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Abstract. The aim of this paper is to establish the existence of at least one nontrivial weak solution of the following
problem

{ — Aoyt + () u[P¥) 20 = da(x)[u|?™2u in Q,

|Vu|”(x)’2% + B(x)|u|”<x)’2u = lb(x)|u|’(x)’2u on dQ.

Our technical approach is based on the direct variational method combined with the mountain pass theorem and
the theory of Lebesgue and Sobolev spaces.

Keywords. Variational method; Mountain Pass Theorem; p(x)-Laplacian operator; Generalized Lebesgue-Sobolev
spaces.

1. INTRODUCTION
In this paper, we are concerned with the following problem

—A e+ 0 (x) || 72 = Aa(x) 10 u in Q,

(Pp)
’V”\p(x)_z% + ﬁ(x)lu\p(x)_zu = kb(x)|u]’(x)_2u on dQ,

where Q C RV, (N >2), is a smooth bounded domain, % is the outer unit normal derivative on

dQ, A is a positive parameter and p, ¢, r are continuous functions on Q with g~ := inf, g q(x) >
L, rm=inf gr(x) > 1, (a,B) € L”(Q) x L”(dQ) with o~ := inf,cq at(x) > 0 and B~ :=
inf,c9q B(x) > 0, and a, b are measurable functions satisfying a(x) > 0 forall x € Q and b(x) >0
for all x € dQ such that a(x) € L™ (Q) and b(x) € L™ (9Q) with y € C(Q) and § € C(IQ).
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Throughout this paper, we assume the following conditions

l<r <rt<p <pt<q <q"<(p7)° andp® <N, (1.1)
Y -1 6(x)—1 5
q(x) < pi(x) VxeQ and r(x)< p’(x) VxedQ, (1.2)
()< T ()< Zgp P
where p*, pa are the critical Sobolev exponent of p defined by
Np(x) (N-Dpx) -
() = N0 it N < p(x), ond pa(x) _ N if N < p(x),

It is well known that operator —A,(yu = —div(|Vu|P®=2Vu) is called p(x)-Laplacian,
which becomes p-Laplacian when p(x) = p (a constant). The study of various mathematical
problems with variable exponent has been received considerable attention in recent years. These
problems are interesting in applications (see, e.g., [1, 2]) and raise many difficult mathematical
problems. We refer to [3, 4] for the overview and [5, 6, 7, 8, 9, 10, 11, 12, 13, 14] for the study
of the p(x)-Laplacian equations and the corresponding variational problems under Dirichlet,
Neumann, Steklov and Robin boundary conditions. These problems are very interesting from a
purely mathematical point of view as well.

In [15], Mavinga considered the problem (P; ) in the particular case p(x) = g(x) = r(x)
ie.,

2,

—Au+ot(x)u = Aa(x)u in Q,
3_3 +B(x)u=Ab(x)u ondQ,

and proved the existence of an unbounded sequence of eigenvalues (A;)x>1 . Moreover, the first
eigenvalue A, is simple, and its associated eigenfunction does not change sign in Q. In [16], Li,
Liu and Cheng considered the following eigenvalue problem

—Apu=AlulP2u inQ,
u=~0 on o,
VulP~29% = A|u["~u onT,

with dQ = o UT and 6 NT = 0. Using Ljusternik-Schnirelman principle, they proved the
existence of nonnegative eigenvalues. Also the simplicity and isolation of the first eigenvalue
were obtained. The particularity of those two problems is the presence of the spectral parameter
A both in the differential equation and on the boundary. In [17], Benouhiba and Bounouala
proved the existence of weak solutions of the following problem

—Ap(yu+h(x)|u|P 2 = Ag(x)[u]f 2 inQ,

VPO =29% = k(x)[u] ™24 on 9Q,

under suitable assumptions on functions 4, g and k.
Motivated by the above papers, we consider those problems in a more general form. The
main result of the present paper is the following theorem

Theorem 1.1. If p,q,r € C(Q) satisfy (1.1) and (1.2), then there exists A* > 0 such that, for
any A € (0,A*), problem (Py,) has at last one nontrivial weak solution.
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Notice that our result is new even in the constant case p(x) = p. This paper is organized as
follows. In Section 2, we recall some basic facts about variable exponent Lebesgue and Sobolev
spaces. Moreover, we introduce a new norm on the space W'»() () which be used later. In
Section 3, our main result is established.

2. PRELIMINARIES

In this section, we introduce the Lebesgue and Sobolev spaces with variable exponent and
recall their main properties. For more details, we refer to the book by Musielak [18], Diening,
Harjulehto, Histo and Ruzicka [19], and the papers by Edmunds et al. [20, 21], Kovacik and
Rakosnik [22].

Set

CL(Q) = {h €C(Q) and infh(x) > 1}.

xeQ

For any h € C1(Q), we define

h™ :=inf h(x) and A" :=suph(x).
X€Q x€Q

For any p € C(Q), we define the variable exponent Lebesgue space L” () (Q) by
L’Y(Q) = {u : Q — R is measurable and / |u[P¥) dx < —|—oo} ,
Q

On this space, we define a norm, the so-called Luxemburg norm, by the formula

. _ u |p)
|ru||Lp<x>(Q):mf{T>o, L4 ar < 1},

The variable exponent Lebesgue space is a special case of an Orlicz-Musielak space. For a
constant function p ,the variable exponent Lebesgue space coincides with the standard Lebesgue
space.

We recall that the variable exponent Lebesgue spaces are separable and reflexive Banach
spaces. If 0 < |Q| < e and py, p, are variable exponents so that p;(x) < pp(x) almost every-
where in Q, then there exists the continuous embedding L2 (Q) < LP1¥)(Q).

Variable exponent Lebesgue spaces do not have the mean continuity property: if p is con-
tinuous and nonconstant in an open ball B, then there exists a function u € LP®) (B) such that
u(x+h) ¢ LP¥(B) for all h € R with arbitrary small norm (see Kovacik and Rakosnik [22]).

Most of the problems in the development of the theory of P (Q) spaces arise from the fact
that these spaces are virtually never translation invariant. The use of convolution is also limited:
the Young inequality

||f*g||Lp(x>(Q) < CHfHLP(X)(Q)||g||L1(Q)7
holds if and only if p is constant.
Next, we define the variable exponent Sobolev space

WP (Q) = {u e LPY(Q) : |Vu| € L'W (Q)} .
On W1.r() (Q), we may consider one of the following equivalent norms

”u“ = yvu‘p(x) + ’u‘p(x%
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||u||:inf{r>0;/ (E p(x)>dx§1}.
Q

It is well known (see [23]) that both LP®)(Q) and WP™(Q) are separable, reflexive and
uniformly convex Banach spaces. Moreover Holder’s inequality holds, namely

or
px)

T

’ u

[ avlax < 2oy Wl @y Vae P(Q), e L9 (@)
1 1
where W*ﬁ‘l'

Proposition 2.1. (See [22, 23]). Assume that Q is bounded and has a Lipchitz boundary with
the cone property and p € C(Q) with p~ > 1.

(i) If g € C(Q) and 1 < q(x) < p*(x), Vx € Q, then there is a compact and continuous embed-
ding WP (Q) s LI¥)(Q).

(ii) If g € C(Q) and 1 < q(x) < p°(x), Vx € 0K, then there is a compact and continuous em-
bedding W'PM) (Q) — L1¥)(9Q).

Proposition 2.2. (See [21]). Let p and q be measurable functions and 1 < p(x)q(x) < e for a.
e. x € Q. If f € LIN(Q), then

A2 oy < AP sy < W1 oy i I lzpiontoy > 1
(2.1)
||f||§:(x)q(x)(g) < || |f|p(x)||Lq(x>(g) < |’f||i;(x)q(x)(g) if ||f||Lp(x)q(x)(Q) <1
In particular, if p(x) = p is a constant, then || | f|”| HU,(X)(Q) = ||f]|€q(x)(g) :
Arguing as in the proof of Proposition 2.2, we can easily obtain the following.

Proposition 2.3. Let p and q be measurable functions and 1 < p(x)q(x) < o for a. e. x € I
Let f € LYY (0Q) then

A1 a0 < NP laiiaqy < I ooy o 1 ooy > 1
(2.2)

||f||p J00) = AP a0y < 1712 waa U Iflpwamoe) < 1.

In particular, lfp(x) = p is constant then || | f|?| ||Lq(x)(aQ ||fHLq<x 29)

Leta:Q — R and b: dQ — R be two measurable functions such that a(x) > 0 for x € Q

and b(x) > 0 for x € dQ. Define the weighted variable exponent Lebesgue spaces LZ ((;C)) (Q),
p(x)
Ly (0Q) by

(x))(Q) = {u Q — R such that u is measurable and / x)|u|PMdx < oo}

Li(x)(éﬂ) = {u dQ — R such that u is measurable and / X)|u|PWdx < 00} :
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with the norms, respectively,

0 1nf{r>0/ dx<1}

) u p(x)
H”HLW) aQ)zlnf{r>0,/ b(x) ;‘ dxgl},
Then L) (Q), L bx )) (0Q) are Banach spaces [9 10]. In particular, when a(x) = 1 on Q and

a(x)
b(x) = 1 0n 9Q, L7)(Q) = LP0)(Q) and L7 (9Q) = LPW(9Q).

a(x) b(x)
Propos_ltlon 2.4. (See [10]). Assume that the boundary of Q possesses the cone property and
p € C(Q) with p~ > 1. Suppose that a € LYY(Q), a(x) >0forx e Q, ye C(Q) andy > 1. If
s € C(Q) and

then there is a compact embedding WP (Q) — LZ(();)) (Q).

Proposition 2.5. (See [9]). Assume that the boundary of Q possesses the cone property and
p € C(Q) with p~ > 1. Suppose that b € L*¥(9Q), b(x) > 0 for x € 9Q, § € C(IQ) with

§(x) > pafo forallx € Q. If £ € C(9Q) and

t<e) <2100 weean.

S (x)
Then there is a compact embedding W'P™¥) (Q) — Li(();)) (0Q).
Theorem 2.6. For any u € W'Y (Q), let
lelhw = 1Vl gy il 1l iy @l = 190l gy + Nl -

Then ||.||lw is a norm on WHP&)(Q), which is equivalent to ||.||.
Proof. By Proposition 2.1, there exists a constant C > 1 such that

[ull oo a0y < (€= D).
It follows that
ullw < Cllul|.

Obviously, we have ||u|| < ||u||w. Then
el < Nluallw < Cllul,
which mean that the two norms are equivalent. 0

Now, taking into account the particularity of problem (P ), we introduce a norm, which will
be used later. For any u € WP (Q) we define
(x)
"as <1 } .

el :inf{r >0 / dx+/

Since (o, 8) € L™(Q) x L*(dQ) with @~ > 0 and B~ > 0. From Theorem 2.6, |[u||q g is also
a norm on W'-P()(Q), which is equivalent to ||.| and ||.]|w. The modular inequalities that were

Vet Nl
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appropriate for the norm of the Lebesgue space, can be extended to this situation, by proceeding
similarly to (Theorems 1.2-1.3, [23]). More precisely, by the definition of |||, g, we have the
following proposition.

Proposition 2.7. Let I, g(u) = [q |Vu|f’ Vdx+ [ ou(x)|ulPDdx+ [0 B(x)[ulPWdo, with o~ >
0 and B~ > 0. For any u,u € WHP0(Q)  (k=1,2,...), we have

.
() Wl 2 1=l p < L) <l
(2) lullop < 1=l g < T ) <
(3) H”Haﬁ _>0<:>Ia7[3(”) —>O(ask—>oo);
(4) ||ull g — o0 < I, g(u) — oo (as k — oo).

Finally, we introduce the Mountain Pass Theorem, which is the main tool of our paper.

Definition 2.8. (See [24]). Let E be a Banach space and I € C'(E,R). We say that I satisfies
Palais-Smale condition in X if any sequence (u,) € X such that (I(u,)) is bounded and I’ (u,,) —
0 as n — oo, has a convergent subsequence.

Theorem 2.9. (See [24]). Let E be a Banach space, and let I € C'(E,R) satisfy the Palais-
Smale condition. Assume that 1(0) = 0, and there exists a positive real number p and u,v € E
such that

@) [lull > p, I(v) <1(0);
(i) t=inf{l(u) :u € E,||u||=p} > 0.

Put G =inf{g € C([0,1],E) : g(0) =0,g(1) =v} # 0 and { = inlf_ sup 1(g(t)). Then, £ > 7
8€te(0,1]
and { is a critical value of 1.

Since we have established some basic properties of the space W!+» (x)(Q), we are ready to
introduce the definition of a weak solution to our problem. To this end, we consider a smooth
function u that verifies (P,). By applying Green’s formula, we get

/|Vu|” 2Vqudx—|—/ x) |uP) uvdx-l—/ B (x)|ulPY " uvdo

:l/a( | 700~ uvdx+l/ X)|u) O 2wdo, v e (Q).
Q

Taking into consideration the fact that C**(Q) is dense in W!»™)(Q) ([25, Theorem 3.7]) to-
gether with the boundary condition, we have the following.

Definition 2.10. We say that u € WP (Q) is a weak solution of the boundary value problem
(Py) if and only if

/|Vu|p 2Vqudx+/ (x) | P) uvdx+/ B (x)|uPW2uvdo

—l/ |u]q Zuvdx — l/ |u]r 2uvdo =0, VVGWl’p(X)(Q)-
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3. PROOF OF THE MAIN RESULT

Let X := W) (Q) and define the functional ® : X — R by

V[P / o0x) o) B(x)
D(u) = dx+ | —=|ulP\Wdx+ rMge. 3.1
W= Ja p(x) QP(X)H aszp()"
The energy functional Jj, : X — R corresponding to problem (P, ) is defined as
— o) -2 [ ) g _a [ PO
Jy(u) :=P(u) )L/Qq(x)|u| dx—A o r(x)|u| do. (3.2)

Standard arguments imply that J; is well-defined; J; € C'(X,R) and its Gateaux derivative
J5 (u) at u € X is given by

(I3 (u),v) = /|Vu\" 2Vqudx+/ x)|u|P) uvdx—l—/ B (x)|ulPY " 2uvdo

- / ) [u|19) 2 yvdx — )L/ X)|ul2udo,

for all u,v € X. Thus the weak solutions of the problem are exactly the critical points of J, . If
u is a solution of problem (P; ) and u # 0, then A is called the eigenvalue corresponding to the
eigenfunction u of (P, ). Moreover, we have

i () - STt Ty @l oo B
T al) ) + [y b(x)

Hence A > 0. Theorem 1.1 ensures that problem (P;) has a continuous family of positive
eigenvalues that lie in a neighborhood of the origin. Furthermore, we obtain

ot JalVu st a0l Bl ds

uex\{0} Jaa(x)[uld) + 50 b(x)|u|"¥do
To prove our main theorem, we will use the well-known Mountain Pass Theorem. In addition,
we also need some auxiliary results.

Proposition 3.1. The mapping ® : X — X* defined by
/ V| P¥) 2Vqudx+/ x) | P uvdx+/ ) |ulPY2uvd o,

satisfies condition (ST), namely, u, — u in X and limsup(®' (u,),u, —u) <0, imply u, — u in
X, where — and — denote the weak and strong convergence respectively.

Proof. Define the functional H,K : X — R such that

X
Hw) = | Vil s [ E s and k() = [ PO ppogo,
o px) o p(x) 20 p(x)
Then ® = H + K. It is well known that the mapping H' : X — X* is of type (ST) (see [11,
Proposition 2.5]). Under the assumption (1.1) and by Proposition 2.1, it is easy to see that the
mapping K’ : X — X* is weakly-strongly continuous. Then ® = H' 4+ K’ is of type (S*) since
a sum of a mapping of type (ST) and a weakly-strongly continuous mapping is still a mapping
of type (ST). O
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Lemma 3.2. There exists A* > 0 such that, for any A € (0,1%), there exist p,T > 0 such that
Jr(u) > T >0 for any u € X with ||ul|o g = p-

Proof. From (1.2), we have % < p*(x),Vx € Qand %((xx))r_(ﬁ) < p?(x),¥x € dQ. Using Propo-

sition 2.1, one finds that there exists C; > 0 such that

[ul ywewy < Cillullqp and [|ull L <Cillullqp forallueX. (3.3)
L70-T(Q) L30-1(9Q)
Fixing p € (0,1) with p < C , we have from (3.3) that ||u|| ywew < 1and |Ju]| swrw <1
s @) L30T (9Q)

for all u € X with [[u| o g = p. By using Holder’s inequality, Propositions 2.2 and 2.3, we have

/a(x)|”|q(x)dx§2||a||LV(X>(Q)|||”|q<x)H ¥) S2||a||L7(x>(Q)||u||q_}/(x)q(x) ; (3.4)
Q LT0=1(Q) LYW-1(Q)
| B s < 2l s0 00 la ]| s <2bll sl w3
20 L30T (90) L3 1(39)

for all u € X with ||ul| g = p. Combining (3.3), (3.4), (3.5), we obtain, for all u € X with
[ullep =P

[ abll# e <207 all o g (3.6)
and

[ Bl do <267 bl oo gl - (3.7)

Hence, we deduce that, for any u € X with |[ul|, g = p,

B = o /\vuyp dx+/ G dx+/ 0 uPVdo)
— — [ a(x uqxdx——/ b(x)|u|"Md
2 [ awluar—= [ bl
1 21 24 - -
> FHMH’.; —q—Cq lal e el = Z=CT 1811 5t0 o el -
It
—oP —a" A pr
l*:min q p — r+p and’r:l)—_i_7
8CT p*llall oo "8CT pIbll 50 00 2p
then
Jy(u) > 7 >0, forallueX with ||ullqp=p.
This completes the proof. ]

Lemma 3.3. There exists ¢ € X such that ¢ > 0,0 # 0and J, (t¢) <0
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Proof. Let ¢ € C3 () such that ¢ >0, ¢ Z0and ¢ € (0,1). We have

Lte) < (/WV¢V ¢p+/ )ulPx dv+/ X)|@| dc)
t

_ M_ a(x)| @4t
Q

61+ rt Jog
(/ |V(p|1’ dx—l—/ |u|p dx—l—/ B(x |q0|” dG)

M’
- ()
r+‘égb@ﬂw| do

x)| |

IN

1
Fort < mr " with

AP~ Jrob(x)|gl"Wdo }

0<n<minq 1,
! { r (Ja IVOIPOIdx -+ Jo a(x) ulPdx+ o Bx) 9Pt do)

we deduce that J; (t¢) < 0. This completes the proof. O
Lemma 3.4. The functional J), satisfies the Palais-Smale condition (PS).

Proof. Let (u,) € X be a (PS) sequence, i.e.,
p(up)] <M and  J)(up) >0 asn— oo (3.8)

We show that (u,) is bounded in X. Passing eventually to a subsequence, still denote by (u,),
we have ||lu,||¢ g — o0 as n — 0. We assume ||u,[|o g > 1. Since Jj (u,) is bounded, we have,
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for n large enough,

M+1
> T () — qi<fa<un> 0+ <J;L<un> )

Vi |P&)
_ ‘ ul dx / ()|n|p _|_ ﬁx|n|1)

o p(x) p(x)

_;L/qu iy |1V dlx — A ag%!unlmdc

_qi(/ Vit Pt [ o)l Vdx+ [ Bl 6)
+qi /Q a(x)|un|q(x)dx+qj /8 Qb(x>|un|’<x)dc+qi<J$L(un),un>

> %Ia,ﬁwn) -2 [l =2 [ b Vo )

1
+ 2 [ alinfar 2= [ bl o + 0 ).
11 11 S T
> (F‘q_) T i)~ A (;—q—_) C2||b||L6<x>( 5= 3 )
1 1 1 1 C3
> (= ) lllg =4 (= = = ) Coll s lunll - 2

Pt q

where C,,C3 are two positive constants. Since r~ < r" < p~ < p* < g, we obtain that (uy,)
is bounded in X. Therefore, there exists a subsequence, again denoted by (u,) and u € X such
that u, — u in X. By (3.8), we have

T ()t — 1) = (D (), i — ) A/ )t 2t (10, — 1)l
_ l/{)gb(x)|un| )24 (1 — 1)d G — 0. (3.9)

On the other hand, using Holder’s inequality, Proposition 2.2 and the compact embedding X —

ngg (Q) (Proposition 2.4), we have

/ a(x) 1| * 20 (1 — u)dx — 0. (3.10)
Q

Similarly, using Holder’s inequality, Proposition 2.3 and the compact embedding X < LZ(();)) (0Q)

(Proposition 2.5), we also have
; b (x) || 2 (0, — u)d — 0. (3.11)
Q

Combining (3.9), (3.10) and (3.11), we deduce that (®'(u,),u, —u) — 0. Thus by Proposition
3.1, it follows that u,, — u in X. This completes the proof. U
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Now we are in position to prove our main result. To apply the Mountain Pass theorem, we
need to prove that

J),(tu) — —oo ast — +oo,
for a certain u € X. Let @ € C5’(Q) such that ® > 0, @ # 0. We have, forr > 1,

L(o) = /t((x)yvmp dx+/ a(x)||P¢ dx+/
Jl

(0)|o"Ydo

%) )

a(%) gy — r(x)
Qq(x)a(x)|a)| dx—A agr(x)b(x)|w|

7"
= </|V(0\p dx—i—/ x)|u P dx+/ x)| o™ dc)

Atd . At rx
- O [alor =T | bwlel )

- A

IN

Since r~,pT < g, we have J; (t@) — —oo as t — +oo. It follows that there exists e € X such
that [le||o g > p and J3 (e) < 0. According to the Mountain Pass Theorem, J; admits a critical
value { > 1, which is characterized by

€ := inf sup J,(g(1)),
8€lie0,1)

where
r={geC(0,1],X):8(0) = 0,(1) = e}.
This completes the proof.
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