +

(- 212, V() — V()

In view of z1 5 € C,;, we obtain that C,; € Cy11;. This proves that C;; is a convex and closed set.
Hence, C,,; is also a convex and closed set. One concludes that Pé (x0) is well defined.



6 MEUJUAN SHANG

Next, one focuses on  C C,. Indeed, it is easy to see Q C C; = C. Set Q C C,,;. Note that u,,; =
M.
Res, "

Tm,i

G"ym. For any w € Q C G, ;, we reach

Dy(w,tmi) = f(W) = (W, 0V f (X) + (1 = G i)V f (zmi))
+ (0 Vf (on) + (1= 00 i)V f (2m.i))
< O f (W) = i (W, V.f (X)) + O i/ (2Xim)
+ (1= i) f (W) = (1= &) (W, Vf (zmi)) + (1= &) (VS (2m))
< (1= 04 i)[Dr(W,xm) + kD £ (X, Zm i) | + O iD (W, Xi)
O ¥ ) =V ) + Dy,
_ Kl =,V (30) =V (o)
- 11—k
which yields that w € Cp,4.1;. Hence, Q C C,,; and then Q C C, = Nje1Cy,;. It follows from Lemma 2.7
that

<

+Df(w7xm)7

(y—x0,Vf(x1) = Vf(xn)) <0, VyeC(,,

By virtue of Q C G, one concludes that
(W—x,Vf(x1) = Vf(x,) <0, VweQ. (3.2)
By using Lemma 2.7, one has

Df(xn,xl) :Df(Pgn(X])ﬁCl)
< Dy(w,x1) = Dy(w, PL (x1))
< Df(W,Xl),
for each w € Q. This proves the sequence {Ds(x,,x1)} is a bounded sequence. This further proves
{x,} is a bounded iterative sequence too. Note that Ds(xn41,Xx1) > Dy(x,,x1). So, {Ds(xn,x1)} is a
nondecreasing sequence. We conclude that lim,, .. Df(x,,x;) exists. Without loss of generality, we may

suppose that there exists a subsequence {x,,} C {x,} such that x,; — p, which lies in C,. On the other
hand, one has

Dy (xn;,x1) < Dy(p,x1) (3.3)

and
Dy(p,x1) = f(p) — f(x1) = (Vf(x1),p—x1)

< hjlgglf{f(xn_;) _f(xl) - <Vf(x1),x,,j —x1>} (3.4)
< liminfo(x,,j,xl).
J—reo

Combining (3.3) and (3.4), one arrives at

Ds(p,x1) > limsup D (x,;,x1) > liminf D¢ (x,;,x1) > D (p,x1).
. e .

jeo
This yields that D¢(p,x1) = lim; . D¢ (x,;,x1). Employing Lemma 2.7, one obtains that

Df(ﬁvxn_,‘) —i—Df(an,xl) < Df(l/ixl-
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Hence, lim; . D (P, x,;) = 0. Using Lemma 2.2 that lim o, x,,; = p. Since {Dy(x,,%o) } is a convergent
sequence, one obtains that

’}ijgon(xn,xl) =D¢(p,x1). (3.5)
Using Lemma 2.7, one has
D (p,xn) + Dy (xn,x1) < Df(P;x1)- (3.6)
Further, Lemma 2.2 implies that
Tim x, = p. (3.7)

Note that
Df(-xn-i-l 5 un,i) < Df(xn—H 7yn,i)

< Df(xn+17xn) +

K
<xn — Xn+1, Vf<xn) - Vf(an))
-«
From the situation that x,, — p as n — oo, one asserts that
}EEODf(xn-&-l ) un,i) = }EEODf(xn-&-l 7yn,i) =0.

It follows that
lim |[xXp41 — || = lim ||x,11 — yn ]| = 0. (3.8)
n—oo n—soo

From (3.7) and (3.8), we have

Jim [be, —uif| = Tim g, =y | = 0. 3.9)
It follows that
1im [[Vf (ys) = V£ ()| = 0. (3.10)
It follows that ]

,}g{}oHVf(xn) - Vf<zn,i)H = r}gl;lo l—a ”Vf(xn) _Vf(yn,i)H =0. 3.1

Using Lemma 2.5 yields that lim,, e ||z, — x,|| = 0. Therefore lim, o z,,; = lim, ;0 X, = p. From the
closedness of each 7; and z,,; € Tix,, one sees p € F(T;). Hence, p € Nicr1F (T;).
Next, we prove p € NicrfGEP(M;,G;). Note that

¥ =t il| < 120 = s il [0 = Y|

By using (3.9), we have lim, e ||yn,i — ttn,i|| = 0. Since Vf is uniformly norm-to-norm continuous on

bounded subsets of E, one has
o 1V 000) = Vf (0)]

n—oo rn,i

=0. (3.12)

From the definition of the resolvent of the generalized equilibrium problem, we have u,,; = Res%f;ci Vn,i-
Hence,
rn,i<M”n7i7y_ un,i> + rnJgi(un,iay) + <y — Upi, Vf(”n,i) - Vf(yn,i» >0, Vy eC.

Hence, one has
\Vf(yni) = Vf(uni)l S (v —ttn,i, Vf(tni) = VI (Vni))

Tni Tnii

Z‘/Vib@umi)v VyECa

[y =t

where
VVi(ya un,i) = <Mun,iay - ”n,i> + G(”miay)'
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It follows from (3.12) that W;(y, p) <0, Vy € C. Let
yi =tiy+(1—1;)p,
where y € C, and t; € (0,1). It follows that W;(y;,, p) < 0. Hence
Wiy, y) Z Wiy, y) + (1= ) Wilye, p) = Wiy, v,) = 0.

This implies W;(y;,y) > 0, Vy € C and then W;(p,y) > 0, Vy € C. Hence

P € NiefEP(W;) = GEP(M;, G)).
This proves that p € Q. Finally, we take n — oo in (3.2) to obtain that

(w—p,Vf(x1)—Vf(x,) <0, VweQ.

Using Lemma 2.7, one has p = ng; (x1). This completes the proof. O

2, Vx € E, then the class of multi-valued Bregman quasi-strict pseudo-contractions is

If f(x) = |lx

reduced to the class of multi-valued quasi-strict pseudo-contractions [26]. We have the following result.

Corollary 3.2. Let C be a nonempty, convex and closed set in a real reflexive Banach space E. Let M; be
a BISM and let Let G; be a bifunction with (Al), (A2), (A3), (A4) and (AS5) for eachi €[]. Let f : E - R
be a strongly coercive Legendre function which is bounded, uniformly Fréchet differentiable, and totally
convex on bounded subsets of E. Let [] be a index set. Let T; : C — CB(C) be a closed and multi-valued
Bregman quasi-strict pseudocontraction. Assume that Q := N F (T;) NNiefGEP(M, G;) # 0. Let {x,}
be a sequence defined by

xo €E, Ci=C, Cy =NieCr,, x1 =P£ (x0),
Vni= J*I[a,,_,iJ(xn) + (1=t i) (zni)]s  zni € Tixn,
FoiiMitt i,y — tn i) 10, Gi(Un i) 4 (Y — ttn iy I (i) — I (Vi) > 0,
Cot1,i=1{2€Cni:D(z,un;) <D¢(2,yn:) < Dy(z,%n)
1 (o = 2,0 () = I (2ni)) }
Cot1 = NienCaijis

(x1)7

where k € [0,1), liminf, e (1 — 04,;)0,; > 0 liminf, o1y > 0, for Vi € [I. Then {x,} converges
strongly to p = ngz (x1), where Ps]; is the generalized projection of E onto Q.

_pf
X1 =Fg, .,
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