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ON STANCU TYPE GENERALIZATION OF (p,q)-GAMMA OPERATORS
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Abstract. In this paper, we construct stancu type generalization of (p,q)-Gamma operators: (p,q)-
Gamma-Stancu operators. We establish the auxiliary results on the moments and the central moments
of the operators. We also discuss some local approximation properties of these operators by means of
the modulus of the continuity and Peetre K-functional. Furthermore, we investigate Voronovskaja type
theorem.

Keywords. (p,q)-Gamma-Stancu operators; Rate of convergence; Weighted approximation; Pointwise
estimate; Voronovskaja type theorem.

1. INTRODUCTION

In 1968, Stancu [1] introduced the following generalization of classical Bernstein operators
foral0<a<BandneN
L k+a
B,(f;x) —];)bmk(x)f <n+l3) , x €10,1],
where b, ;(x) = (Z)xk (1—x)"* k=0,1,---,n. Recently, Stancu generalization of many pos-
itive operators was widely studied; see, e.g., [2, 3, 4]. In [5], Karsli introduced the Gamma
operators preserving x2. In [6], Cai and Zeng studied and discussed approximation properties
of g-Gamma operators. In [7], Zhao, Cheng and Zeng investigated stancu type generalization
of ¢g-Gamma operators. Since Mursaleen, Khan and Khan [8, 9] introduced (p,q)-calculus
in approximation theory and constructed the (p,q)-Bernstein operators and (p,q)-Bernstein-
Stancu operators [10, 11], many positive operators have been studied and discussed; see, e.g.,
[12, 13, 14, 15, 16, 17]. In [18], Cheng, Zhang and Cai introduced (p,q)-analogue of Gamma
operators preserving x. Then, Stancu generalization of g-analogue operators or (p, ¢)-analogue
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operators have widely been discussed and investigated; see, e.g., [19, 20, 21, 22]. All results
motivate us to construct the stancu type generalization of (p,q)-Gamma operators (1.1).

First, we recall and introduce some concepts from (p, g)-calculus (see [23]). For nonnegative
integer s, the (p,g)-integer [s], 4 and (p, q)-factorial [s], ;! are defined by

Pr=q .
=g P74F L

— — _ _ _ s—1 — 1
[s]pq =D’ Y 240 3P+ A pg g =P P CH‘_A
[s],, =1;
q p
S, p:q:l

and

| — [l]p,q[z]p’q. .. [S]p,q7 s Z 1;
[S]p,q- = 1 )

The (p, q)-power basis is defined by

I
—_

S

(x®1)3, (p'x+q't), se N,

Il
o

and
s—1
(xS1),,= I—[O(p’x—q’t), s € N.
1=
The improper (p,q)-integral of f on R, := (0,00) is defined by (see [24])

o)

/Ooof('x)d[hqx:(p_q) Z ?—i—l‘f( ?+1)70<%<1

s=—oo P p
The (p,q)-Gamma function is defined by
Po4q);
[py(s+1) = ﬁ =[5]pql, 0<g<p<1, seN,.

Aral and Gupta [25] defined the (p, g)-Beta function of the second kind for any 5,7 € N by

xs—l

B, (s,t) = / —d,t
and proved the following relation with (p,g)-Gamma function:

qlpg()Tpq(t)
(P g =1)2T, (s +1)
Meantime, they also proved that the (p,q)-Beta function does not satisfy commutativity prop-

erty, i.e., Bp 4(s,1) # By 4(t,5).
In [18], Cheng, Zhang and Cai introduced the following (p,q)-Gamma operators preserving
x? with (p,q)-Beta function.

Bpy(s,t) =

Definition 1.1. For f € C(R;),0< g < p<1,n €N, the (p,q)-Gamma operators is defined
by

Gyi(fix) =

2n+4f(t)dp,qt. (1.1)

xn+3pn2+%n+% <qn+% )n+3 o "
h (
Pq
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In case p = 1, we obtain the g-Gamma operators [6]. In case p = g = 1, we obtain the well
known Gamma operators [5] immediately. Now, we construct Stancu type generalization of
(p,q)-Gamma operators.

Definition 1.2. For f € C(R;),0<¢<p<1,0<a < B andn € N, we define (p,q)-Gamma-
Stancu operators &5/ (f;x) by

&(fix) =

24 1041 3 v
xn+3pn +2n+2(qn+2)n+3/ M [n]p,qt+ a 4 (1 2)
0 < 2n+4 P :

psq

The paper is organized as follows. In Section 1, we introduce the history of Stancu type op-
erators and the basic concepts of (p,q)-calculus and construct (p, q)-Gamma-Stancu operators
(1.2). In Section 2, we discuss the auxiliary results on the moments computation formulas, the
second and fourth order central moments computation formulas and limit equalities. In Sec-
tion 3, we mainly investigate the approximation properties of operators (1.2). We divide this
section into five subsections. To be more precise, we discuss, in subsection 3.1, the local ap-
proximation by means of the modulus of the continuity and Peetre K-functional. In subsection
3.2 and subsection 3.3, the rate of convergence and weighted approximation for these operators
are investigated. In subsection 3.4, we obtain point-wise estimate by using the Lipschitz type
maximal function. In subsection 3.5, the last subsection, we establish the Voronovskaja type
asymptotic formula.

2. MOMENT ESTIMATES

In this section, we will give some lemmas on moment estimates for operators (1.2), which
are necessary to establish the approximation properties.

Lemma 2.1. [18, Lemma 2.1] Forx e R;, ne N, 0<g<p<1l,and k=0,1,--- ,n+2, we
have

2
xk(P‘])k_%[n+k]p,q![”—k"‘z]pﬂ!
[pg!n+2]pg! '

GP9(t%x) =

Lemma2.2. Forxe R, neN, 0<g<p<1,0<a<Bandm=0,1,--- ,n+2, we have
the following relation

a(m ey m\ (g @™ gk
e =), (%) [l + By O3
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Proof. Observe that

&, 71" x)
_ Bt gyt [ " <[n]p7qr+a)’”d z
Bypg(n+1,n+3) Jo <(pq)n+gx@,)2”+4 lpg+B) 7
P9

% (") [l koo

B xn+3pn2+%n+% (qn—l—%)rH—S /oo i =0 DP9 d. 1
= P
By (n+1n+3)  Jo ((pq)n+§x@t>2"+4 ([n]p.g +B)"
P4
- (M [n]]lquam_k D.q (k.
=Y (") -Bra®_Gragh;y),
=0 k ([n]P,q +B)
This completes this Lemma. U

From Lemma 2.1 and Lemma 2.2, we can write

1
BP4(13x) = 1, &P4(1;x) = VPapgln+1lpg L ¢

o+ B2y [lpatB
and
BP9 x) = [”]%w 24 20,/pq(n)pqln+ 1]pyqx o '
Y (nlpg+B)? (Mpg+B)n+2pg  ([nlpg+B)?

Lemma 2.3. Assume that the sequences (p,) and (gy) satisfy 0 < g, < p, < 1 with p, — 1,
gn— 1, ph = acl0,1], g = be|0,1], and [n),, 4, — o as n — oo. Then, for all x € R,

1 Pnn (4 __ - — (Y — a+b
,}gl;[”]Pnﬂn@n (t—xx) =0 ([3—}— 5 )X (2.1)
1im [n], 4, &5 (1 = x)%x) = (a+b)2°, (2.2)
and
lim [n] 5,4, &5 ((t —x)*x) = 0. (2.3)

n—oo

Proof. We rewrite and expand &5, (t';x),i = 1,2,3,4. Using Lemmas 2.1, 2.2 and the prop-
erties of (p,q)-integers, we have

7] pu.a o
@qun (l"x) — #Gﬁnvqn (t,X) + Gpm%l(l;x)
" [n][)nﬂn +ﬁ " [n][)nﬂn +B "
1 43
_ B qi n a
= (1- ") [ & Xt
[n]pn:qn +ﬁ prjz pl’jl [n +2]pn,qn [n]Pnﬂn +ﬁ
1 3 1
2 nta 2 1 a
s e ms) e
pi paln+2p,4.  Pa([Alpng.+B) Prsn Prsn
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Q5£nﬂn (tz;x)

[n]lz, g 20[n] o2
— ns4qn Gp”’q”(tz;x)—l— Pn>qn GPn761n(t;x)+ GPnaqn(l;x)
([P]puga +B)* " ([ Ipnan +B)* " (Plpug, +B)* "
et
[ ]Pn»Qn+B meIn
1 3
+( 22, q__q_ .
1 1
187 () pi pAln+ 2
1
2g2 1
(i ( ))xz+ o) |
(1] pu.gn + B 1 py i 3 1 pan +B) 1] s
1y 3afn];
@3 Pndn t3;x — Pnyqn GPnrin t3;x Pnqn GPnrdn t2;x
W) = il + BRI E Ela s 57 (#5)
3052[”]1) q
ns4qn Gpnﬂn(t X) Gpnﬂn(l’x)
(Mpyg. +B)° ([n ]pmqn+ﬁ)
3
- (1_[] 5, )) )
") pnsan 1) pusdn Palnlpan
()
+ — ) )x
[l’l Pnydn + ﬁ [n]Pn»Qn
3 3
pi 4 ) 3pa 1
(_3 qn ; [ Pnyqn 5 p ﬁ +0([] > x3
g % Pn,qn q’%([n]pn7(In+B) Pt
))e
+ — | | X7,
( [n]anqn +ﬁ ( [n]Pan

and

QSfl)nvqn (t4'.x>

-5
== (1 4ﬁ ) pnql’l [3]1%% + q}’?l [S]Pm% 4o ( 1 )>x4
[n]”"’q” + [3 n]an‘In ”l]pmqn puln— l]pmqn [n]qun
3
4o 7 ”*7
"\l B ( )
pre anqn n Pnuqn

pi p”lqz_4 [3][7;17% n S]Pnﬂn 4pnB

(
EW o B e ()

3
4p? 1
3 P& +0<[n] ) X3
’%([n]pn dn + ﬁ) Prsn
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Thus, we can estimate the first, second and fourth order central moments

1 3 1
2 nta 2 1
= —l—i—q—nl— , dn - 4P —|—0(H > X
2 2 2 n
przl p"z’ [l’l + 2][’117% ple ([n]PnaCIn + ﬁ) Prsiin
I o
[’ﬂpnﬂn + ﬁ ’
@5n7‘1n ((t _x)z;x)
= ®5n>‘]n (tz;x) _ 2x®§nﬂn (I;X) +x26£l7n:q/z (I;X)
242 2t 2 2428 1
B e e S et et 3
przl przl [n+2]pn¢1n *pnan p%([n]pmqn‘l‘ﬁ) M pnsn

2g; o 2a 1
+ | — - Tole— | |~*
pi (il + ) Plowast P Al

and

@5nﬂn ((t _x)4;)C)
= @5117‘111 (t4;X) — 4xQ5’I:n,qn (t3;X) + 6x2®5m‘1n (tz;X)

— 43 BPn (1, x) 4 x*BPn (1 x)

1 3
2 2 —4 -5 n—3y
<7+P3 4pi _4Pr% +anz [3][7117‘]n_|_ dn " [S]pugn _ 44qn * 3] pusgn

- 4T T3 1 _ 3
qn qi’zl ql’zl [n] Prsdn pn [n 1]pn7qn pl% [n] Pnydn
3 3
4q0 2 4piB 12p2 B 128

+ T —
p”% [n + Z]Pnﬂn

4.8 | ) )
+ 1 +o X
pg([”]pn,qn +B) ([n].pnﬂn)

+<_ 20 4o dpia
Ppuga+ B [lprg.+B qr% (11 pyqn + B)

1
12g7 1
4o —I—o(—) 2.
) [n]pn:‘h

Pé ([”]pmqn +B

@[] p,.q, + B) qé([n]men +B) P pg.+B

Solw
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Letting n — oo, the following limit equalities hold
1 Pn>q —
’/}1_1;120 [n]pmqn Q5l’ln " (t x’x)

1 3 1
2 nt3 2

1 1
:;}i—r&[”]pmqn _H‘q_nl_ 1 = Tl 4P +0<[n] > X+o
pi paln+2p,4.  Pa([Alppg.+B) R
a+b
=— ( +ﬁ) x+a,
2
1 nydn 2.
r}gl;lo[n]Pnﬂnﬁg 1 ((I—X) ,)C)
1 3 |
- 24 2qZ+7 2B 2q: B 1 )
=i, (225 2 2 co())s
pri paln+2p.4. Prstn P2 [y +B) Prsdn
1
. 2g2 20 1
+r}1_r>r(}o[n]l7nﬂn 1 qn - [}’l] +B +0 (—[n] ) X
pr2£ ([n]pmqn + ﬁ) Pns4n Pnyqn
= (a+b)x2,
and
1 pnﬂn _ 4.
,}L{Elo[”]pn,qnﬁn ((t=x)*x)
3 3 1 1
 Ph— [ Pa—dn  APi—4qi  Api—4qn
- lgn 4 - 3 - 1
n—yoo — 2 ES

£ 3b+5b—12b+4b—4B + 12B — 12B +4B)x* + (— 120 — 4ot + 4o + 120)x°
= r}ij}o(a —b) ([4]pmqn —2[3]p.gn +2) x*

=0.

The proof of this Lemma is completed.

3. APPROXIMATION PROPERTIES

3.1. Local approximation. Let Cg(R ) be the function space of all real-valued continuous
and bounded functions f defined on the interval R, endowed with the norm || f|| = sup |f(x)].

XGR+
Further, for any 0 € R, the usual modulus of continuity, the second-order modulus of smooth-

ness and the Peetre’s K-functional are defined respectively by

o(f;6)= sup sup |f(x+h)—f(x)],

0<|h|<8 xe(0,)

@(f:6) = sup sup |f(x+2h)=2f(x+h)+f(x)],
0<|h|<8 x€(0,00)

K(f:6)= inf {||f—gll+8llg" [},
gew
where

W2={geCp(Ry):¢,g" €Cr(R:)}.
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By [26, p. 177, Theorem 2.4], there exists an absolute constant C > 0 such that
K(f;8%) < Can(f:9). (3.1)

Now, we establish a direct local approximation theorem for operators (1.2).

Theorem 3.1. Let f € Cg(R) and (p,), (qn) be the sequences defined in Lemma 2.3. Then,
for all n € N, there exists an absolute positive C; = 4C such that

B2 (f22) — £()] < Crn (f; (A0 + By >) Fo(f

where A, 4. (x) = &L (t — x;x) and Bp,.q.(x) = @Dnodn ((t —x)z;x).

Pnﬂn( )’) 9

Proof. For any x € R, we define the following new positive operators

B (£1) = O (£:) = f (Ap, g, (5) +3) + £ ().

It is observed that 79" ( f;x) preserve linear functions. Let x,r € R, and g € W?. Using the
Taylor’s expansion formula

8l0) = 8() + ¢ (=) + [ (- )¢ (i
we can obtain

|95 (g5x) — g (x)]
t
<o (| [ ¢/t ix) +
x+APn dn (x)
< §HPmin (/ lg” (u)|(t — u)du; x> / 18" ()| (Ap, g, (x) +x—u) du

Pn qn
< 8”195 ((r = x)%x) + [lg” / (A pyga(X) +x—u) du

< (Bppgn(X) + (Ap,.,(x)) llg" -
We also have

X+App.gn (%) /)
/ (1) (A p, 0, () +x— ) du

[ (fsx)] < |&gm ()| + 2] f1] < 311f1]-

Therefore
|95 (fx) = f(x))]
= ‘55"’% (fsx) + f(Ap,.q.(x) +x) = 2f(x )‘
<[t (f = gsx) — (f — ) (x) |+ [95m 9 (g5x) — g (x)| + | f(Ap, 4, (x) +x) — f(x)]
<4 f =gl + (Bpog, () + (Ap, 4, (x)) ) 8”11+ @ (f5]Ap,.q.(x)])
Taking infimum on the right hand side over all g € W? and using (3.1), we get

& (fx) — f(x)] <C1w2<f \/ pusgn(X))? + By, g, (x )) + 0 (f;|Ap, g, (x )‘)

This complete the proof of this Theorem. 0J

Corollary 3.2. Let f € Cg(Ry) and (pn), (qn) be the sequences defined in Lemma 2.3. Then,
for any finite interval I C R, the sequence {&5" (f;x)} converges to f on I uniformly.
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3.2. Rate of convergence. Let B,,(R ) be the set of all functions f defined on R satisfying
the condition |f(x)| < Cyw(x), where Cy > 0 is a constant depending on f only and w(x) is a
weighted function. By C,,(R ), we denote the subspace of all continuous functions belonging

to B,,(R,). Also, Let C? (R ) be the subspace of all functions f € C,,(R ), for which 1i_r>n %
X—>o0

is finite. The norm on CO (R ) is

£l = sup L

xeRy W(X)
We consider w(x) = 1+ x? in this section, define the weighted modulus of continuity by

s - sy MEHD I

0<t<8x€R w(x)w(r)

and have the inequality Q(f;A18) <2(1+1)(1+8%)Q(f:8) holds, A € R, (see [29]). On the
other hand, we denote the modulus of the continuity of f on the interval (0,a], a > 0, by

@,(f36) = sup  |f(t) = f(x)], 6 >0.

x,t€(0,a],]x—1|<d
Now, we establish the following theorem on the rate of convergence for the operators &7 (f;x).

Theorem 3.3. Let f €C,,(R;),0<g< p<1landa>0. Then

(B9 (f3%) = F(0)] < Cr(3+22%)Bpg(x) + 20011 (3 1/ Bpg (¥))-
Proof. For any x € (0,a] and ¢t > a+ 1, we have
1<(r—a)® < (t—x)>°.

Thus
F(O) = FEI S IFOI+[F ()| < Cr2+12 +2%)
=Cr 2+ +(t—x+x)?) <Cr (242 + (1 —x)?) (3.2)
<Cp(3+2x%)(t—x)* < Cp(3+2a%)(t —x)*.

For any x € (0,a],7 € (0,a+ 1] and 8 > 0, we have

j — x|

£(0) = £3)] < @utr (= f2) < (1 + T) @1 (£:6). (33

For (3.2) and (3.3), we get

j — x|

7(0) = )] < Cr(3+2a) (1 =)+ (1 - T) @ui1(£:9).
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By Schwarz’s inequality, for any x € (0,a], we have
|679(f3x) — f(x))]
S G f (1) — f(x)[5x)

SCf(3+2a2)®ﬁ’q((t—x)2;x)+Q5£’q(( ’fg ') )a)a+1(f 5)

< Cr(3+22%)BL9((1 —x)*5x) + @01 (£:6) (1 " é\/%”"((t —x)z;x>)

< G328 (0 + 0w (£30) (14 5 /Bral)).

By taking 0 = \/A, 4(x), we end the proof of this Theorem immediately. O

3.3. Weighted Approximation. In this subsection, we discuss the following three theorems
about weighted approximation for the operators &,"%" (f;x).

Theorem 3.4. Let f € CO(R.) and the sequences (py), (gn) satisfy 0 < g, < p, < 1 with
=L gn— 1 ph =1, g) = 1, and [n]p, 4, — © as n — oo. Then there exists N € N, such
that, for alln > N and p > 0,

&P (f3) = f(x)] 1
<6420 | f;——
XSG%E (1 +X2)%+p B (f Y% [”]pn,qn>

holds.

Proof. Using the definition and property of weighted modulus of smoothness Q(f; ), we can
write

F() = FEI < (14 =2)%) (1 +2)Q(f; ]t —x])
sz( ’ x'>(1+52) (f;8) (1+(r —x)%) (1 +x%)

(3.4)

4(148%)*(1+x7)Q(f38), t—x| <9,

o 13
S\ 4181120 (f:6) x';’t L NP
Setting 6 € (0, 1), for all x,7 € R, we have that (3.4) can be rewritten
o 13

70— ()] < 16(1 +-2)Q(£:5) (1 s ) | (5)

Using (2.2) and (2.3), we have that there exists N € N such that, for any n > N,

O (1= 0% < o (142, Spe((1—x)*x) < (1),

[n]Pan
By Schwarz’s inequality, we obtain

I (|t —x|sx) < /S5 (¢ — x)2:x)
. (3.6)
<V2-— T

] p1 .
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and

B (1 —f12) < /S (1 —x)22x) B (1= ) %)
/ 2\3 (3.7
< ﬁﬂ

1] Pnsdn

Since &4 is linear and positive, using (3.5-3.7), we obtain

0

2v/24/(1 +x2)3> Q(f:6).

Pn-qn . 3.
|@Pmn(f1x) — f(x)] < 16(14x%)Q(f;9) <1+ & (|t — x| +|r — x| X)>

<16(1 +x%) (1+ O
" pnsgn

1

vV [n]Pan’

Theorem 3.5. Let (p,), (qn) be the sequences defined in Theorem 3.4. Then, for any f €
Ch(R+),

Choosing 6 = we obtain the conclusion immediately. U

lim [|&5m4" (f;x) — fllw = 0.
n—soo

Proof. From weighted Korovkin theorem [27], we see that it is sufficient to verify the following
three conditions

lim H@ﬁ”’q"(tk;x)—ka —0, k=012 (3.8)

n—yoo w

Since 65"’q”(1;x) = 1, we have that (3.8) is true for k = 0. By using Lemma 2.3, we obtain

&) (t;x) — x][,
|(’5£,’”’q" (t;x) —x‘
= sup
X€R+ 1+x2

\/ pnql’l[ ]Pan [n+ 1]pm‘]n -1

PmCIn + ﬁ) [l’l + z]meIn

sup X + a sup 1
u u
X€R+ 1 +'x [n]qun + ﬁ XER+ 1 +x2

‘ \/ pnqn Pn,Qn }’l+ ]Pan _ 1‘ + (04
M paga + B +2lp,.q, (] pusgn + B

— 0, n— oo,
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and
l&fr (%) =2,
|®5m‘]n (tz;x) _x2|
= sup
X€R+ 1 +x2
x* [n]127n>‘]n X 200/Pun[n]pgan + 1p,.g,
< sup 3 5 — 1|+ sup 3 >
XGR+ 1 +X ([n]pnvqn +B) XE]R+ 1 +X ([n]pnﬂn + B) [n+ 2]pn74n
+ : o
sup
XERJr 1 +x2 ([”]qun +B)2
([lp,.q. + B)? ((pg+ B +2pg0 - ([lprg, +B)?
— 0, n— oo,
Thus, the proof of Theorem 3.5 is completed. U

Theorem 3.6. Let (p,) and (q,) be the sequences defined in Theorem 3.4. Then, for any f €
Co(R,) and A >0,
e - )
im sup

=0.
"_>°°x€R+ (1 —J’_’xz)1+)L

Proof. Fixing xo € R, we have

&1 (f3x) = f(x)]

sup

xeRL (1 +x2)l+l
< p [EIED TR O — )
T el (1) welre)  (14x2)1HA
& (1+1%5x) | f ()]
< @pnﬂn : _ . + w S -7
<& (f5x) = flleo.r) + 1]l xeill(fw) (1422)1+2 xe()‘:(fw)(1+x2)1+x
Since |f(x)| < Cf(1+x?), we have
1 CAlfl

Su .
cetum) (1H22) = (1 422)7

For any € > 0, we can choose x such that

Crllfllw &
(42 <3 (3.9)

From x € (xg,°), we obtain

et (14 25x) | _
170 Y i, = ymr = M i ey =0
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Hence we can choose N and x( such that, for any n > N
60 (14+20)| e
su < - (3.10
xe[xoly)w) T (1 +x2)1+7L 3 :

Also, the first term of the above inequality tends to zero by Theorem 3.3, that is,

€
&5 (f5x) = flleo.r) < 3 (3.11)
Thus, combining (3.9)-(3.11), we obtain the desired result easily. U

3.4. Pointwise estimates. In this subsection, we establish two pointwise estimates of operators
(1.2). First, we give the relation between the local smoothness of f and local approximation.
Note that f € C(R4) is in Lipy,(7,E), y € (0,1], E C R if it satisfies the condition

[f(Ol=f(x) <Mt —x[", 1 Ry and x€E,
where M is a constant depending on ¥ and f only.

Theorem 3.7. Let 0 < g < p < 1 and E be any bounded subset on R... If f € Cg(R4) NLipy (7, E),
then, for all x € R,

(S29(f5x) = ()] < M ((Bpgl))} +207(5E)
where d(x; E) denotes the distance between x and E defined by
d(x;E) =inf{|r —x|:t € E}.

Proof. Let E be the closure of E. Using the properties of infimum, there is at least a point fy € E
such that d(x; E) = |x —1p|. By the triangle inequality

[f(0) = F ) < 1f () = ft0) [+ 1.f (x) = f(20)],

we can obtain

(679 (f3) = F)l S B ([f (1) — f(10)[5x) + B (| f (x) — f(10) |5x)

<M{&P ([t —10]"sx) + |x —10]"}
SM{SR (|t —x|" + [x —10]"5x) + [x — 10|}
= M{&P (|t —x|";x) +2|x — 1]}

Choosing p; = )% and p, = ﬁ and using the well-known Holder inequality, we have

1

1659 (f3%) = f(0)] < M{(&77 (|r —x \m X)) (04 (17210)) 7 +27(x: E) )

Y
2

(
<M{(&29((t—x)%x))* +2d"(E)}
<M ((B,,,q(x)) Ty 2d7(x;E)> .
O

Next, we obtain the local direct estimate of operators ®}? by using the Lipcshitz type maxi-
mal function of the order y introduced by Lenze [28]

PN B (]

xRyttt —x|7 » Y€ 0.1]. (3.12)
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Theorem 3.8. Let § € Cp(R,.) and y € (0,1). Then, for all x € R,

B0 (f1x) — ()] < BUf:2) (Bpg()*
Proof. From the equation (3.12), we have
879 (f3x) = f(0)] < @y (f3x) 879 (|t —x|";x).

From the well-known Holder inequality, we get

[NSTEN]

|64 (f3x) — f(x)| < @y(f3x) (65 ((t —x)%:x))
< (Dy(ﬂx) (Bluq(x))%
O

3.5. Voronovskaja type theorem. In this subsection, we give a Voronovskaja type asymptotic
formula for operators (1.2) via the second and fourth central moments.

Theorem 3.9. Let (p,) and (qn) be the sequences defined in Lemma 2.3 and f € Cp(R.).
Suppose that " (x) exists at x € R. Then

lim (], q, (&4 (f3x) — f(x)) = (& — Bx) f'(x) + ﬂ(xzf"(X) —xf'(x)).

n—oo 2

Proof. Using Taylor’s expansion formula, we obtain

fO) =f@)+f(x)F-x)+ %f”(X)(t —x)? +R(1,2) (1 —x)%, (3.13)

where R(t,x) is the Peano form of the remainder and }imR(t,x) = 0. Using &} to the both
—X
sides of (3.13), we have

[ pngn (G574 (§5%) = E(x))
= [l py.qu (%) (&7 (t = x:x)

+ [”]pmqnf 2(X) (G _X)2§x) + (1] g BRI (R(2,%) (1 _X)ZQX)

From the Schwarz inequality, we have

B0 (R(1,) (1 —x)%5x) < /S5 (R2(1,2):0) (/@57 (1 —x)%x).  (3.14)
We observe that R?(x,x) = 0 and R?(-,x) € Cp[0,0). Then, it follows from Corollary 3.2 that
lim &4 (R?(1,x):x) = R*(x,x) =0, (3.15)

Hence, from (2.3), (3.14), (3.15), we can obtain
lim [n] 5, 4, &5 (R(t,x)(t —x)*;x) = 0. (3.16)

n—oo

Combining (2.1), (2.2), (3.16), we obtain the required result immediately. L]
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