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Abstract. In this paper, we study the existence of weak solutions for some nonlinear fractional differential equations with
fractional integral boundary conditions involving the fractional Caputo derivative of order 1 < o¢ <2 in Banach spaces. Our
main results are proved by applying the Monch’s fixed point theorem combined with the technique of measures of weak
noncompactness. In addition, an example is given to demonstrate the applications of our results.
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1. INTRODUCTION

The topic of fractional differential equations has recently emerged as a popular field of research due to
its extensive development and applications in several disciplines such as, physics, mechanics, chemistry
and engineering. For more details, we refer the reader to [1, 2, 3, 4]. Recent developments of fractional
differential and integral equations are given in [5, 6, 7, 8, 9].

Many authors have studied the existence of solution of the fractional boundary value problems under
various boundary conditions and by different approaches. We refer the readers to the papers [10, 11, 12,
13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27] and references therein.

Our investigation relies upon Ménch’s fixed point theorem combined with the technique of measures
of weak noncompactness. This technique was introduced by De Blasi [28]. The strong measure of
noncompactness was considered first by Banas and Goebel [29] and subsequently developed and used
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in many papers; see, for example, Akhmerov et al. [30], Alvarez [31], Belmekki and Mekhalfi [32],
Benchohra, Henderson and Seba [33], Guo, Lakshmikantham and Liu [34], and the references therein.
Recently, there are also many results on weak solutions of nonlinear fractional differential equations; see
[33, 35, 36, 37, 38, 39] and the references therein.

In this paper, we discuss the existence of weak solutions for the following fractional boundary value

problem
‘D, x(t) = f(t,x(r)), teJ=][0,T],
a1x(0) +b1x(T) = MI%x(n), (1.1)
[7%) CDgix(é) + b2 CDgix(T]) = QLQ,
where "DSL+ is the Caputo fractional derivative of order u € {&t, 02,03} suchthat | < o <2,0 < 03,03 <
1,7°" is the Riemann-Liouville fractional integral of order oy > 0 and f : [0,1] x E — E is a given
function satisfying some assumptions that will be specified later, E is a reflexive Banach space with
norm || - ||,a;,b;, A, i = 1,2 are real constants, and &, n € (0,T).

We remark that when by =T = 0> = 1,a; = A, =0, problem (1.1) reduces to the case considered in
[19] in the scalar case using the Banach contraction principal, the Schaefer’s fixed point theorem and the
Krasnoselskii’s fixed point theorem. Here we extend the results of [19] to cover the abstract case.

The organization of this work is as follows. In Section 2, we introduce some notations, definitions and
lemmas that will be used later. Section 3 treats the existence of weak solutions in Banach spaces by using
the Monch’s fixed point theorem combined with the technique of measures of weak noncompactness.
Finally, we illustrate the obtained results by an example in Section 3.

2. PRELIMINARIES

In this section, we state definitions and notations that are used in the remainder of the paper. Denote
by L!(J) the Banach space of real-valued Lebesgue integrable functions, on the interval J. E denotes the
real Banach space with norm || - || and dual E* also (E,w) = (E,c(E,E*)) denotes the space E with its
weak topology.

Let L(J) be the Banach space of real-valued essentially bounded and measurable functions defined
over J equipped with the norm || - ||=. C(J,E) is the Banach space of continuous functions x : J — E,
with the usual supremum norm

Il = sup{lx()], £ € J}.

Definition 2.1. A function & : E — E is said to be weakly sequentially continuous if / takes each weakly
convergent sequence in E to weakly convergent sequence in E (i.e. for any (x,), in E with x,, — x in
(E,w), h(x,) — h(x) in (E,w)).

Definition 2.2 ([40]). The function x : / — E is said to be Pettis integrable on J if and only if there is
an element x; € E corresponding to each I C J such that @(x;) = [; (x(s))ds for all ¢ € E*, where the
integral on the right is supposed to exist in the sense of Lebesgue.

We have x; = [;x(s)ds. Let P(J,E) be the space of all E-valued Pettis integrable functions in the
interval J.

Proposition 2.3 ([40]). If x() is Pettis integrable and h(-) is a measurable and essentially bounded
real-valued function, then x(-)h(-)is Pettis integrable.
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Definition 2.4 ([28]). Let E be a Banach space. Let Qf be the bounded subsets of E and let B, be the
unit ball of E. The De Blasi measure of weak noncompactness is the map f3 : Qg — [0,00) defined by

B(X)=inf{e > 0: there exists a weakly compact subset Q of E : X C €B; + Q}.

Property 2.5. The De Blasi measure of noncompactness satisfies some properties for more details (see

[28])

(a) ACB< B(A) <B(B),

(b) B(A) = 0= A is relatively weakly compact,

(c) B AUB) max{S(A),B(B)},

(d) B(A") = B(A), where A" denotes the weak closure of A,
(e) B(A+B) < B(A)+B(B),

(f) B(AA) = |A|B(A),

(8) B(conv(A )) B(A),

(h) B(Ujnj<nAA) = hB(A).

The following result directly follows from the Hahn-Banach theorem.

/_\/\A/_\/_\/\

Proposition 2.6. Let E be a normed space with xo # 0. Then there exists ¢ € E* with ||| =1 and
¢(x0) =[xl

Let us now recall the definitions of the Pettis integral and Caputo derivative of fractional order.

Definition 2.7. [41] Let & : J — E be a function. The fractional Pettis integral of the function 4 of order
a > 0 is defined by

1R (1) = F(loz) /0 (1 — )% h(s)ds,

where the sign [ denotes the Pettis integral and I is the Gamma function.

Definition 2.8. [1] For a function 4 : J — E, the Caputo fractional-order derivative of & is defined by
1 t
f— nf(xflh(n) d
Foa 0 (s)ds,

where n = [o] + | and [o] denote the integer part of «.

DY h(r) =

Lemma 2.9 ([1]). If o > O, then the differential equation

(CD8‘+f ) (t) =
has solutions

m—1 )
= Z Cjt‘/, cjeR,j:O...m—l,
where m = [a] + 1.

Lemma 2.10 ([1]). If @ > 0, then

1§D —|—ch,

forsomec;eR,j=0,1,2,.... m—1, where m = [a] + 1.
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Theorem 2.11 ([42]). Let D be a closed, convex and equicontinuous subset of a metrizable locally convex
vector space C(J,E) such that 0 € D. Assume that N : D — D is weakly sequentially continuous. If the
implication

V =comv({0} UN(V)) =V is relatively weakly compact, (2.1
holds for every subset V C D, then N has a fixed point.

Lemma 2.12 ([34]). Let H C C(J,E) be a bounded and equicontinuous subset. Then the function t —
B(H(t)) is continuous on J, and

Pe(H) = max B(H(r)),

B( [uts) < [ peas)as,

where H(s) = {u(s) :u € H,s € J}, and B¢ is the De Blasi measure of weak noncompactness defined on
the bounded sets of C.

and

3. MAIN RESULTS

Definition 3.1. By a weak solution of (1.1), we mean a function x : I — E such that the weak fractional
derivative ‘D, x() exists and is weakly continuous and satisfies problem (1.1).

Lemma 3.2. Let | < a <2 and h be continuous function on J := [0,T]. Then the linear problem
Df.x(t) = h(t), 3.1
with boundary conditions
a1x(0) +b1x(T) = 1% x(n), ay Dgix(§)+ b2 Dgix(n) = . (3.2)

has a unique solution given by
1
xX(t) = I%h(1) + 7{111a+01h(n) - bll"‘h(T)}
0

+ L@l R(E) + bl h(n) ~ 12 |

Vov2
= {la= (@ (&) + 1™ n(m)) }, (33)
where
vo=ai+b;— F(}Lc;:ill)’ vi=bT-— lm, vy = lfl(zzéi—c:) + 15’(2277_1_(:)’ (3.4)
and vyvy # 0.
Proof. By applying Lemma 2.10, we may reduce (3.1) to an equivalent integral equation
x(t) =1%h(t) —co—cit, co,c1 €R. (3.5)
Applying the boundary conditions (3.2) in (3.5), we obtain
1%x(n) =17 %h(n) _cor(c?lc:lr T r(ﬁl:z)’
DEx(t) = 1% Oh(r) — ey 2o o3,

F(2 — Gl')
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After collecting the similar terms in one part, we have the following equations:

llnal )LlnGIH _ o o1+a
<a1+b1*m)00+(b17"*m>01 =bl h(T)*AII h(n)

and

a,E1-02 1-03
_(Féé_ o) + 1_{9(22”_ 63)>Cl Ay (azlafczh(é)—f—bzla*@h(n))‘

Rewriting equations (3.6) and (3.7) by using (3.4), we obtain
voco +vicr = biI%h(T) — MI° T *h(n)
—ve] = Ay — (azla*"zh(é) —i—bzl‘x*@h(n)).
Solving (3.8), we find that

—Aa+ (a2 h(E) +bal* *h(n))
Ccl1 =

V2
and
_ biI%h(T) — M1 %h(n) 4 Vi
Vo VoV2

i)

{7[,2 — azla_czh(é) + bzla_63h(n)}.
Substituting the value of ¢y, c; in (3.5), we get (3.3).

In order to present and prove our main results, we consider the following hypotheses:

(H1) For each r € J, the function f(z,-) is weakly sequentially continuous;
(H2) For each x € C(J,E), the function f(-,x(-)) is Pettis integrable on J;

(3.6)

(3.7)

(3.8)

(H3) There exist p € L*(J) and a continuous nondecreasing function ¥ : Ry — (0, +o0) such that

1f (2, x(@)] < pe)w(llx])):
(H4) There exists a constant R > 0 such that

[A2|([vi] + [vo|T)
vova|

1pll=y(R)M + <R,

where
T |by|T* |1

= + a+0]
C(a+1)  |vw|T(a+1)  |vo|T(a+0;+1)
|az| ([vi] + |vo|T)EX™% | [ba| (1] + [vo|T)N* ™™

|VOV2‘F(OC—C72+1) |V()V2|F(OC—G3+1)

(H5) For each bounded set D C E, and each ¢ € J, the following inequality holds
B(f(z.D)) < p(t)B(D).
Now we are able to establish the main result.
Theorem 3.3. Assume that assumptions (HI)-(HS5) hold. If
Ipll=M <1,

then boundary value problem (1.1) has at least one solution.

(3.9)

(3.10)
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Proof. Transform boundary value problem (1.1) into a fixed point equation and consider the operator
A :C(J,E) — C(J,E) defined by

N x(t) = I“f(s,x(s)) (1) + i{Ml““"f(s,x(s)) (n)— bllaf(s,x(s)) (T)}

Vo
2t ) €)1 () () ~ )
ol @t (5.5(9) (8) + 521 sx(5)) ()} G.11)

For x € C(J,E), we have f(-,x(-)) € P(J,E) (assumption (H2)). Since U;&?{I, (Tlf(ggil, (nr_(gf(:ll)il,
E—)r ot (n—)*o

are € L7(J), one has LRl £ x(), Tl r(oa()), Urigi f(x()
Ia—0y) ° T(a—o3) 1 > (o) ’ > T(a) ? » I(a+oy) ’ ’
a—0oy—1 NO—O2 —
%f(‘,x(-)), %]‘(-,x(')) for all ¢ € J are Pettis integrable (Proposition 2.3). Thus .4 is
well defined. Let R > 0, and consider the set

fy—1
INa+1)
h—t[ |a|f* ™ Do

[va| [F((X—O’z—i—l) F(OC—G3—|—1)})
A
v

D= {x e Cl,E) : Il < R, Ix(e2) = x(en)]| < lIpllmw(R)

+

+

(l‘g—ll), fort;,1, EJ},

where R satisfies inequality (3.9). Notice that D is a closed, convex, bounded, and equicontinuous subset
of C(J,E). We shall show that .4 satisfies all the assumptions of Theorem 2.1 1. The proof will be given
in several steps.

Step 1. We show that .#” maps D into D.

Take x € D,t € J and assume that .4'x(¢) # 0. Then there exists ¢ € E* such that |4 'x(t)| =
@(Ax(t)). Thus

o0} = 0 (17 56)) ()4 (A1 (5.2(5)) () = 1 (5x(9)) (7))
(@177 £ (5,x(5)) (€) + b2l *~ £ (s,(5)) () = A }

VoVva
4 {ha =l Fx(5)) () + bal " s.x(5)) () })
< 1% (f(s.x())) (1) + 'f’o' 10 (F(s.x(5))) (T) + 'ﬁo,' 199 ((s.x(5))) ()

|22|([vi] +[volT) N laz| (|vi|+ |vo|T)
[vova| [vova|

) ‘bz‘(h‘/\])l);”vow)]aGs(p(f(s,x(S)))(rl)'

1"~ (f(s,x(s))) (§)
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Using hypothesis (H3), we get
o |b1| o Ml‘ o+0y
A X < w(llxl) 1 p()(T) + ol ! p(s)(T) + ol p(s)(n)

laz|(|vi |+ ’vO‘T)Ia_Gzp(s)(é) n b2 | (|vi]| + ’VO‘T)Ia—cgp(s)(n)}

[vova| [vova|
n [A2|([v1] =+ vo|T)
[vova|
o |b1| o |A1| o+0
< HPHL&‘I’(R){I (I)(T)+ ‘V0|1 (1)(T)+WI (1(n)

|az|([v1]| + |vo|T)
[vova|
n 22| ([vi |+ |vo|T)

[vova|
¢ |b1|T A1
<lplls- R{
< lIPlle-w(R) T(a+1)  wlT(a+1) ' ||l (0t+0y+1)
a([vi|+[vo|T)E* !bz!(!mH!vO\T)n“*@} | 22| ([vi |+ [vo|T)
‘V()Vg’F(OC—O'z—i-l) ‘V()VQ’F(OC—G3+1) ‘VQV2’
[ A2|([v1] =+ [vo|T)
+
[vova|

o) + 2D ooy o )
VoV2

o+0
n

= |pll=w(R)M

<R.
Next, let 71,1 € J,t; < tp,x € D, so A x(t;) — A x(t;) # 0. Then there exists ¢ € E* such that

1A () (12) = A () ()| = (A () (12) — A () (11))-

Hence,

A () (22) = A () (1)

= Foz/otl (12 =9)% " = (0 =5 @(f(5.x(5)))ds + / * (1= )% 9 (£(s,x(5)))ds
h—n
|

+ 2 s 1902 (£(5,x(5))) (6) + 211 (£ (s, (5))) () + 221},

V2’

< W {/Ot [CRDia —s)“_l]ds—l—/tltz(tz—s)a_lds}
n (—1)llpll=y(R)

| {\az\l"‘"2(1)(5)+!b211‘”"3(1)(n)}+‘/12 (n—1),
Vz‘ V2
=t} -t |a** |ban* 2
< Ilev® (G 5+ T (Flom o) Tla— o)) [ 2=

It follows that 4" (D) C D.
Step 2. We show that ./ is weakly sequentially continuous.
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Let (x,) be a sequence in D and let x,(¢) — x(¢) in (E,w) for each t € J. Fix r € J. Since f satisfies
assumption (H1), we have that f(z,x,(r)) converges weakly to f(¢,x(7)). Hence the Lebesgue dominated
convergence theorem for the Pettis integral implies that .4 x,(¢) converges weakly to ./ 'x(¢) in (E,w).
We do it for each ¢t € J, so .4 x, — Nx. Then 4" : D — D is weakly sequentially continuous.

Step 3. The implication (2.1) holds.

Now let V be a bounded and equicontinuous subset of D. Hence ¢ +— v(t) = B(V(¢)) is continuous on
J such that V C conv({0} U .4 (V)). Clearly, V(¢) C conv({0} U 4" (V)) for alt € J. Hence AV (t) C
A'D(t),t € J is bounded in E. By assumption (H5), and the properties of measure 3, we have, for each
teld,

W(r) < B (comv(A (V)(1) U{0})) < B(AH (V) (1))
< B(’“f(SaV(s))(tﬁVlo{’l”a”’f(&"(s))(m b f(5,V(5))(T) }

vi

ova] {(azla_azf(S,V(s)) (&) +bd* % f(s5,V(s))(n)) — }Lz}

i da =@l o (5, V() (8) + b2 f (5, V() () })

[v2|
< 1B (v () ) O+ 12 1B (£ (v () ) 1)+ 2 14 (45, (9) ) ()

[vol [vol

IocfcrgB (f(S,V(S))) (5) + |b2|(‘vl| + ‘V0|T)

[vova|
A

féla(P(SNKSD(t)+-EﬁiI“(p(ﬂvtﬂ)(T)%-44*1“+m(P(ﬂVCﬂ)(n)

[vol [vol
][00 (p(s)v(s))(é) + |b2|(|‘|"1)(|)“)z||VO|T)]oc—cz
< Dol vl {1 )+ 2y 4 2L pesan 1)
[vol [vol

o)+ D oo ) .
VoV2

[vova|
< Mol vl { s+ AT b
) V 0
= 1Pl Ta+1)  olTla+1)  [oT(ator+1)

s TIE sl T
’VOVZIF((X—GZ‘F]) ‘vonll—‘(a_o-a’_‘_l)

laz|(Jvi|+ [volT)
[vova|

1% (f(s,V(S))) (n),

+_\a2\(!V1|*—IV0|75
[vova|

(p(s)¥(5) ()},

+_\aZ\(!Vll-Hvolﬂ

o-+0;

n

= lIpllz=[vll=M,
which gives
[Vllee < [ pllz=[[V]]eoM-
This means that
vl (1= 1plz-1) <o0.

By (3.10), it follows that ||v|l. = 0, that is, v(z) = O for each ¢t € J. Then V(z) is relatively weakly
compact in E. Applying Theorem 2.11, we conclude that .4 has a fixed point which is a solution of
problem (1.1). ]
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4. AN EXAMPLE

In this section, we give an example to illustrate the usefulness of our main result. Let

E=1'= {x: (xl,xz,...,xn,...),z || <°°}

n=1
be the Banach space with the norm ||x||z = Y~ |x,|. Let us consider the following fractional boundary

value problem:
7

Dyxn(t) = F (14 |xa(t)]) Ve €T =[0,1]

%,(0) = x,(1) = 2L3x,(1), 4.1)
1 1

3CD8+xn(%) —CD&x,,(%) =1.

Here

7 3
TZI,(X:Z,01:1,b1:—1,02:3,b2:—1,GlZZ,
1

[SSII ]

7&: ’TI:%7A1:2,A2:1.

Set
X=(X1,22, s Xny oo )y = (f1, S0y Srseee)s

1
flt,x,) = W(l + % (2)]), 1 € J.
Foreachx, € R ,t € J, we have
1
|f(t,x)] < em(l + e (1)])-
Hence conditions (H1), (H2) and (H3) hold with

and

For any bounded set D C I!, we have

B(f(1.D)) < et1+4[3(D), for cach 7 € J.

Hence (HY) is satisfied. Using the Matlab program, we can find that

10

wM: _
Il =

<1,

and the inequality

4 el (vl vl T)

«~(1+R
Ipll=(1+R) e

<R,

is satisfied for
1072

687
Consequently, Theorem 2.11 implies that problem (4.1) has a solution defined on J.

R>
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