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A NEW SHRINKING ITERATIVE SCHEME FOR D-ACCRETIVE MAPPINGS
WITH APPLICATIONS TO CAPILLARITY SYSTEMS
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Abstract. A new shrinking iterative scheme is studied for common zeros of a countable family of m-d-
accretive mappings. Strong convergence theorems are obtained in a real Banach space. Moreover, the
applications to capillarity systems are considered to support m-d-accretive mappings.
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1. INTRODUCTION AND PRELIMINARIES

Assume that E is a real Banach space with E∗ being its dual space. We use 〈x, f 〉 to denote
the value of f ∈ E∗ at x ∈ E. “→” and “⇀” denote strong and weak convergence either in E or
E∗, respectively.

Recall that a function δE(ε) : (0,2]→ [0,1] is called the modulus of convexity of E if it
is defined by δE(ε) = inf{2−‖x+y‖

2 : ‖x‖ = ‖y‖ = 1,‖x− y‖ ≥ ε}, 0 ≤ ε ≤ 2. E is said to be
uniformly convex iff δE(0) = 0, and δE(ε)> 0 for all 0 < ε ≤ 2.

Recall that a function ρE : [0,∞)→ [0,∞) is called the modulus of smoothness of E if it is
defined by

ρE(t) = sup{‖x+ y‖+‖x− y‖−2
2

: x ∈ BE ,‖y‖ ≤ t}.

E is said to be uniformly smooth iff ρE(t)
t → 0 as t→ 0. It is known that E∗ is uniformly convex

iff E is uniformly smooth.
Further, one recalls that the normalized duality mapping JE∗ : E∗→ 2E is defined by

JE∗(u) = {x ∈ E : 〈x,u〉= ‖x‖2 = ‖u‖2}, u ∈ E∗.
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Similarly, one also has the normalized duality mapping JE : E→ 2E∗ defined by

JE(u) = {x ∈ E∗ : 〈x,u〉= ‖x‖2 = ‖u‖2}, u ∈ E.

One usually use jE∗ and jE to denote the single-valued normalized duality mappings and one
also knows that normalized duality mappings are single-valued in smooth Banach spaces.

Let A : D(A)v E→ E be a mapping. In this paper, we use N(A) to denote the set of zeros of
A. That is, N(A) = {x ∈ D(A) : Ax = 0}. Recall that

(1) A is said to be d-accretive iff, for all x,y ∈ D(A), 〈Ax−Ay, jE(x)− jE(y)〉 ≥ 0, where
jE(x) ∈ JE(x), jE(y) ∈ JE(y);

(2) A is said to be m-d-accretive iff A is d-accretive and R(I +λA) = E, for ∀λ > 0;
(3) A is said to be accretive iff, for all x,y∈D(A), 〈Ax−Ay, jE(x−y)〉 ≥ 0, where jE(x−y)∈

JE(x− y);
(4) A is said to be m-accretive iff A is accretive and R(I +λA) = E, for ∀λ > 0.
It is easy to see that in a non-Hilbertian Banach space, d-accretive mappings and accretive

mappings are two different types of nonlinear mappings.
Let T : E → E be a mapping. We use F(T ) to denote the set of fixed points of T . That is,

F(T ) = {x ∈D(T ) : T x = x}. Recall that T is nonexpansive iff ‖T x−Ty‖ ≤ ‖x−y‖, ∀x,y ∈ E,
and T is pseudocontractive iff 〈T x−Ty, jE(x− y)〉 ≤ ‖x− y‖2, ∀x,y ∈ E.

Recall that a mapping S ⊂ E∗×E is said to be monotone iff 〈x1− x2,y1− y2〉 ≥ 0, for ∀yi ∈
D(S), ∀xi ∈ Syi, i = 1,2. A monotone mapping S is called maximal monotone iff R(JE∗+λS) =
E, ∀λ > 0. Recall that the Lyapunov functional φ : E∗×E∗→ R+ [1] is defined as follows:

φ(x,y) = ‖x‖2−2〈 jE∗(y),x〉+‖y‖2, ∀x,y ∈ E∗, jE∗(y) ∈ JE∗(y).

Let {K∗n} be a sequence of nonempty closed and convex subsets of E∗. One recalls from [2]
that

(1) s-liminfK∗n , which is called the strong lower limit of {K∗n}, is defined as the set of all
x ∈ E∗ such that there exists xn ∈ K∗n for almost all n and it tends to x as n→ ∞ in the norm.

(2) w-limsupK∗n , which is called the weak upper limit of {K∗n}, is defined as the set of all
x ∈ E∗ such that there exists a subsequence {K∗nm

} of {K∗n} and xnm ∈ K∗nm
for every nm and it

tends to x as nm→ ∞ in the weak topology;
(3) If s-liminfK∗n = w-limsupK∗n , then the common value is denoted by limK∗n .
Let K be a nonempty convex and closed subset of space E. Let Q be a mapping of E onto

K. Then Q is said to be sunny [3, 4, 5] if Q(Q(x) + t(x−Q(x))) = Q(x), for all x ∈ E and
t ≥ 0. A mapping Q : E→ K is said to be a retraction if Q(z) = z for every z ∈ K. If E is a uni-
formly smooth and uniformly convex Banach space, then the sunny generalized non-expansive
retraction of E onto K is uniquely decided, which is denoted by RK.

Recall that [6, 7] if E∗ is a real uniformly smooth and uniformly convex Banach space and
K∗ is a nonempty, closed and convex subset of E∗, then we have the facts (1) for each x ∈ E∗,
there exists a unique element v ∈ K∗ such that ‖x−v‖= inf{‖x−y‖ : y ∈ K∗}. Such an element
v is denoted by PK∗x and PK∗ is called the metric projection of E∗ onto K∗; (2) for each x ∈ E∗,
there exists a unique element x0 ∈ K∗ satisfying φ(x0,x) = inf{φ(z,x) : z ∈ K∗}. In this case,
∀x ∈ E∗, one defines ΠK∗ : E∗→K∗ by ΠK∗x = x0, and ΠK∗ is called the generalized projection
from E∗ onto K∗.

Numerous results on iterative methods for approximating zeros of m-accretive mappings have
been obtained during past 20 years, see for examples [8, 9, 10, 11, 12, 13] and the references
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therein. However, less research investigation has been done on d-accretive mappings. The
class of d-accretive mappings is also worth studying since it has a close relation with practical
problems, see, e.g., [14, 15].

In particular, Wei, Liu and Agarwal [14] presented the following block projection iterative
scheme for a finite family of m-d-accretive mappings {Ai}m

i=1 ⊂ E×E:

x1 ∈ E,
un = ∑

m
i=1 an,i[αn,ixn +(1−αn,i)(I + rn,iAi)

−1xn],

vn+1 = ∑
m
i=1 bn,i[βn,ixn +(1−βn,i)(I + sn,iAi)

−1yn],

H1 = E,
Hn+1 = {z ∈ Hn : ω(vn,z)≤ ω(xn,z)},
xn+1 = RHn+1x1, n ∈ N.

(1.1)

Under mild assumptions, the sequence {xn} generated by (1.1) was proved to be strongly con-
vergent to an element in

⋂m
i=1 N(Ai), where RHn+1 is the sunny generalized non-expansive re-

traction from E onto Hn+1 and ω : E ×E → R+ is the Lyapunov functional. Moreover, the
following nonlinear elliptic boundary value problem was also presented in [14] to support the
m-d-accretive mappings:{

−div(α(gradu))+ |u|p−2u+g(x,u(x)) = f (x), a.e. in Ω,

−〈ϑ ,α(gradu)〉 ∈ βx(u(x)), a.e. in Γ.
(1.2)

In this paper, we investigate two groups of countable families of m-d-accretive mappings
{Ai}∞

i=1 and {Bi}∞
i=1 via a new shrinking iterative schemes and present an example of capillarity

systems to enrich the background of m-d-accretive mappings, which is one of the highlights.
The other highlight is that we construct two key groups of sets {Un} and {Xn} and choose the
iterative elements {yn} and {un} arbitrarily in two subsets of {Un} and {Xn}, respectively. The
following lemmas are important for our main results.

Lemma 1.1. [6] Let E be a real uniformly smooth and uniformly convex Banach space. Then
the normalized duality mappings JE : E→ 2E∗ and JE∗ : E∗→ 2E have the following properties:

(i) both JE and JE∗ are single-valued and surjective;
(ii) JE∗ = J−1

E ;
(iii) both JE and JE∗ are uniformly continuous on each bounded subset of E or E∗, respec-

tively;
(iv) for x ∈ E and k ∈ (0,+∞), JE(kx) = kJE(x); for u ∈ E∗ and k ∈ (0,+∞), JE∗(ku) =

kJE∗(u).

Lemma 1.2. [16] Let S⊂ E∗×E be a maximal monotone mapping. Then
(1) N(S) is a closed and convex subset of E∗;
(2) if yn→ y and xn ∈ Syn with xn ⇀ x, or yn ⇀ y and xn ∈ Syn with xn→ x, then y ∈ D(S)

and x ∈ Sy.

Lemma 1.3. [17] Let E be a real uniformly smooth and uniformly convex Banach space. If
limK∗n exists and is not empty, then {PK∗n x} converges strongly to PlimK∗n x for every x ∈ E∗.

Lemma 1.4. [2] Let {K∗n} be a decreasing sequence of closed and convex subsets of E∗, i.e.
K∗n ⊂ K∗m if n≥ m. Then {K∗n} converges in E∗ and limK∗n =

⋂
∞
n=1 K∗n .
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Lemma 1.5. Let E be a real uniformly smooth and uniformly convex Banach space and B ⊂
E×E be an m-d-accretive mapping with N(B) 6= /0. Then for ∀x ∈ E∗, ∀z ∈ N(B) and ∀r > 0,
one has:

φ(JEz,(JE∗+ rBJE∗)
−1JE∗x)+φ((JE∗+ rBJE∗)

−1JE∗x,x)≤ φ(JEz,x).

Proof. Observe that

JE∗(JE∗+ rBJE∗)
−1JE∗x+ rB[JE∗(JE∗+ rBJE∗)

−1JE∗x] = JE∗x, ∀x ∈ E∗,r > 0.

Since B is m-d-accretive, we have

〈(JE∗+ rBJE∗)
−1JE∗x− JEz,BJE∗(JE∗+ rBJE∗)

−1JE∗x〉 ≥ 0.

Using the definition of Lyapunov functional, we have

φ(JEz,x)−φ((JE∗+ rBJE∗)
−1JE∗x,x)−φ(JEz,(JE∗+ rBJE∗)

−1JE∗x)

= 2〈JEz,JE∗(JE∗+ rBJE∗)
−1JE∗x− JE∗x〉

−2〈(JE∗+ rBJE∗)
−1JE∗x,JE∗(JE∗+ rBJE∗)

−1JE∗x− JE∗x〉

= 2r〈(JE∗+ rBJE∗)
−1JE∗x− JEz,BJE∗(JE∗+ rBJE∗)

−1JE∗x〉 ≥ 0,

which concludes the desired conclusion. This completes the proof. �

Lemma 1.6. [7] Let E be a real uniformly smooth and uniformly convex Banach space and let
{xn} and {yn} be two sequences in E. If either {xn} or {yn} is bounded and φ(xn,yn)→ 0 as
n→ ∞, then xn− yn→ 0 as n→ ∞.

Lemma 1.7. [18] Let E be a real uniformly convex Banach space and r ∈ (0,+∞). Then there
exists a continuous, strictly increasing and convex function g : [0,2r]→ [0,+∞) with g(0) = 0
such that

‖kx+(1− k)y‖2 ≤ k‖x‖2 +(1− k)‖y‖2− k(1− k)g(‖x− y‖),
for k ∈ [0,1], x,y ∈ E with ‖x‖ ≤ r and ‖y‖ ≤ r.

Lemma 1.8. [1] Let E∗ be a real strictly convex and smooth Banach space and K∗ a nonempty
closed and convex subset of E∗. Then, ∀x ∈ E∗,y ∈ K∗, φ(y,ΠK∗x)+φ(ΠK∗x,x)≤ φ(y,x).

2. THE ITERATIVE SCHEMES

In this section, unless otherwise stated, we always assume that:
(1) E is a real uniformly smooth and uniformly convex Banach space;
(2) Ai,Bi⊂E×E are m-d-accretive mappings, for each i∈N with (

⋂
∞
i=1 N(Ai))

⋂
(
⋂

∞
i=1 N(Bi)) 6=

/0;
(3) JE : E→ E∗ and JE∗ : E∗→ E are normalized duality mappings;
(4) {αn} and {βn} are real number sequences in [0,1), {λn} and {δn} are real number se-

quences in (0,+∞), {rn,i} and {sn,i} are real number sequences in (0,+∞), {an,i} and {bn,i}
are real number sequence in (0,1) with ∑

∞
i=1 an,i = ∑

∞
i=1 bn,i = 1, for i,n ∈ N;

(5) {en}, and {εn} ⊂ E∗ are the computational errors.
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Theorem 2.1. Let {un} be generated by the following iterative scheme:

u1 ∈ E∗,e1 ∈ E∗,ε1 ∈ E∗,
vn = JE [αnJE∗un +(1−αn)∑

∞
i=1 an,iJE∗(JE∗+ rn,iAiJE∗)

−1JE∗(un + en)],
U1 = E∗ =V1,
Un+1 = {p ∈ Xn : 〈JE∗vn−αnJE∗un− (1−αn)JE∗(un + en), p〉

≥ ‖vn‖2−αn‖un‖2−(1−αn)‖un+en‖2

2 },
Vn+1 = {p ∈Un+1 : ‖u1− p‖2 ≤ ‖PUn+1(u1)−u1‖2 +λn+1},
yn ∈Vn+1,
zn = JE [βnJE∗un +(1−βn)∑

∞
i=1 bn,iJE∗(JE∗+ sn,iBiJE∗)

−1JE∗(yn + εn)],
Xn+1 = {p ∈Un+1 : 〈JE∗zn−βnJE∗un− (1−βn)JE∗(yn + εn), p〉

≥ ‖zn‖2−βn‖vn‖2−(1−βn)‖yn+εn‖2

2 },
Yn+1 = {p ∈ Xn+1 : ‖u1− p‖2 ≤ ‖PXn+1(u1)−u1‖2 +δn+1},
un+1 ∈ Yn+1,
un = JE∗un, n ∈ N.

(2.1)

If (i) infn rn,i ≥ 0, in fnsn,i ≥ 0 for i∈N; (ii) λn→ 0,δn→ 0, as n→∞; (iii) 0≤ supn αn < 1 and
0≤ supn βn < 1; (iv) en→ 0,εn→ 0 as n→∞, then un→ JE∗P(⋂∞

i=1 N(AiJE∗))
⋂
(
⋂

∞
i=1 N(BiJE∗))

(u1)∈
(
⋂

∞
i=1 N(Ai))

⋂
(
⋂

∞
i=1 N(Bi)), as n→ ∞.

Proof. We split the proof into nine steps.

Step 1. (
⋂

∞
i=1 N(AiJE∗))

⋂
(
⋂

∞
i=1 N(BiJE∗)) 6= /0.

Since (
⋂

∞
i=1 N(Ai))

⋂
(
⋂

∞
i=1 N(Bi)) 6= /0, we see there exists x0 ∈ (

⋂
∞
i=1 N(Ai))

⋂
(
⋂

∞
i=1 N(Bi))

such that Aix0 = Bix0, for i ∈ N. For x0, using Lemma 1.1, one sees that there exists y0 ∈ E∗

such that x0 = JE∗y0, which implies AiJE∗y0 = BiJE∗y0, for i ∈ N. Therefore,

(
∞⋂

i=1

N(AiJE∗))
⋂
(

∞⋂
i=1

N(BiJE∗)) 6= /0.

Step 2. (
⋂

∞
i=1 N(AiJE∗))

⋂
(
⋂

∞
i=1 N(BiJE∗))⊂Un

⋂
Xn, for n ∈ N.

It is obviously true for n = 1. Suppose that it is true for n = k. If n = k + 1, for ∀p ∈
(
⋂

∞
i=1 N(AiJE∗))

⋂
(
⋂

∞
i=1 N(BiJE∗)), then one obtains from Lemma 1.5 and (2.1) that

φ(p,vk+1)

≤ αk+1φ(p,uk+1)+(1−αk+1)
∞

∑
i=1

ak+1,iφ(p,(JE∗+ rk+1,iAiJE∗)
−1JE∗(uk+1 + ek+1))

≤ αk+1φ(p,uk+1)+(1−αk+1)φ(p,uk+1 + ek+1).

From the definition of Lyapunov functional, one has

〈JE∗vk+1−αk+1JE∗uk+1− (1−αk+1)JE∗(uk+1 + ek+1), p〉
≥ ‖vk+1‖2−αk+1‖uk+1‖2−(1−αk+1)‖uk+1+ek+1‖2

2 ,
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which implies p ∈Uk+2. Using Lemma 1.5 and (2.1) again, one has

φ(p,zk+1)

≤ βk+1φ(p,uk+1)+(1−βk+1)
∞

∑
i=1

bk+1,iφ(p,(JE∗+ sk+1,iBiJE∗)
−1JE∗(yk+1 + εk+1))

≤ βk+1φ(p,uk+1)+(1−βk+1)φ(p,yk+1 + εk+1).

From the definition of Lyapunov functional, we have

〈JE∗zk+1−βk+1JE∗uk+1− (1−βk+1)JE∗(yk+1 + εk+1), p〉
≥ ‖zk+1‖2−βk+1‖vk+1‖2−(1−βk+1)‖yk+1+εk+1‖2

2 ,

which implies that p ∈ Xk+2. Then by induction, one has p ∈Un
⋂

Xn, for n ∈ N.

Step 3. PUn(u1)→ P⋂
∞
m=1 Um(u1), PXn(u1)→ P⋂

∞
m=1 Xm(u1), as n→ ∞.

It is easy to see from the definitions of Un and Xn in (2.1) that both Un and Xn are closed and
convex subsets of E∗, for each n ∈ N.

Therefore, Lemmas 1.3 and 1.4 imply that PUn(u1)→ P⋂
∞
m=1 Um(u1), PXn(u1)→ P⋂

∞
m=1 Xm(u1)

as n→ ∞.

Step 4. P⋂
∞
m=1 Um(u1) = P⋂

∞
m=1 Xm(u1).

From (2.1), Xn+1 ⊂Un+1 ensures that
⋂

∞
m=1 Xm ⊂

⋂
∞
m=1Um. On the other hand, U1 = E∗ and

Un+1 ⊂ Xn imply that
∞⋂

m=1

Um =
∞⋂

m=1

Um+1 ⊂
∞⋂

m=1

Xm.

Therefore,
⋂

∞
m=1Um =

⋂
∞
m=1 Xm and P⋂

∞
m=1 Um(u1) = P⋂

∞
m=1 Xm(u1).

Step 5. Both {yn} and {un} are well-defined.
In fact, it suffices to show that Vn 6= /0 and Yn 6= /0, for each n ∈ N. Since

‖PUn+1(u1)−u1‖= inf
q∈Un+1

‖q−u1‖,

we find that, for λn+1, there exists kn ∈Un+1 such that

‖u1− kn‖2 ≤ (infq∈Un+1 ‖q−u1‖)2 +λn+1 = ‖PUn+1(u1)−u1‖2 +λn+1.

Therefore, Vn 6= /0. Similarly, Yn 6= /0, for each n ∈ N. So both {yn} and {un} are well-defined.

Step 6. Both {yn} and {un} are bounded.
Since yn ∈Vn+1, we have

‖u1− yn‖2 ≤ ‖PUn+1(u1)−u1‖2 +λn+1.

Since {PUn(u1)} is convergent and λn→ 0, we conclude that {yn} is bounded. Similarly, {un}
is also bounded.

Step 7. un→ P⋂
∞
n=1 Un(u1) = P⋂

∞
n=1 Xn(u1) and yn→ P⋂

∞
n=1 Un(u1) = P⋂

∞
n=1 Xn(u1), as n→ ∞.

Since yn ∈Vn+1 ⊂Un+1 and Un is convex, we have, for ∀k ∈ (0,1), kPUn+1(u1)+(1− k)yn ∈
Un+1. Thus

‖PUn+1(u1)−u1‖ ≤ ‖kPUn+1(u1)+(1− k)yn−u1‖.
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Using Lemma 1.7, we have

‖PUn+1(u1)−u1‖2

≤ ‖kPUn+1(u1)+(1− k)yn−u1‖2

≤ k‖PUn+1(u1)−u1‖2 +(1− k)‖yn−u1‖2− k(1− k)g(‖PUn+1(u1)− yn‖).

Therefore, kg(‖PUn+1(u1)− yn‖) ≤ ‖yn − u1‖2 − ‖PUn+1(u1)− u1‖2 ≤ λn+1 → 0, as n → ∞.
Then yn−PUn+1(u1)→ 0, as n→ ∞. Combining Steps 3 and 4, we have yn→ P⋂

∞
n=1 Un(u1) =

P⋂
∞
n=1 Xn(u1), as n→∞. Since un+1 ∈Yn+1⊂ Xn+1 and Xn is convex, we have, for each k ∈ (0,1),

kPXn+1(u1)+(1− k)un+1 ∈ Xn+1. Thus

‖PXn+1(u1)−u1‖ ≤ ‖kPXn+1(u1)+(1− k)un+1−u1‖.
Using Lemma 1.7 again, we have

‖PXn+1(u1)−u1‖2

≤ ‖kPXn+1(u1)+(1− k)un+1−u1‖2

≤ k‖PXn+1(u1)−u1‖2 +(1− k)‖un+1−u1‖2− k(1− k)g(‖PXn+1(u1)−un+1‖).

Therefore, kg(‖PXn+1(u1)−un+1‖)≤ ‖un+1−u1‖2−‖PXn+1(u1)−u1‖2 ≤ δn+1→ 0, as n→ ∞.
Combining with Steps 3 and 4, we have un→ P⋂

∞
n=1 Xn(u1) = P⋂

∞
n=1 Un(u1), as n→ ∞.

Step 8. P⋂
∞
n=1 Un(u1) = P⋂

∞
n=1 Xn(u1) ∈ (

⋂
∞
i=1 N(AiJE∗))

⋂
(
⋂

∞
i=1 N(BiJE∗)).

For ∀q ∈ (
⋂

∞
i=1 N(AiJE∗))

⋂
(
⋂

∞
i=1 N(BiJE∗)), using Lemma 1.5 and (2.1), we have

φ(q,vn)

≤ αnφ(q,un)+(1−αn)
∞

∑
i=1

an,iφ(q,(JE∗+ rn,iAiJE∗)
−1JE∗(un + en))

≤ αnφ(q,un)+(1−αn)
∞

∑
i=1,i 6=i0

an,iφ(q,(JE∗+ rn,iAiJE∗)
−1JE∗(un + en))

+(1−αn)an,i0φ(q,(JE∗+ rn,i0Ai0JE∗)
−1JE∗(un + en))

≤ αnφ(q,un)+(1−αn)
∞

∑
i=1,i 6=i0

an,iφ(q,(JE∗+ rn,iAiJE∗)
−1JE∗(un + en))

+(1−αn)an,i0[φ(q,un + en)−φ((JE∗+ rn,i0Ai0JE∗)
−1JE∗(un + en),un + en)]

≤ αnφ(q,un)+(1−αn)φ(q,un + en)

− (1−αn)an,i0φ((JE∗+ rn,i0Ai0JE∗)
−1JE∗(un + en),un + en).

Thus
(1−αn)an,i0φ((JE∗+ rn,i0Ai0JE∗)

−1JE∗(un + en),un + en)

≤ αnφ(q,un)+(1−αn)φ(q,un + en)−φ(q,vn),

which ensures from Lemma 1.6 and 0≤ supnαn < 1 that

lim
n→∞

((JE∗+ rn,i0Ai0JE∗)
−1JE∗(un + en)− (un + en)) = 0.

Setting ξn,i0 = (JE∗+ rn,i0Ai0JE∗)
−1JE∗(un + en), we have

JE∗ξn,i0 + rn,i0Ai0JE∗ξn,i0 = JE∗(un + en).
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Note that ξn,i0 → P⋂
∞
n=1 Un(u1), un→ P⋂

∞
n=1 Un(u1), en→ 0 and in fnrn,i0 > 0. Using Lemma 1.1,

we have that Ai0JE∗ξn,i0 → 0, as n→ ∞. It is not difficult to check that Ai0JE∗ ⊂ E∗×E is max-
imal monotone. So, Lemma 1.2 implies that P⋂

∞
n=1 Un(u1) ∈ N(Ai0JE∗). Repeating the above, we

can see that, for ∀i ∈ N, P⋂
∞
n=1 Un(u1) ∈ N(AiJE∗). It follows that P⋂

∞
n=1 Un(u1) ∈

⋂
∞
i=1 N(AiJE∗).

Similarly, P⋂
∞
n=1 Un(u1) ∈

⋂
∞
i=1 N(BiJE∗).

Step 9. P⋂
∞
n=1 Un(u1) = P⋂

∞
n=1 Xn(u1) = P(⋂∞

i=1 N(AiJE∗))
⋂
(
⋂

∞
i=1 N(BiJE∗))

(u1).
From Step 8, we see that

‖P⋂
∞
n=1 Un(u1)−u1‖ ≥ ‖P(⋂∞

i=1 N(AiJE∗))
⋂
(
⋂

∞
i=1 N(BiJE∗))

(u1)−u1‖.

From Step 1, we see that

‖P(⋂∞
i=1 N(AiJE∗))

⋂
(
⋂

∞
i=1 N(BiJE∗))

(u1)−u1‖ ≥ ‖P⋂
∞
n=1 Un(u1)−u1‖.

Therefore,
‖P⋂

∞
n=1 Un(u1)−u1‖= ‖P(⋂∞

i=1 N(AiJE∗))
⋂
(
⋂

∞
i=1 N(BiJE∗))

(u1)−u1‖.
Since P⋂

∞
n=1 Un(u1) is unique, we have P⋂

∞
n=1 Un(u1) = P(⋂∞

i=1 N(AiJE∗))
⋂
(
⋂

∞
i=1 N(BiJE∗))

(u1). Using
Lemma 1.1, we have un→ JE∗P(⋂∞

i=1 N(AiJE∗))
⋂
(
⋂

∞
i=1 N(BiJE∗))

(u1) ∈ (
⋂

∞
i=1 N(Ai))

⋂
(
⋂

∞
i=1 N(Bi)),

as n→ ∞. This completes the proof. �

From Theorem 2.1, we have the following results.

Corollary 2.2. Let {un} be generated by the following iterative scheme:

u1 ∈ E∗,e1 ∈ E∗,ε1 ∈ E∗,
vn = JE [αnJE∗un +(1−αn)∑

∞
i=1 an,iJE∗(JE∗+ rn,iAiJE∗)

−1JE∗(un + en)],
U1 = E∗ =V1,
Un+1 = {p ∈ Xn : 〈JE∗vn−αnJE∗un− (1−αn)JE∗(un + en), p〉

≥ ‖vn‖2−αn‖un‖2−(1−αn)‖un+en‖2

2 },
yn = PUn+1(u1),
zn = JE [βnJE∗un +(1−βn)∑

∞
i=1 bn,iJE∗(JE∗+ sn,iBiJE∗)

−1JE∗(yn + εn)],
Xn+1 = {p ∈Un+1 : 〈JE∗zn−βnJE∗un− (1−βn)JE∗(yn + εn), p〉

≥ ‖zn‖2−βn‖vn‖2−(1−βn)‖yn+εn‖2

2 },
Yn+1 = {p ∈ Xn+1 : ‖u1− p‖2 ≤ ‖PXn+1(u1)−u1‖2 +δn+1},
un+1 ∈ Yn+1,
un = JE∗un, n ∈ N.

(2.2)

If the assumptions (i), (iii) and (iv) of Theorem 2.1 hold and (ii)′ δn→ 0, as n→ 0, then
un→ JE∗P(⋂∞

i=1 N(AiJE∗))
⋂
(
⋂

∞
i=1 N(BiJE∗))

(u1) ∈ (
⋂

∞
i=1 N(Ai))

⋂
(
⋂

∞
i=1 N(Bi)), as n→ ∞.

Proof. Putting yn = PUn+1(u1) in Theorem 2.1, we have scheme (2.2). We only need modify
Steps 6 and 7 in Theorem 2.1 to get the results.

Step 6. Both {yn} and {un} are bounded.
Since yn = PUn+1(u1), we have, ∀q∈ (

⋂
∞
i=1 N(AiJE∗))

⋂
(
⋂

∞
i=1 N(BiJE∗))⊂Un+1, ‖u1−yn‖ ≤

‖q−u1‖, which implies that {yn} is bounded. Since un+1 ∈ Yn+1, we have that

‖u1−un+1‖2 ≤ ‖PXn+1(u1)−u1‖2 +δn+1.

Since {PXn(u1)} is convergent and δn→ 0, we obtain that {un} is bounded.
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Step 7. yn→ P⋂
∞
n=1 Un(u1) = P⋂

∞
n=1 Xn(u1) and un→ P⋂

∞
n=1 Un(u1) = P⋂

∞
n=1 Xn(u1), as n→ ∞.

It follows from Lemmas 1.3 and 1.4 that yn = PUn+1(u1)→ P⋂
∞
n=1 Un(u1) = P⋂

∞
n=1 Xn(u1), as

n→ ∞. Following Step 7 in Theorem 2.1, we have un→ P⋂
∞
n=1 Xn(u1) = P⋂

∞
n=1 Un(u1), as n→ ∞.

This completes the proof. �

Similarly, we have the following two results.

Corollary 2.3. Let {un} be generated by the following iterative scheme:

u1 ∈ E∗,e1 ∈ E∗,ε1 ∈ E∗,
vn = JE [αnJE∗un +(1−αn)∑

∞
i=1 an,iJE∗(JE∗+ rn,iAiJE∗)

−1JE∗(un + en)],
U1 = E∗ =V1,
Un+1 = {p ∈ Xn : 〈JE∗vn−αnJE∗un− (1−αn)JE∗(un + en), p〉

≥ ‖vn‖2−αn‖un‖2−(1−αn)‖un+en‖2

2 },
Vn+1 = {p ∈Un+1 : ‖u1− p‖2 ≤ ‖PUn+1(u1)−u1‖2 +λn+1},
yn ∈Vn+1,
zn = JE [βnJE∗un +(1−βn)∑

∞
i=1 bn,iJE∗(JE∗+ sn,iBiJE∗)

−1JE∗(yn + εn)],
Xn+1 = {p ∈Un+1 : 〈JE∗zn−βnJE∗un− (1−βn)JE∗(yn + εn), p〉

≥ ‖zn‖2−βn‖vn‖2−(1−βn)‖yn+εn‖2

2 },
un+1 = PXn+1(u1),
un = JE∗un, n ∈ N.

(2.3)

If the assumptions (i), (iii) and (iv) of Theorem 2.1 hold and (ii)′′ λn→ 0, as n→ 0, then
un→ JE∗P(⋂∞

i=1 N(AiJE∗))
⋂
(
⋂

∞
i=1 N(BiJE∗))

(u1) ∈ (
⋂

∞
i=1 N(Ai))

⋂
(
⋂

∞
i=1 N(Bi)), as n→ ∞.

Proof. By taking un+1 = PXn+1(u1) in (2.1), we have scheme (2.2). Similarly, we can obtain the
desired result immediately. �

Corollary 2.4. Let {un} be generated by the following iterative scheme:

u1 ∈ E∗,e1 ∈ E∗,ε1 ∈ E∗,
vn = JE [αnJE∗un +(1−αn)∑

∞
i=1 an,iJE∗(JE∗+ rn,iAiJE∗)

−1JE∗(un + en)],
U1 = E∗ =V1,
Un+1 = {p ∈ Xn : 〈JE∗vn−αnJE∗un− (1−αn)JE∗(un + en), p〉

≥ ‖vn‖2−αn‖un‖2−(1−αn)‖un+en‖2

2 },
yn = PUn+1(u1),
zn = JE [βnJE∗un +(1−βn)∑

∞
i=1 bn,iJE∗(JE∗+ sn,iBiJE∗)

−1JE∗(yn + εn)],
Xn+1 = {p ∈Un+1 : 〈JE∗zn−βnJE∗un− (1−βn)JE∗(yn + εn), p〉

≥ ‖zn‖2−βn‖vn‖2−(1−βn)‖yn+εn‖2

2 },
un+1 = PXn+1(u1),
un = JE∗un, n ∈ N.

(2.4)

If the assumptions (i), (iii) and (iv) of Theorem 2.1, then
un→ JE∗P(⋂∞

i=1 N(AiJE∗))
⋂
(
⋂

∞
i=1 N(BiJE∗))

(u1) ∈ (
⋂

∞
i=1 N(Ai))

⋂
(
⋂

∞
i=1 N(Bi)), as n→ ∞.

Proof. By taking yn =PUn+1(u1) and un+1 =PXn+1(u1) in (2.1), we have scheme (2.4). Similarly,
we can obtain the desired result immediately. �
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Corollary 2.5. Let {un} be generated by the following iterative scheme:

u1 ∈ E∗,e1 ∈ E∗,ε1 ∈ E∗,
vn = JE [αnJE∗un +(1−αn)∑

∞
i=1 an,iJE∗(JE∗+ rn,iAiJE∗)

−1JE∗(un + en)],
U1 = E∗ =V1,
Un+1 = {p ∈ Xn : 〈JE∗vn−αnJE∗un− (1−αn)JE∗(un + en), p〉

≥ ‖vn‖2−αn‖un‖2−(1−αn)‖un+en‖2

2 },
yn = ΠUn+1(un),
zn = JE [βnJE∗un +(1−βn)∑

∞
i=1 bn,iJE∗(JE∗+ sn,iBiJE∗)

−1JE∗(yn + εn)],
Xn+1 = {p ∈Un+1 : 〈JE∗zn−βnJE∗un− (1−βn)JE∗(yn + εn), p〉

≥ ‖zn‖2−βn‖vn‖2−(1−βn)‖yn+εn‖2

2 },
Yn+1 = {p ∈ Xn+1 : ‖u1− p‖2 ≤ ‖PXn+1(u1)−u1‖2 +δn+1},
un+1 ∈ Yn+1,
un = JE∗un, n ∈ N.

(2.5)

If the assumptions that (i), (iii) and (iv) of Theorem 2.1 and (ii)′ δn→ 0, as n→ 0, then
un→ JE∗P(⋂∞

i=1 N(AiJE∗))
⋂
(
⋂

∞
i=1 N(BiJE∗))

(u1) ∈ (
⋂

∞
i=1 N(Ai))

⋂
(
⋂

∞
i=1 N(Bi)), as n→ ∞.

Proof. Putting yn = ΠUn+1(un) in Theorem 2.1, we have scheme (2.5). We only need modify
Steps 6 and 7 in Theorem 2.1 to get the results.

Step 6. Both {yn} and {un} are bounded.
From Theorem 2.1, it is easy to see that {un} is bounded. Since yn = ΠUn+1(un), we have

∀q ∈ (
∞⋂

i=1

N(AiJE∗))
⋂
(

∞⋂
i=1

N(BiJE∗))⊂Un+1.

Using Lemma 1.8, one has

φ(q,yn)+φ(yn,un)≤ φ(q,un).

Thus {φ(q,yn)} is bounded. Since

φ(q,yn)≥ (‖yn‖−‖q‖)2,

we have that {yn} is bounded.

Step 7. yn→ P⋂
∞
n=1 Un(u1) = P⋂

∞
n=1 Xn(u1) and un→ P⋂

∞
n=1 Un(u1) = P⋂

∞
n=1 Xn(u1) as n→ ∞.

From Theorem 2.1, we have un→ P⋂
∞
n=1 Un(u1), as n→ ∞. Since

un+1 ∈ Yn+1 ⊂ Xn+1 ⊂Un+1,

we obtain from Lemma 1.8 that

φ(un+1,yn)+φ(yn,un)≤ φ(un+1,un)→ 0

as n→ ∞. Thus φ(yn,un)→ 0, which implies from Lemma 1.6 that yn− un → 0. So yn →
P⋂

∞
n=1 Un(u1) as n→ ∞. This completes the proof. �
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Corollary 2.6. Let {un} be generated by the following iterative scheme:



u1 ∈ E∗,e1 ∈ E∗,ε1 ∈ E∗,
vn = JE [αnJE∗un +(1−αn)∑

∞
i=1 an,iJE∗(JE∗+ rn,iAiJE∗)

−1JE∗(un + en)],
U1 = E∗ =V1,
Un+1 = {p ∈ Xn : 〈JE∗vn−αnJE∗un− (1−αn)JE∗(un + en), p〉

≥ ‖vn‖2−αn‖un‖2−(1−αn)‖un+en‖2

2 },
Vn+1 = {p ∈Un+1 : ‖u1− p‖2 ≤ ‖PUn+1(u1)−u1‖2 +λn+1},
yn ∈Vn+1,
zn = JE [βnJE∗un +(1−βn)∑

∞
i=1 bn,iJE∗(JE∗+ sn,iBiJE∗)

−1JE∗(yn + εn)],
Xn+1 = {p ∈Un+1 : 〈JE∗zn−βnJE∗un− (1−βn)JE∗(yn + εn), p〉

≥ ‖zn‖2−βn‖vn‖2−(1−βn)‖yn+εn‖2

2 },
un+1 = ΠXn+1(yn),
un = JE∗un, n ∈ N.

(2.6)

If the assumptions that (i), (iii) and (iv) of Theorem 2.1 and (ii)′ λn → 0, as n→ 0, then
un→ JE∗P(⋂∞

i=1 N(AiJE∗))
⋂
(
⋂

∞
i=1 N(BiJE∗))

(u1) ∈ (
⋂

∞
i=1 N(Ai))

⋂
(
⋂

∞
i=1 N(Bi)), as n→ ∞.

Proof. By taking un = ΠXn+1(yn) in (2.1), we have scheme (2.6). Similarly, we can obtain the
desired result immediately. �

Corollary 2.7. Let {un} be generated by the following iterative scheme:



u1 ∈ E∗,e1 ∈ E∗,ε1 ∈ E∗,
vn = JE [αnJE∗un +(1−αn)∑

∞
i=1 an,iJE∗(JE∗+ rn,iAiJE∗)

−1JE∗(un + en)],
U1 = E∗ =V1,
Un+1 = {p ∈ Xn : 〈JE∗vn−αnJE∗un− (1−αn)JE∗(un + en), p〉

≥ ‖vn‖2−αn‖un‖2−(1−αn)‖un+en‖2

2 },
yn = ΠUn+1(un),
zn = JE [βnJE∗un +(1−βn)∑

∞
i=1 bn,iJE∗(JE∗+ sn,iBiJE∗)

−1JE∗(yn + εn)],
Xn+1 = {p ∈Un+1 : 〈JE∗zn−βnJE∗un− (1−βn)JE∗(yn + εn), p〉

≥ ‖zn‖2−βn‖vn‖2−(1−βn)‖yn+εn‖2

2 },
un+1 = PXn+1(yn),
un = JE∗un, n ∈ N.

(2.7)

If the assumptions that (i), (iii) and (iv) of Theorem 2.1, then
un→ JE∗P(⋂∞

i=1 N(AiJE∗))
⋂
(
⋂

∞
i=1 N(BiJE∗))

(u1) ∈ (
⋂

∞
i=1 N(Ai))

⋂
(
⋂

∞
i=1 N(Bi)), as n→ ∞.

Proof. By taking yn = ΠUn+1(un) and un+1 = PXn+1(u1) in (2.1), we have scheme (2.7). Simi-
larly, we can obtain the desired result immediately. �
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Corollary 2.8. Let {un} be generated by the following iterative scheme:

u1 ∈ E∗,e1 ∈ E∗,ε1 ∈ E∗,
vn = JE [αnJE∗un +(1−αn)∑

∞
i=1 an,iJE∗(JE∗+ rn,iAiJE∗)

−1JE∗(un + en)],
U1 = E∗ =V1,
Un+1 = {p ∈ Xn : 〈JE∗vn−αnJE∗un− (1−αn)JE∗(un + en), p〉

≥ ‖vn‖2−αn‖un‖2−(1−αn)‖un+en‖2

2 },
yn = PUn+1(u1),
zn = JE [βnJE∗un +(1−βn)∑

∞
i=1 bn,iJE∗(JE∗+ sn,iBiJE∗)

−1JE∗(yn + εn)],
Xn+1 = {p ∈Un+1 : 〈JE∗zn−βnJE∗un− (1−βn)JE∗(yn + εn), p〉

≥ ‖zn‖2−βn‖vn‖2−(1−βn)‖yn+εn‖2

2 },
un+1 = ΠXn+1(yn),
un = JE∗un, n ∈ N.

(2.8)

If the assumptions that (i), (iii) and (iv) of Theorem 2.1, then
un→ JE∗P(⋂∞

i=1 N(AiJE∗))
⋂
(
⋂

∞
i=1 N(BiJE∗))

(u1) ∈ (
⋂

∞
i=1 N(Ai))

⋂
(
⋂

∞
i=1 N(Bi)), as n→ ∞.

Proof. By taking yn = PUn+1(u1) and un+1 = ΠXn+1(yn) in (2.1), we have scheme (2.8). Simi-
larly, we can obtain the desired result immediately. �

Remark 2.9. From the Corollaries, we see that (2.1) includes the traditional projection iterative
schemes that involve PXn+1(u1) (or PUn+1(u1)) and ΠUn+1(un) (or ΠXn+1(yn)) for the discussion
of accretive-type mappings, e.g., [10, 15, 19]. In addition, In (2.1), for each iterative step n, the
iterative elements yn and un can be chosen arbitrarily within two sets. This helps us to get one
of the iterative sequences from the infinite ones more flexibly to meet the needs for a special
case.

3. CONNECTIONS WITH CAPILLARITY SYSTEMS

In a Hilbert space, m-d-accretive mappings and m-accretive mappings are the same, while
they are different in a non-Hilbertian Banach space. In this section, we present a new m-d-
accretive mapping in a Banach space.

Definition 3.1. [16] Recall that a mapping S : D(S) = E → E∗ is said to be a hemi-continuous
mapping if S(x+ ty)⇀ Sx as t→ 0, for ∀x,y ∈ E.

Lemma 3.2. [16] If B : E → 2E∗ is an everywhere defined monotone and hemi-continuous
mapping, then B is maximal monotone.

3.1. m-accretive mappings and capillarity systems. The capillarity equation is an important
equation appeared in the capillarity phenomenon (see [20]) and the following capillarity systems
were studied in [21] as an example of m-accretive mappings in the Hilbert space L2(Ω) :
−div[(1+ |grad(u(i)(x))|pi√

1+|grad(u(i)(x))|2pi
)|grad(u(i)(x))|pi−2grad(u(i)(x))]

+λi(|u(i)(x)|qi−2u(i)(x)+ |u(i)(x)|ri−2u(i)(x))+u(i)(x) = fi(x), x ∈Ω,

−< ϑ ,(1+ |grad(u(i)(x))|pi√
1+|grad(u(i)(x))|2pi

)|grad(u(i)(x))|pi−2grad(u(i)(x))>= 0, x ∈ Γ, i ∈ N,
(3.1)

where | · | and < ·, ·> denote the norm and inner-product in Rn, respectively.
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The study on (3.1) was based on the following assumptions in [21].
(1) Ω is bounded conical domain in Rn (n ∈ N) with Γ ∈ C1, ϑ is the the exterior normal

derivative of Γ, λi is a positive number and fi(x) ∈ Lpi(Ω) is a given function, for i ∈ N.

(2) For i∈N, 2n
n+1 < pi <+∞. If pi≥ n, then 1≤ qi,ri <+∞. If pi < n, then 1≤ qi,ri≤ npi

n−pi
.

The following results were proved in [21].

Lemma 3.3. [21] The mapping Ui : W 1,pi(Ω)→ (W 1,pi(Ω))∗ defined by

〈v,Uiu〉=
∫

Ω
< (1+ |grad(u(x))|pi√

1+|grad(u(x))|2pi
)|grad(u(x))|pi−2grad(u(x)),grad(v(x))> dx

+λi
∫

Ω
|u(x)|qi−2u(x)v(x)dx+λi

∫
Ω
|u(x)|ri−2u(x)v(x)dx,

for ∀u,v ∈W 1,pi(Ω), is everywhere defined, hemi-continuous, monotone and coercive, for each
i ∈ N.

Lemma 3.4. [21] Define Bi : L2(Ω)→ L2(Ω) by

D(Bi) = {u ∈ L2(Ω)| ∃ f ∈ L2(Ω) such that f ∈Uiu}.

For u∈D(Bi), Biu= { f ∈ L2(Ω) | f ∈Uiu}. Then Bi : L2(Ω)→ L2(Ω) is m-d-accretive, ∀i∈N.

Remark 3.5. From Lemma 3.3, we see that an m-d-accretive mapping Bi is defined in a Hilbert
space L2(Ω) based on capillarity systems (3.1), ∀i ∈ N.

3.2. m-d-accretive mappings in a Banach space and capillarity systems. A new m-d-accretive
mapping, which is different from Bi in Lemma 3.3, will be defined based on capillarity systems
(3.1) again.

Suppose 1
pi
+ 1

p′i
= 1, 1

qi
+ 1

q′i
= 1, and 1

ri
+ 1

r′i
= 1, for i ∈ N. We use ‖ · ‖Lpi(Ω), ‖ · ‖Lp′i(Ω)

,

‖ · ‖W 1,pi(Ω) and ‖ · ‖
W 1,p′i(Ω)

to denote the norms in Lpi(Ω), Lp′i(Ω), W 1,pi(Ω) and W 1,p′i(Ω),
respectively.

In the following, we suppose 2≤ p′i <+∞ and 1≤ qi,ri <+∞, ∀i ∈ N.

Lemma 3.6. The mapping Ũi : W 1,p′i(Ω)→ (W 1,p′i(Ω))∗ defined by

〈v,Ũiu〉=
∫

Ω

< (1+
|grad(|u|p′i−1sgnu‖u‖2−p′i

p′i
)|pi√

1+ |grad(|u|p′i−1sgnu‖u‖2−p′i
p′i

)|2pi

)|

×grad(|u|p
′
i−1sgnu‖u‖2−p′i

p′i
)|pi−2grad(|u|p

′
i−1sgnu‖u‖2−p′i

p′i
),

grad(|v|p
′
i−1sgnv‖v‖2−p′i

p′i
)> dx,

for ∀u,v ∈W 1,p′i(Ω), is everywhere defined, hemi-continuous and monotone, for each i ∈ N.
Then Lemma 3.2 implies that it is maximal monotone, for each i ∈ N.

Proof. We split the proof into three steps.
Step 1. Ũi is everywhere defined.
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In fact, for ∀u,v ∈W 1,p′i(Ω), one has

|〈v,Ũiu〉|

≤ 2
∫

Ω

|grad(|u|p
′
i−1sgnu‖u‖2−p′i

p′i
)|pi−1×|grad(|v|p

′
i−1sgnv‖v‖2−p′i

p′i
)|dx

≤ 2(p′i−1)pi‖u‖(2−p′i)(pi−1)
p′i

‖v‖2−p′i
p′i

∫
Ω

|u|2−pi|gradu|pi−1|v|p
′
i−2|gradv|dx

≤ 2(p′i−1)pi‖u‖(2−p′i)(pi−1)
p′i

‖v‖2−p′i
p′i

(
∫

Ω

|u|p
′
i−pi|gradu|pidx)

1
p′i

× (
∫

Ω

|v|(p′i−2)pi|gradv|pidx)
1
pi

≤ 2(p′i−1)pi‖u‖(2−p′i)(pi−1)
p′i

‖v‖2−pi
p′i
‖u‖2−pi

p′i
‖|gradu|‖

pi
p′i
p′i
‖|gradv|‖p′i

‖v‖
p′i−pi

pi
p′i

≤ 2(p′i−1)pi‖u‖pi−1
1,p′i
‖v‖1,p′i

.

Therefore, Ũi is everywhere defined.
Step 2. Ũi is monotone.
For ∀u,v ∈W 1,p′i(Ω), one has

〈u− v,Ũiu−Ũiv〉

=
∫

Ω

< (1+
|grad(|u|p′i−1sgnu‖u‖2−p′i

p′i
)|pi√

1+ |grad(|u|p′i−1sgnu‖u‖2−p′i
p′i

)|2pi

)

×|grad(|u|p
′
i−1sgnu‖u‖2−p′i

p′i
)|pi−2grad(|u|p

′
i−1sgnu‖u‖2−p′i

p′i
)

− (1+
|grad(|v|p′i−1sgnv‖v‖2−p′i

p′i
)|pi√

1+ |grad(|v|p′i−1sgnv‖v‖2−p′i
p′i

)|2pi

)

×|grad(|v|p
′
i−1sgnu‖v‖2−p′i

p′i
)|pi−2grad(|v|p

′
i−1sgnv‖v‖2−p′i

p′i
),

grad(|u|p
′
i−1sgnu‖u‖2−p′i

p′i
)−grad(|v|p

′
i−1sgnv‖v‖2−p′i

p′i
)> dx≥ 0.

Therefore, Ũi is monotone.
Step 3. Ũi is hemi-continuous.
It suffices to show that, for ∀u,v,w ∈W 1,p′i(Ω) and t ∈ [0,1], 〈w,Ũi(u+ tv)− Ũiu〉 → 0 as

t→ 0. In fact, using Lebesgue’s dominated convergence theorem, one has
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|〈w,Ũi(u+ tv)−Ũiu〉|

=
∫

Ω

|(1+
|grad(|u+ tv|p′i−1sgn(u+ tv)‖u+ tv‖2−p′i

p′i
)|pi√

1+ |grad(|u+ tv|p′i−1sgn(u+ tv)‖u+ tv‖2−p′i
p′i

)|2pi

)

×|grad(|u+ tv|p
′
i−1sgn(u+ tv)‖u+ tv‖2−p′i

p′i
)|pi−2

×grad(|u+ tv|p
′
i−1sgn(u+ tv)‖u+ tv‖2−p′i

p′i
)

− (1+
|grad(|u|p′i−1sgnu‖u‖2−p′i

p′i
)|pi√

1+ |grad(|u|p′i−1sgnu‖u‖2−p′i
p′i

)|2pi

)|

×grad(|u|p
′
i−1sgnu‖u‖2−p′i

p′i
)|pi−2grad(|u|p

′
i−1sgnu‖u‖2−p′i

p′i
)|

× |grad(|w|p
′
i−1sgnw‖w‖2−p′i

p′i
)|dx→ 0,

as t→ 0. Therefore, Ũi is hemi-continuous. This completes the proof. �

Lemma 3.7. The mapping Ṽi : W 1,p′i(Ω)→ (W 1,p′i(Ω))∗ defined by

〈v,Ṽiu〉=
∫

Ω

uvdx,

for ∀u,v ∈W 1,p′i(Ω), is everywhere defined, hemi-continuous and monotone, for each i ∈ N.
Then Lemma 3.2 implies that it is maximal monotone, for each i ∈ N.

Proof. We split the proof into three steps.
Step 1. Ṽi is everywhere defined.
In fact, for ∀u,v ∈W 1,p′i(Ω), one has,

|〈v,Ṽiu〉| ≤
∫

Ω

|u||v|dx≤ ‖u‖pi‖v‖p′i
≤ ‖u‖1,p′i

‖v‖1,p′i
.

Therefore, Ṽi is everywhere defined.
Step 2. Ṽi is monotone.
For ∀u,v ∈W 1,p′i(Ω), one has

〈u− v,Ṽiu−Ṽiv〉=
∫

Ω

(u− v)(u− v)dx≥ 0.

Therefore, Ṽi is monotone.
Step 3. Ṽi is hemi-continuous.
It suffices to show that for ∀u,v,w ∈W 1,p′i(Ω) and t ∈ [0,1], 〈w,Ṽi(u+ tv)− Ṽiu〉 → 0, as

t→ 0. In fact, using Lebesgue’s dominated convergence theorem, one has

|〈w,Ṽi(u+ tv)−Ṽiu〉| ≤
∫

Ω

|(u+ tv)−u||w|dx = |t|
∫

Ω

|v||w|dx→ 0,

as t→ 0. Therefore, Ṽi is hemi-continuous. This completes the proof. �
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Remark 3.8. [16] There exists a maximal monotone extension of Ũi from Lp′i(Ω) to Lpi(Ω),
which is denoted by Ui, for i∈N. There exists a maximal monotone extension of Ṽi from Lp′i(Ω)
to Lpi(Ω), which is denoted by Vi, for i ∈ N.

Lemma 3.9. [22] For 2 ≤ p′i < +∞, the normalized duality mapping Ji : Lp′i(Ω)→ Lpi(Ω) is

defined by: Jiu = |u|p′i−1sgnu‖u‖2−p′i
p′i

, for ∀u ∈ Lp′i(Ω) and i ∈ N. And then, J−1
i : Lpi(Ω)→

Lp′i(Ω) is defined by: J−1
i u = |u|pi−1sgnu, for ∀u ∈ Lpi(Ω) and i ∈ N.

Theorem 3.10. The mapping Ai : Lpi(Ω)→ Lpi(Ω) defined by

(Aiu)(x) =UiJ−1
i u(x), ∀u(x) ∈ Lpi(Ω),

is m-d-accretive, ∀i ∈ N.

Proof. Since Ui is monotone, we have, for ∀u,v∈ Lpi(Ω), 〈Aiu−Aiv,J−1
i u−J−1

i v〉= 〈UiJ−1
i u−

UiJ−1
i v,J−1

i u− J−1
i v〉 ≥ 0, for i ∈ N. For ∀ f (x) ∈ Lpi(Ω), there exists u(x) ∈ Lp′i(Ω) such that

Jiu+λUiu = f (x), ∀i ∈ N. For this u(x), Lemma 1.1 implies that there exists u∗(x) ∈ Lpi(Ω)
such that u(x) = J−1

i u∗(x), for i ∈N. Therefore, u∗(x)+λUiJ−1
i u∗ = u∗+λAiu∗ = f (x), which

implies that Lpi(Ω)⊂R(I+λAi), for ∀λ > 0 and i∈N. That is, Lpi(Ω)=R(I+λAi), for ∀λ > 0
and i ∈ N. Then Ai is m-d-accretive, for ∀λ > 0 and i ∈ N. This completes the proof. �

Theorem 3.11. The mapping Ci : Lpi(Ω)→ Lpi(Ω) defined by

(Ciu)(x) =ViJ−1
i u(x), ∀u(x) ∈ Lpi(Ω),

is m-d-accretive, for i ∈ N.

Proof. From Theorem 3.10, the result follows immediately. This completes the proof. �

We can easily obtain the following results.

Theorem 3.12. If fi(x) ≡ λi(|k|qi−1 + |k|ri−1)sgnk + k, where k represents constant in (3.1),
then {u(i)(x)≡ k : i ∈ N} is the solution of capillarity systems (3.1).

Theorem 3.13. The mapping Ci : Lpi(Ω)→ Lpi(Ω) defined by

(Ciu)(x) =Ciu(x)−|k|pi−1sgnk, ∀u(x) ∈ Lpi(Ω),

where k is as in Theorem 3.12, is also m-d-accretive, for i ∈ N.

Theorem 3.14. Under the assumption of Theorem 3.12, we have

{u(i)(x)≡ k : i ∈ N} ⊂ (
∞⋂

i=1

N(Ai))
⋂
(

∞⋂
i=1

N(Ci)).

Proof. In fact, if u(i)(x) ≡ k, then Aiu(i)(x) ≡ Aik = UiJ−1
i k = ŨiJ−1

i k, which ensures that
〈v,ŨiJ−1

i k〉 ≡ 0, for ∀v(x) ∈W 1,pi(Ω), i ∈ N. Therefore, ŨiJ−1
i k ≡ 0. So,

{u(i)(x)≡ k : i ∈ N} ⊂
∞⋂

i=1

N(Ai).

If u(i)(x)≡ k, then

Ciu(i)(x)≡Cik =Cik−|k|pi−1sgnk =ViJ−1
i k−|k|pi−1sgnk = ṼiJ−1

i k−|k|pi−1sgnk.
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Therefore,

〈v,ṼiJ−1
i k−|k|pi−1sgnk〉=

∫
Ω

(J−1
i k−|k|pi−1sgnk)vdx

=
∫

Ω

(|k|pi−1sgnk−|k|pi−1sgnk)vdx = 0.

Then Cik = 0, which implies that {u(i)(x)≡ k : i ∈ N} ⊂
⋂

∞
i=1 N(Ci). This completes the proof.

�

Remark 3.15. From Theorem 3.14, we see that the assumption that ”(
⋂

∞
i=1 N(Ai))

⋂
(
⋂

∞
i=1 N(Bi))

6= /0” in Theorem 2.1 is valid. Then Theorem 2.1 can be applied to approximate the common
zeros of two infinite families of m-d-accretive mappings related to capillarity systems (3.1).
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