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Abstract. In this paper, we introduce some iterative algorithms to find common elements in the solution
set of a family of pseudomonotone equilibrium problems and the fixed point set of a family of nonself-
nonexpansive mappings on the different subsets of a Hilbert space. The strong convergence of these
algorithms are obtained. Finally, a numerical example is given to illustrate the main results of this paper.
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1. INTRODUCTION

Let H be a real Hilbert space and C be a nonempty closed and convex subset of H. Let
f : C×C→ R be a bifunction with f (x,x) = 0 for all x ∈C. The equilibrium problem for f is
to find z ∈C such that

f (z,y)≥ 0, ∀y ∈C.

Many problems in physics, optimization, and economics can be reduced to find solutions of the
equilibrium problem. The set of all solutions of the equilibrium problem is denoted by EP( f ),
i.e.,

EP( f ) = {z ∈C : f (z,y)≥ 0,∀y ∈C}.
An equilibrium problem is called monotone equilibrium problem if f satisfies the condition

f (x,y)+ f (y,x)≤ 0,∀x,y ∈C.

There are various algorithms for solving the monotone equilibrium problem, see, e.g., [1, 2, 3,
4, 5, 6, 7, 8, 9, 10] and the references therein.
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The bifunction f is said to be pseudomonotone if

f (x,y)≥ 0⇒ f (y,x)≤ 0, ∀x,y ∈C.

The corresponding equilibrium problem is called the pseudomonotone equilibrium problem.
Recently, many authors investigated this kind of equilibrium problem. In 2008, Tran, Dung
and Nguyen [11] introduced an extragradient method to solve a pseudomonotone equilibrium
problem in Rn. The extragradient method is as follows: given x0 ∈C, find successively yn and
xn+1 by 

yn = argminy∈C{λn f (xn,y)+
1
2
‖y− xn‖2},

xn+1 = argminy∈C{λn f (yn,y)+
1
2
‖y− xn‖2},

where {λn} ⊂ (0,1] and f satisfies a Lipschitz-type property. The authors proved that sequence
{xn} converges to some x∗ ∈ EP( f ).

In 2012, Vuong, Strodiot and Nguyen [12] considered a hybrid projection algorithm for find-
ing common elements in the fixed point set of a pseudo-contraction S and the solution set of a
pseudomonotone equilibrium problem by the following manner: x0 ∈C and

yn = argminy∈C

{
λn f (xn,y)+

1
2
‖y− xn‖2

}
,

zn = argminy∈C

{
λn f (yn,y)+

1
2
‖y− xn‖2

}
,

tn = αnxn +(1−αn)[βnzn +(1−βn)Szn],

Cn = {z ∈C : ‖tn− z‖ ≤ ‖xn− z‖},
Dn = {z ∈C : 〈xn− z,x0− xn〉 ≥ 0},
xn+1 = PCn∩Dnx0,

where {αn},{βn},{λn} ⊂ (0,1), and f satisfies a Lipschitz-type property. The authors proved
that {xn} converges strongly to the element PEP( f )∩Fix(S)x0, where Fix(S) denotes the set of
fixed points of S.

In [13], Anh introduced the following algorithm to find a solution of pseudomonotone equi-
librium problem, which is also the fixed point of a nonexpansive mapping T in a Hilbert space:

yn = argminy∈C

{
λn f (xn,y)+

1
2
‖y− xn‖2

}
,

tn = argminy∈C

{
λn f (yn,y)+

1
2
‖y− xn‖2

}
,

xn+1 = αnx0 +(1−αn)Ttn,

where x0 ∈ C is a fixed element, {αn},{λn} ⊂ (0,1), and f satisfies a Lipschitz-type prop-
erty. The author proved that {xn} converges strongly an element z ∈ EP( f )∩Fix(T ) provided
limn→∞ ‖xn+1− xn‖= 0.

Recently, some authors modified the hybrid methods to find solutions of pseudomonotone
equilibrium problems; see, e.g., [12, 14, 15, 16, 17]. Wang et al. [18] considered a viscos-
ity extragradient method to find a common element of the solution set of a pseudomonotone
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equilibrium problem and the fixed point set of a nonexpansive mapping as follows: x0 ∈C and
yn = argmin

{
1
2
‖y− xn‖2 +λn f (xn,y) : y ∈C

}
,

tn = argmin
{

1
2
‖t− xn‖2 +λn f (yn, t) : t ∈C

}
,

xn+1 = αn p(xn)+(1−αn)(βnxn +(1−βn)Ttn),∀n ∈ N,

where {αn},{βn},{λn} ⊂ (0,1), f is a bifunction on C×C satisfying a Lipschitz-type property,
T is a nonexpansive mapping on C and p is a ρ-contraction on C. They proved that {xn}
converges strongly to an element z ∈ EP( f )∩Fix(T ).

On the other hand, Hieu, Muu and Anh [16] introduced some parallel hybrid extragradient
algorithms for finding a common element of the set of solutions of a finite family of pseu-
domonotone equilibrium problems and the set of fixed points of a finite family of nonexpansive
mappings in Hilbert space. One of the algorithms is the parallel hybrid Mann-extragradient
method defined by the manner: x0 ∈C and

yi,n = argmin
{

ρ fi(xn,y)+
1
2
‖xn− y‖2 : y ∈C

}
, i = 1, . . . ,N,

zi,n = argmin
{

ρ fi(yi,n,y)+
1
2
‖xn− y‖2 : y ∈C

}
, i = 1, . . . ,N,

in = argmax{‖zi,n− xn‖ : i = 1, . . . ,N}, z̄n = zin,n,

u j,n = αnxn +(1−αn)S j z̄n, j = 1, . . . ,M,

jn = argmax{‖u j,n− xn‖ : j = 1, . . . ,M}, ūn = u jn,n,

Cn = {v ∈C : ‖ūn− v‖ ≤ ‖xn− v‖},Qn = {v ∈C : 〈x0− xn,v− xn〉 ≤ 0},
xn+1 = PCn∩Qnx0, n ∈ N.

where { fi}M
i=1 : C×C→ R are a family of pseudomonotone bifunctions and {S j}M

j=1 : C→C
are a family of nonexpansive mappings. They proved that {xn} converges strongly the element
PF x0, where F = (∩N

i=1EP( fi))∩ (∩M
j=1Fix(S j)).

In this paper, inspired by the results of Hieu, Muu and Anh [16], we introduce some new
parallel extragradient algorithms to solve a family of pseudomonotone equilibrium problems
and fixed point problem for a family of nonself-nonexpansive mappings that the bifunctions
and mappings are on the different subsets in Hilbert space. The strong convergence for the
algorithms are proved. Finally, a numerical example is given to illustrate the results of this
paper. Our results improve and extend the ones of Hieu, Muu and Anh [16] and some others in
the literature.

In this paper, inspired by the results of Hieu, Muu and Anh [16], we introduce some new par-
allel extragadient algorithms to solve a family of pseudomonotone equilibrium problems and
fixed point problems of a family of nonself-nonxpansive mappings. Our bifunctions and map-
pings are on the different subsets in Hilbert spaces. The strong convergence of the algorithms is
proved. Finally, a numerical example is given to illustrate the results of this paper. Our results
improve and extend the ones of Hieu, Muu and Anh [16] and some others in the literature.
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2. PRELIMINARIES

Let H be a Hilbert space and let C be a nonempty closed subset of H. For each point x ∈ H,
there exists a unique nearest point of C, denoted by PCx, such that ‖x−PCx‖ ≤ ‖x− y‖ for all
y ∈C. Such a PC is called the metric projection from H onto C. Then

(a1) for x ∈ H and z ∈C, z = PCx if and only if

〈x− z,z− y〉 ≥ 0, ∀y ∈C;

(a2) for all x,y ∈ H and z ∈C, it holds

‖PCx− z‖2 ≤ ‖x− z‖2−‖PCx− x‖2.

Let f : C×C→ R be a bifunction. f is said to be
(a1) γ-strong monotone (γ > 0) on C if, for each x,y ∈C,

f (x,y)+ f (y,x)≤−γ‖x− y‖2;

(a2) monotone on C if, for each x,y ∈C,

f (x,y)+ f (y,x)≤ 0;

(a3) pseudomonotone on C if, for each x,y ∈C,

f (x,y)≥ 0 implies f (y,x)≤ 0;

The following examples show the relations of (a1), (a2) and (a3).

Example 2.1. Let C = [0,∞) and define f : C×C → R by f (x,y) = arctan(x− y)ey for all
x,y ∈C. Since f (x,y)+ f (y,x) = arctan(x− y)(ey− ex) ≤ 0 for all x,y ∈C, we have that f is
monotone. However, f is not strong monotone.

Example 2.2. Let C = [0,∞). Set a > 1 and define f : C×C→ R by f (x,y) = (x− y)ax for
all x,y ∈ C. Then f is pseudomonotone. Since f (x,y)+ f (y,x) = (x− y)(ax− ay) ≥ 0 for all
x,y ∈C, we have that f is not monotone.

Obviously, we have (a1) ⇒ (a2) ⇒ (a3). The bifunction f is said to be Lipschitz-type
continuous if there exist the constants c1 > 0 and c2 > 0 such that f (x,z) ≤ f (x,y)+ f (y,z)+
c1‖x− y‖2 + c2‖y− z‖2 for all x,y,z ∈C.

Example 2.3. Let H = R3 and C = {(x1,x2,x3) : x1,x2,x3 ≥ 0}. Let f : C×C → R be a
bifunction defined by f (x,y) = 3(y3−x3)‖x‖ for all x= (x1,x2,x3),y= (y1,y2,y3)∈C. Observe
that, for all x = (x1,x2,x3),y = (y1,y2,y3),z = (z1,z2,z3) ∈C,

f (x,z) = 3(z3− x3)‖x‖= 3(z3− y3)‖x‖+3(y3− x3)‖x‖
= 3(z3− y3)‖y‖+3(z3− y3)(‖x‖−‖y‖)+ f (x,y)

≤ f (x,y)+ f (y,z)+3‖z− y‖‖x− y‖

≤ f (x,y)+ f (y,z)+
3
2
(‖z− y‖2 +‖x− y‖2).

It follows that f is Lipschitz-type continuous with the constants c1 = c2 =
3
2 . It is obvious that

f is pseudomonotone but not monotone.
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We consider the following conditions on f , which will be used in the next section:

(i) f (x,x) = 0 for all x ∈C and f is pseudomonotone on C;
(ii) f Lipschitz-type continuous on C;
(iii) for each x ∈C, y→ f (x,y) is convex and subdifferentiable;
(iv) f (x,y) is jointly weakly continuous on C×C.

It is known that EP( f ) is closed and convex under the conditions (i), (iii) and (iv).

Lemma 2.4. [13] Let f : C×C → R be a bifunction satisfying the conditions (i)-(iv) with
Lipschitz constants c1 > 0 and c2 > 0 such that EP( f ) 6= /0. For x∈C, assume that the following
strongly convex problems hold:

y = argmin{1
2
‖z− x‖2 +λ f (x,z) : z ∈C},

t = argmin{1
2
‖a− x‖2 +λ f (y,a) : a ∈C},

where λ > 0. Then,

λ [ f (x,z)− f (x,y)]≥ 〈y− x,y− z〉, ∀z ∈C

and

‖t−w‖2 ≤ ‖x−w‖2− (1−2λc1)‖x− y‖2− (1−2λc2)‖t− y‖2, ∀w ∈ EP( f ).

Lemma 2.5. (Demiclosedness principle) Let H be a real Hilbert space and C ⊂ H be a
nonempty closed convex subset. Let T : C → H be a nonexpansive mapping. Suppose that
{tn} ⊂C weakly converges to some element x ∈C. If ‖tn−Ttn‖→ 0 as n→ ∞, then T x = x.

Let {xn} ⊂ H be a sequence and ωw(xn) = {x : ∃xn j ⇀ x} denote the weak w-limit set of
{xn}.

Lemma 2.6. Let K be a nonempty closed and convex subset of H. Let {xn} be a sequence
in H and u ∈ H. Let q = PKu. If {xn} is such that ωw(xn) ⊂ K and satisfies the condition
‖xn−u‖ ≤ ‖u−q‖, ∀n≥ 0, then {xn} converges strongly to q.

3. MAIN RESULTS

Let H be a real Hilbert space. Let {Ui}N
i=1,{Vj}M

j=1 ⊂H be a two finite families of nonempty
closed convex subsets. For each i ∈ {1, · · · ,N}, let fi : Ui×Ui→ R be a bifunction satisfying
the conditions (i)-(iv) and assume that { fi}N

i=1 enjoy the common Lipschitz constants c1,c2 >

0. Let {S j}M
j=1 : Vj → H be a family of nonexpansive nonself-mappings. Assume that F =(

∩M
j=1Fix(S j)

)
∩
(
∩N

i=1EP( fi)
)
6= /0.

Algorithm 3.1. (Parallel Hybrid Mann-Extragradient Method)

Step 0 Initialization. Choose {αn},{βn} ⊂ (0,1) and ρ ∈
(
0,min{ 1

2c1
, 1

2c2
}
)
. Take x1 ∈ H

and set n = 1.
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Step 1 Solve the strongly convex problems in parallel:


yi,n = argmin{1

2
‖y−PUixn‖2 +ρ fi(PUixn,y) : y ∈Ui}, i = 1, . . . ,N,

zi,n = argmin{1
2
‖t−PUixn‖2 +ρ fi(yi,n, t) : t ∈Ui}, i = 1, . . . ,N.

Step 2 Find among zi,n, i = 1, . . . ,N, the farthest element from xn, i.e.,

in = argmax{‖zi,n− xn‖ : i = 1, . . . ,N},zn = zin,n.

Step 3 Find intermediate approximations u j,n in parallel:

{
wn = βnxn +(1−βn)zn,

u j,n = αnxn +(1−αn)S jPV jwn, j = 1, . . . ,M.

Step 4 Find among u j,n and PV jwn, j = 1 . . . ,M, the farthest element from xn, i.e.,

jn = argmax{‖u j,n− xn‖2 +‖PV jwn− xn‖2 : j = 1, . . . ,M},un = u jn,n,vn = PV jn
wn.

Step 5 Construct two closed convex subsets:

C jn = {v ∈Vjn : ‖un− v‖2 +‖vn− v‖2 ≤ 2‖xn− v‖2},
Q jn = {v ∈Vjn : 〈x1− xn,v− xn〉 ≤ 0}.

Step 6 Generate next approximation xn+1 by

xn+1 = PC jn∩Q jn
x1.

Step 7 If xn+1 = xn, then stop; otherwise, set n = n+1 and go to Step 1.

Lemma 3.2. If xn+1 = xn for some n ∈ N, then xn ∈F .

Proof. Assume that xn+1 = xn for some n ∈ N. Then xn ∈C jn and

‖un− xn‖2 +‖vn− xn‖2 ≤ 2‖xn− xn‖2 = 0.

It follows that xn = un = vn. Hence u j,n = xn by the definition of un for each j ∈ {1, . . . ,M},
which implies that xn = S jPV jwn for each j ∈ {1, . . . ,M}. Note that xn = vn implies xn = PV jwn

for each j ∈ {1, . . . ,M}. Hence xn = S jxn for each j ∈ {1, . . . ,M}, i.e., xn ∈ ∩M
j=1Fix(S j). By
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using xn = S jPV jwn and Lemma 2.4, we have

‖xn− x∗‖2 ≤ ‖wn− x∗‖2

= βn‖xn− x∗‖2 +(1−βn)‖zn− x∗‖2−βn(1−βn)‖xn− zn‖2

≤ βn‖xn− x∗‖2 +(1−βn)
[
‖PUin

xn− x∗‖2− (1−2ρc1)‖yin,n−PUin
xn‖2

− (1−2ρc2)‖zin,n− yin,n‖2]−βn(1−βn)‖xn− zn‖2

≤ βn‖xn− x∗‖2 +(1−βn)
[
‖xn− x∗‖2− (1−2ρc1)‖yin,n−PUin

xn‖2

+(1−2ρc2)‖zin,n− yin,n‖2]−βn(1−βn)‖xn− zn‖2

= ‖xn− x∗‖2− (1−βn)
[
(1−2ρc1)‖yin,n−PUin

xn‖2 +(1−2ρc2)‖zin,n− yin,n‖2]
−βn(1−βn)‖xn− zn‖2

≤ ‖xn− x∗‖2−βn(1−βn)‖xn− zn‖2.

It follows that xn = zn. From the definition of zn, it follows that xn = zi,n. So, xn ∈Ui for each
i ∈ {1, . . . ,N}. By using Lemma 2.4, we have, for each i ∈ {1, . . . ,N},

‖zi,n− x∗‖2 ≤ ‖PUixn− x∗‖2− (1−2ρc1)‖yi,n−PUin
xn‖2− (1−2ρc2)‖zi,n− yi,n‖2

= ‖xn− x∗‖2− (1−2ρc1)‖yi,n− xn‖2− (1−2ρc2)‖zi,n− yi,n‖2, ∀n≥ 1.

Since zi,n = xn, 1−2ρc1 > 0 and 1−2ρc2 > 0, we get yi,n = xn for each i ∈ {1, . . . ,N}. From
condition (i), we have

fi(xn,z) = fi(PUixn,z)− fi(yi,n,PUixn)

≥ 1
ρ
〈yi,n−PUixn,yi,n− z〉

=
1
ρ
〈yi,n− xn,yi,n− z〉= 0, ∀z ∈Ui, ∀i ∈ {1, . . . ,N}.

It follows that xn ∈ ∩N
i=1EP( fi). Therefore, xn ∈F . This completes the proof. �

Next, we assume xn 6= xn+1 for all n≥ 1.

Lemma 3.3. F ⊂C jn ∩Q jn for all n≥ 1 and {xn+1} is well-defined.

Proof. Obviously, both C jn and Q jn are closed and convex for all n ∈ N. Now we prove that
F ⊂C jn for all n≥ 1. For any w ∈F , we conclude from Lemma 2.4 that

‖un−w‖2 +‖vn−w‖2 = ‖αnxn +(1−αn)S jnPV jn
wn−w‖2 +‖PV jn

wn−w‖2

≤ αn‖xn−w‖2 +(1−αn)‖wn−w‖2 +‖wn−w‖2

≤ αn‖xn−w‖2 +(2−αn)(βn‖xn−w‖2 +(1−βn)‖zn−w‖2)

≤ αn‖xn−w‖2 +(2−αn)(βn‖xn−w‖2 +(1−βn)‖xn−w‖2)

= 2‖xn−w‖2.

Hence, F ⊂C jn for all n≥ 1.
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Next, we show that F ⊂Q jn for all n∈N by induction. Observe that F ⊂Q j1 =Vj1 . Assume
F ⊂ Q jn−1 for some n > 2. From xn = PC jn−1∩Q jn−1

x1, we have

〈xn− z,x1− xn〉 ≥ 0,∀z ∈C jn−1 ∩Q jn−1.

Since F ⊂C jn−1∩Q jn−1 , one has 〈xn−z,x1−xn〉 ≥ 0 for all z∈F . By the fact that F ⊂Vjn and
the definition of Q jn , we have F ⊂Q jn . Hence F ⊂Q jn for all n ∈N by induction. Therefore,
F ⊂ C jn ∩Q jn for all n ∈ N. It follows that C jn ∩Q jn is nonempty convex and closed for all
n ∈ N, which implies that {xn+1} is well-defined. This completes the proof. �

Lemma 3.4. If the sequences {αn} and {βn} satisfy the following conditions: limsupn→∞ αn <
1 and 0 < liminfn→∞ βn < limsupn→∞ βn < 1, then limn→∞ ‖xn+1− xn‖ = 0, limn→∞ ‖zi,n−
xn‖ = 0 for each i ∈ {1, . . . ,N}, and limn→∞ ‖S jxn− xn‖ = limn→∞ ‖u j,n− xn‖ = 0 for each
j ∈ {1, . . . ,M}.

Proof. From the definition of Q jn , we have xn = PQ jn
x1. Put x∗ = PF x1. Lemma 3.3 implies

that x∗ = PF x1 ∈F ⊂C jn ∩Q jn for all n≥ 1. Hence,

‖xn− x1‖2 ≤ ‖x∗− x1‖2−‖x∗− xn‖2 ≤ ‖x∗− x1‖2, n≥ 1. (3.1)

It follows that {‖xn− x1‖} is bounded, so are {xn} and {un}. Further, we have that {u j,n} is
bounded for each j ∈ {1, . . . ,M}. Since xn+1 ∈ Q jn and xn = PQ jn

x1, we have

‖xn− x1‖2 ≤ ‖xn+1− x1‖2−‖xn+1− xn‖2, n≥ 1. (3.2)

Hence, {‖xn− x1‖} is increasing. It follows that the limit of {‖xn− x1‖} exists. This fact
together with (3.2) implies that

‖xn+1− xn‖ ≤ ‖xn+1− x1‖−‖xn− x1‖→ 0 as n→ ∞. (3.3)

From xn+1 ∈C jn , we have ‖un− xn+1‖2 +‖vn− xn+1‖2 ≤ 2‖xn− xn+1‖2→ 0 as n→ ∞, that is,

lim
n→∞
‖un− xn+1‖= lim

n→∞
‖vn− xn+1‖= 0.

From the definition of jn, we obtain

lim
n→∞

(‖u j,n− xn+1‖2 +‖PV jwn− xn+1‖2) = 0,∀ j ∈ {1, . . . ,M},

which together with (3.3) yields that

‖u j,n− xn‖→ 0 and ‖PV jwn− xn‖→ 0 as n→ ∞ (3.4)

for each j ∈ {1, . . . ,M}. For any w ∈F , by Lemma 2.4 we have

‖u j,n−w‖2 ≤ αn‖xn−w‖2 +(1−αn)‖wn−w‖2

≤ αn‖xn−w‖2 +(1−αn)(βn‖xn−w‖2 +(1−βn)‖zn−w‖2

−βn(1−βn)‖xn− zn‖2)

≤ αn‖xn−w‖2 +(1−αn)
[
βn‖xn−w‖2 +(1−βn)(‖PUin

xn−w‖2

− (1−2ρc1)‖yin,n−PUin
xn‖2− (1−2ρc2)‖yin,n− zn‖2)

−βn(1−βn)‖xn− zn‖2]
≤ ‖xn−w‖2− (1−αn)(1−βn)

[
λ
(
‖yin,n−PUin

xn‖2 +‖yin,n− zn‖2)
+βn‖xn− zn‖2]
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where λ = min{1−2ρc1,1−2ρc2}> 0. Hence,

(1−αn)(1−βn)
[
λ
(
‖yin,n−PUin

xn‖2 +‖yin,n− zn‖2)+βn‖xn− zn‖2]
≤ ‖xn−u j,n‖(‖xn−w‖+‖u j,n−w‖).

(3.5)

Since limsupn→∞ αn < 1 and 0 < liminfn→∞ βn < limsupn→∞ βn < 1, it follows from (3.4) and
(3.5) that

lim
n→∞
‖yin,n−PUin

xn‖= lim
n→∞
‖yin,n− zn‖= lim

n→∞
‖xn− zn‖= 0, ∀i ∈ {1, . . . ,N}.

Hence
‖zn−PUin

xn‖ ≤ ‖zn− yin‖+‖yin−PUin
xn‖→ 0 as n→ ∞

and
lim
n→∞
‖xn− zn‖= 0.

By the definition of in, we have

lim
n→∞
‖zi,n− xn‖= 0, ∀i ∈ {1, . . . ,N}. (3.6)

Since zi,n ∈Ui, we have

‖zi,n−PUixn‖= ‖PUizi,n−PUixn‖ ≤ ‖zi,n− xn‖→ 0 as n→ ∞, ∀i ∈ {1, . . . ,N}. (3.7)

From Lemma 2.4, we have, for each i ∈ {1, . . . ,N},

‖zi,n−w‖2 ≤ ‖PUixn−w‖2− (1−2ρc1)‖yi,n−PUixn‖2− (1−2ρc2)‖yi,n− zi,n‖2, n≥ 0.

This inequality together with (3.7) implies that

(1−2ρc1)‖yi,n−PUixn‖2 +(1−2ρc2)‖yi,n− zi,n‖2

≤ ‖PUixn− zi,n‖(‖xn−w‖+‖zi,n−w‖)→ 0 as n→ ∞, ∀i ∈ {1, . . . ,N}.
Since 1−2ρc1 > 0 and 1−2ρc2 > 0, it follows that

lim
n→∞
‖yi,n−PUixn‖= 0, ∀i ∈ {1, . . . ,N}.

Using (3.6), we obtain

‖yi,n− xn‖ ≤ ‖yi,n− zi,n‖+‖zi,n− xn‖→ 0 as n→ ∞, ∀i ∈ {1, . . . ,N}.

On the other hand, we have
‖u j,n− xn‖= ‖αnxn +(1−αn)S jPV jwn− xn‖

= (1−αn)‖S jPV jwn− xn‖, j ∈ {1, . . . ,M}.

Since limsupn→∞ αn < 1, it follows from (3.4) that, for each j ∈ {1, . . . ,M},

‖S jPV jwn− xn‖=
1

1−αn
‖u j,n− xn‖→ 0 as n→ ∞.

This together with (3.4) implies that

‖S jxn− xn‖ ≤ ‖S jxn−S jPV jwn‖+‖S jPV jwn− xn‖
≤ ‖xn−PV jwn‖+‖S jPV jwn− xn‖
→ 0 as n→ ∞, ∀ j ∈ {1, . . . ,M}.

This completes the proof. �
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Theorem 3.5. Let {xn} be the sequence generated by Algorithm 3.1. If the sequences {αn} and
{βn} satisfy the following conditions: limsupn→∞ αn < 1 and 0< liminfn→∞ βn≤ limsupn→∞ βn <
1, then {xn} converges strongly to the element x∗ = PF x1.

Proof. Assume that x̄ ∈ H is an any weak limit point of {xn} and the subsequence {xnk} con-
verges weakly to x̄ as k → ∞. We show that x̄ ∈ F . First, using Lemma 2.5, we obtain
x̄ ∈ Fix(S j) for each j ∈ {1, . . . ,M}, i.e., x̄ ∈ ∩M

j=1Fix(S j). On the other hand, we obtain from
Lemma 2.4 that, for each i ∈ {1, . . . ,N},

ρ
(

fi(PUixnk ,y)− fi(PUixnk ,yi,nk)
)
≥ 〈yi,nk−PUixnk ,yi,nk− y〉 ≥ 0, ∀y ∈Ui. (3.8)

Observe that both {yi,nk} and {PUixnk} also converge weakly to x̄ as k→ ∞. Hence, x̄ ∈Ui for
each i∈ {1, . . . ,N}. Now, we let k→∞ in (3.8). In view of ρ > 0, (i) and (iv), we have, for each
i ∈ {1, . . . ,N}, fi(x̄,y) ≥ 0, ∀y ∈Ui. Hence x̄ ∈ ∩N

i=1EP( fi). Therefore, x̄ ∈F . Using Lemma
2.6, we can conclude that {xn} converges strongly to x∗. This completes the proof. �

Algorithm 3.6. (Parallel Hybrid Halpern-Extragradient Method)

Step 0 Initialization. Choose {αn},{βn} ⊂ (0,1) and ρ ∈
(

0,min
{

1
2c1

, 1
2c2

})
. Take x1 ∈ H

and set n = 1.

Step 1 Solve the strongly convex problems in parallel:
yi,n = argmin{1

2
‖y−PUixn‖2 +ρ fi(PUixn,y) : y ∈Ui}, i = 1, . . . ,N,

ti,n = argmin{1
2
‖t−PUixn‖2 +ρ fi(yi,n, t) : t ∈Ui}, i = 1, . . . ,N.

Step 2 Find among zi,n, i = 1, . . . ,N, the farthest element from xn, i.e.,

in = argmax{‖zi,n− xn‖ : i = 1, . . . ,N},zn = zin,n.

Step 3 Find intermediate approximations u j,n in parallel{
wn = βnxn +(1−βn)zn,

u j,n = αnx1 +(1−αn)S jPV jwn, j = 1, . . . ,M.

Step 4 Find among u j,n, j = 1 . . . ,M, the farthest element from xn, i.e.,

jn = argmax{‖u j,n− xn‖2 +‖PV jwn− xn‖2 : j = 1, . . . ,M},un = u jn,n,vn = PV jn
wn.

Step 5 Construct two closed convex subsets

C jn = {w ∈Vjn : ‖un−w‖2 +‖vn−w‖2 ≤ αn‖x1−w‖2 +(2−αn)‖xn−w‖2},
Q jn = {v ∈Vjn : 〈x1− xn,v− xn〉 ≤ 0}.

Step 6 Generate next approximation xn+1 by

xn+1 = PC jn∩Q jn
x1.

Step 7 If yi,n = xn = S jxn for some n > 1 and each i ∈ {1, . . . ,N} and j ∈ {1, . . . ,M}, then
stop; otherwise, set n = n+1 and go to Step 1.
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Remark 3.7. If yi,n = xn for some n > 1 and each i ∈ {1, . . . ,N}, then xn ∈ Ui for each i ∈
{1, . . . ,N}. By using Lemma 2.4 and condition (i), we have

fi(xn,z) = fi(PUixn,z)− fi(yi,n,PUixn)

≥ 1
ρ
〈yi,n−PUixn,yi,n− z〉

=
1
ρ
〈yi,n− xn,yi,n− z〉

= 0, ∀z ∈Ui, ∀i ∈ {1, . . . ,N}.

It follows that xn ∈ ∩N
i=1EP( fi). Therefore, xn ∈F if further xn = S jxn for each j{1, . . . ,M}.

Assume that the stop condition in Step 7 can not be satisfied for all n > 1.

Theorem 3.8. Let {xn} be the sequence generated by Algorithm 3.6. If the sequences {αn} and
{βn} satisfy the following conditions: limn→∞ αn = 0 and 0 < liminfn→∞ βn ≤ limsupn→∞ βn <
1, then {xn} converges strongly to the element x∗ = PF x1.

Proof. It is easy to see that C jn and Q jn are closed and convex for all n ≥ 1. We show that
F ⊂C jn for all n≥ 1. For any w ∈F , by using Lemma 2.4 we have

‖un−w‖2 +‖vn−w‖2 = ‖αnx1 +(1−αn)S jnPV jn
wn−w‖2 +‖PV jn

wn−w‖2

≤ αn‖x1−w‖2 +(1−αn)‖wn−w‖2 +‖xn−w‖2

≤ αn‖x1−w‖2 +(1−αn)‖xn−w‖2 +‖xn−w‖2

= αn‖x1−w‖2 +(2−αn)‖xn−w‖2.

Hence F ⊂C jn for all n≥ 1. By a similar proof in Lemma 3.3, we can prove that F ⊂C jn∩Q jn
for all n≥ 1. It follows that C jn ∩Q jn is nonempty and {xn} is well defined.

Arguing similarly as in the proof of Lemma 3.4, we can conclude that {xn} is bounded and
limn→∞ ‖xn+1− xn‖= 0. Since xn+1 ∈C jn and limn→∞ αn = 0, we have

‖un− xn+1‖2 +‖vn− xn+1‖2 ≤ αn‖x1− xn+1‖2 +(2−αn)‖xn− xn+1‖2→ 0 as n→ ∞.

By the same proof of proving (3.4) in Lemma 3.4, we obtain

‖u j,n− xn‖→ 0 and ‖PV jwn− xn‖→ 0 as n→ ∞. (3.9)
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Using by Lemma 2.4, we have

‖u j,n−w‖2 ≤ αn‖x1−w‖2 +(1−αn)‖wn−w‖2

≤ αn‖x1−w‖2 +(1−αn)(βn‖xn−w‖2 +(1−βn)‖zn−w‖2

−βn(1−βn)‖xn− zn‖2)

≤ αn‖x1−w‖2 +(1−αn)
[
βn‖xn−w‖2 +(1−βn)(‖PUin

xn−w‖2

− (1−2ρc1)‖yin,n−PUin
xn‖2− (1−2ρc2)‖yin,n− zn‖2)

−βn(1−βn)‖xn− zn‖2]
≤ ‖xn−w‖2 +αn‖x1−w‖2− (1−αn)(1−βn)

[
λ
(
‖yin,n− zn‖2

+‖yin,n−PUin
xn‖2)+βn‖xn− zn‖2]

≤ ‖xn−w‖2 +αnM1− (1−αn)(1−βn)
[
λ
(
‖yin,n− zn‖2 +‖yin,n−PUin

xn‖2)
+βn‖xn− zn‖2]

where M1 = supn≥1 ‖x1−w‖2 and λ = min{1−2ρc1,1−2ρc2}> 0. Hence

(1−αn)(1−βn)
[
λ
(
‖yin,n− zn‖2 +‖yin,n−PUin

xn‖2)+βn‖xn− zn‖2]
≤ αnM1 +‖xn−w‖2−‖u j,n−w‖2

≤ αnM1 +‖xn−u j,n‖(‖xn−w‖+‖u j,n−w‖).

Since limn→∞ αn = 0 and 0 < liminfn→∞ βn ≤ limsupn→∞ βn < 1, we obtain from (3.9) that
limn→∞ ‖xn− zn‖= 0. Arguing similarly again as in the proof of Lemma 3.4, we conclude from
(3.6) and (3.7) that

lim
n→∞
‖zi,n− xn‖= lim

n→∞
‖zi,n−PUixn‖= lim

n→∞
‖yi,n−PUixn‖= 0

for each i ∈ {1, . . . ,N}. Observe

‖u j,n− xn‖= ‖αnx1 +(1−αn)S jPV jwn− xn‖
≥ (1−αn)‖S jPV jwn− xn‖−αn‖x1− xn‖.

Since limn→∞ αn = 0, it follows from (3.9) that

‖S jPV jwn− xn‖ ≤
1

1−αn
‖u j,n− xn‖+αn‖x1− xn‖→ 0 as n→ ∞,

which implies that

‖S jxn− xn‖ ≤ ‖S jxn−S jPV jwn‖+‖S jPV jwn− xn‖
≤ ‖xn−PV jwn‖+‖S jPV jwn− xn‖→ 0 as n→ ∞, ∀ j ∈ {1, . . . ,M}.

Since the rest proof is similar to Theorem 3.5, we omit it here. This completes the proof. �

Corollary 3.9. Let {Ui}N
i=1 be a family of nonempty closed convex subsets of a real Hilbert

space H. For each i ∈ {1, · · · ,N}, let fi : Ui×Ui→ R be a bifunction satisfying the conditions
(i)-(iv) and assume that { fi}N

i=1 enjoy the common Lipschitz constants c1,c2 > 0. Assume that
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Ω = ∩N
i=1EP( fi) 6= /0. Define a sequence {xn} by the following manner: x1 ∈ H and

yi,n = argmin{1
2
‖y−PUixn‖2 +ρ fi(PUixn,y) : y ∈Ui}, i = 1, . . . ,N,

zi,n = argmin{1
2
‖t−PUixn‖2 +ρ fi(yi,n, t) : t ∈Ui}, i = 1, . . . ,N,

ui,n = αnxn +(1−αn)zi,n, i = 1, . . . ,N,

in = argmax{‖ui,n− xn‖ : i = 1, . . . ,N},un = uin,n,

Cin = {v ∈Uin : ‖un− v‖ ≤ ‖xn− v‖},
Qin = {v ∈Uin : 〈x1− xn,v− xn〉 ≤ 0},
xn+1 = PCin∩Qin

x1,n≥ 1,

(3.10)

where ρ ∈
(

0,min
{

1
2c1

, 1
2c2

})
. If limsupn→∞ αn < 1, then the sequence {xn} generated by

(3.19) converges strongly to element x̂ = PΩx1.

Corollary 3.10. Let {Ui}N
i=1 be a family of nonempty closed convex subsets of a real Hilbert

space H. For each i ∈ {1, · · · ,N}, let fi : Ui×Ui→ R be a bifunction satisfying the conditions
(i)-(iv) and assume that { fi}N

i=1 enjoy the common Lipschitz constants c1,c2 > 0. Assume that
Ω = ∩N

i=1EP( fi) 6= /0. Define a sequence {xn} by the following manner: x1 ∈ H and

yi,n = argmin{1
2
‖y−PUixn‖2 +ρ fi(PUixn,y) : y ∈Ui}, i = 1, . . . ,N,

zi,n = argmin{1
2
‖t−PUixn‖2 +ρ fi(yi,n, t) : t ∈Ui}, i = 1, . . . ,N,

ui,n = αnx1 +(1−αn)zi,n, i = 1, . . . ,N,

in = argmax{‖ui,n− xn‖ : i = 1, . . . ,N},un = uin,n,

C jn = {v ∈Uin : ‖un− v‖2 ≤ αn‖x1− v‖2 +(1−αn)‖xn− v‖2},
Q jn = {v ∈Uin : 〈x1− xn,v− xn〉 ≤ 0},
xn+1 = PCin∩Qin

x1,n≥ 1,

(3.11)

where {αn} ⊂ (0,1), ρ ∈
(

0,min
{

1
2c1

, 1
2c2

})
. If limn→∞ αn = 0, then the sequence {xn} gener-

ated by (3.11) converges strongly to element x̂ = PΩx1.

Remark 3.11. If Ui ≡U for each i = 1, . . . ,N and Vj ≡ V for each j = 1, . . . ,M in Theorems
3.5 and 3.8, we obtain the related results announced in [16, Theorem 1,Theorem 2].

4. THE NUMERICAL EXPERIMENT

In this section, we give an example to illustrate the algorithms in this paper. We perform the
algorithms by Matlab R2008a running on a PC Desktop with Core(TM) i3CPU M550 3.20GHz
with 4GB Ram.

Example 4.1. Let H =R be a Hilbert space with the standart inner product 〈x,y〉 := xy and the
norm ‖x‖ := |x| for all x,y ∈ H . Consider the bifunctions defined on the set Ui = [0, i]⊂ H by

fi(x,y) = ix(y− x), i = 1, . . . ,N.
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Since fi(x,y)+ fi(y,x) = −i(x− y)2 ≤ 0, each bifunction fi is monotone, and then it is pseu-
domonotone. A straightforward calculation yields that fi(x,y)+ fi(y,z)− fi(x,z) = (x− y)(y−
z)≥−2(x− y)2−2(y− z)2, which proves the Lipschitz-type continuity of fi with c1 = c2 = 2.
It is easy to see ∩Ni

i=1EP( fi) = {0}. Let Vj = [0,2 j] and define the mappings S j : Vj → H by
S jx := −x

2 j for all x ∈ Vj, j = 1, . . . ,M. Clearly, S j is nonself-nonexpansive mapping on Vj,
j = 1, . . . ,M. Moreover, ∩M

j=1F(S j) = {0}. Thus, F = (∩N
i=1EP( fi))

⋂
(∩M

j=1F(S j)) = {0}.
In Algorithms 3.1 and 3.6, we put ρ = 1

4 , αn =
1

2n and βn = 0.8(1−0.8e−
n
10 ) for each n≥ 1.

The program will stop if ‖xn‖< 10−6. The following figures show the convergence of sequences
generated by Algorithms 3.1 and 3.6 with the different initial point.
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FIGURE 1. Convergence of Algorithms 3.1 and 3.6 with (N,M) = (5,20) and x1 = 20
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FIGURE 2. Convergence of Algorithms 3.1 and 3.6 with (N,M) = (5,20) and x1 = 30
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FIGURE 3. Convergence of Algorithms 3.1 and 3.6 with (N,M) = (15,40) and
x1 = 20
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FIGURE 4. Convergence of Algorithms 3.1 and 3.6 with (N,M) = (15,40) and
x1 = 30
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