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VISCOSITY APPROXIMATION METHODS FOR ZEROS OF ACCRETIVE OPERATORS
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Abstract. Zeros of nonlinear mappings of accretive type are investigated via a viscosity approximation method.
Strong convergence theorems of solutions of systems of generalized variational inequalities and the sum problem
of two accretive operators are obtained in uniformly convex and q-uniformly smooth Banach spaces with mild
conditions on parameters of the approximation method.
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1. INTRODUCTION

Let X be a Banach space. Let C be a nonempty convex and closed set in X and let X∗ be the dual space
of X . Recall that the space X is said to be strictly convex if, for any x,y∈U , where U = {x∈X : ‖x‖= 1},
with x 6= y, ‖λy+(1−λ )x‖ < 1, ∀λ ∈ (0,1). The space X is said to be uniformly convex if, for each
ε ∈ (0,2], there exists δ > 0 such that, for any x,y ∈U , ‖ x+y

2 ‖> 1−δ ⇒‖x−y‖< ε . It is known that a
uniformly convex Banach space is reflexive and strictly convex.

Recall that the modulus of convexity of X is the function δE(ε) : (0,2]→ [0,1] defined by δX(ε) =

inf{2−‖x+y‖
2 : ‖x‖ = ‖y‖ = 1,‖x− y‖ ≥ ε}, 0 ≤ ε ≤ 2. Let p > 1 be a real number. One says that X is

p-uniformly convex iff there exists a constant cp > 0 such that δX(ε)≥ cpε p for any ε ∈ (0,2]. X is said
to be uniformly convex if δX(0) = 0, and δEX(ε) > 0 for all 0 < ε ≤ 2. It is clear that the p-uniform
convexness implies the uniform convexness.

Recall that the generalized duality mapping, Jq with q > 1, is defined by

Jq(x) := {y ∈ X∗ : 〈y,x〉= ‖x‖q,‖y‖= ‖x‖q−1}, ∀x ∈ X .

If q = 2, that is,

J2(x) := {y ∈ X∗ : 〈y,x〉= ‖x‖2,‖y‖= ‖x‖}, ∀x ∈ X .

E-mail address: yadxyyt@163.com.
Received September 13, 2019; Accepted December 17, 2019.

c©2019 Journal of Nonlinear Functional Analysis

1



2 YANTAO YANG

then J2 is called the normalized duality mapping and it is simply denoted by J. It is known that Jq(x) is
nonempty, and ‖x‖q−2J(x) = Jq(x).

Recall that the modulus of smoothness of Banach space X , ρX is defined by

ρE(t) = sup{‖x+ y‖−‖x− y‖−2
2

: x ∈U,‖y‖ ≤ t}.

Recall that X is said to be q-uniformly smooth if and only if there exists a fixed constant c > 0 such that
ρX (t)

tq ≤ c. For q-uniformly smooth spaces, one has q≤ 2. X is said to be uniformly smooth iff ρX (t)
t → 0

as t→ 0. One knows that X is p-uniformly convex if and only if X∗, the dual space of X , is q-uniformly
smooth, where p+ q = pq. One remarks that Lp is min{p,2}-uniformly smooth and uniformly convex
for every p > 1. Let p > 1 and r > 0 be two fixed real numbers.

Recall that The norm of X is said to be Gâteaux differentiable iff the limit

lim
t→0

‖x+ ty‖−‖x‖
t

exists for each x,y ∈U . In this case, Jq is single-valued and strong-weak∗ continuous.
Let C be a convex and closed set in X . Let D be a nonempty set in C. Let ΠC

D be a mapping from
set C and set D. Recall that ΠC

D is said to be a retraction if and only if (ΠC
D)

2 = ΠC
D; sunny iff, for

each x ∈C and t ∈ (0,1), ΠC
D

(
(1− t)ΠC

Dx+ tx
)
= ΠC

Dx; sunny nonexpansive retractction iff ΠC
D is sunny,

nonexpansive and a retraction.
In smooth Banach space X , we have the following useful properties [1, 2, 3]
(1) ΠX

C is sunny and nonexpansive;
(2) 〈x−ΠX

C x,Jq(y−ΠX
C x)〉 ≤ 0, ∀x ∈ X , y ∈C.

(3) 〈x− y,Jq(Π
X
C x−ΠX

C y)〉 ≥ ‖ΠX
C x−ΠX

C y‖2, ∀x,y ∈ X .

One also remarks that the sunny and nonexpansive retraction is just the nearest point projections in the
setting of Hilbert spaces. Recall that an operator N : X → 2X with domain Dom(N) = {b ∈ X : Nb 6= /0}
and range Ran(N) = ∪{Nb : b ∈ Dom(N)} is said to be accretive if and only if, for t > 0 and x,y ∈
Dom(N),

‖x− y‖ ≤ ‖x− y+ t(x′− y′)‖, ∀x′ ∈ Nx,y′ ∈ Ny.

From Kato [4], one knows that N is accretive if and only if, for x,y∈Dom(N), there exists Jq(x−y) such
that

〈x′− y′,Jq(x− y)〉 ≥ 0, ∀x′ ∈ Nx,y′ ∈ Ny.

An accretive operator N is said to be m-accretive if and only if Ran(I+bN), where b is any positive real
number, is fully X . In this paper, we use N−1(0) to denote the zero point set of operator N. Further, for an
m-accretive operator N, one can define a single-valued mapping JN

b : Ran(I+bN)→Dom(N) associated
with N by JN

b = (I+bN)−1 for each r > 0. For the single-valued case, N : C→ X is said to be α-inverse
strongly accretive if and only if there exist a constant α > 0 and some jq(x− y) ∈ Jq(x− y) such that

〈Nx−Ny,Jq(x− y)〉 ≥ α‖Nx−Ny‖q, ∀x,y ∈C.

Let T be an operator on C. Recall that T is contractive if and only if there exists a constant τ ∈ (0,1)
such that ‖T x−Ty‖ ≤ τ‖x− y‖, for all x,y ∈ C. If τ = 1, we say that T is nonexpansive. Indeed, the
mapping JN

b is nonexpnsive.
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In 2006, Aoyama, Iiduka and Takahashi [5], based on nonexpansive mappings, proposed an iterative
scheme of finding solutions of the following generalized variational inequality associated with an accre-
tive operator A 〈Ax∗,J(x− x∗)〉 ≥ 0 ∀x ∈ C. They proved, in both uniformly convex and q-uniformly
smooth Banach spaces, that their algorithms are weakly convergent to some zero of the above gener-
alized variational inequality. Recently, many authors investigated the above problems and established
various convergence theorems with mild conditions on operators and parameters; see, e.g., [6]-[15] and
the references therein.

In this paper, we consider the following problem, associated with a pair of accretive operators, A1,A2 :
C→ X , of finding (x∗,y∗) ∈C×C such that{

〈x∗− y∗+µ1A1y∗,J(x− x∗)〉 ≥ 0, ∀x ∈C,

〈y∗− x∗+µ2A2x∗,J(x− y∗)〉 ≥ 0, ∀x ∈C,
(1.1)

where µ1,µ2 > 0 are any two positive real number. This system is called a system of generalized vari-
ational inequalities; see [16, 17] and [18] for the version in Hilbert spaces. In addition, if A1 = A2 = A
and x∗ = y∗, then it is reduced to the generalized variational inequality studied by Aoyama, Iiduka and
Takahashi [5].

In this paper, we are concerned with the above system and the sum of two accretive operators (one is
single-valued and the other one is set-valued) via an implicit viscosity forward-backward method. We
establish a convergence theorem of solutions in the sense of norm function in q-uniformly smooth, where
1 < q≤ 2, and uniformly convex Banach spaces with mild conditions on parameters.

2. PRELIMINARIES

Lemma 2.1. [13] Let X be a real Banach space and let Jq be the generalized duality mapping. Then, for
any give x,y ∈ X , one has

‖x+ y‖q ≤ ‖x‖q +q〈y, jq(x+ y)〉,

for all jq(x+ y) ∈ Jq(x+ y), where jq(x+ y) is the single-valued duality mapping.

Lemma 2.2. [19] Let {an} be a sequence of nonnegative real numbers such that an+1 ≤ (1−tn)an+bn+

cn, ∀n≥ 0, where {cn} is a sequence of nonnegative real numbers, {tn} ⊂ (0,1) and {bn} is a sequence
of real numbers. Assume that

(a) limsupn→∞

bn
tn
≤ 0, ∑

∞
n=0 tn = ∞,

(b) ∑
∞
n=0 cn < ∞.

Then limn→∞ an = 0.

Lemma 2.3. [20] Let X a a uniformly smooth Banach space and let C be a nonempty convex closed
subset of X. Let f : C→ C be a contractive mapping and let T : C→ C be a nonexpansive mapping
with a nonempty fixed point set. For each t ∈ (0,1), let xt be the unique solution of the equation xt =

(1− t)T xt + t f (xt). Then {xt} converges strongly to a fixed point x̄ = Pro jCFix(T ) f (x̄), where ΠC
Fix(T ) is

the unique sunny nonexpansive retraction from C onto Fix(T ), as t→ 0.

Lemma 2.4. [21] Let X a strictly convex Banach space. Let T and S be a pair of nonexpansive mapping
with nonempty common fixed ponts. Let b be a real number in (0,1). Let W = bT +(1−b)S. Then W is
a nonexpansive with Fix(W )=Fix(T )∩Fix(S).
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Lemma 2.5. [13] Let X be a real uniformly convex Banach space. Then there exists a convex, strictly
increasing and continuous function g : [0,∞)→ [0,∞) with g(0) = 0 such that, for any real p > 1,

‖ax+by+ cz‖p ≤ a‖x‖p +b‖y‖p + c‖z‖p− apb+bpa
(a+b)p g(‖x− y‖),

for all x,y,z ∈ {x ∈ X : ‖x‖ ≤ r} and a,b,c ∈ [0,1] with a+b+ c = 1.

Lemma 2.6. [22] Let X be a real q-uniformly smooth Banach space. Then the following inequality
holds:

‖x+ y‖q ≤ Kq‖y‖q +‖x‖q +q〈y,Jq(x)〉, ∀x,y ∈ X ,

where Kq is some fixed positive constant.

Lemma 2.7. [23] Let {xn} and {yn} be two bounded vector sequences in a Banach space X and let {αn}
be a real sequence in (0,1) with limsupn→∞ αn < 1 and liminfn→∞ αn > 0. If xn+1 = (1−αn)yn +αnxn,
and limsupn→∞(‖yn+1− yn‖−‖xn+1− xn‖)≤ 0, then limn→∞ ‖xn− yn‖= 0.

Lemma 2.8. [24] Let M be an m-accretive operator. For the two positive real numbers µ and λ , we have

JM
λ

x = JM
µ

(
µ

λ
x+
(

1− µ

λ

)
JM

λ
x
)
.

Lemma 2.9. [16] Let X be q-uniformly smooth Banach space and ΠC be the sunny nonexpansive retrac-
tion from X onto its nonempty convex and closed subset C. Let A1 : C→ X be a1-inverse-strongly accre-
tive of order q and A2 : C→ X be a1-inverse-strongly accretive of order q. Let the mapping G : C→C be
defined as Gx := ΠC(I−µ1A1)ΠC(I−µ2A2), ∀x ∈C. If 0 < µ

q−1
1 κq ≤ a1q and 0 < µ

q−1
2 κq ≤ a2q, then

G : C→C is nonexpansive. Let X be q-uniformly smooth. For given (x∗,y∗)∈C×C, (x∗,y∗) is a solution
of system (1.1) if and only if x∗ = ΠC(y∗−µ1A1y∗), where y∗ = ΠC(x∗−µ2A2x∗), that is, x∗ = Gx∗.

Lemma 2.10. [13] Let X be a Banach space, C a nonempty convex and closed subset, B : C→ 2X an
m-accretive operator and A an inverse-strongly accretive operator. Let Tλ = JB

λ
(I−λA)−1. Then Tλ is

nonexpansive mapping and Fix(Tλ ) = (A+B)−10, ∀λ > 0.

3. MAIN RESULTS

Theorem 3.1. Let X be a q-uniformly smooth, where 1 < q≤ 2, and uniformly convex Banach space. Let
C be a nonempty convex and closed set in X. Let A : C→ X be an a-inverse-strongly accretive operator of
order q, A1 : C→ X an a1-inverse-strongly accretive operator of order q, and A2 : C→ X an a2-inverse-
strongly accretive operator of order q. Let B : C → 2X be an m-accretive operator and f : C → C a
δ -contractive operator, where δ ∈ (0,1). Suppose that Ω = (A+B)−1(0)∩GSVI(C,A1,A2) 6= /0, where
GSVI(C,A1,A2) is the fixed point set of G := ΠC(I− µ1A1)ΠC(I− µ2A2) with 0 < µ

q−1
1 κq < a1q and

0 < µ
q−1
2 κq < a2q. Let {xn} be a sequence defined by

un = ΠC(yn−µ2A2yn),

yn = γnJB
λn
(I−λnA)((1− tn)ΠC(un−µ1A1un)+ tnxn)+βnxn +αn f (xn),

xn+1 = δnxn +(1−δn)JB
λn
(yn−λnAyn) n≥ 0,

where ΠC is a sunny nonexpansive retraction from X onto C, {λn} ⊂ (0,(aq
κq
)

1
q−1 ) and {αn}, {βn}, {γn},

{δn}, {tn} are in (0,1) s.t.
(i) αn +βn + γn = 1, ∑

∞
n=0 αn = ∞ and limn→∞ αn = 0;
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(ii) limn→∞ |βn−βn−1|= limn→∞ |tn− tn−1|= limn→∞ |γn− γn−1|= 0;
(iii) limsupn→∞ γntn(1− tn)< 1 and liminfn→∞ γn(1− tn)> 0;
(iv) limsupn→∞ δn < 1, liminfn→∞ δn < 1 and liminfn→∞ βnγn > 0;
(v) limn→∞ λn = λ < (aq

κq
)

1
q−1 and 0 < λ̄ ≤ λn.

Then xn→ x∗ ∈Ω, which is a unique solution to the variational inequality: 〈x∗− f (x∗),J(x∗− p)〉 ≤ 0,
∀p ∈Ω.

Proof. From now on, we set vn = ΠC(un− µ1A1un) and Tn = JB
λn
(I− λnA). So, our algorithm can be

re-written as {
yn = γnTnzn +βnxn +αn f (xn),

xn+1 = δnxn +(1−δn)Tnyn,

where zn := (1− tn)Gyn + tnxn. From Lemma 2.9 and Lemma 2.10 and the condition on the parameters,
one gets that Tn is a nonexpansive self-mapping on C for each n≥ 0. Observe that

αnδ +βn + γntn + γn(1− tn) = 1−αn(1−δ ).

One says that sequence {xn} is well defined. Indeed, one can a mapping Γn : C→C by

Γn(x) = αn f (xn)+βnxn + γnTn((1− tn)Gx+ tnxn), ∀x ∈C,

for each fixed xn ∈C. Observe that G is a nonexpansive mapping. Then, for any x,y ∈C,

‖Γn(x)−Γn(y)‖ = γn‖Tn((1− tn)Gx+ tnxn)−Tn((1− tn)Gy+ tnxn)‖
≤ (1− tn)γn‖Gx−Gy‖
≤ (1− tn)γn‖x− y‖.

This yields that operator Γn is contractive, which further yields from the Banach fixed-point theorem that
there exists a unique fixed point yn ∈C s.t.

yn = αn f (xn)+βnxn + γnTn((1− tn)Gyn + tnxn).

For any p∈Ω = (A+B)−1(0)∩GSVI(C,A1,A2), using Lemma 2.10, one gets Tn p = p for each n. These
further imply

‖yn− p‖ = ‖γn(Tn((1− tn)Gyn + tnxn)− p)+βn(xn− p)+αn( f (xn)− p)‖
≤ γn‖Tn((1− tn)Gyn + tnxn)− p‖+βn‖xn− p‖+αn(‖ f (p)− p‖+‖ f (p)− f (xn)‖)
≤ γn((1− tn)‖Gyn− p‖+ tn‖xn− p‖)+βn‖xn− p‖+αn(δ‖xn− p‖+‖ f (p)− p‖)
≤ γn(1− tn)‖yn− p‖+(αnδ + γntn +βn)‖xn− p‖+αn‖ f (p)− p‖,

which hence implies that

‖yn− p‖ ≤ αn
1−γn(1−tn)

‖ f (p)− p‖+ αnδ+γntn+βn
1−γn(1−tn)

‖xn− p‖
= αn

1−γn(1−tn)
‖ f (p)− p‖+(1− αn(1−δ )

1−γn(1−tn)
)‖xn− p‖.

(3.1)

It follows that

‖xn+1− p‖ ≤ (1−δn)‖Tnyn− p‖+δn‖xn− p‖
≤ (1−δn)‖yn− p‖+δn‖xn− p‖
≤ (1−δn)

(
αn

1−γn(1−tn)
‖ f (p)− p‖+(1− αn(1−δ )

1−γn(1−tn)
)‖xn− p‖

)
+δn‖xn− p‖

= αn
(1−δn)(1−δ )
1−γn(1−tn)

‖ f (p)−p‖
1−δ

+
(
1−αn

(1−δn)(1−δ )
1−γn(1−tn)

)
‖xn− p‖

≤max{‖ f (p)−p‖
1−δ

,‖xn− p‖}.
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It is easy to see that

‖xn− p‖ ≤max{‖ f (p)− p‖
1−δ

,‖x0− p‖}, ∀n≥ 0.

This leads to the boundedness of {xn}, which guarantees that {un}, {vn}, {yn}, and {vn} are all bounded.
Next, one proves that limn→∞ ‖xn+1− xn‖= 0. Observing{

zn−1 = (1− tn−1)Gyn−1 + tn−1xn−1,

zn = (1− tn)Gyn + tnxn,

one gets that

zn− zn−1 = tn(xn− xn−1)+(tn− tn−1)(xn−1−Gyn−1)+(1− tn)(Gyn−Gyn−1),

It follows that

‖Tn−1zn−1−Tnzn‖
≤ |1− λn−1

λn
|‖(I−λnA)zn−1− JB

λn
(I−λnA)zn−1‖+ |λn−λn−1|‖Azn−1‖+‖zn− zn−1‖

≤ |1− λn−1
λn
|‖Tnzn−1− (I−λnA)zn−1‖+ |λn−λn−1|‖Azn−1‖

+tn‖xn− xn−1‖+ |tn− tn−1|‖xn−1−Gyn−1‖+(1− tn)‖Gyn−Gyn−1‖
≤ |tn− tn−1|‖xn−1−Gyn−1‖+ tn‖xn− xn−1‖+(1− tn)‖yn− yn−1‖+ |λn−λn−1|M1,

where M1 is an appropriate constant. Observing{
yn−1 = γn−1Tn−1zn−1 +βn−1xn−1 +αn−1 f (xn−1),

yn = γnTnzn +βnxn +αn f (xn),

one gets that

yn− yn−1 = αn( f (xn)− f (xn−1))+(αn−αn−1) f (xn−1)+βn(xn− xn−1)

+(βn−βn−1)xn−1 + γn(Tnzn−Tn−1zn−1)+(γn− γn−1)Tn−1zn−1.
(3.2)

Using Lemma 2.8, the resolvent identity, one deduces that Using (3.2), one gets

‖yn− yn−1‖ ≤ βn‖xn− xn−1‖+αn‖ f (xn−1)− f (xn)‖+ |αn−αn−1|‖ f (xn−1)‖
+|βn−βn−1|‖xn−1‖+ γn‖Tnzn−Tn−1zn−1‖+ |γn− γn−1|‖Tn−1zn−1‖
≤ βn‖xn− xn−1‖+αnδ‖xn− xn−1‖+ |αn−αn−1|‖ f (xn−1)‖
+|βn−βn−1|‖xn−1‖+ γn

(
tn‖xn− xn−1‖+ |tn− tn−1|‖xn−1−Gyn−1‖

+(1− tn)‖yn− yn−1‖+ |λn−λn−1|M1
)
+ |γn− γn−1|‖Tn−1zn−1‖

≤ (1− tn)γn‖yn− yn−1‖+(αnδ + γntn +βn)‖xn− xn−1‖+M2(|αn−αn−1|
+|γn− γn−1|+ |βn−βn−1|+ |λn−λn−1|+ |tn− tn−1|),

where M2 is an appropriate constant. This implies that

‖yn− yn−1‖ ≤ (1− αn(1−δ )
1−γn(1−tn)

)‖xn− xn−1‖+ M2
1−γn(1−tn)

(|αn−1−αn|+ |βn−βn−1|
+|λn−λn−1|+ |γn− γn−1|+ |tn− tn−1|)

≤ ‖xn− xn−1‖+ M2
1−γn(1−tn)

(|αn−αn−1|+ |βn−βn−1|+ |γn− γn−1|
+|tn− tn−1|+ |λn−λn−1|)
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and

‖Tn−1yn−1−Tnyn‖ ≤ ‖Tnyn−1−Tn−1yn−1‖+‖Tnyn−Tnyn−1‖
≤ ‖JB

λn
(I−λnA)yn−1− JB

λn−1
(I−λn−1A)yn−1‖+‖yn− yn−1‖

≤ ‖JB
λn
(I−λnA)yn−1− JB

λn−1
(I−λnA)yn−1‖

+‖JB
λn−1

(I−λnA)yn−1− JB
λn−1

(I−λn−1A)yn−1‖+‖yn− yn−1‖
= ‖JB

λn−1
(λn−1

λn
I +(1− λn−1

λn
)JB

λn
)(I−λnA)yn−1− JB

λn−1
(I−λnA)yn−1‖

+‖JB
λn−1

(I−λnA)yn−1− JB
λn−1

(I−λn−1A)yn−1‖+‖yn− yn−1‖
≤ |1− λn−1

λn
|‖JB

λn
(I−λnA)yn−1− (I−λnA)yn−1‖

+|λn−λn−1|‖Ayn−1‖+‖yn− yn−1‖
≤ ‖yn− yn−1‖+ |λn−λn−1|M1.

(3.3)

From (3.3), one arrives at

‖Tn−1yn−1−Tnyn‖ ≤ ‖xn− xn−1‖+ M2
1−γn(1−tn)

(|αn−αn−1|+ |βn−βn−1|+ |γn− γn−1|
+|tn− tn−1|+ |λn−λn−1|)+M1|λn−λn−1|.

Consequently,

limsupn→∞(‖Tnyn−Tn−1yn−1‖−‖xn− xn−1‖)
≤ limsupn→∞(

M2
1−γn(1−tn)

(|αn−αn−1|+ |βn−βn−1|+ |γn− γn−1|
+|tn− tn−1|+ |λn−λn−1|)+M1|λn−λn−1|).

It follows from the conditions on the parameters that

limsup
n→∞

(‖Tnyn−Tn−1yn−1‖−‖xn− xn−1‖)≤ 0.

Lemma 2.7 sends us to limn→∞ ‖xn−Tnyn‖= 0. Hence

lim
n→∞
‖xn+1− xn‖= 0. (3.4)

Next, one lets p̄ := ΠC(I− µ2A2)p. From vn = ΠC(I− µ1A1)un and un = ΠC(I− µ2A2)yn, one gets
Gyn = vn. From the sunny nonexpansive retraction and the mapping A2, one has

‖un− p̄‖q = ‖ΠC(I−µ2A2)p−ΠC(I−µ2A2)yn‖q

≤ ‖(I−µ2A2)p− (I−µ2A2)yn‖q

≤ ‖yn− p‖q +µ2(κqµ
q−1
2 −a2q)‖A2yn−A2 p‖q.

(3.5)

One also has

‖vn− p‖q ≤ ‖un− p̄‖q +µ1(κqµ
q−1
1 −a1q)‖A1un−A1 p̄‖q,

which together with (3.5) leads to

‖vn− p‖q ≤ ‖yn− p‖q−µ1(1q−κqµ
q−1
1 )‖A1un−A1 p̄‖q

−µ2(a2q−κqµ
q−1
2 )‖A2yn−A2 p‖q.

Using Lemma 2.9 and Gyn = vn, one has

‖zn− p‖q ≤ (1− tn)‖vn− p‖q + tn‖xn− p‖q.
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This yields that

‖yn− p‖q = ‖αn( f (p)− p)+αn( f (xn)− f (p))+βn(xn− p)+ γn(Tnzn− p)‖q

≤ qαn〈 f (p)− p,Jq(yn− p)〉+‖αn( f (xn)− f (p))+βn(xn− p)+ γn(Tnzn− p)‖q

≤ qαn〈 f (p)− p,Jq(yn− p)〉+αn‖ f (xn)− f (p)‖q +βn‖xn− p‖q + γn‖Tnzn− p‖q

≤ αnδ q‖xn− p‖q +βn‖xn− p‖q + γn(1− tn)‖vn− p‖q + tnγn‖xn− p‖q

+qαn‖ f (p)− p‖‖yn− p‖q−1

≤ (αnδ +βn + γntn)‖xn− p‖q + γn(1− tn)
(
‖yn− p‖q−µ2(a2q−κqµ

q−1
2 )‖A2yn−A2 p‖q

−µ1(a1q−κqµ
q−1
1 )‖A1un−A1 p̄‖q

)
+qαn‖ f (p)− p‖‖yn− p‖q−1.

One re-write as follows

‖yn− p‖q

≤ (1− αn(1−δ )
1−γn(1−tn)

)‖xn− p‖q + αnq
1−γn(1−tn)

‖ f (p)− p‖‖yn− p‖q−1

− γn(1−tn)
1−γn(1−tn)

[µ2(a2q−κqµ
q−1
2 )‖A2yn−A2 p‖q +µ1(a1q−κqµ

q−1
1 )‖A1un−A1 p̄‖q].

It follows that

‖xn+1− p‖q

≤ (1−δn)‖yn− p‖q +δn‖xn− p‖q

≤ δn‖xn− p‖q +(1−δn)
(
(1− αn(1−δ )

1−γn(1−tn)
)‖xn− p‖q− γn(1−tn)

1−γn(1−tn)

(
µ2(a2q−κqµ

q−1
2 )‖A2yn−A2 p‖q

+µ1(a1q−κqµ
q−1
1 )‖A1un−A1 p̄‖q

)
+ αnq

1−γn(1−tn)
‖ f (p)− p‖‖yn− p‖q−1

)
= (1− αn(1−δn)(1−δ )

1−γn(1−tn)
)‖xn− p‖q− γn(1−δn)(1−tn)

1−γn(1−tn)
[µ2(a2q−κqµ

q−1
2 )‖A2yn−A2 p‖q

+µ1(a1q−κqµ
q−1
1 )‖A1un−A1 p̄‖q]+ q(1−δn)αn

1−γn(1−tn)
‖ f (p)− p‖‖yn− p‖q−1

≤ ‖xn− p‖q− (1−δn)γn(1−tn)
1−γn(1−tn)

[µ2(qα2−κqµ
q−1
2 )‖A2yn−A2 p‖q

+µ1(qα1−κqµ
q−1
1 )‖A1un−A1 p̄‖q]+αnM3,

where M3 is an appropriate constant. Using Lemma 2.6, one has
(1−δn)γn(1−tn)

1−γn(1−tn)
[µ2(qα2−κqµ

q−1
2 )‖A2yn−A2 p‖q +µ1(qα1−κqµ

q−1
1 )‖A1un−A1 p̄‖q]

≤ ‖xn− p‖q−‖xn+1− p‖q +αnM3

≤ q‖xn− xn+1‖‖xn+1− p‖q−1 +κq‖xn− xn+1‖q +αnM3.

From the conditions a1q > κqµ
q−1
1 > 0 and a2q > κqµ

q−1
1 > 0, limn→∞ αn = 0, liminfn→∞(1− δn) > 0

and liminfn→∞ γn(1− tn)> 0, one has

lim
n→∞
‖A1un−A1 p̄‖= lim

n→∞
‖A2yn−A2 p‖= 0. (3.6)

Since ΠC is sunny nonexpansive, one has

‖un− p̄‖2 = ‖ΠC(I−µ2A2)yn−ΠC(I−µ2A2)p‖2

≤ 〈(I−µ2A2)yn− (I−µ2A2)p,J(un− p̄)〉
= 〈yn− p,J(un− p̄)〉+µ2〈A2 p−A2yn,J(un− p̄)〉
≤ µ2‖A2 p−A2yn‖‖un− p̄‖+ 1

2(‖yn− p‖2 +‖un− p̄‖2−g1(‖yn−un− (p− p̄)‖)),

which implies that

‖un− p̄‖2 ≤ 2µ2‖A2 p−A2yn‖‖un− p̄‖−g1(‖yn−un− (p− p̄)‖)+‖yn− p‖2. (3.7)

In the same approach, we derive

‖vn− p‖2 ≤ 2µ1‖A1 p̄−A1un‖‖vn− p‖−g2(‖un− vn +(p− p̄)‖)+‖un− p̄‖2. (3.8)
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Substituting (3.7) into (3.8) yields that

‖vn− p‖2 ≤ ‖yn− p‖2 +2µ2‖A2 p−A2yn‖‖un− p̄‖+2µ1‖A1 p̄−A1un‖‖vn− p‖
−g1(‖yn−un− (p− p̄)‖)−g2(‖un− vn +(p− p̄)‖).

Utilizing Lemma 2.5, one has

‖zn− p‖2 ≤ tn‖xn− p‖2 +(1− tn)‖Gyn− p‖2− tn(1− tn)g3(‖xn−Gyn‖)
≤ tn‖xn− p‖2 +(1− tn)‖vn− p‖2− tn(1− tn)g3(‖xn−Gyn‖),

and hence

‖yn− p‖2

≤ 2αn〈 f (p)− p,J(yn− p)〉+‖αn( f (xn)− f (p))+βn(xn− p)+ γn(Tnzn− p)‖2

≤ 2αn〈 f (p)− p,J(yn− p)〉+αn‖ f (xn)− f (p)‖2 +βn‖xn− p‖2 + γn‖Tnzn− p‖2

−βnγng4(‖xn−Tnzn‖)
≤ αnδ‖xn− p‖2 +βn‖xn− p‖2 + γn[(1− tn)‖vn− p‖2 + tn‖xn− p‖2

−tn(1− tn)g3(‖xn−Gyn‖)]+2αn‖ f (p)− p‖‖yn− p‖−βnγng4(‖xn−Tnzn‖)
≤ αnδ‖xn− p‖2 +βn‖xn− p‖2 + γn{tn‖xn− p‖2 +(1− tn)[‖yn− p‖2

−g1(‖yn−un− (p− p̄)‖)−g2(‖un− vn +(p− p̄)‖)+2µ2‖A2 p−A2yn‖‖un− p̄‖
+2µ1‖A1 p̄−A1un‖‖vn− p‖]− tn(1− tn)g3(‖xn−Gyn‖)}+2αn‖ f (p)− p‖‖yn− p‖
−βnγng4(‖xn−Tnzn‖)

≤ (αnδ +βn + γntn)‖xn− p‖2 + γn(1− tn)‖yn− p‖2− γn(1− tn)[g1(‖yn−un− (p− p̄)‖)
+g2(‖un− vn +(p− p̄)‖)]+2µ2‖A2 p−A2yn‖‖un− p̄‖+2µ1‖A1 p̄−A1un‖‖vn− p‖
+2αn‖ f (p)− p‖‖yn− p‖− γntn(1− tn)g3(‖xn−Gyn‖)−βnγng4(‖xn−Tnzn‖).

So, one has

‖xn+1− p‖2

≤ (1−δn)‖yn− p‖2 +δn‖xn− p‖2

≤ δn‖xn− p‖2 +(1−δn){(1− αn(1−δ )
1−γn(1−tn)

)‖xn− p‖2− γn(1−tn)
1−γn(1−tn)

[g1(‖yn−un− (p− p̄)‖)
+g2(‖un− vn +(p− p̄)‖)]+ 2

1−γn(1−tn)
[µ2‖A2 p−A2yn‖‖un− p̄‖

+µ1‖A1 p̄−A1un‖‖vn− p‖+αn‖ f (p)− p‖‖yn− p‖]
− 1

1−γn(1−tn)
[γntn(1− tn)g3(‖xn−Gyn‖)+βnγng4(‖xn−Tnzn‖)]}

≤ (1− αn(1−δn)(1−δ )
1−γn(1−tn)

)‖xn− p‖2− 1−δn
1−γn(1−tn)

[γn(1− tn)(g1(‖yn−un− (p− p̄)‖)
+g2(‖un− vn +(p− p̄)‖))+ γntn(1− tn)g3(‖xn−Gyn‖)+βnγng4(‖xn−Tnzn‖)]
+ 2

1−γn(1−tn)
[µ2‖A2 p−A2yn‖‖un− p̄‖+µ1‖A1 p̄−A1un‖‖vn− p‖

+αn‖ f (p)− p‖‖yn− p‖]
≤ ‖xn− p‖2− 1−δn

1−γn(1−tn)
[γn(1− tn)(g1(‖yn−un− (p− p̄)‖)+g2(‖un− vn +(p− p̄)‖))

+γntn(1− tn)g3(‖xn−Gyn‖)+βnγng4(‖xn−Tnzn‖)]+ 2
1−γn(1−tn)

[µ2‖un− p̄‖‖A2 p−A2yn‖
+µ1‖A1 p̄−A1un‖‖vn− p‖+αn‖ f (p)− p‖‖yn− p‖].
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This further implies that
1−δn

1−γn(1−tn)
[γn(1− tn)(g1(‖yn−un− (p− p̄)‖)+g2(‖un− vn +(p− p̄)‖))

+γntn(1− tn)g3(‖xn−Gyn‖)+βnγng4(‖xn−Tnzn‖)]
≤ ‖xn− p‖2−‖xn+1− p‖2 + 2

1−γn(1−tn)
[µ2‖A2 p−A2yn‖‖un− p̄‖

+µ1‖A1 p̄−A1un‖‖vn− p‖+αn‖ f (p)− p‖‖yn− p‖]
≤ (‖xn− p‖+‖xn+1− p‖)‖xn− xn+1‖+ 2

1−γn(1−tn)
[µ2‖A2 p−A2yn‖‖un− p̄‖

+µ1‖A1 p̄−A1un‖‖vn− p‖+αn‖ f (p)− p‖‖yn− p‖].

Since liminfn→∞ γntn(1− tn)> 0, liminfn→∞(1−δn)> 0 and liminfn→∞ βnγn > 0, one gets that

lim
n→∞

g1(‖yn−un− (p− p̄)‖) = 0,

lim
n→∞

g2(‖un− vn +(p− p̄)‖) = 0,

lim
n→∞

g3(‖xn−Gyn‖) = 0

and
lim
n→∞

g4(‖xn−Tnzn‖) = 0.

Using the property of g1, g2, g3 and g3, one has

lim
n→∞
‖yn−un− (p− p̄)‖= lim

n→∞
‖un− vn +(p− p̄)‖= 0

and
lim
n→∞
‖xn−Gyn‖= lim

n→∞
‖xn−Tnzn‖= 0.

These send us to

‖yn−Gyn‖= ‖yn− vn‖ ≤ ‖un− vn +(p− p̄)‖+‖yn−un− (p− p̄)‖→ 0 (n→ ∞). (3.9)

Observe γn(Tnzn− xn)+αn( f (xn)− xn) = yn− xn and

‖yn− xn‖ ≤ αn‖ f (xn)− xn‖+‖Tnzn− xn‖→ 0 (n→ ∞).

(3.9) leads to
‖xn−Gxn‖ ≤ ‖xn− yn‖+‖yn−Gyn‖+‖Gyn−Gxn‖

≤ 2‖xn− yn‖+‖yn−Gyn‖→ 0 (n→ ∞).

Next, one shows that limn→∞ ‖xn− Tλ xn‖ = limn→∞ ‖xn−Wxn‖ = 0, where Tλ = JB
λ
(I − λA) and

Wx = θGx+(1−θ)Tλ x, ∀x ∈C, where θ is a number in (0,1). Observe that

‖Tnyn−Tλ yn‖ ≤ |λn−λ |‖Ayn‖+ |1− λ

λn
|‖JB

λn
(I−λnA)yn− (I−λnA)yn‖

= |λn−λ |‖Ayn‖+ |1− λ

λn
|‖Tnyn− (I−λnA)yn‖.

Since {yn},{Tnyn}, and {Ayn} are bounded and limn→∞ λn = λ , we get

lim
n→∞
‖Tnyn−Tλ yn‖= 0. (3.10)

Since 0 < λ̄ ≤ λn and limn→∞ λn = λ < (qα

κq
)

1
q−1 , one has 0 < λ̄ ≤ λ < (qα

κq
)

1
q−1 . Using Lemma 2.10

yields that Fix(Tλ ) = (A+B)−10 and Tλ : C→C is nonexpansive. It follows from (3.10) and xn−yn→ 0
that

‖Tλ xn− xn‖ ≤ ‖Tλ xn−Tλ yn‖+‖Tλ yn−Tnyn‖+‖Tnyn− xn‖
≤ ‖xn− yn‖+‖Tλ yn−Tnyn‖+‖Tnyn− xn‖→ 0 (n→ ∞).

(3.11)
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Using Lemma 2.4, we know that Fix(W ) = Fix(G)∩Fix(Tλ ) = Ω. Observe that

‖xn−Wxn‖ = ‖θ(xn−Gxn)+(1−θ)(xn−Tλ xn)‖
≤ θ‖xn−Gxn‖+(1−θ)‖xn−Tλ xn‖,

which together with (3.11) shows limn→∞ ‖xn−Wxn‖= 0.
Next, one proves that

limsup
n→∞

〈 f (x∗)− x∗,J(xn− x∗)〉 ≤ 0, (3.12)

where x∗ =s-limn→∞ xt with xt is a fixed point of the contractive mapping x 7→ t f (x)+(1− t)Wx for each
t ∈ (0,1) since f is contractive and W is nonexpansive. So, ‖xt − xn‖ = ‖(1− t)(Wxt − xn)+ t( f (xt)−
xn)‖. By Lemma 2.1, we conclude that

‖xt − xn‖2 = ‖(1− t)(Wxt − xn)+ t( f (xt)− xn)‖2

≤ 2t〈 f (xt)− xn,J(xt − xn)〉+(1− t)2‖Wxt − xn‖2

≤ 2t〈 f (xt)− xn,J(xt − xn)〉+(1− t)2(‖Wxn− xn‖+‖Wxt −Wxn‖)2

≤ 2t〈 f (xt)− xn,J(xt − xn)〉+(1− t)2(‖xt − xn‖+‖Wxn− xn‖)2

= (1− t)2[‖xt − xn‖2 +2‖xt − xn‖‖Wxn− xn‖+‖Wxn− xn‖2]

+2t〈 f (xt)− xt ,J(xt − xn)〉+2t〈xt − xn,J(xt − xn)〉
= (1−2t + t2)‖xt − xn‖2 +2t〈 f (xt)− xt ,J(xt − xn)〉+ fn(t)+2t‖xt − xn‖2,

where

fn(t) = (1− t)2‖Wxn− xn‖(2‖xt − xn‖+‖xn−Wxn‖)→ 0 (n→ ∞).

It follows that

2t〈xt − f (xt),J(xt − xn)〉 ≤ t2‖xt − xn‖2 + fn(t).

Letting n→ ∞ yields that

limsup
n→∞

〈xt − f (xt),J(xt − xn)〉 ≤
t
2

M4, (3.13)

where M4 is an appropriate positive real number. Taking t→ 0 in (3.13), we have

limsup
t→0

limsup
n→∞

〈xt − f (xt),J(xt − xn)〉 ≤ 0.

On the other hand, we have

〈 f (x∗)− x∗,J(xn− x∗)〉
= 〈 f (xt)− xt ,J(xn− xt)〉+ 〈xt − x∗,J(xn− xt)〉
+〈 f (x∗)− f (xt),J(xn− xt)〉+ 〈 f (x∗)− x∗,J(xn− x∗)− J(xn− xt)〉.

It is not hard to see that

limsup
n→∞

〈 f (x∗)− x∗,J(xn− x∗)〉 = limsup
t→0

limsup
n→∞

〈 f (x∗)− x∗,J(xn− x∗)〉

≤ limsup
t→0

limsup
n→∞

〈 f (x∗)− x∗,J(xn− x∗)− J(xn− xt)〉.

Since X is uniformly smooth, the two limits are interchangeable. This proves that (3.12) is true. Note
that xn− yn→ 0 implies J(yn− x∗)− J(xn− x∗)→ 0. Thus,

limsup
n→∞

〈 f (x∗)− x∗,J(yn− x∗)〉= limsup
n→∞

{〈 f (x∗)− x∗,J(xn− x∗)〉

+〈 f (x∗)− x∗,J(yn− x∗)− J(xn− x∗)〉}= limsup
n→∞

〈 f (x∗)− x∗,J(xn− x∗)〉 ≤ 0.
(3.14)
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Observe from Lemma 2.1 that

‖yn− x∗‖2 = ‖αn( f (xn)− f (x∗))+βn(xn− x∗)+ γn(Tnzn− x∗)+αn( f (x∗)− x∗)‖2

≤ 2αn〈 f (x∗)− x∗,J(yn− x∗)〉+αn‖ f (xn)− f (x∗)‖2 +βn‖xn− x∗‖2 + γn‖zn− x∗‖2

≤ 2αn〈 f (x∗)− x∗,J(yn− x∗)〉+αnδ‖xn− x∗‖2 +βn‖xn− x∗‖2

+γn(tn‖xn− x∗‖2 +(1− tn)‖yn− x∗‖2),

which hence yields

‖yn− x∗‖2 ≤ 2αn
1−γn(1−tn)

〈 f (x∗)− x∗,J(yn− x∗)〉+(1− αn(1−δ )
1−γn(1−tn)

)‖xn− x∗‖2.

By the convexity of ‖ · ‖2, the nonexpansivity of Tn, one has

‖xn+1− x∗‖2

≤ δn‖xn− x∗‖2 +(1−δn)‖Tnyn− x∗‖2

≤ δn‖xn− x∗‖2 +(1−δn){(1− αn(1−δ )
1−γn(1−tn)

)‖xn− x∗‖2 + 2αn
1−γn(1−tn)

〈 f (x∗)− x∗,J(yn− x∗)〉}
= [1− αn(1−δn)(1−δ )

1−γn(1−tn)
]‖xn− x∗‖2 + αn(1−δn)(1−δ )

1−γn(1−tn)
· 2〈 f (x∗)−x∗,J(yn−x∗)〉

1−δ
.

In view of (3.14) and Lemma 2.2, we are easy to conclude that ‖xn− x∗‖→ 0 as n→ ∞. This completes
the proof. �
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