J. Nonlinear Funct. Anal. 2020 (2020), Article ID 11 https://doi.org/10.23952/jnfa.2020.11

fuct f
m—

g—g@ Journal of Nonlinear Functional Analysis

MATHRES Available online at http://jnfa.mathres.org

A NEW SHRINKING ITERATIVE SCHEME FOR D-ACCRETIVE MAPPINGS
WITH APPLICATIONS TO CAPILLARITY SYSTEMS

LI WEI'*, YA-NAN ZHANG!, RAVI P. AGARWAL?

1School of Mathematics and Statistics, Hebei University of Economics and Business, Shijiazhuang 050061, China
2Department of Mathematics, Texas A & M University-Kingsville, Kingsville, TX 78363, USA
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1. INTRODUCTION AND PRELIMINARIES

Assume that E is a real Banach space with E* being its dual space. We use (x, f) to denote
the value of f € E* atx € E. “—” and “—" denote strong and weak convergence either in E or
E*, respectively.

Recall that a function Og(¢€) : (0,2] — [0,1] is called the modulus of convexity of E if it
is defined by & (e) = inf{ 2220 x| = Iyl = 1, |x —y|| > €}, 0 < & < 2. E is said to be
uniformly convex iff 0g(0) =0, and 6g(€) > O forall 0 < € < 2.

Recall that a function pg : [0,00) — [0,0) is called the modulus of smoothness of E if it is
defined by

( x4yl +[lx =yl -2
2
E is said to be uniformly smooth iff pET(t) — 0ast — 0. It is known that E* is uniformly convex
iff E is uniformly smooth.
Further, one recalls that the normalized duality mapping Jg+ : E* — 2F is defined by

g (u) = {x € E: {x,u) = |lx||* = [u]]*}, u € E”.

PE(t) = sup 1x € B, [y <1}
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Similarly, one also has the normalized duality mapping Jg : E — 25~ defined by
Je(u) = {x € E*: (xyu) = [|x[|* = [|u|*}, u € E.

One usually use jg+ and jg to denote the single-valued normalized duality mappings and one
also knows that normalized duality mappings are single-valued in smooth Banach spaces.

LetA: D(A) C E — E be a mapping. In this paper, we use N(A) to denote the set of zeros of
A. Thatis, N(A) = {x € D(A) : Ax = 0}. Recall that

(1) A is said to be d-accretive iff, for all x,y € D(A), (Ax — Ay, je(x) — je(y)) > 0, where
Je(x) € Jp(x), je(y) € JE(Y);

(2) A is said to be m-d-accretive iff A is d-accretive and R(I + AA) = E, for VA > 0;

(3) A is said to be accretive iff, for all x,y € D(A), (Ax— Ay, je(x—y)) > 0, where jg(x—y) €
JE(X—Y);

(4) A is said to be m-accretive iff A is accretive and R(I+ AA) = E, for VA > 0.

It is easy to see that in a non-Hilbertian Banach space, d-accretive mappings and accretive
mappings are two different types of nonlinear mappings.

Let T : E — E be a mapping. We use F(T) to denote the set of fixed points of 7. That is,
F(T)={xeD(T): Tx=x}.Recall that T is nonexpansive iff || Tx —Ty|| < ||[x—y||, Vx,y € E,
and T is pseudocontractive iff (Tx — Ty, jg(x —y)) < ||x —y||?, Vx,y € E.

Recall that a mapping S C E* x E is said to be monotone iff (x; —xp,y; —y2) > 0, for Vy; €
D(S), Vx; € Sy;,i = 1,2. A monotone mapping S is called maximal monotone iff R(Jg+ +AS) =
E, VA > 0. Recall that the Lyapunov functional ¢ : E* x E* — R™ [1] is defined as follows:

0 (x,) = [[xl* —2{je ), x) + VN7, Yoy € E*, = (v) € T+ (v).

Let {K} be a sequence of nonempty closed and convex subsets of E*. One recalls from [2]
that

(1) s-liminf K}, which is called the strong lower limit of {K'}, is defined as the set of all
x € E* such that there exists x, € K}, for almost all n and it tends to x as n — oo in the norm.

(2) w-limsup K', which is called the weak upper limit of {K;'}, is defined as the set of all
x € E* such that there exists a subsequence {K; } of {K,} and x,,, € K;; for every ny, and it
tends to x as n,, — o in the weak topology;

(3) If s-liminf K} = w-limsup K};, then the common value is denoted by limK; .

Let K be a nonempty convex and closed subset of space E. Let Q be a mapping of E onto
K. Then Q is said to be sunny [3, 4, 5] if Q(Q(x) +¢(x — Q(x))) = Q(x), for all x € E and
t > 0. A mapping Q : E — K is said to be a retraction if Q(z) = z for every z € K. If E is a uni-
formly smooth and uniformly convex Banach space, then the sunny generalized non-expansive
retraction of £ onto K is uniquely decided, which is denoted by Rg.

Recall that [6, 7] if E* is a real uniformly smooth and uniformly convex Banach space and
K* is a nonempty, closed and convex subset of E*, then we have the facts (1) for each x € E*,
there exists a unique element v € K* such that ||x — v|| = inf{||x—y|| : y € K*}. Such an element
v is denoted by Px+x and Pg+ is called the metric projection of E* onto K*; (2) for each x € E*,
there exists a unique element xy € K* satisfying ¢ (xo,x) = inf{@(z,x) : z € K*}. In this case,
Vx € E*, one defines [1g+ : E* — K* by I1g+«x = x¢, and Ik~ is called the generalized projection
from E* onto K*.

Numerous results on iterative methods for approximating zeros of m-accretive mappings have
been obtained during past 20 years, see for examples [8, 9, 10, 11, 12, 13] and the references
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therein. However, less research investigation has been done on d-accretive mappings. The
class of d-accretive mappings is also worth studying since it has a close relation with practical
problems, see, e.g., [14, 15].

In particular, Wei, Liu and Agarwal [14] presented the following block projection iterative
scheme for a finite family of m-d-accretive mappings {A;}" | C E x E:

(

x| €E,
Un = YT i[O i+ (1 — i) (T4 1iA7) "),
Vil = L7y bl Brixn + (1= Bui) (I + 50,iAi) "y,
H —E,
Hy1 ={2 € Hy: 0(vn,2) < 0(xn,2)},

[ Xnt1 = Ry, ., x1, neN.

(1.1)

Under mild assumptions, the sequence {x,} generated by (1.1) was proved to be strongly con-
vergent to an element in (/; N(A;), where Ry, is the sunny generalized non-expansive re-
traction from E onto H,. | and @ : E x E — R" is the Lyapunov functional. Moreover, the
following nonlinear elliptic boundary value problem was also presented in [14] to support the
m-d-accretive mappings:

{—div(oc(gmdu)) + ulP2u+g(x,u(x)) = f(x), a.e. inQ,
—(0, 0(gradu)) € Be(u(x)), a.e.inT.

In this paper, we investigate two groups of countable families of m-d-accretive mappings
{A;}3 | and {B;}? | via a new shrinking iterative schemes and present an example of capillarity
systems to enrich the background of m-d-accretive mappings, which is one of the highlights.
The other highlight is that we construct two key groups of sets {U, } and {X,,} and choose the
iterative elements {y,} and {u,} arbitrarily in two subsets of {U,} and {X,}, respectively. The
following lemmas are important for our main results.

(1.2)

Lemma 1.1. [6] Let E be a real uniformly smooth and uniformly convex Banach space. Then
the normalized duality mappings Jg : E — 25" and Jg+ : E* — 2F have the following properties:

(i) both Jg and Jg~ are single-valued and surjective;

(ii) Jp» = J5 '

(iii) both Jg and Jg+ are uniformly continuous on each bounded subset of E or E*, respec-
tively;

(iv) for x € E and k € (0,+00), Jg(kx) = kJg(x); for u € E* and k € (0,+), Jg(ku) =
kJE* (u)
Lemma 1.2. [16] Let S C E* X E be a maximal monotone mapping. Then

(1) N(S) is a closed and convex subset of E*;

(2) if yo — y and x,, € Sy, with x, — x, or y, — y and x, € Sy, with x,, — x, then y € D(S)
and x € Sy.

Lemma 1.3. [17] Let E be a real uniformly smooth and uniformly convex Banach space. If
limK}; exists and is not empty, then {Px:x} converges strongly to Py Kk:X for every x € E*.

Lemma 1.4. [2] Let {K;} be a decreasing sequence of closed and convex subsets of E*, i.e.
Ky C K}, if n > m. Then {K;;} converges in E* and limK;; = (", K.
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Lemma 1.5. Let E be a real uniformly smooth and uniformly convex Banach space and B C
E x E be an m-d-accretive mapping with N(B) # 0. Then for ¥x € E*, ¥z € N(B) and ¥r > 0,
one has:

¢ (Jez, (Jg + rBJgs) " gex) + ¢ (Jg+ + rBJg:) " pex,x) < ¢ (Jgz,x).
Proof. Observe that
Je-(Jgr 4 rBJg<) " WUgx+ rBlJg: (Jg« +rBlg:) Jpx] = Jpsx, Vx€ E*,r>0.
Since B is m-d-accretive, we have

((Jg+ +rBJg )\ Jgx — Jpz, BJg«(Jgs 4 rBJg<) " Jgex) >0

Using the definition of Lyapunov functional, we have
¢ (Jgz,x) — 0 ((Jgr + rBJgs) " pex,x) — 0 (Jpz, (Jg+ + rBJp+) " Jpx)
= 2(Jpz,Jg+ (Jp+ +rBJgs) VJpx — Jpx)
—2((Jg+ 4+ rBJg<) " pex,Jps (Jpe +rBJgs)  px — Jpx)
= 2r((Jg+ 4+ rBJg+) " Wgx — Jpz, BJg+ (Jp+ + rBJp<) ' Jpx) >0,

which concludes the desired conclusion. This completes the proof. 0

Lemma 1.6. [7] Let E be a real uniformly smooth and uniformly convex Banach space and let
{xn} and {y,} be two sequences in E. If either {x,} or {y,} is bounded and ¢ (x,,y,) — 0 as
n — oo, then x, — y, — 0 as n — oo.

Lemma 1.7. [18] Let E be a real uniformly convex Banach space and r € (0,+o0). Then there
exists a continuous, strictly increasing and convex function g : [0,2r] — [0, +o0) with g(0) =0
such that

o+ (1= k)y[1* < klxl® + (1= K)[ylI* = k(1 = k)g([lx = 1)),
forke[0,1], x,y € E with ||x|| < rand ||y|| <.

Lemma 1.8. [1] Let E* be a real strictly convex and smooth Banach space and K* a nonempty
closed and convex subset of E*. Then, Vx € E*,y € K*, ¢ (y,IIg+x) + ¢ (Ig=x,x) < ¢ (y,x).

2. THE ITERATIVE SCHEMES

In this section, unless otherwise stated, we always assume that:

(1) E is a real uniformly smooth and uniformly convex Banach space;

(2) A;, B; C E X E are m-d-accretive mappings, for each i € N with ((;2; N(A;)) NN~ N(Bi)) #
0;

(3) Jg : E — E* and Jg~ : E* — E are normalized duality mappings;

(4) {a,} and {B,} are real number sequences in [0,1), {A,} and {§,} are real number se-
quences in (0,+oeo), {r,;} and {s,;} are real number sequences in (0,+c), {a,;} and {b,;}
are real number sequence in (0,1) with Y° a,; =Y | by =1, fori,n € N;

(5) {en}, and {&,} C E* are the computational errors.
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Theorem 2.1. Let {u,} be generated by the following iterative scheme:

((uy € E*,e1 € E* € € E¥,
v = Jg[CErttn + (1 — ) Ty an iJE-(JE= + 1niAidE) VT (U + €4))
U =E"=V,
n+1 {P €X,: <JE*Vn — O JE+uy — (1 - an)-]E* (un +€n),P>

> HVnHZ_an””n”z (1 Ocn)Hu,,—i-e,,H

Var1 ={p € Ups1 : [Ju1 — P||2< HPUH(MI)_MIH +Aus1},
Yn € Va1, (2.1)
zn = Je[Buderttn + (1= Bu) X5y buide* (Jg= + Sn,iBiJgx) " g (yn + &),
X1 ={p € Uny1 : (Jerzn — BuJEsttn — (1 = Bu)JE(Yn + &), P)
> HZnH2 ﬁn”"nuz (1 ﬁn)”yn“'snu }

Vot = {p € X ¢ i — pIP < 1Py e () = w2+ 8n1 3,
Un+1 € Yot1,
\ M_n:JE*Mn, I’ZGN.

If (i) inf, ry ; > 0,infys,; > 0 fori € N; (ii) Ay — 0,6, — 0, as n — oo; (iii) 0 < sup, o, < 1 and

0< sup,, Bn <1; (iv) e, — 0,8, —0asn— oo, thenu,, — JE*P(ﬂ;1N(AiJE*))n(ﬂT:1N(BiJE*))(Ml) c

(M1 N(A))N(NZ 1 N(Bi)), as n — ee.
Proof. We split the proof into nine steps.

Step 1. (NiZ1 N(AJEe=)) N(NiZ N(BiJE+)) # 0.

Since (N7 N(A;))N(Ni=; N(Bi)) # 0, we see there exists xo € (= N(A;)) N(Ni=; N(Bi))
such that A;xg = B;xg, for i € N. For xq, using Lemma 1.1, one sees that there exists yy € E*
such that xo = Jg+yo, which implies A;Jg«yg = B;iJg+yo, for i € N. Therefore,

[} o)

(NN A (N (BiE-)) #0.

i=1 i=1

Step 2. ((iZ N(AiJe+)) (N2 N(BiJE+)) C Up Xy, for n € N.
It is obviously true for n = 1. Suppose that it is true for n = k. If n = k+ 1, for Vp €
(Mi=; N(AiJe+)) N(Ni=; N(BiJE+)), then one obtains from Lemma 1.5 and (2.1) that

O (P, vis1)

< i 10(py i) + (1= 0i1) Y axi1,:0(p, (Jee + ris1,iAdE=) " e (1 + €x41))
=

< 010 (putgy1) + (1 — 0y 1) O (P gy 1 +exp1).

From the definition of Lyapunov functional, one has

(JE- Vi1 — O 1 JE g1 — (1 — Q1 ) JE (U1 + €k41), D)
> HVk+lHz_ak-&-l””k-H||2_2(1_ak+l)””k+l+ek+lH2

Y
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which implies p € Uj,,. Using Lemma 1.5 and (2.1) again, one has
O (P, 2k+1)
< Bis10(pyurs1) + (1= Bry1) Zi b 10 (p, (Jg+ + sk1,BiJer) g kg1 + E1))
im
< Ber1®(py 1) + (1= Brs 1)@ (P, Yiew 1 + Eie1)-
From the definition of Lyapunov functional, we have

(e 2k — BrrtJes w1 — (1= By 1)JE* (Vkr 1 + Ek11), )
> \|Z/<+1\|2*ﬁk+1||vk+1Hz*z(l*ﬁ/m)||yk+1+8k+1H2
- )

which implies that p € Xj.,. Then by induction, one has p € U, (X, forn € N.

Step 3. PUn (ul) — Pﬂ;:l Um(ul)a PX,, (Lt]) — Pﬂ:;zlxm (ul), as n —» oo,

It is easy to see from the definitions of U, and X, in (2.1) that both U, and X, are closed and
convex subsets of E*, for each n € N.

Therefore, Lemmas 1.3 and 1.4 imply that Py, (u1) — Pn=_, v, (1), Px, (u1) = Prg_ x,, (u1)
as n — oo,

Step 4. Pﬂ2:1 Um(ul) = PﬂZ:IXm(ul)'
From (2.1), X,,11 C Uy ensures that (), _; X; C ();,— Un- On the other hand, U; = E* and
U,+1 C X, imply that

(Y Un= () Un+1 C (] Xn-
m=1 m=1 m=1

Therefore, (V1 Un = (=1 Xm and Pn=_ v, (u1) = Prg=_ x,, (u1).

Step 5. Both {y,} and {u, } are well-defined.
In fact, it suffices to show that V,, # @ and Y, # 0, for each n € N. Since

2 —w||= inf [g—
1Py, (u1) —u| qlngq u |,

we find that, for A, 1, there exists k,, € U, 1 such that

ey = kal|* < (infgerr,y g — w1 1)? +Ansr = 1Py, (1) =t [P + A
Therefore, V,, # 0. Similarly, Y,, # 0, for each n € N. So both {y,} and {u,} are well-defined.
Step 6. Both {y,} and {u,} are bounded.
Since y, € V41, we have
s = yall® < 1Py, (1) =101 | + 1.

Since {Py, (u1)} is convergent and A, — 0, we conclude that {y,} is bounded. Similarly, {u,}
is also bounded.

Step 7. u,, — Pﬂff:lUn(ul) = Pﬂff:lxn (ul) and y, — Pm;?:l U, (ul) = Pﬂ;‘;an (u1 ), as n — oo,
Since y, € V11 C Up41 and U, is convex, we have, for Vk € (0,1), kPy, , (u1) + (1 —k)y, €
Uy+1. Thus

1Py, (u1) —ur || < [[kPy, . (u1) + (1 —k)y, —ui|.
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Using Lemma 1.7, we have
1Py, ., (1) = |
< kP, ., (1) + (1= K)yn =1 ||®
< Kl|Py, ., (1) =i [+ (L= k) |lyn — w1 > = k(1 = K)g (|| Py, (u1) = yall).

Therefore, kg([IP,,, (1) — yall) < lva — 01| = 1Py, 1) — 1P < Ay — 0, a5 1 — oo
Then y, — Py,,,(u1) — 0, as n — . Combining Steps 3 and 4, we have y, — Pn=_ v, (u1) =
Pr=_ X, (uy), as n— oo. Since u, 41 € Y, 1 C X,11 and X, is convex, we have, for each k € (0, 1),
kPXnJrl (1) + (1 —k)ups1 € Xyt1- Thus

1Py, (r) = i < (kP (1) + (1= K)utn1 — .
Using Lemma 1.7 again, we have

1Py, ., (1) = ||?

< [lkPy, ., (1) + (1 = Kty 1 — w1 ||?

< K[|Py,.y (1) =g |2 4 (U= k) a1 — a1 > = k(L =K)g (|| Px, ,, (1) — e ).

Therefore, kg([| P, ., (1) = tns1]]) < lttns1r —ur | =[Py, (ur) = wn]|* < Gp1 — 0, a8 n — oo,
Combining with Steps 3 and 4, we have u, — Pry_ x, (u1) = Py, (u1), as n — oo.

Step 8. Fye_, v, (ur) = Py x, (1) € (N2 N(AE)) (N2 N (BiJg+) )
For Vg € (Ni=; N(AiJe+)) N(Ni=; N(BiJg+)), using Lemma 1.5 and (2.1), we have
¢(q,vn)

< 00 (q,un) + (1 — o) Zamid)(q, (Jg + rniAidgs) " g (n +e,))

i=1
< (g, un) + (1= 0) Z ani®(q, (Jg= + 1o Aides) " g (un +e,))
i=1,iio
+ (1= ) anig9(q, (Je+ + rigAigJe) " Tp+ (1n + €n))
< (g, un) + (1= 0) Z ani®(q, (Jg= + roAides) " g (un +e,))
i=1,ii
+ (1= ) i[9 (g, tn + €n) — O (T + FuigAigJes ) TE (1 +en), tn +e5)]
< a’lq)(%un) =+ (1 - an)q)(q’Ltn +en>
- (1 - an)an,i0¢((JE* + rn,ioAiOJE*)_]JE* (”n +en)7un +en)-

Thus |
(1 - an)an,iO(P((JE* + rn,ioAiOJE*)i JEx (”n +en)7un + en)

< an¢<%un) + (1 - an)q)(CIaun +en> - ¢<Q>Vn)>
which ensures from Lemma 1.6 and 0 < sup,a,, < 1 that

Tim (U + rnigAige-) ™ e (€)= (1 + ) = 0.
Setting &, i, = (Jp= + rm-oA,-OJE*)_]JE* (uy + en), we have
Je<€n iy + TnigAigJE*Enip = JE (Utn + €11).
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Note that &, ;, — Pn= v, (1), up — P, v, (1), ex — 0 and inf,ry, ;, > 0. Using Lemma 1.1,
we have that A,-OJE*én,io — 0, as n — oo. It is not difficult to check that A;)Jp+ C E* X E is max-
imal monotone. So, Lemma 1.2 implies that A= v, (u1) € N(A;,Je+). Repeating the above, we
can see that, for Vi € N, Py, (u1) € N(AJg+). It follows that Pn= ¢, (u1) € (2 N(AJE+).
Similarly, Pﬂ;le U, (ul) S ﬂ;x}:l N(BiJE*).

Step 9. Py, v, (1) = Pz, x, (1) = Py v(awg ) (O N (B ) (1)

From Step 8, we see that

1Pz, v, () —ur | > 1Pz v(ae ) N N(Bigs)) (1) — ua -

From Step 1, we see that

1Pz, N ) N N (B )) 1) — ]| > [P, o, (1) — un []-
Therefore,

1P, v, (1) — || = [Pl M) VO, N(Big)) (1) — ]|
Since P g, (u1) is unique, we have Pn= , (u1) = Pn= N ) (N, N(Bg)) (1) Using
Lemma 1.1, we have u,, — ‘]E*P(ﬂ?ll N(ATp)) (N5 N(Bidg)) (1) € (N2 N(A)) NN N(Bi)),
as n — oo. This completes the proof. 0

From Theorem 2.1, we have the following results.

Corollary 2.2. Let {uy,} be generated by the following iterative scheme:

((uy € E*,ey1 € E* € € E¥,
v = Jg[OpJpetty + (1 — 0) Yo an g (T + 1 iAidg) ™ g (un + €4)],
U= E* = Vl7
Upi1 ={p € Xy : (Jp=vyn— uJpuy — (1 — 04y)Jg(upn +€,), p)
> HVnHz—f%n||Mn||2—2(1—(%n)l\urnLenHz}7

yn:PUmH(ul)? (2.2)
z2n =JE [ﬁnJE*un + (1 - Bn) 2;0:1 bn,iJE* (JE* + Sn,iBi-]E*)il-]E* (yn + gn)]a
Xot1=1{p € Unt1 : Jpzn — BuJpsttn — (1 = Bu)JE=(Vn + €1), D)
> HZnH2—Bn||vn\|2—2(1—l3n)||yn+€n\|2}
Yot = {p € X1t ur = p[> < ||Px,,, (1) — 1> + i1},
Un+1 € Yot1,
\ u_n:JE*un, n e N.
If the assumptions (i), (iii) and (iv) of Theorem 2.1 hold and (ii)’ 8, — 0, as n — 0, then
Un = JE- Pz | N(Ag) N7 NBige)) 1) € (M2 N (AD)) (N2 N (Bi)), as n — oo
Proof. Putting y, = Py, (u1) in Theorem 2.1, we have scheme (2.2). We only need modify
Steps 6 and 7 in Theorem 2.1 to get the results.

Step 6. Both {y,} and {u,} are bounded.
Since y, = Py, (u1), we have, Vg € (21 N(AiJe+)) N(MiZ1 N(BiJE+)) C Untis [lur —yall <
|lg — u1||, which implies that {y,} is bounded. Since u, | € Y, 1|, we have that

ey = st [ < (1P, (1) = ][> + By

Since {Px, (u1)} is convergent and &, — 0, we obtain that {u,} is bounded.
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Step 7. yp, — Pn;olen (ul) = Pn;o:lxn (ul) and u, — Pﬂ;;l U, (ul) = Pﬂf;lxn(“l)’ as n — oo,

It follows from Lemmas 1.3 and 1.4 that y, = Py, (u1) = Pn=_, v, (u1) = P x, (1), as
n — oo. Following Step 7 in Theorem 2.1, we have u, — Pr=_ x, (u1) = Pry_ y, (u1), as n — oo.
This completes the proof. 0

Similarly, we have the following two results.

Corollary 2.3. Let {uy,} be generated by the following iterative scheme:

((uy € E*,ei e E*, g € E™,
Vn = JE[anJE*un + (1 - an)z;ozl anJ'JE* (JE* + l”n,iAi]E*)_lJE* (un —|—en)],
U =E*=V,,

Uny1= {p €Xp: <JE*Vn O JE= Uy — (1 - an)JE* (I/tn +€n),p>

> [Vl |2 — [ 2(1 ) |[un+enl| }

Va1 = {p € Uns1 & [lur — plI* < ||Py,.., (u1) =[] + A1},
Yn S Vn+17

zn = JE[BnJErun + (1 — Bp) Yo bniJE (Jg= + Sn’,'B,'JE*)_IJE* (yn+ &),

Xpt1=1{p € Uns1 : JE*20n — BuJErttn — (1 — Bu)JEx (Yn + 1), P)
> HZVtH2 ﬁn”"n‘|2*2(1*Bn)||)’n+£n“2},

(2.3)

Upt1 :PXn+1 (ul)a
\ u_l’l:JE*urh neN.

If the assumptions (i), (iii) and (iv) of Theorem 2.1 hold and (ii)" A, — 0, as n — 0, then
Un = JE- Pz N(Ag) N7 NBige)) 1) € (M2 N (AD)) N(NiZ1 N(Bi)), as n — oo.

Proof. By taking u,1 = P, (u1) in (2.1), we have scheme (2.2). Similarly, we can obtain the
desired result immediately. 0

Corollary 2.4. Let {u,} be generated by the following iterative scheme:

((uy € E*,ei € E*, g € E™,
V= JE[oanE*un + (1 — Otn)zl?ozl am,'JE* (JE* —+ l’n’iAiJE*)_lJE* (Ltn +en)],
U =E*=V,,
U1 ={p € Xy : (Jprvyn— gty — (1 — 04,)Jg (up+e,), p)
> anHZ*O‘n||”n||2*2(1*an)””n+en|‘2}’

§ In :PUn+1(u1)7 (2.4)
zn = JE[Budertn + (1= Bu) X5y bu e (Jg= + Sn,iBiJex) " g (Y + €1)],
n+1 {]9 S Un—H <JE*Zn - ﬁnJE*un - (1 - ﬁn)JE* (yn + gn)7p>
> lal~ ﬁn||"n\|2—2(1—ﬁn)||yn+8n\|2},

un—‘,—l — PX,H_[ (I/ll),

\ u_n:JE*un, l’leN.

If the assumptions (i), (iii) and (iv) of Theorem 2.1, then
Uy = JE Pz N(Ag)) (N N (Bilg)) (1) € (MiZ1 N(A)) N(NiZy N(Bi)), as n— oo

Proof. By taking y, = Py, (u1) and u,+1 = P, (u1) in (2.1), we have scheme (2.4). Similarly,
we can obtain the desired result immediately. U
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Corollary 2.5. Let {u,} be generated by the following iterative scheme:

((u; € E*jej € E*, & € E™,
Vo = JE[On g tty + (1 — 0) 5| @ iJE (JE= + P iAid g )~V (n + €2)],
U =E* =V,
Upi1 ={p € X : (Jp=vn— g1y — (1 — 04y)Jg (up +ey), p)
> H"nHZ*O‘H||“n||2*2(1*O‘n)|"4n+en|‘2}7

Yn= HU,,+1 (l/tn),
zn =JE [ﬁnJE*un + (1 - ,Bn) 2;0:1 bn,iJE* (JE* + Sn7iBiJE*)71JE* (yn + Sn)]7
Xn+1 = {p € Un+1 : <JE*Zn _ﬁnJE*un - (1 - ﬁn)JE* (yn +8n)7p>

> Hanz_ﬁn”"nHZ_(]_ﬁn)”J’n“‘gnHz}’

2
Yort = {p € Xop1 : lur — plI> < ||Px,,, (1) — w1 ||* + 8,11},
ul’H—l € Yn+17
\ U, = Jg+uy, n € N.

(2.5)

If the assumptions that (i), (iii) and (iv) of Theorem 2.1 and (i)’ 6, — 0, as n — 0, then
Uy = JE P N(ATg ) (N NBig)) (1) € (MiZ1 N(A:)) N(NiZ1 N(Bi)), as n — oo

Proof. Putting y, = Iy, (u,) in Theorem 2.1, we have scheme (2.5). We only need modify
Steps 6 and 7 in Theorem 2.1 to get the results.

Step 6. Both {y,} and {u,} are bounded.
From Theorem 2.1, it is easy to see that {u,} is bounded. Since y, = Iy, (u,), we have

(o) (o)

Vg € ((\N(AJe)) (VN (BiJg+)) C Upsr.
i=1 i=1

Using Lemma 1.8, one has
(P(qayn) + q)()’n,un) S (P(q,un)
Thus {¢(q,yn)} is bounded. Since

¢ (q,n) = (lyall = llqll)?,

we have that {y,} is bounded.

Step 7. yp, — Pﬂ:’:l Un(ul) = Pﬂ:’:]Xn (ul) and u,, — Pﬂ::l U, (ul) = Pﬂ::lxn(ul) as n — oo,
From Theorem 2.1, we have u, — Pn= v, (u1), as n — oo. Since

up1 € Yur1 C Xyt CUpy,
we obtain from Lemma 1.8 that

O (Unr1,9n) + O (Vnsun) < O (pi1,un) — 0

as n — oo. Thus @(y,,u,) — 0, which implies from Lemma 1.6 that y, —u,, — 0. So y, —
Pn=_, vy, (u1) as n — oo. This completes the proof. O
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Corollary 2.6. Let {u,} be generated by the following iterative scheme:

((uy € E*,ei € E*, g € E™,
vn = Jg[OJE tty + (1 — 00) X7 ) an iJEx (JE + l’n,iAiJE*)_lJE* (ty + en)],
U =E*=V,,
Upy1 = {P €Xy: <]E*Vn O JE+ty — (1 an)JE* (un+en),P>
> [Vl |2 = a1 |2 — (1 ) [[un+enl| }

Vg1 ={p € Upy1 ¢ |Jur — P||2 <||Py,,, (1) —ur ||* + Apsa 3,
Yn € Vn+17
20 = JE[BudErttn + (1= Bu) X5y buidgs (Jg= + 5p,iBiJg) g (yn + €1)],
X1 =P € Uny1 : (JE+20 — BuJE*ttn — (1 — Bu)JE+ (Yn + &), P)
> |lzall*— Bn||Vn\|2*2(1*ﬁn)||yn+€n\|2}7

(2.6)

Un+-1 :HXnJrl (yn)7
\ U, = Jg+uy, n € N.

If the assumptions that (i), (iii) and (iv) of Theorem 2.1 and (ii)’ A, — 0, as n — 0, then
n = JE P N(ATg ) (N2 NBig)) (1) € (MiZ1 N(A:)) (N2 N(Bi)), as n — oo

Proof. By taking u, = Ilx,_, (yn) in (2.1), we have scheme (2.6). Similarly, we can obtain the
desired result immediately. U

Corollary 2.7. Let {u,} be generated by the following iterative scheme:

((uy € E*,e;1 € E* € € E¥,
Vi = Jg [ty + (1 — @) Y5y an iJE (JE + P iAidE) VT (n + €4)],
Uy =E =V,

Upi1 ={p € X : (Jp=vyn— g1y — (1 — 04)Jg(upn +e€,), p)
> H"nHz_o‘n||"‘n||2_2(1_O‘n)H”n""frlHZ}7

Yn = HU,,+1 (un); (27)
z2n =JE [ﬁnJE*un + ( Bn) 2;0:1 bn,iJE* (JE* + Sn,iBiJE*)il-]E* ()’n + 8’1)]7

n+1 {p S Un+1 <JE*Z11 - ﬁnJE*”n - (1 - Bn)JE* (yn + 8n)»P>
> lznll2— Bn”"nHz_z(l_ﬁn)||)7n+€;1“2}

Un+1 :Pxn+1(yn)7
\ U, =Jgun, n € N.

If the assumptions that (i), (iii) and (iv) of Theorem 2.1, then
Un = JE- POz | N(Ag) N7 NBig)) 1) € (M2 N (A)) (N2 N (Bi)), as n — oo

Proof. By taking y, = Iy, (u,) and u, 41 = Px,,,(u1) in (2.1), we have scheme (2.7). Simi-
larly, we can obtain the desired result immediately. U
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Corollary 2.8. Let {u,} be generated by the following iterative scheme:

((uy € E*,e1 € E* € € E¥,
v = Jg[CdErttn + (1 — 0) X5y an iJE-(JE= + 1niAidE) VT (n + €4)],
U =E"=V,
Upi1 =1{p € Xy, : Up=vy — o Jp<un — (1 — 04,)JE= (1 +€3), p)
> [lvall _O‘n”“n”z_z(l_O‘n)H”n"‘enH2}7

yn =Py, (u1), (2.8)
20 = JE[Budertn + (1= Bu) X5y bu.iJe (Jg= + SniBiJgx) g (v + &),
Xn+1 = {p €EUptr: <JE*Zn - BnJE*un - (1 - Bn)JE* (yn + 8n)7p>
o Bn”VnHz*z(l*ﬁn)”)’n+gn‘|2}’

uns1 = Iy, (Vn),
\ Up = Jguy, n € N.

If the assumptions that (i), (iii) and (iv) of Theorem 2.1, then
Un = JE- Pz | N(Ag) N7 NBig)) 1) € (M2 N (A)) (N2 N (Bi)), as n — oo

Proof. By taking y, = Py,,,(u1) and u,1 =Ilx,,, (v,) in (2.1), we have scheme (2.8). Simi-
larly, we can obtain the desired result immediately. 0

Remark 2.9. From the Corollaries, we see that (2.1) includes the traditional projection iterative
schemes that involve Py, (u;) (or Py, (u1)) and Iy, (u,) (or Iy, (y,)) for the discussion
of accretive-type mappings, e.g., [10, 15, 19]. In addition, In (2.1), for each iterative step n, the
iterative elements y, and u, can be chosen arbitrarily within two sets. This helps us to get one
of the iterative sequences from the infinite ones more flexibly to meet the needs for a special
case.

3. CONNECTIONS WITH CAPILLARITY SYSTEMS

In a Hilbert space, m-d-accretive mappings and m-accretive mappings are the same, while
they are different in a non-Hilbertian Banach space. In this section, we present a new m-d-
accretive mapping in a Banach space.

Definition 3.1. [16] Recall that a mapping S : D(S) = E — E* is said to be a hemi-continuous
mapping if S(x+¢y) — Sxast — 0, for Vx,y € E.

Lemma 3.2. [16] If B: E — 2E" s an everywhere defined monotone and hemi-continuous
mapping, then B is maximal monotone.

3.1. m-accretive mappings and capillarity systems. The capillarity equation is an important

equation appeared in the capillarity phenomenon (see [20]) and the following capillarity systems

were studied in [21] as an example of m-accretive mappings in the Hilbert space L?(Q) :
—div[(1+ |grad (u'? (x))|”i

W el () P2 grad () ()]
+24(u )2 <>+|u @ 2ud (1)) +uld(@) = fix), xeQ,

|grad (ul) (x))
V/1+grad (ul (x))

— <0, (1+ ‘zp)\g ad(u (x))|P2grad(u? (x)) >=0, xeT, i€eN,

(3.1)
where |- | and < -,- > denote the norm and inner-product in R", respectively.
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The study on (3.1) was based on the following assumptions in [21].
(1) Q is bounded conical domain in R" (n € N) with I € C!, ¥ is the the exterior normal
derivative of I, 4; is a positive number and f;(x) € LP{(Q) is a given function, for i € N.

(2)ForieN, -2 a <pi<too. If pi>n, then 1 < gj,1i < +oo. If p; <n, then 1 < g;,1; < p;vl
The following results were proved in [21].

Lemma 3.3. [21] The mapping U; : WHPi(Q) — (WPi(Q))* defined by

W Uiu) = [o < (14 Vl'i:iid(( oG )|grad (u(x))|Pi~2grad(u(x)),grad (v(x)) > dx

+2i Jo ()| 2u(x)v(x)dx + i fo lu(x)["~2u(x)v(x)dx,

forYu,v € WhPi(Q), is everywhere defined, hemi-continuous, monotone and coercive, for each
ieN

Lemma 3.4. [21] Define B; : L*(Q) — L*(Q) by
D(B;) ={ucL*(Q)| 3 f € L*(Q) such that f € Uu}.
Foru€ D(B;), Bu={f € L*(Q) | f € Uu}. Then B; : L*(Q) — L*(Q) is m-d-accretive, Vi € N.

Remark 3.5. From Lemma 3.3, we see that an m-d-accretive mapping B; is defined in a Hilbert
space L*(Q) based on capillarity systems (3.1), Vi € N.

3.2. m-d-accretive mappings in a Banach space and capillarity systems. A new m-d-accretive
mapping, which is different from B; in Lemma 3.3, will be defined based on capillarity systems
(3.1) again.

1 1 1 1 1
Suppose;{-z:],a—}—q—;:l,and V_z+ 7 =1, for i € N. We use || ||LP, H HLp @)’

I ly1.ri(q) and || - ||W1,p;(9) to denote the norms in LP(Q), LPi(Q), Whri(Q) and whri(Q),
respectively.

In the following, we suppose 2 < p! < o0 and 1 < g;,r; < 4o, Vi € N.
Lemma 3.6. The mapping U; : W'Pi(Q) — (W''Pi(Q))* defined by

_ 2
|grad (|ul” Lsgnullull, P

(V,Uiu>—/£2<(1+\/

1+ [grad([u|P™" sgnullul| , ™) |*P
1
pi—1 2-pi\ | pi—2 pi—1 2-p;
x grad(|ulP"sgnullul[, ™) " grad(|ul"™ sgnul[ul[ , ),
-
grad(|v|"~sgnvl|v|> ") > dx,
l

for Yu,v € Wl’pg(Q)7 is everywhere defined, hemi-continuous and monotone, for each i € N.
Then Lemma 3.2 implies that it is maximal monotone, for each i € N.

Proof. We split the proof into three steps.
Step 1. U; is everywhere defined.
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In fact, for Vu,v € W!7i(Q), one has

(v, U}

<2 [ Jgrad(ult="sgnulul 3,1 < lgrad (/74 sgmv], ™) ldx
Q i i

<2(pi— 1)pi]]u]\(%_pi)(pi_l)\|v\\2{_pi/ ]u\zf”i!gmdu\p"*l ]v]pi*zlgradv]dx

1
Q=P (pi—1)y. 12— d , N
<2p —1)”’||u|| R I, v /Iul”' "lgradul'dx)"

1
/ |v| Pi|gradv|pidx)7i
pi

,—1
<2(pi = V)P ully’, |

Therefore, g,- is everywhere defined.
Step 2. U; is monotone.
For Yu,v € W7i(Q), one has

(u—v,Uu—Uv)

_pl
[grad (Jul7~"sgnullull}, ")

L+ |grad (JulP~" sgnul|u| _p’)lz”

A<u+¢

_ 2—pi\ 1 pie — 2—pl
x |grad (jul” ™ sgnuull,, )P grad (jul” sgnuull,, ")

;7 2—p' )
|grad(|v|" 1Sgnv||v||p; P

— (14

L+ [grad(|v[P"sgnv[|v]] , )]
d p{—] 2—}7; p,~—2 d p/-—] 2—[72
x |grad([v[" ™ sgnul[v][, )| grad([v["sgnv|[vl[, ™),

—p! —p!
grad (u|" ™ sgnuul[} ") — grad (VP sgnv|v][ ;) > dx > 0.

Therefore, l7,~ 1S monotone.

Step 3. U; is hemi-continuous.

It suffices to show that, for Vu,v,w € WhPi(Q) and 7 € [0,1], (w,U;(u + 1v)
t — 0. In fact, using Lebesgue’s dominated convergence theorem, one has

—DPi

A (2P (P 2— 2— !
<2(pi = 1)""|lull , ot |IVI| Pl ”’|||gmdu|||;§|||gdeI||p;IIVI|pf’

—Uu) — 0 as
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|(w, Ui (u+1v) — Ut |

/ 2—p! )
|grad(|u+tv|1’i*1sgn(u+tv)||u—|—tv||p4 p’)|p’

—/Q<1+\/

1+ |grad(|u+tv|l’§_1sgn(u+tv)||M+fV||12,<_pi)|2pi
. 2—phs i

X |grad(|u+tv|Pi 1Sgn(u+f")||”+tv”p4 Rl

x grad(fu-+ [~ sgn(u+1v) u+1v], )

_ 2 1,
|grad (|ul” Lsgnullull,, ol

— (14

)|

p(—] 2—I9§ 2p;
U+ [grad(|ulP" sgnullull,, ™) P
pi—1 2-piy i pi—2 p—1 2-p
x grad(|ulP"sgnullu[, ") """ grad(|ul""sgnulul[, )]
1 2-p;
X |grad(|w[P™ sgnwllwl|, ™*)|dx — 0,
as t — 0. Therefore, U; is hemi-continuous. This completes the proof. 0

Lemma 3.7. The mapping V; : W'i(Q) — (W'7i(Q))* defined by
(v, Viu) = / uvdx,
Q

for Yu,v € Wl’p;(Q)7 is everywhere defined, hemi-continuous and monotone, for each i € N.
Then Lemma 3.2 implies that it is maximal monotone, for each i € N.

Proof. We split the proof into three steps.
Step 1. V; is everywhere defined.
In fact, for Vu,v € W'7i(Q), one has,

(0 a) < | vl < ¥ < g 1

Therefore,yi is everywhere defined.
Step 2. V; is monotone.
For Yu,v € W7i(Q), one has

(u—v,Viu— V) = /Q(u—v)(u—v)dx > 0.

Therefore, \7, is monotone.

Step 3. V; is hemi-continuous.

It suffices to show that for Vu,v,w € WhPi(Q) and ¢ € [0,1], (w,Vi(u +1v) — Vi) — 0, as
t — 0. In fact, using Lebesgue’s dominated convergence theorem, one has

y<w,\7,-(u+tv)—x7,~u>yg/ \(u+tv)—uuwydx:\ty/ V] [wldx — 0,
Q Q

as t — 0. Therefore, V; is hemi-continuous. This completes the proof. U
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Remark 3.8. [16] There exists a maximal monotone extension of U; from L (Q) to LPi ()

which is denoted by U}, for i € N. There exists a maximal monotone extension of V; from L”i ()
to LPi(Q), which is denoted by V;, for i € N.

Lemma 3.9. [22] For 2 < p/; < +oo, the normalized duality mapping J; LPH(Q) — LPi(Q) is
defined by: Jiu = ]u\P;_]sgnuHu||127;p;,for Vu € LP(Q) and i € N. And then, I Q) —
LY (Q) is defined by: I u = |ulPi=sgnu, for Vu € LPi(Q) and i € N.
Theorem 3.10. The mapping A; : LPi(Q) — LPi(Q) defined by

(Au) (x) = UJ; 'u(x),  Vu(x) € L (Q),
is m-d-accretive, Vi € N.

Proof. Since U; is monotone, we have, for Vu,v € LPi(Q), (Aju— A, J; 'u—J7 ) = (U u—
UJ; v, J7u—J71v) > 0, for i € N. For Vf(x) € LPi(Q), there exists u(x) € LPi(Q) such that
Jiu+ AUju = f(x), Vi € N. For this u(x), Lemma 1.1 implies that there exists u*(x) € LPi(Q)
such that u(x) = J; 'u*(x), for i € N. Therefore, u* (x) + AUJ; 'u* = u* + AAju* = f(x), which
implies that L7 (Q) C R(I+AA;), for VA > 0and i € N. Thatis, L” (Q) =R(I+AA;), for VA >0
and i € N. Then A; is m-d-accretive, for VA > 0 and i € N. This completes the proof. U

Theorem 3.11. The mapping C; : LPi(Q) — LPi(Q) defined by
(Ciue) (x) = Vid; ' u(x),  Vu(x) € LP(Q),
is m-d-accretive, for i € N.
Proof. From Theorem 3.10, the result follows immediately. This completes the proof. U
We can easily obtain the following results.

Theorem 3.12. If fi(x) = A;(|k|%~" + |k|"i~V)sgnk + k, where k represents constant in (3.1),
then {u') (x) = k : i € N} is the solution of capillarity systems (3.1).

Theorem 3.13. The mapping C; : LPI(Q) — LPi(Q) defined by

(Caue) (x) = Ciu(x) — [k|P~ ' sgnk,  Vu(x) € LP(Q),
where k is as in Theorem 3.12, is also m-d-accretive, for i € N.
Theorem 3.14. Under the assumption of Theorem 3.12, we have

{9 (x)=k:i e N} < ((\NA)((N(G)).
i=1 i=1

Proof. Tn fact, if ul)(x) =k, then A;u)(x) = Ak = UJ; 'k = ﬁiJi_lk, which ensures that
(v UJ; k) = 0, for Yv(x) € W''Pi(Q), i € N. Therefore, UJ; 'k = 0. So,

(D (x) =k:i € N} C [|N(A).
i=1
If u\) (x) = k, then
Cu') (x) = Cik = Cik — |k|Pi~ sgnk = Vi ke — k| L sgnk = \75]1-_1]( — |k|P sgnk.
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Therefore,

(v, \7,-Jl~_1k— |k|Pi~ 1 sgnk) = / (J7 e — |k|Pi~ sgnk)vdx
Q
= / (|k|P = sgnk — |k|Pi~ Lsgnk)vdx = 0.
Q

Then Cik = 0, which implies that {u) (x) =k : i € N} ¢ N7, N(C;). This completes the proof.
[

Remark 3.15. From Theorem 3.14, we see that the assumption that ”((;2; N(4;)) N (N7 N(B;))
= (" in Theorem 2.1 is valid. Then Theorem 2.1 can be applied to approximate the common
zeros of two infinite families of m-d-accretive mappings related to capillarity systems (3.1).
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