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Abstract. The notion of Lipschitz stability type problems was introduced by Tabor and Czerwik. In this paper, we prove
Lipschitz stability of multi-cubic functional equations. Indeed, we prove under certain Lipschitz conditions a family of functions
can be approximated by multi-cubic functions.
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1. INTRODUCTION

Lipschitz analysis is extensively used in geometric measure theory, in partial differential equations,
and in nonlinear functional analysis. Lipschitz functions appear nearly everywhere in mathematics.
Typically, the Lipschitz condition was first encountered in the elementary theory of ordinary differential
equations, where it was used in existence theorems. In the basic courses on real analysis, Lipschitz
functions appear as examples of functions of bounded variation was proved that a real-valued Lipschitz
function on an open interval is almost everywhere differentiable. The Lipschitz condition is one of
the central concepts of metric geometry, both finite and infinite dimensional. There are also striking
applications to topology. Every topological manifold outside dimension four admits a unique Lipschitz
structure, while such a manifold may have no smooth or piecewise linear structures or it may have
many. On a practical side, questions about Lipschitz functions arise in image processing and in the study
of internet search engines. Finally, even when one considers functions in various Sobolev spaces or
quasiconformal mappings, effects of Lipschitz behavior are commonly found in them where the theory
is applicable (cf. [1, 2, 3, 4]).

The following cubic functional equation was introduced by Jun and Kim [5]:

fQx+y)+f(2x—y) =2f(x+y) +2f(x —y) + 12f (x). (1.1)
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They established the general solution and proved the Hyers-Ulam-Rassias stability problem of (1.1) for
mappings from a real vector space to a Banach space. Every solution of (1.1) is said to be a cubic
function.

Stability of cubic functional equations has been verified by many authors in different spaces; see [,
6, 7, 8, 9] and the references therein. Lipschitz stability type problems for Cauchy and Jensen functional
equations were studied by Tabor [10, 11]. Czerwik and Dlutek [12] investigated the stability of the
quadratic functional equations in Lipschitz spaces. The author established the stability of quadratic,
cubic, and quartic functional equations in Lipschitz spaces [13, 14, 15, 16, 17, 18]. Cieplinski confirmed
the generalized Hyers—Ulam stability of multi—quadratic mappings in Banach spaces and completed non-
Archimedean spaces [19] (see also [20, 21, 22]). He also verified stability of multi-Jensen equations and
Cauchy functional equations defining multi-additive mappings in Banach spaces [23, 24].

The Lipschitz stability type problems have been considered less attention over the recent years. The
Lipschitz stability of cubic, bi-cubic, and tri-cubic functionals was studied in [13, 25, 26], where some
concepts like as the SLIM and the TSLIM and other notions were introduced. Having these notions
in mind, we develop a strategy to attack the Lipschitz stability of multi-cubic functionals. We define
and prove related concepts developing some existing notions. Indeed, we prove the Lipschitz stability
of multi-cubic functional equations and approximate a family of functions by multi-cubic functions via
certain Lipschitz conditions.

2. LIPSCHITZ CONDITIONS FOR MULTI-CUBIC FUNCTIONAL EQUATIONS

We introduce some concepts before providing the main result. Let ¢ be an abelian group and & a real
vector space. A function . : 4" — & is said to be multi-cubic if . is cubic in each variable, that is,
7 satisfies the system of equations

2. (X1 ooy Xi A Vi ey X)) F 2L (X1 vy Xi = Vig ooy X)) + 127 (X1 oy Xy ooy Xy
= (X1 ooy 2Xi F Yiy ooy X)) + L (X1 ey 260 — Viy ooy Xn) 2.1)

for all x;,y; €4, i=1,2,...,n. For instance, .7 : 4> — & is bi-cubic if .7 is cubic in first and second
variable and .¥ : 43 — & is tri-cubic if . is cubic in first, second, and third variable.

A family S of subsets of & is said to be linearly invariant if A4+ aB € S for A,B € S, a € R and
x+AeSforAe€S, xe & [12]. For example, the family of all closed balls is a linearly invariant family
in a normed vector space. We denote this family by CB(&’). Let £ (&) be a linearly invariant family of
subsets of &. By .#(¥,.Z(&)), we denote the family of all functions .¥ : ¢ — & such that Im . C B
for some B € Z(&).

We next generalize some definitions from [13, 25, 26] for functions of multi variables.

Definition 2.1. A function . : 4" — & is said to be symmetric if
(X1, 20) = S (Xg(1)s - X6 (n))

for every permutation {c(1),...,0(n)} of {1,...,n}.
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For example, when n = 2, a function .¥ : 9> — & is symmetric if .7 (x,x2) = .7 (x2,x;) for all
x1,X €9, (see [25]), and when n = 3, a function . : 4> — & is symmetric if

S (x1,x2,x3) = & (x2,X3,%1),
Y(x3,x1,x2) :y(X?,,XZ,XI),
S (x1,X3,%2) = (%2, X1,%3)

S (x2,x3,x1) = L (x3,X1,%2),
S (x3,x2,x1) = L (x1,x3,%2),

for all x1,x2,x3 € ¥4, (see [26]).
The following definition extends the notions of the SLIM and the TSLIM introduced in [25, 26] and
we briefly call it the MSLIM.

Definition 2.2. We say that .% (¢,.%Z(&’)) admits a multi symmetric left invariant mean (briefly MSLIM),
if the family .Z (&) is linearly invariant and there exists a linear operator ¥ : .# (¥4, (&)) — & such
that, for (xi,...,x,) € 4",

(i) if H,,..x, € I(4,Z(&)), then

.....

ERREE:

Definition 2.3. Let A: 9" x 9" — £ (&) be a set-valued function such that
A((x14ai,...,xp+an), (w1 +ai,....u, +ay,))

=A((ar +x1,...,an+xn), (a1 +ui,...,an +uy))

=A((x1, ey Xn)s (U1 eesty))
for all (ay,...,an), (X1, ..., %), (U1,...,u) € 4". A function .7 : 4" — & is said to be A-Lipschitz if
S (X1 ey Xn) — L (Ury ooy tty) € A((X1y-eesXn), (U1, .oy uty)) forall (xyp,...,x,), (U1, ... tty) € G
Definition 2.4. We say that &7 : 4" — & is a multi-odd function if

A (—X1,X0,5 ey X)) = (X1, —X2,5 ey X)) = oo = A (X1, X2, 0ey —X)
= — (X1,X2, ..., Xn)

for all (x1,x2,...,x,) € 4", that is, o7 is odd in each variable.

For a given function . : 4" — &, we consider its multi-cubic difference as follows:
D; (X1, ooy Xiy Vis Xic 1y eves X)) i= 2 (X1 ey Xi F Viy ooy X)) F 27 (X1 ooy Xi — Vi ves X))
F 12 (X1, ey Xiy ooy X)) — L (X1 ey 2X5 A Vi ey X)) — L (X1 ety 25 — Viy oeey Xt
forall x;,y; € ¥,i=1,2,...,n.
Theorem 2.5. Let ¥ be an Abelian group and & a vector space. Assume that the family .9 (4, £ (&))
admits the MSLIM. If . : 9" — & is a multi-odd function and D). (-,t,-,...,-) : 9" — & is A-

Lipschitz for every t € 4, then there exists a multi-cubic function € : 9" — & such that . — € is
L A-Lipschitz. Moreover, if ImDy.% C A for some A € £(&), then Im (% —€) C A.
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Proof. For every (xi,...,x,) € 4", we define %, (-,x2,...,x,) : 4 — & by

1 1
Yoo (5x2, ooy X) 1 = E&”@xl X0, Xy) F E&”(le — X2y ey Xp)

1 1
— 65”()61 XD, ey X)) — gy(xl — X2y ey X))

We prove that Im %, (-, X2,...,x,) C B for some B € Z(&). We have, for (xi,...,x,) € 4",

1 1
Yy (%25 ey Xp) = EY(le + X2, X)) + E?(le — XDy ey Xp)

1 1
- 65’(}61 + X0, ey X)) — gy(xl — XDy ey Xp)

1 1
=.7(0,x2,....,x,) + Ey(le F X2, e Xy) F EY(le — X2y ey Xp)

1 1
— 8,5”()61 + XD, ey X)) — 65’()61 — XDy ey Xp)

— L (X1,X2y ey Xp) + L (X1, %2, ey Xn) — (0,2, ..., Xp)

1 1
= EDlﬁﬂ(O, XDy ey X)) — EDly(x] s X2y ey X))
+ L (X1, %2, 0y %) — 7 (0,X2, ..., Xn).

Since D1.¥(-,t,-,...,-) is A-Lipschitz for every t € ¢4, Im %, (-, x2,...,x,) C B, where

1
B:= EA((O,xz, s Xn)y (X1 s X)) L (X1 vy X)) — L0, X2, 00y Xn)

we conclude that .# (¢, .2 (&)) admits the MSLIM. So, there exists a linear operator ¥ : . (¥, 2 (&)) —
& such that

(i) For every permutation {o(1),...,0(n)} of {1,...,n}
lIJ[’}/)C] ('7x27"'7xn)] - lP[ng(l)<'7xG(2)7"'7x6(n))]7

(i) W[y, (-,x2,...,x,)] € A for some A € £ (&) and every (xy,...,x,) € 4",
(i) ifu € 4 and ¥ (-,x2,...,%,) : 4 — & defined by

Yo, (X2, 00 Xn) = Yo, (1, X2, 0, X))
for every (x1,...,x,) € 4", then %4 (-, x2,...,x,) € F(¥4,Z(&)) and
Py (x2s e X)] = W% (%2, 00, X))
Define the function % : ¢ — & by
C (X1 ey Xn) 1= PV, (X2, o Xn) .
We show that . — € is ﬁA—Lipschitz. Since D;.(+,t,,...,-) is A-Lipschitz fort € ¢,
D\ (x1,t,X2, . %) — D17 (uy, b un, ytty) € A((X1, ey X))y (U1 eeey Up)) 2.2)

for all (x1,...,x,), (t1,...,u,) € 9" and so

1 1
Im (—=D1. (X1, eeesXn) — —=D1.7 (U1, .coytty)) C

A1 oy X0), (W1 oy th)
12 12 (('x17 7'x ) (ul u ))
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By using property (ii) of W, we find that

1 1
12D1<5ﬂ(-x17 gy n)_iDly(uh gy n)]e

12 iA((xl,...,x,,),(ul,...,u,,))

v
[ 12

for all (x1,...,x,), (u1,...,un) € 4". Note that .# (¥,.Z(&’)) contains constant functions. Property (ii) of
W entails that for a constant function J : 4 — &, W[J] = J. For every (xi,...,x,) € 4", we define the

constant function J,, _, :¥4 — & by

-----

It follows that

(L (X1 ey Xn) = C (X1, ooy X)) — (L (U1, oeytty) — € (U1, ..., un))
= (Pt O] = 0 (02 5200)1)
= (Pt )] =W (102, )]
=l () = Py (22, 20
P, u,l( ) = Y (5125 s n )}

1 1
:‘I’[ﬁDly(xl,-,xz,...,xn)—ED1Y(L¢1, Uy ooy Up)]
for all (x1,...,x,), (u1,...,u,) € 4". This shows that
(L (X1y ey Xn) — € (X1, ey Xn))
1

— (L (uryeeyutn) —C (U, eooytty)) € —=A((X1y 200y Xn), (U1, .estty))

12

for all (x1,...,xn), (u1,....,u,) € 4", that is, ¥ — € is a I—IZA-Lipschitz function. It follows from the
definition of W that

26 (X1 +Y1,%2, ooy Xn) +2F (X1 — y1,X2, .oy Xp) + 126 (x1, X2, ..., Xp)
= 2% Y, 4y, (522, ooy X)) |+ 2 [ Yy —yy (322, ooy X)) |+ 125, (4, X2, o, X))

In view of property (iii) of ¥, we observe that

2 [Py (52, e Xn) | = PPy (52025 0,%0) |+ PPy (3025050 ]

Sk (U CECRE ) B J N CRCRmE ) |

WY,y (2250 X0) ] = PV —yy (o225 o 20) ]+ P [ Yy =y, (322, o0, X))
=W (2, e )] P Y (02, e X)) (2.3)
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and

12 %, (%25 e X)) = 2P [%ay (32,5 e X)) 4+ 2 [, (4, X2, ey X))

+ 2% [, (+, X2, 0oy Xn)]
+ 2%, (5 X2 X0) ]+ 2% [, (22, o, X))
+2¥ [, (+, X2, -y Xn)]

= 29[ (2 o)+ 220 T (X2, )]
+ 29[y, 7 (X2, X))
_|_21yh,;ln+y1 (%25 eey Xn)] —&—2‘1’[%{1‘ (%25 vey Xn)]
+ 29[, (X2, s Xn) -

In view of property (ii) of ¥, the following equalities hold

1 1
‘P[}/ﬁfjryl (£, X250y Xn)] = ‘P[Ey(‘bfl +2y1+ X2,y X)) + EY(Z})I — X2y ey Xp)

1 1
- gy(?’xl +- +)’1,x27---7xn) - gy(yl - —X],Xz,...,xn)],
o 1 1
lPh/XHU’l (%2, ..0sXn)] = ‘P[Ey(2y1 + X0, Xn) + EY(4x1 + 291 — X2y ey Xp)

1 1
— 65”( — X1 FY1,X2, ey X)) — 6,5”(3)61 Y1 — X2y X))

1 1
‘P[%?flyl (X2 yXn)] = \P[EY@xl —2y1 4 X2,y Xn) Ey(—Zyl — XDy ey Xp)
1 1
- 85”(3x1 VXD ey X)) — gy(—yl — = X1, X2, ey X)) s

1

WY 2 (g tn)] = \p[ﬁ

1
Yo S (=291 4+ X2, X)) + =L (4x1 — 291 — X240y X))
1=)1 12

1 1
- gy(_YI +- —x17x2,---,xn) - gy(3x1 —Y1—,X2, --->xn)]-

Furthermore, due to property (ii) of ¥, we arrive at

, 1 1
2‘%‘[)/2“‘ (%2, .0 Xn)] = ‘{‘[85”(3)(1 o V1,X, e X)) + gy(xl — = V1A, ey X))
1

1
- gy(le + -+ y1,%2, "'axn) - g‘y(_ TV, X2, "'7xn)]7

' 1 1
29[y (X2, Xn)] = ‘P[gy@xl + = V1A X)) 85”()61 — - V1,X2, ey X))

1 1
— gy(le +-—Y1,X2, ...,xn) — gy(— “+y1,X2, ...,xn)],

: 1 1
Z\P[}/xjxli}l (',)Cz, ...,xn)] = ‘P[gy('+X] —yl,xg,...,x,l) + 8?(3)61 — - +Yy1,X2, ...,xn)

1 1
- g‘y( —JY1,X2, "'7xn) - gy(le — -+ y1,x2, --~7xn)]'

2.4)

(2.5)

(2.6)

Q2.7)

(2.8)

(2.9)

(2.10)

@2.11)
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Moreover, we have

ZlP[’}/_xH_yl (',)Q, .

X1

1
QY[ (-, x2, ey Xn)] = W[ (2x1 + -+ Y1, X2, 005 X0) +
1

2W[y 2 (3, .

Summing (2.5)—(2.14) and

1 1
wXn)] = ‘P[EY(-—HQ FV1,X0, X)) + 6?(3)61 — = V1 X2, ey X))
1 1
— gy( F V1, X2, ey X)) — §Y(2x1 — = V1, X2, e X)) (2.12)

1
G S (2x1 — - = Y1,X2, .y X))

1
— 5,7( F X1V, ey Xn) — 5 (X1 — - = V1,2, 0y Xn) ], (2.13)

1 1
Xn)] = W[ (2x1 + - — Y1,X2, 00y Xn) + 85”(2)61 — A V1,X2, ey X))

6

1 1
- gy(' FX1 = Y1,X2, 005 Xn) — gy(xl —FV1LX2, X)) (2.14)

using (2.3), (2.4) and oddness of .% on its first variable, we get

2%()61 +Vyi1,Xx2, ...,xn) —i—Z%(xl —¥1,X2, ...,x,l) + 12%()61 , X2, ...,x,,)

1 1
= ‘P[Ey@xl +2y1 + -, x2, ...,x,,) + Ey(@q + 2y — -,xg,...,xn)

6
+Y¥[

1 1
— =L (2x1 Y1+ X2y ey Xy) — EY(le Y1 — X2y ey X))

1 1
— L (4x1 — 291+, X2, oy X)) + ﬁy(4x1 —2Y] =y X2,y ey X))

12

1 1
- 6542)61 = V1 F X2, X)) — = (261 — Y1 — X2, X))

6

= lIJ[7/2)61+y1 ('7x2’ “'7xn)] +lIJ[’}/2Xl*y1 (‘ax2a '--axn)]
=C(2x1 +Y1,%2, .oy Xn) +C (2X1 — Y1,X2, ...y Xp)-

This implies that € is cubic on its first variable. It follows from property (i) of W that € is multi

symmetric and hence % is multi-cubic. Moreover, if Im D;. C A, then

1 1 1
Im (EDlLV(x],-,xz,...,xn)) CIm (ﬁleﬁ) C EA.

This means that

1

ﬁDly(xla'ax%“"xn) € j(gv"g(é)))
for all (x1,...,x,) € 4". So, property (i) of ¥ implies

1 1
S (X1 oo Xn) — C (X1 yeeey X)) = ‘P[EDIY(xl,-,xz, woXn)] € EA

for all (x1,...,x,) € 4". Therefore, Im (% — %) C £A. This completes the proof. O

Corollary 2.6. [25] Let ¢4 be an Abelian group and & a vector space. Assume that the family % (4 ,.£(&))
admits the SLIM. If . : 9* — & is a bi-odd function and D1.% (-,t) : 9> — & is A-Lipschitz for every
t €Y, then there exists a bi-cubic function € . 9 2 & such that & — € is %A-Lipschitz. Moreover,

if ImD.¥ C A for some A

€ Z(&), then Im (S —€) C A
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Definition 2.7. Let (¢",p) be a metric group and & a normed space. A function £ : Rt — Rt is a
module of continuity of .7 : 4" — & if

p((x1, .oy Xn), (1, ..yuy)) <€,
then
17 (1 o) — (1 -oeytt) || < E(€)
for every € > 0 and (xy,...,x,), (u1,...,un) € G".

Definition 2.8. A function . : ¥ — & is called a Lipschitz function of order o > 0 if there exists a
constant L > 0 such that

|| (X1 ey Xn) — L (U1 ooy ttn) || SLP((x1, ey Xn),s (U1 oy i) (2.15)
for every (x1,...,X,), (U1,...,un) € 94"

For a metric group (4", p), a normed space &, and o € (0, 1], let Lipo (4", &) be the Lipschitz space
consisting of all bounded Lipschitz functions of order o¢ > 0 with the norm

[ |Lip := 117 | lsup +liPo (7))
where ||.||sup is the supremum norm and

|| (%1, ) — (U, ey ty) ||

P (Cotrot) () 11 ) (1 tn) €97

lipg () = sup {

(X104 ey Xn) 7 (uy, ...,un)}.

Definition 2.9. Consider an Abelian group (¢”,+) with a metric p invariant under translation, that is, it
satisfies the condition
p((x1+ay,....xn+an), (uy +ai,...u, +ay))
=p((a1 +x1,.san+xn), (a1 +uy,.ccyan +uy))
=P ((X1yeeeyXn), (U1, .y tty))
for all (ap,...,an), (X1,...;%n), (U1,....,u,) € 4". A metric o is called a metric pair on ¥ x ¢" if it is
invariant under translation and the following condition holds
o((a,x1,....;xn), (ayuy,....;u)) = o((x1,a,x2, ..., Xn), (U1,a,up, ..., uy))
=P ((X1yeeeyXn), (U1, -y tty))

foralla € 9, (x1,....xn), (U1, ..., 1) €EG".

Theorem 2.10. Let (4",+,p,0) be a metric pair. Let & be a normed space such that .% (4 ,CB(&))
admits the MSLIM, and .7 : 9" — & a multi-odd function. Then,

(a) there exists a multi-cubic function € such that £ 4 = T12§Dl )

(b) if D1.¥ € Lipa(94 x 4", &), then

1
”y_(gHSUP < EHDIstup‘



STABILITY OF MULTI-CUBIC FUNCTIONS VIA LIPSCHITZ CRITERIA 9

Proof. (a) Assume that &p, & : R — R is the module of continuity of D;.% with the metric pair ©.
Consider the set-valued function A : 4" x 4" — CB(&’) by

A((x1, e, x0), (U1 lty)) = inf 7(€)B(0,1),
(1) () = ik Er(e)BO.1)

where B(0, 1) is the closed unit ball with center at zero. We have

||D1 (x1,t,x0, .., X)) — D17 (uy,t,uz, ...yup)|| < inf ép,.o(€)
G((xlva27-~~7xn)7(”1:t7u27-<-:’4n))§8
= inf €

(et e 1 )

forallt € 4, (x1,....,xn), (U1,...,un) € 4". So, D1.(-,t,-,...,-) is A-Lipschitz. Consequently, Theorem

2.5 ensures that there exists a multi-cubic function € such that . — € is ﬁA—Lipsehitz. Hence,

. 1
(L =€) (x1y. ) — (L =€) (U1, .ty || < inf —&p,.7(€).

P oo )y (U yeenstty))<E 12

It follows that £ »_ = ﬁéDly.
(b) We know that ||D;.||sup < o0 and

Im D% C ||D1||supB(0, 1).
The last part of Theorem 2.5 shows that
1
||5ﬂ*cg||sup B EHDlstup'
U

Theorem 2.11. Let (4",+,p,0) be a metric pair. Let & be a normed space such that % (4 ,CB(&))
admits the MSLIM, and . : 9" — & a multi-odd function. If D|. € Lipa (9 X 4", &), then there
exists a multi-cubic function € such that

1
-7 =€ |Lip < EHDlyHLip-

Proof. Define the function ¢ : R — R™ by ¢(¢) := lip, (D1.%)t%. Since D|.7 € Lipy (9 x 4", &), we
have

||D1S (x1,t,x2, s X)) — D1 (uy,t un,eccsuty)|| < O(0((X1,8, X2, 0y %), (U1,8 U2, ... up))

forr € 4 and (x1,x2,..., %), (U1, u2,...,u,) € 4". This inequality shows that ¢ is the module of continuity
of the function D{.¥. In view of Theorem 2.10 (a), we ensure that there exists a multi-cubic function &
such that £»_¢ = £ ¢. So,

1 =)0, m) = (=€), stn) | < (P31, ) a1, )

1 .
= Ellpa(Dly)p((xl,...,xn), (1, )%,

which means that . — % is a Lipschitz function of order & and

lipy (.7 — ) < élipa(Dly).
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From Theorem 2.10 (b), it follows that

17 = Cliip = |7 = Clsup +lipa (' =€)

A

1 1.
EHDlstup"‘ﬁl'Pa(Dly)

1
= D1 .
U

We may obtain the similar result with the other norm defined on Lip;(¥4",&). Let .¥ : 9" — & be a
Lipschitz function of order @ = 1, i.e., there exists a constant L > 0 such that

|- (X1, s xn) = (U1, eeeyttn) || < LP((X1,.e0s %), (U1, ..., Un)) (2.16)

for every (xi,...,xp), (u1,...,un) € 4". For a metric group (¢”, p) and a normed space &, let Lip|(¥4",&)
be the Lipschitz space consisting of all bounded Lipschitz functions of order 1 with the norm

|| := max{HYHsup,lipl(Y)}.

Corollary 2.12. [25] Let (4%, +,p, G) be a metric pair. Let & be a normed space such that .9 (4 ,CB(&))
admits the SLIM, and . : 9* — & a bi-odd function. If D1. € Lip1(9 x 9*,&), then there exists a

bi-cubic function € such that
1
|7 =l < SID1]].
12
As a concluding remark we mention here that the Lipschitz stability for bi-cubic or tri-cubic functional
equations can be extended to the Lipschitz stability for multi-cubic functional equations with the same

norm or some other suitable norms.
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