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1. INTRODUCTION

Let X be a Banach space. Let C be a nonempty convex and closed set in X and let X* be the dual space
of X. Recall that the space X is said to be strictly convex if, for any x,y € U, where U = {x € X : ||x|| = 1},
with x # y, [[Ay+ (1 —=A)x|| < 1, VA € (0,1). The space X is said to be uniformly convex if, for each
€ € (0,2], there exists § > 0 such that, forany x,y € U, ||*1¥|| > 1 — § = |x—y|| < €. It is known that a

uniformly convex Banach space is reflexive and strictly convex.

Recall that the modulus of convexity of X is the function dg(¢€) : (0,2] — [0, 1] defined by ox(€) =
inf{% Sixll =yl =1,]lx—y| > €},0< € <2 Let p > 1 be a real number. One says that X is
p-uniformly convex iff there exists a constant ¢, > 0 such that dx (€) > c¢,€” for any € € (0,2]. X is said
to be uniformly convex if dx(0) =0, and SgX(€) > 0 for all 0 < € < 2. It is clear that the p-uniform
convexness implies the uniform convexness.

Recall that the generalized duality mapping, J, with g > 1, is defined by

Jox) = {y e X" (nx) = e[|, Iyl = 771}, VxeX.
If g =2, that is,
D(x) = {y e X : (yx) = %yl = [Ixl]}, VxeX.
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then J is called the normalized duality mapping and it is simply denoted by J. It is known that J,(x) is
nonempty, and ||x||972J (x) = J,(x).
Recall that the modulus of smoothness of Banach space X, px is defined by

x+y[|—|lx—=y]| -2
pe(t) = sup{ X FIZINIZ2 g <y,

Recall that X is said to be g-uniformly smooth if and only if there exists a fixed constant ¢ > 0 such that
P’;—y) < c. For g-uniformly smooth spaces, one has g < 2. X is said to be uniformly smooth iff pr(t) —0
as t — 0. One knows that X is p-uniformly convex if and only if X*, the dual space of X, is g-uniformly
smooth, where p 4+ ¢ = pq. One remarks that L, is min{p,2}-uniformly smooth and uniformly convex
for every p > 1. Let p > 1 and r > 0 be two fixed real numbers.

Recall that The norm of X is said to be Gateaux differentiable iff the limit

N sy e
t—0 t
exists for each x,y € U. In this case, J, is single-valued and strong-weak™ continuous.

Let C be a convex and closed set in X. Let D be a nonempty set in C. Let HLC) be a mapping from
set C and set D. Recall that I is said to be a retraction if and only if (I15)? = I1S; sunny iff, for
eachx € Cand s € (0,1), IT§ ((1 —1)[THx + 1x) = IT§x; sunny nonexpansive retractction iff ITS is sunny,
nonexpansive and a retraction.

In smooth Banach space X, we have the following useful properties [1, 2, 3]

(1) TI¥ is sunny and nonexpansive;

(2) (x—TI¥x,J,(y — [I¥x)) <0,Vx € X,y € C.

(3) (x—y,Jy(MEx —TIEy)) > [[TEx —Iy|1%, Vx,y € X.

One also remarks that the sunny and nonexpansive retraction is just the nearest point projections in the
setting of Hilbert spaces. Recall that an operator N : X — 2% with domain Dom(N) = {b € X : Nb # 0}
and range Ran(N) = U{Nb : b € Dom(N)} is said to be accretive if and only if, for # > 0 and x,y €
Dom(N),

lx—yll < lx—y+1(=Y)|l, Vx' eNx,y €Ny.

From Kato [4], one knows that N is accretive if and only if, for x,y € Dom(N), there exists J,(x—y) such
that

<x'fy',Jq(xfy)> >0, Vx €Nx,y €Ny.

An accretive operator N is said to be m-accretive if and only if Ran(I + bN), where b is any positive real
number, is fully X. In this paper, we use N~!(0) to denote the zero point set of operator N. Further, for an
m-accretive operator N, one can define a single-valued mapping JII,V : Ran(I+bN) — Dom(N) associated
with N by J) = (I+bN)~! for each r > 0. For the single-valued case, N : C — X is said to be a-inverse
strongly accretive if and only if there exist a constant o > 0 and some j,(x —y) € J,(x —y) such that

(Nx—=Ny,Jy(x—y)) = at[Nx =Ny, Vx,y € C.

Let T be an operator on C. Recall that T is contractive if and only if there exists a constant 7 € (0,1)
such that ||Tx —Ty|| < tl[x—y
mapping J,”V is nonexpnsive.

, for all x,y € C. If T = 1, we say that T is nonexpansive. Indeed, the
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In 2006, Aoyama, liduka and Takahashi [5], based on nonexpansive mappings, proposed an iterative
scheme of finding solutions of the following generalized variational inequality associated with an accre-
tive operator A (Ax*,J(x —x*)) > 0 Vx € C. They proved, in both uniformly convex and g-uniformly
smooth Banach spaces, that their algorithms are weakly convergent to some zero of the above gener-
alized variational inequality. Recently, many authors investigated the above problems and established
various convergence theorems with mild conditions on operators and parameters; see, e.g., [6]-[15] and
the references therein.

In this paper, we consider the following problem, associated with a pair of accretive operators, A, A5 :
C — X, of finding (x*,y*) € C x C such that

(1.1)

(x* =y +wmA Y J(x—x*)) >0, VxeC,
(y* = x* 4+ W Axx* J(x—y*)) >0, VxeC,

where up, tp > 0 are any two positive real number. This system is called a system of generalized vari-
ational inequalities; see [16, 17] and [18] for the version in Hilbert spaces. In addition, if A| = A, = A
and x* = y*, then it is reduced to the generalized variational inequality studied by Aoyama, liduka and
Takahashi [5].

In this paper, we are concerned with the above system and the sum of two accretive operators (one is
single-valued and the other one is set-valued) via an implicit viscosity forward-backward method. We
establish a convergence theorem of solutions in the sense of norm function in g-uniformly smooth, where
1 < g <2, and uniformly convex Banach spaces with mild conditions on parameters.

2. PRELIMINARIES

Lemma 2.1. [13] Let X be a real Banach space and let J, be the generalized duality mapping. Then, for

any give x,y € X, one has
Y1 < (Il + g {y,ig(x +¥)),

forall j,(x+y) € J,(x+y), where j,(x+Y) is the single-valued duality mapping.

Lemma 2.2. [19] Let {a, } be a sequence of nonnegative real numbers such that a,+1 < (1 —1t,)a,+b, +
Cn, Y > 0, where {c,} is a sequence of nonnegative real numbers, {t,} C (0,1) and {b,} is a sequence
of real numbers. Assume that

(a) limsup,_,., %” <0, X, —oth =,

(b) X5 0 < oo.
Then lim,,_ea, = 0.

Lemma 2.3. [20] Let X a a uniformly smooth Banach space and let C be a nonempty convex closed
subset of X. Let f : C — C be a contractive mapping and let T : C — C be a nonexpansive mapping
with a nonempty fixed point set. For eacht € (0,1), let x; be the unique solution of the equation x; =
is

(1 =8)Tx; +1tf(x;). Then {x;} converges strongly to a fixed point X = Projlgix(T)f()E), where ngix(T)

the unique sunny nonexpansive retraction from C onto Fix(T), as t — 0.

Lemma 2.4. [21] Let X a strictly convex Banach space. Let T and S be a pair of nonexpansive mapping
with nonempty common fixed ponts. Let b be a real number in (0,1). Let W = bT + (1 —b)S. Then W is
a nonexpansive with Fix(W)=Fix(T ) NFix(S).
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Lemma 2.5. [13] Let X be a real uniformly convex Banach space. Then there exists a convex, strictly
increasing and continuous function g : [0,00) — [0,00) with g(0) = 0 such that, for any real p > 1,
a’b+bPa
Wg(llx—y\l),
forallx,y,ze {xeX :|x|| <r}anda,b,c€[0,1]witha+b+c=1.

[lax + by + czl|” < allx[|” + bl[y[|” + c|z[|” -

Lemma 2.6. [22] Let X be a real g-uniformly smooth Banach space. Then the following inequality
holds:
I+ Y17 < Kgllyl1?+ el + (v, Iy (x)), - Vx,y € X,

where K, is some fixed positive constant.

Lemma 2.7. [23] Let {x, } and {y,} be two bounded vector sequences in a Banach space X and let {a, }
be a real sequence in (0,1) with limsup,_,_, 0, < 1 and liminf,,_c 0, > 0. If X1 = (1 — 04)yn + QX
and limsup, . (|[vo+1 = Yull = [*n+1 — Xal|) <O, then lim,,_,e ||x, — yu|| = 0.

Lemma 2.8. [24] Let M be an m-accretive operator. For the two positive real numbers [l and A, we have

= (S (1= 5)030).

Lemma 2.9. [16] Let X be g-uniformly smooth Banach space and Il¢ be the sunny nonexpansive retrac-
tion from X onto its nonempty convex and closed subset C. Let Ay : C — X be ay-inverse-strongly accre-
tive of order g and A, : C — X be aj-inverse-strongly accretive of order q. Let the mapping G : C — C be
defined as Gx := T (I — A ) (I — A7), Vx € C. If0 < /.Lf’_l Ky <aigand 0 < /.qu_l Ky, < axq, then
G : C — Cis nonexpansive. Let X be q-uniformly smooth. For given (x*,y*) € C x C, (x*,y*) is a solution
of system (1.1) if and only if x* = Ic(y* — WA 1Y), where y* =Tl (x* — UpApx™), that is, x* = Gx*.

Lemma 2.10. [13] Let X be a Banach space, C a nonempty convex and closed subset, B : C — 2X an
m-accretive operator and A an inverse-strongly accretive operator. Let T) = Jf (I— lA)_l. Then T), is
nonexpansive mapping and Fix(Tj,) = (A+ B)~'0, VA > 0.

3. MAIN RESULTS

Theorem 3.1. Let X be a g-uniformly smooth, where 1 < g < 2, and uniformly convex Banach space. Let
C be a nonempty convex and closed set in X. Let A : C — X be an a-inverse-strongly accretive operator of
order q, Ay : C — X an ay-inverse-strongly accretive operator of order q, and A, : C — X an ap-inverse-
strongly accretive operator of order q. Let B : C — 2% be an m-accretive operator and f : C — C a
3-contractive operator, where § € (0,1). Suppose that Q@ = (A+B)~1(0)NGSVI(C,A1,Ay) # 0, where
GSVI(C,A},A)) is the fixed point set of G := ¢ (I — A e (I — WwAz) with 0 < /.Lf_l K, < aiq and
0< ! Ky < axq. Let {x,} be a sequence defined by

uy = e (yn — 2A2yn),
Vo = }/njfn (I - ﬁ,nA)((l — ln)nc(un - ‘LL1A1Ltn> —i—tnxn) + ann + Otnf(xn),
Xnt1 = Opxp+ (1 — Sn)an (yn —AAyn) n>0,

where I¢ is a sunny nonexpansive retraction from X onto C, {A,} C (0, (%)ﬁ) and {0}, {Bu}, {1},

{6n}, {tn} arein (0,1) s.t.
(i) O+ B+ =1, 0 =cand lim, . &, = 0;
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(i1) 1imp oo | By — Br—1| = 1imy—yoo |ty — tp—1| = limMy 0 [ Y — Yue1]| = O;

(iii) limsup,,_, ., utn(1 —1,) < 1 and liminf,, e ¥%,(1 —1#,) > 0;

(iv) limsup,,_,,, 8, < 1, liminf, ;. &, < 1 and liminf,,_,. B, > O;

(v) im0 by = A < (%)ﬁ and 0 < A < A,
Then x, — x* € Q, which is a unique solution to the variational inequality: (x* — f(x*),J(x* —p)) <0,
Vp e Q.

Proof. From now on, we set v, = I¢(u, — A ju,) and T, = an (I — A,A). So, our algorithm can be
re-written as

Y = YuTnzn + Buxn + 06 f (X)),

Xn+1 = OnXn + (1 - 611)Tnyn7

where z,, := (1 —t,)Gy, + t,x,. From Lemma 2.9 and Lemma 2.10 and the condition on the parameters,
one gets that 7}, is a nonexpansive self-mapping on C for each n > 0. Observe that

0,0 + B+ Yty + V(1 —1,) = 1 — a,, (1 = 6).
One says that sequence {x,} is well defined. Indeed, one can a mapping I',, : C — C by
(%) = ot f(xn) + Buxn + 1 Th((1 —1,)Gx +t,x,), Vx € C,
for each fixed x,, € C. Observe that G is a nonexpansive mapping. Then, for any x,y € C,
[T () =Ta)l - = Wl Ta((1 = 12) Gx + tnxn) — T (1 = 1) Gy + txin) |
< (1—ta)ml|Gx— Gy
< (T=t)allx—yll-

This yields that operator I',, is contractive, which further yields from the Banach fixed-point theorem that
there exists a unique fixed point y, € C s.t.

Yn = anf(xn) + ﬁnxn + '}/nTn((l _tn)Gyn +tnxn)-

Forany p € Q= (A+B)~1(0)NGSVI(C,A1,A>), using Lemma 2.10, one gets 7,,p = p for each n. These
further imply

Iy =Pl = [1%(Tu((1 = 12) Gyn +taxn) — p) + Ba(xXn — p) + &t (f (x2) — p) |
< Wl (1 = ) Gyn +t5n) = p| + Bullxw — pll + ([l £ (p) — Pl + 1 £(P) — f () )
< Y((1=2a)[1Gyn = pll +tulln = ) + Bullxn — pll + 0t (8]lx0 — pl[ + [/ () — P)
< %1 —ta)[[yn = Il + (00 + Yty + By) l1xa — Il + 0l () — P,

which hence implies that

n /‘l5 nn n
[yn =l ﬁ%“ﬂmﬂ%%llxn pl o
(1-8 .
= = I () = Pl + (1= 12025 % — .

It follows that

— 81Ty — pll + 8 llxa —
= &)y = pll+ &llss =l

= 8,) (155 ﬁl SF(p) - p\|+(1—%)\\xn—pll)+5onn—pH
(1: ”21(_tn>) 1p)pl ¢ (1 — g, U= 52}( 10 Dl —

< max { L2l ||xn pll}-

[

n
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It is easy to see that

If(p) =Pl
1-0

This leads to the boundedness of {x, }, which guarantees that {u,}, {v,}, {v.}, and {v, } are all bounded.
Next, one proves that lim,,_,e ||x,+1 — X,|| = 0. Observing

[, — pl| < max{ Jxo—pl}, V¥an>o.

in—1 = (1 *tnfl)Gynfl +th—1Xn—1,
in = (1 _tn)Gyn + Xy,

one gets that
in —3n—1— tn(xn _xnfl) + (tn - tnfl)(xnfl - Gynfl) + (1 _tn)(Gyn - Gynfl),
It follows that

| Tu—12n—1 — Tza|
< 11— 11— Azt — 5 (1= D)zt |+ 1w — At Azt |+l — 20|
<|1- x’;:] N Tazn—1 — (I = AnA)zn—1 | + A0 — An—1|[|Azn—1 |

Al xn = Xn—1]] + [tn — ta1[l|¥n—1 — Gyn—1ll + (1 = 12)|Gyn — Gyn—1]|

< ‘tn _tn71|||xn71 —Gyn—1 || "‘tn”xn —Xn—1 H + (1 _tn)Hyn —Yn—-1 || + Mvn - )Lnfl‘Mla

where M, is an appropriate constant. Observing

V-1 = Va1 Tn—12Zn—1 + Br—1Xn—1 + Op—1 f (Xn—1),
Yn = ’ynTnZn + ann + anf(xn>7

one gets that

Yo =Yn-1 = 0 (f(xn) = f(xn—1)) + (= O—1) f(Xn—1) + Bu (X — Xn—1)

3.2)
+(Bn - anl)xnfl + }/n(TnZn - Thflznfl) + ('}/n - 'Ynfl)Tnflznfl-

Using Lemma 2.8, the resolvent identity, one deduces that Using (3.2), one gets

[yn =Yn=1ll < Ballxn — Xn—1 1l + 06| f (1) — F () [| + [0 — G ||| f (%01) |
HBn = Ba-t X1l + %l Tozn — Tnc1zn—1 | + 1% — Yoot | Tu- 1201 ]|
< Bullxn — xn—1 [l + 06820 — Xp—1[| + | 0w — Ot [[| f (xa—1)
+1B1 = But [ a—1 1 + % (0 — Xn—1 | 4 [t — a1 |1 Xn—1 — Gyn—1]|
+(1 =)y = Yn-t1ll + 20 = Anct [M1) + % — Yot || D121 ||
< (1 =t)Vallyn = Y1l 4 (& + Yt + Bu) %0 — Xn—1 || + M2 (| 0ty — Oy —1]
+1% = Yaet1| | Bn = Baet| + [An — At |+ |tn — tar]),

where M, is an appropriate constant. This implies that

n=yatll < (0= 12525 o x|+ 1= (e — Gl + B = B
= Ant| 4 11— Yt |+ ltn — 11 ])
< [l = n 1 |+ 15 (100 — Ot [+ 1B = But |+ [ %0 — Tt
Ftn —ta—1] + A — An1])
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| Ta—13n—1 = Toynll - < (| Toyn—1 — Tom1yn—1 | + | Tyn — Tayn—1 ||

<5 = 2A)yn1 = I3 (=21 A) Yt |+ [[yn = ya1]]

< |IE (= MuA)yn1 = T8 (1= AnA)yn |
HE (= 2A)yn1 = IF (L= A1 A)Ynt |+ [yn = Yt |

= I8 (BT (1= 2208 ) (I = M)y 1 —JE (I= D)y |
HE (= 2A)yn1 = IF (L= A1 A)Ynt |+ [y = Yt |

< 11— B8 (1= 201 — (T D)1
F1An = A1 l[|Ayn—1 ]l + llyn = yn-1]]

< yn = ya-t1ll +[An — An—1| M.

From (3.3), one arrives at

| Ta—1Yn—1 = Tyl < |10 — X1 ]| + %ﬂan — 1|+ |Br = Bat| + % — Yot

Hty — tyai1 |+ A — Auz1]) + M| Ay — Ai |

Consequently,

limsup,, o, (|70 — Tn—1Yn—1 1 = [1Xn — Xn-11])
< timsup,, .. (1 (33 (106 = Gt |+ By = Ba—i + % — a1
‘th _tn71| + M/n - Arhl’) +M1M'n - Anfl ’)

It follows from the conditions on the parameters that
limsup(|| Ty, — Tn1Yn—1ll = X0 — xa—1]]) < 0.
n—soo

Lemma 2.7 sends us to lim,_« ||x, — T,y,|| = 0. Hence

lim ||x,41 —x,| = 0.
n—yoo

(3.3)

(3.4)

Next, one lets p:= (I — tpA;)p. From v, = e (I — WAy )uy, and u, = e (I — UpAz)yy,, one gets

Gy, = v,. From the sunny nonexpansive retraction and the mapping A, one has

lun— Pl = |Hc(I — t2A2)p — (I — poA2)yn||
<= p2Az) p — (I — H2A2)yn|¢
-1
<lyn = pll9+ p2(K15 " — a2q)||A2yn — Azpl|?.

One also has
_ —1 _
Ve =PI < [lun = pll? + pa (it — arq) | A, — A1 |7,

which together with (3.5) leads to

—1 _
Ve =pll? < lyn—pl*— i G1g—xgut{ ) |Aru, — A1 p||4
—1
— 2 (azg — 113 )||Asyn — Aap|9.

Using Lemma 2.9 and Gy, = v,, one has

120 = PlI* < (1= ta) [ = PI* +tullxa = |

(3.5)
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This yields that

lyn = plI? = llaa(f(P) — P) + 0u(f(xn) — £(P)) + Bu(xn — P) + Ya(Tuza — P[4
< q0u(f(p) =PIy — P)) + [0 (f (xa) = £ () + Ba(xn — P) + Ya(Tuzn — )|
< qou(f(p) = p:Jq(yn = P)) + 0l f (%) = F(P)|9 + Ballxn — Pl + Y%l Tnzn — p|?
< 0, 69|x0 — pll9 + Ballxn — Pl 4 Ya(1 =) [V — I + Y|l xn — |7
+q04[| f(p) = plllly. — |7
< (8 + Bu+ Yt 130 — Pl +W(1 = 1) (Ilyn — pIIY — p2(a2q — 1y A2yn — Aopl|?
— i1 (arg — gt f ) A — A1 5)17) + g0t £(p) = pll Ly — Pl
One re-write as follows
[y =PIl
< (11— 120 b — Pl ity 1 () = plllon = pif
— U0 (1 (arg — Kt [Azyn — Aap |9+ i (arg — gt | Ariey — A1 9]
It follows that
%01 — pI[?
< (1 =64)llyn — plI* + 8ullxn — pl|?
< 8l — plle+ (1 - &) (1 - %)Hxn pll9 = AL (s (a2g — wegud ") [[Anyn — Aap]|¢
i1 (@rg — k! ) A, — A1 p)|7) + = sl () = plllye—plle ‘)
<1—W>nxn puq—%[wzq gty ") l|A2y, — Aap|¢
i (arg — g ptf )| Aru, — Arpl|9] + 1%1‘;”Hf() plly.—ple~!
< P — plle = SB[ (g0, — seyud ™) [ Ay — Aap|¢
+t1 (qon — kgt Ay — A1 5| + oM,
where M3 is an appropriate constant. Using Lemma 2.6, one has

1-8,) 7. (1—t, —1 —1 —
WU [y (go — Kyptd ) [[Aayn — Aapl| + i (qon — igf ™) |[A vty — A1 5[]

<[] = Il = %1 — Pl + 0 M3
< gl —xn 1 || [1%0 41 _quil + Kqun — X1 |9+ 0, M3.
From the conditions a;g > Kq,ufr1 > 0 and azq > Kq,uf]*l > 0, limy e 0, = 0, liminf,, (1 —38,) >0
and liminf,, . %, (1 —#,) > 0, one has
lim HAlun —AlﬁH = lim HAZyn —A2p|| =0. (3.6)
n—yoo n—yoo
Since I1¢ is sunny nonexpansive, one has
g = plI* = Tc(I = poAz)yn — e (I — tAs) p|1?
<A = 2A2)y, — (I — toA2) p,J (n — P))
= <J7n _p7-](”n _]5)> +N2<A2p_AZYnaJ(un _ﬁ»
< t2llAap = Aoyl llun = Bl + 5 (I[ya =PI + llun = BII> = g1 (lyn = un = (P = P)II));
which implies that
llun = PII* < 24421 A2p — Agyul[lun — Pl = g1 (1[0 = tn — (P = D)) + llvu — pII*- (3.7)

In the same approach, we derive

lva = pII* < 201|415 — Avi|[ v = Pl = g2(lluw = v+ (2 = D)) + llutn — BII*. (3-8)
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Substituting (3.7) into (3.8) yields that

lva=pI? < llya = pI? +2020|A2p — Ayullllun — BIl + 2111 A1 5 — Avuea|[[va — p]
—&1([lyn —un = (p = PI) — g2l = va + (P = P)I])-

Utilizing Lemma 2.5, one has

lzn = pI* < tallxn = pII* + (1= 1) Gy — pII* = ta(1 = ta)g3(Jlxn — Gyall)
< tulln =PI+ (1= ta) [[va = pI> = ta(1 = 1a)83(|lxa — Gyall),

and hence

vn — Pl

<20, (f(p) = p,J (3 — ) + 10 (f (xn) = £ () + Bu(in — p) + Ya(Tnza — p) |17

<20, (f(p) = P, (¥ — P)) + 0l| £ () = F(P)II* + BullXn — PII* + %l Tnza — pII?
_ﬁn7n84(||xn —Thzn H)

< 04,81 = pIIP + Ballxa — pII* + %l(1 = 1) 1ve = P> + taln — pI?
—ta(1=1,)83([|%0 — Gya|D)] + 20| £ (P) — Py — Il = BuYuga(l[xn — Tnzal|)

§an6||xn—p”2+ﬁn”xn—p‘|2+}/n{tn||xn—p”2+(1_tn)[”yn—puz
—g1([yn —un— (p— D)) — &2([|n — v+ (p — P)|) + 212 ||A2p — Axyn|| ||, — |
+2p1[|[A1p — Avug|[[[va = pll] = ta(1 = t2) &3 ([1Xn — Gynll) } + 206 f (P) — pllllyn — Pl
_ﬁn'}/ngét(nxn — Tz H)

< (08 + B+ Yatn) 260 = PIIP + % (1 = 1) [y = PII> = (1 = 1) [ ([[yn — 0 — (p = D))
+82([|ttn — v+ (p = P)|)] + 212 ||A2p — Axynl| |ty — Pl 4211 [|A1 5 — Arut || ||V — p|
+200][ £ (P) = Pllllyn — Pl = Wata (1 — 1) 3 ([1Xn — Gyull) — BuYnga (llxn — Tnzal])-

So, one has

[k

< (1=8)lyn — plI* + 8ullx. — plI?

< 8yl —pl>+ <—6>{<1—%>un P2 = 2 [ (1o — un — (P — D))
+82([litn — v+ (p = B)ID] + 758y (M2l A2 — Azyll [l — |

415 = Avua[[va = pll + L £() = Pl 1ya = pl]

— =t (U= 183 (1t = Gyall) + Butiga (% — Tuzall)]}

< (1= 20l — p2 = it [ (1= 1) (81 ([l — = (P = DI

t+82(ltn = v+ (P = B)I)) + Yata (1 = 12)83 (150 — Gyall) + Bu¥aga (|10 — Tnzal))]
12 (M2 llA2p — Asyal | — B + 11 |41 5 — Avan | [va — p|

+04 |l £ (p) = pll[[yn — Pl

< o= pIP = =8 (1 = 2) (81w = 0 — (0= P) D) + 82t v+ (p = P)]))
+ata(1 = 1)83 (1150 = Gyall) + Butaga (0 — Tuzall)] + 1525 [t tn — Pl [A2p — Aoy

+l|Arp = Avunll[lve = pll + 0l £(P) = plll[yn = pIII-



10 YANTAO YANG

This further implies that

ot (1= 1) (@1 (1yn = un = (p = D)) + &2t = v+ (P = D))

+Yatn (1 = 12)83([|Xn — Gyull) + BuYnga([1%n — Thzal|)]

< o = pIP = [P =PI + 5 F (M2l A2p — Azy| [l — ]

FuillArp = Avun|[lva — pll + ol £(P) = Plllyn = pll]
< (= Pl st — P i1+ B [ llA2p — Azl —
+ui[|A1p = Avun | [lva = pll + 0wl f(P) = Pllllyn = Pl
Since liminf, e Yty (1 —1,) > 0, liminf,_,.(1 — §,) > 0 and liminf, . 3,7, > 0, one gets that

lim g1 (||ly, —u.—(p—p)||) =0,
n—oo
lim g>(||un —va+(p—p)||) =0,
n—soo
lim g5([[x, — Gy,)) =0
n—soo
and
lim g4(”xn — TnZnH) =0.
n—yoo
Using the property of g1, g2, g3 and g3, one has
1 [y — s — (p = B)[| = lim [luy —va + (p— 5) | =0
and
lim ||x, — Gy,|| = lim ||x, — T,z,4|| = 0.
n—soo n—soo
These send us to
192 = Gyull = lyn = vall < lltn =va+ (P = D)+ |lyn —ttn = (P = P)[| =0 (n— o0). (3.9
Observe Y, (Tyzn — xn) + &, (f (X)) —Xn) = yn — x,, and
[yn = Xull < Ol f(xn) = 2Xull + [| Tnzn — xul| = 0 (n — o).

(3.9) leads to
[0 = Gxull - < |lxn = yull 4 [[yn — Gynll + | Gyn — Gxa|
< 2[xn = yull 4 llyn — Gyl = 0 (n— o).
Next, one shows that 1imy, e |[x, — Tjxa|| = lim,—e || X, — Wixs|| = 0, where Ty = J2(I — AA) and
Wx = 0Gx+ (1—0)T)x, Vx € C, where 6 is a number in (0,1). Observe that

| Tuyn = Tayull - < |2 = All|Ayall + 1= 2|75 (I = AuA)yn — (I = AuA)ya
= ‘ln _7L|||Ayn|| + |1 - %n|HTnyn - (I_lnA)ynH'

Since {yn},{Tuyn}, and {Ay,} are bounded and lim,_,.. A, = 4, we get

lim || 7.y, — Tyya|| = 0. (3.10)
n—soo

Since 0 < A < 4, and lim, e A, = A < (%)ﬁ, onehas 0 < A < A < (%)ﬁ Using Lemma 2.10
yields that Fix(T,) = (A+B) !0 and T : C — C is nonexpansive. It follows from (3.10) and x,, —y, — 0
that

T30 = xull - < 3% = Tyl + 17230 = Tyl + 1 Tayn — x|

@3.11)
<%0 = Yull + 1Tayn = Toyall + 1 Toyn = %all = 0 (2 — o).
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Using Lemma 2.4, we know that Fix(W) = Fix(G) NFix(7),) = Q. Observe that

o = Wil = 185, — Ga) + (1 — 8) (s — To)|
< 0|xy — G| + (1= 6) |20 — Trxa |,
which together with (3.11) shows lim,_,e ||x, — Wx,|| =0
Next, one proves that
limsup(f(x*) —x*,J(x, —x¥)) <0,

n—oo

where x* =s-lim,,_,x; with x; is a fixed point of the contractive mapping x — ¢ f (x) +

t€(0,1) si
X,)||. By Lemma 2.1, we conclude that

b — x> =111 = 1) (W, — xn)+t(f(Xz) x)|1?
< 26(f () — o, (0 =)+ (1= 1)2[[Wox — x,|?
< 261 () =0, (0 =)+ (1= 1) ([[Woxw — x| + [[Wxe — Woxa ] )?
§2t<f(xr)—me(xt X))+ (1 =12 (e — x| + W —xa][)?
= (1= 1) [llxe =5l [* + 2l = x| W — 26l + Wt — 2]

F2¢(f (1) = X2, I (X — X)) + 28 (X — X, I (X2 — X))
= (

1—2t 4+ 12|ty — xa||> + 26 (F (1) — 0, T (X — X)) + fu(8) +2¢ ||, —

where

Fu0) = (=02 Wty =5} 2l = xal| + [0 = Wxa[[) =0 (n— o).

It follows that
21y — f (), J (i —xn)) < 12l — 26|+ £ 1)
Letting n — oo yields that
timsup(x, — £(x),J (5 —x,)) < 5 M,

n—oo
where M, is an appropriate positive real number. Taking t — 0 in (3.13), we have

limsuplimsup(x; — f(x;),J (x; —x,)) <O.

t—0 n—oo

On the other hand, we have

(f(x7) =x",J (3 — x7))
= (f (%) =%, I (X — %)) + (3 — X7, T (X — %))

FUO0) = 0) (o = 20)) + (F () = x5 T (00 = X7) = J (6 — X))

It is not hard to see that

limsup(f(x*) —x*,J(x, —x*)) = limsuplimsup(f(x*) —x*,J(x, —x*))

n—oo t—0 n—oo

< limsuplimsup{f(x*) — x*,J(x, —x*) —

t—0 n—oo

— Xl = [[(1=1)(Wx;

3.12)

(1 —1)Wx for each
—xn) +1(f () —

(3.13)

Since X is uniformly smooth, the two limits are interchangeable. This proves that (3.12) is true. Note

that x,, — y, — 0 implies J(y, — x*) — J(x, —x*) — 0. Thus,

limsup(f (x*) —x*,J (yo — %)) = limsup{ (f (x") —x", J (x, —x7))

n—yoo n—yoo

+(f(x*) —x*, T (yp — x*) = I (x, —x*)) } = limsup(f (x*) —x*,J (x, —x*)) <O0.

n—seo

(3.14)
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Observe from Lemma 2.1 that

[lyn =212 = llo (f (xn) = £ () + Baln —x*) + Y Tozn — ) + 00 (£ (x*) —x)||?
<200 (f (") =", (v = x*)) + 0| £ (n) = NP+ Ballxn =217 + Yallzn — 27|12
< 204 (f(x") = 2%, (v = x%)) + 08 [l —x* || + By — x|

it =2+ (1= 1) [lyn —x*]%),

which hence yields
* 2 n n 176
|yn —x H2 < 1,%,?1,;") (f(x*) =x*J(yp—x%)) + (1 = 1:,,(1(1;,)”))“)% _X*Hz'

By the convexity of || - ||?, the nonexpansivity of T, one has

e 1 —x*?
< 8| =12 4 (1 = &) | Ty — x*[|?
< 8l — P+ (1= ) {(1 = 72025 ot — %2+ 2y (F () =3, T (0 —2)) }
_ %, (1-6,)(1-8) |2 4 (1=0,)(1-8)  2(f(x")—x"J(ya—x"))
= [ =y W =P+ Sy = s
In view of (3.14) and Lemma 2.2, we are easy to conclude that ||x, — x*|| — 0 as n — oo. This completes

the proof. U

Acknowledgements
The author would like to thank the anonymous referees for their helpful comments on revising this paper.

REFERENCES

[1] R.E. Bruck, Nonexpansive projections on subsets of Banach spaces, Pacific J. Math. 47 (1973), 341-355.
[2] K. Gobel, S. Reich, Uniform Convexity, Hyperbolic Geometry, and Nonexpansive Mappings, Marcel Dekker, New York,
1984.
[3] S. Reich, Asymptotic behavior of contractions in Banach spaces, J. Math. Anal. Appl. 44 (1973), 57-70.
[4] T. Kato, Nonlinear semigroups and evolution equations, J. Math. Sco. Japan 19 (1967), 508-520.
[5] K. Aoyama, H. liduka, W. Takahashi, Weak convergence of an iterative sequence for accretive operators in Banach spaces,
Fixed Point Theory Appl. 2006 (2006), Article ID 35390.
[6] B.A. Bin Dehaish, X. Qin, A. Latif, H.O. Bakodah, Weak and strong convergence of algorithms for the sum of two
accretive operators with applications, J. Nonlinear Convex Anal. 16 (2015), 1321-1336.
[7]1 X. Qin, J.C. Yao, Weak convergence of a Mann-like algorithm for nonexpansive and accretive operators, J. Inequal. Appl.
2016 (2016), Article ID 232.
[8] C.E. Chidume, O.M. Romanus, U.V. Nnyaba, An iterative algorithm for solving split equilibrium problems and split
equality variational inclusions for a class of nonexpansive-type maps, Optimization, 67 (2018), 1949-1962.
[9] U.V. Nnyaba, O.M. Romanus, New algorithms for solving system of generalized mixed equilibrium problems and some
nonlinear problems, with applications, Optimization, 67 (2018), 2325-2345.
[10] S.S. Chang, C.F. Wen, J.C. Yao, Zero Point Problem of Accretive Operators in Banach Spaces, Bull. Malaysian Math. Sci.
Soc. 42 (2019), 105-118.
[11] S.S. Chang, C.F. Wen, J.C. Yao, Common zero point for a finite family of inclusion problems of accretive mappings in
Banach spaces, Optimization 67 (2018), 1183-1196.
[12] S.S. Chang, C.F. Wen, J.C. Yao, Generalized viscosity implicit rules for solving quasi-inclusion problems of accretive
operators in Banach spaces, Optimization 66 (2017) 1105-1117.
[13] X. Qin, S.Y. Cho, J.C. Yao, Weak and strong convergence of splitting algorithms in Banach spaces, Optimization, doi:
10.1080/02331934.2019.1654475.
[14] X. Qin, J.C. Yao, Projection splitting algorithms for nonself operators, J. Nonlinear Convex Anal. 18 (2017), 925-935.



[15]

(16]

(17]

(18]

(19]

[20]

[21]

(22]
(23]

[24]

ZEROS OF ACCRETIVE OPERATORS 13

X. Qin, S.Y. Cho, L. Wang, Strong convergence of an iterative algorithm involving nonlinear mappings of nonexpansive
and accretive type, Optimization, 67 (2018), 1377-1388.

Y.L. Song, L.C. Ceng, A general iteration scheme for variational inequality problem and common fixed point problems of
nonexpansive mappings in g-uniformly smooth Banach spaces, J. Global Optim. 57 (2013), 1327-1348.

L.C. Ceng, H. Gupta, Q.H. Ansari, Implicit and explicit algorithms for a system of non- linear variational inequalities in
Banach spaces, J. Nonlinear Convex Anal. 16 (2015), 965-984.

L.C. Ceng, C.Y. Wang, J.C. Yao, Strong convergence theorems by a relaxed extragradient method for a general system of
variational inequalities, Math. Methods Oper. Res. 67 (2008), 375-390.

Z. Xue, H. Zhou, Y.J. Cho, Iterative solutions of nonlinear equations for m-accretive operators in Banach spaces, J.
Nonlinear Convex Anal. 1 (2000), 313-320.

X. Qin, S.Y. Cho, L. Wang, Iterative algorithms with errors for zero points of m-accretive operators, Fixed Point Theory
Appl. 2013 (2013), Article ID 148.

R.E. Bruck, A simple proof of the mean ergodic theorem for nonlinear contractions in Banach spaces, Israel J. Math. 32
(1979), 107-116.

H.K. Xu, Inequalities in Banach spaces with applications, Nonlinear Anal. 16 (1991), 1127-1138.

T. Suzuki, Strong convergence of Krasnoselskii and Mann’s type sequences for one- parameter nonexpansive semigroups
without Bochner integrals, J. Math. Anal. Appl. 305 (2005) 227-239.

V. Barbu, Nonlinear Semigroups and Differential Equations in Banach Spaces, Noordhoff, Amsterdam, 1976.



	1. Introduction
	2.  Preliminaries
	3. Main results
	References

