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Abstract. In this paper, we introduce some iterative algorithms to find common elements in the solution
set of a family of pseudomonotone equilibrium problems and the fixed point set of a family of nonself-
nonexpansive mappings on the different subsets of a Hilbert space. The strong convergence of these
algorithms are obtained. Finally, a numerical example is given to illustrate the main results of this paper.
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1. INTRODUCTION

Let H be a real Hilbert space and C be a nonempty closed and convex subset of H. Let
f:C xC — R be a bifunction with f(x,x) = 0 for all x € C. The equilibrium problem for f is
to find z € C such that

f(z,y) >0, V¥yeC.

Many problems in physics, optimization, and economics can be reduced to find solutions of the
equilibrium problem. The set of all solutions of the equilibrium problem is denoted by EP(f),
1.e.,

EP(f)={z€C: f(z,y) >0,Vy € C}.

An equilibrium problem is called monotone equilibrium problem if f satisfies the condition

flx,y)+ f(yx) <0,Vx,y € C.

There are various algorithms for solving the monotone equilibrium problem, see, e.g., [1, 2, 3,
4,5,6,7,8,9, 10] and the references therein.
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The bifunction f is said to be pseudomonotone if
f(xy) 2 0= f(yx) <0, Vx,y€C.

The corresponding equilibrium problem is called the pseudomonotone equilibrium problem.
Recently, many authors investigated this kind of equilibrium problem. In 2008, Tran, Dung
and Nguyen [11] introduced an extragradient method to solve a pseudomonotone equilibrium
problem in R”. The extragradient method is as follows: given xo € C, find successively y, and

Xn4-1 by

) 1
yn = argmingcc{Anf (X0, y) + EH)’ — x|},

) 1
Xnt1 = argmmyeC{A'nf()’my) + zHy_anz}7

where {1, } C (0, 1] and f satisfies a Lipschitz-type property. The authors proved that sequence
{x,} converges to some x* € EP(f).

In 2012, Vuong, Strodiot and Nguyen [12] considered a hybrid projection algorithm for find-
ing common elements in the fixed point set of a pseudo-contraction S and the solution set of a
pseudomonotone equilibrium problem by the following manner: xy € C and

(

) 1
Yn = argmin,.cc {A‘nf(xmy) + §||y—xn||2} )

) 1
Ip = argminycc {lnf()’m))) + EHy_xlez} )

tn = OpXp 4 (1 — 0y [Buzn + (1 — Bn) Sz,
Co={z€C: |ty —z| < |lxn—2zll},
D, ={z€C: (x,—2z,x0 —x,) >0},

( Xn+1 = Fc,np, X0,

where {a,},{Bn},{A:} C (0,1), and f satisfies a Lipschitz-type property. The authors proved
that {x,} converges strongly to the element Pgp(s)npix(s)X0, Where Fix(S) denotes the set of
fixed points of S.

In [13], Anh introduced the following algorithm to find a solution of pseudomonotone equi-
librium problem, which is also the fixed point of a nonexpansive mapping 7" in a Hilbert space:

(

) 1
Yn = argmin,.c {lnf(xn,y) + EH}’—Xn“z} ;

) 1
= gy {2/ 0n)+ 5y =7

( Xn+1 = OpX0 + (1 - an)Ttna

where xo € C is a fixed element, {o,},{A,} C (0,1), and f satisfies a Lipschitz-type prop-
erty. The author proved that {x,} converges strongly an element z € EP(f) N Fix(T) provided
limy,—yeo || X441 — x| = 0.

Recently, some authors modified the hybrid methods to find solutions of pseudomonotone
equilibrium problems; see, e.g., [12, 14, 15, 16, 17]. Wang et al. [18] considered a viscos-
ity extragradient method to find a common element of the solution set of a pseudomonotone
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equilibrium problem and the fixed point set of a nonexpansive mapping as follows: xo € C and

;

. 1
Vn :argmln{§||y—xn]|2+lnf(xn,y) (Y E C},

. [1

(Xn+1 = (an<xn) + (1 - an)(ﬁnxn + (1 - Bn)Ttn)avn €N,

where {0, },{B}, {A} C (0,1), fis a bifunction on C x C satisfying a Lipschitz-type property,
T is a nonexpansive mapping on C and p is a p-contraction on C. They proved that {x,}
converges strongly to an element z € EP(f) NFix(T).

On the other hand, Hieu, Muu and Anh [16] introduced some parallel hybrid extragradient
algorithms for finding a common element of the set of solutions of a finite family of pseu-
domonotone equilibrium problems and the set of fixed points of a finite family of nonexpansive
mappings in Hilbert space. One of the algorithms is the parallel hybrid Mann-extragradient
method defined by the manner: xy € C and

;

. 1 .
Yin = argmln{pfi(xn,y)—f—§||xn—y||2 1y E C}, i=1,...,N,

. 1 )
Zin = argmln{pﬁ(Yi,nyy)+§||xn_)7||2 ye C}, i=1,...,N,

in = argmax{||zin — x| 1 i=1,...,N},Zn = Zip 0

Ujn = OpXn+ (1= 0)SjZn, j=1,.... M,

jn = argmax{|[uj, —xn|| : j=1,..., M}, iy = uj, n,

Co={v€C: in—v]| < 30— ][}, 0 = {v €C: (xg— 10— x,) <O},
(Xn+1 = Pc,no,X0, n e N.

where {f;}*, : C x C — R are a family of pseudomonotone bifunctions and {S$ J}ij: 1 :C—=C
are a family of nonexpansive mappings. They proved that {x,} converges strongly the element
Pgxo, where 7 = (ML EP(f;)) 0 (ML Fix(S))).

In this paper, inspired by the results of Hieu, Muu and Anh [16], we introduce some new
parallel extragradient algorithms to solve a family of pseudomonotone equilibrium problems
and fixed point problem for a family of nonself-nonexpansive mappings that the bifunctions
and mappings are on the different subsets in Hilbert space. The strong convergence for the
algorithms are proved. Finally, a numerical example is given to illustrate the results of this
paper. Our results improve and extend the ones of Hieu, Muu and Anh [16] and some others in
the literature.

In this paper, inspired by the results of Hieu, Muu and Anh [16], we introduce some new par-
allel extragadient algorithms to solve a family of pseudomonotone equilibrium problems and
fixed point problems of a family of nonself-nonxpansive mappings. Our bifunctions and map-
pings are on the different subsets in Hilbert spaces. The strong convergence of the algorithms is
proved. Finally, a numerical example is given to illustrate the results of this paper. Our results
improve and extend the ones of Hieu, Muu and Anh [16] and some others in the literature.
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2. PRELIMINARIES

Let H be a Hilbert space and let C be a nonempty closed subset of H. For each point x € H,
there exists a unique nearest point of C, denoted by Pcx, such that ||x — Pex|| < ||x — || for all
y € C. Such a F¢ is called the metric projection from H onto C. Then

(al) forx € H and z € C, 7 = Pcx if and only if
(x—2z,2—y) >0, VyeC;
(a2) for all x,y € H and z € C, it holds
1Pex —2||* < [ — 2| — || Pex — ]

Let f: C x C — R be a bifunction. f is said to be
(al) y-strong monotone (y > 0) on C if, for each x,y € C,

fxy) +f(rx) < —7llx—y

(a2) monotone on C if, for each x,y € C,

f,y) 4+ f(nx) <0;

(a3) pseudomonotone on C if, for each x,y € C,

f(x,y) >0 implies f(y,x) <O0;

The following examples show the relations of (al), (a2) and (a3).

2.

Example 2.1. Let C = [0,00) and define f: C x C — R by f(x,y) = arctan(x — y)e” for all
x,y € C. Since f(x,y) + f(y,x) = arctan(x — y) (e’ — €*) < 0 for all x,y € C, we have that f is
monotone. However, f 1S not strong monotone.

Example 2.2. Let C = [0,). Set a > 1 and define f: C xC — R by f(x,y) = (x —y)a* for
all x,y € C. Then f is pseudomonotone. Since f(x,y)+ f(y,x) = (x —y)(a* —a”) > 0 for all
x,y € C, we have that f is not monotone.

Obviously, we have (al) = (a2) = (a3). The bifunction f is said to be Lipschitz-type
continuous if there exist the constants ¢; > 0 and ¢; > 0 such that f(x,z) < f(x,y)+ f(y,2) +
ctllx=yI* +eally—z|* forall x,y,z € C.

Example 2.3. Let H = R? and C = {(x1,x2,x3) : x1,x2,x3 > 0}. Let f:CxC — R be a
bifunction defined by f(x,y) =3(y3 —ux3)||x|| for all x = (x1,x2,x3),y = (y1,y2,y3) € C. Observe
that, for all x = (x1,x2,x3),y = (y1,¥2,3),2 = (21,22,23) €C,
f(x,2) = 3(z3 —x3) [|x]| = 3(z3 —y3) [[x[| +3(y3 —x3) [|x]]
=3(zz —y3) Iyl +3(zz —y3)([[x[| = [¥[]) + f(x,¥)
< feey)+f(3,2) +3llz—yll[lx =yl
< f(

3
x,3)+f (0 + 5 (o= yIF + e =)

It follows that f is Lipschitz-type continuous with the constants ¢; = ¢y = % It is obvious that
f is pseudomonotone but not monotone.
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We consider the following conditions on f, which will be used in the next section:

(i) f(x,x) =0 for all x € C and f is pseudomonotone on C;

(i1) f Lipschitz-type continuous on C;

(iii) for each x € C, y — f(x,y) is convex and subdifferentiable;
(iv) f(x,y) is jointly weakly continuous on C x C.

It is known that EP(f) is closed and convex under the conditions (i), (iii) and (iv).
Lemma 2.4. [13] Let f: C x C — R be a bifunction satisfying the conditions (i)-(iv) with

Lipschitz constants ¢y > 0 and ¢ > 0 such that EP(f) # 0. For x € C, assume that the following
strongly convex problems hold:

.1

y= argm1n{§||z—x||2 +Af(x,z):z€CY,
1

t= argmin{EHa—tz +Af(y,a):aeC},

where A > 0. Then,
Alf(x,z) = f(x,y)] > (y—x,y—2z), VzeC

and
[t =wl[* < x—w|[* = (1 =24c1)|lx = y||* = (1 = 24c2) ||t —¥||*, Vw € EP(f).

Lemma 2.5. (Demiclosedness principle) Let H be a real Hilbert space and C C H be a
nonempty closed convex subset. Let T : C — H be a nonexpansive mapping. Suppose that
{t,} C C weakly converges to some element x € C. If ||t, — Tt,|| — 0 as n — oo, then Tx = x.

Let {x,} C H be a sequence and ®,(x,) = {x: 3x,; — x} denote the weak w-limit set of

{xn}-

Lemma 2.6. Let K be a nonempty closed and convex subset of H. Let {x,} be a sequence
in Hand u € H. Let g = Pxu. If {x,} is such that ®,(x,) C K and satisfies the condition
X0 — ul] < |lu—gql|, Vn >0, then {x,} converges strongly to q.

3. MAIN RESULTS

Let H be a real Hilbert space. Let {U;}.}, {V;}L; C H be a two finite families of nonempty
closed convex subsets. For each i € {1,--- N}, let f; : U; x U; — R be a bifunction satisfying
the conditions (i)-(iv) and assume that { f,}f\': | enjoy the common Lipschitz constants cy,c2 >
0. Let {S J}IJ”: - V; = H be a family of nonexpansive nonself-mappings. Assume that .7 =

(P, Fix(s))) 0 (O, EP(S)) #0.
Algorithm 3.1. (Parallel Hybrid Mann-Extragradient Method)

Step 0 Initialization. Choose {a,},{B.} C (0,1) and p € (Qmin{z%lvz]Tz})' Take x; € H
and setn = 1.
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Step 1 Solve the strongly convex problems in parallel:
Yin = afgmin{%Hy—PU,-anz +pfi(Pyxn,y) iy €Ui},i=1,...,N,
Zin = argrnin{%Ht — Pyxn||* +pfi(in,t) it €Uy i=1,...,N.
Step 2 Find among z; ,, i = 1,...,N, the farthest element from x,, i.e.,

in = argmax{||zip —xu|| :i=1,...,N},zp = Zi, n-

Step 3 Find intermediate approximations u; , in parallel:

Wp = ﬁnxn+ (1 _ﬁn)Zn,
Ujp = OXp+ (1= 04)SiPywp, j=1,...,.M.

Step 4 Find among u; , and ijwn, j=1...,M, the farthest element from x,, i.e.,
Jn = argmax{||u;, —xn||2+ | Pv;wn —)C,,H2 rj= 1 MY uy = wj, Ve = Py, W

Step 5 Construct two closed convex subsets:

Cin ={v eV, llun—v|[*+ v —v[* < 2/lxu — |},
Qj, ={veV; : (x1 —xn,v—2x,) <0}.

Step 6 Generate next approximation x,| by

Ant+1 = PCian.inxl ’

Step 7 If x,1.1 = xy, then stop; otherwise, set n =n+ 1 and go to Step 1.
Lemma 3.2. If x| = x,, for some n € N, then x, € .F.

Proof. Assume that x,, 1 = x,, for some n € N. Then x,, € Cj, and
[ _anz +{[va _anZ < 2||xy _anz =0.
It follows that x,, = u, = v,. Hence u;, = x, by the definition of u, for each j € {1,...,M},

which implies that x, = S;Py,w, for each j € {1,...,M}. Note that x, = v, implies x, = Py,wy
for each j € {1,...,M}. Hence x, = Sjx, for each j € {1,...,M}, ie., x, € ﬂl}’ilFix(Sj). By
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using x, = S iBvwn and Lemma 2.4, we have

[ben =21 < Jlwn =212

= Balln — x>+ (1 = Bo)llzn — x> = Ba(1 = Ba) 0 — 2>

< Bullxw — x|+ (1= Ba) [||1Py, X0 — X2 = (1 = 2pc1) |yiun — Pu, Xal|*
—(1=2pc2)||ziym _yin,nHz} — B (1= Bo)lxn — zal?

< Bl — (2 + (1= Bo) [[ln = 1> = (1= 2p¢1) [Yin — Py, %a)?
+ (1 =2pc2)||ziyn —)’in,nHz} — Bu(1 = Bn)[xn _ZnH2

= [Pon = x*[1> = (1 = B) [(1 = 2pc1) [Viyn — Pu, 5ull* + (1 = 2p2) |20 = Vi |I°]
— Bu(1 = Bo)[ln —za?

< []xn _X*Hz — Bu(1—=Ba)||xn _Znuz-

It follows that x, = z,,. From the definition of z,, it follows that x, = z; 5. So, x,, € U; for each
i€{l,...,N}. By using Lemma 2.4, we have, for eachi € {1,...,N},

2

lzin =1 < | Pua — x> = (1 =2pe) [yin — Py, il > = (1 =2P€2) | 2in — Yin
= Jlaw = > = (1= 2pe1) [yin —xall> = (1 = 2pc2) |z — yiull* ¥Vn > 1.

Since zj, = X, 1 —2pcy >0and 1 —2pcy > 0, we get y;, = x, for eachi € {1,...,N}. From
condition (i), we have

Ji(xn;2) = fi(Pyixn; 2) _fi(yi,naPU;xn)

1
> _<yi,n — Pyxn, Yin _Z>
P
1
= l—)(y,'7n—xn,y,~7n—z> =0, Vze U, Vie{l,...,N}.
It follows that x, € NY_, EP(f;). Therefore, x, € .#. This completes the proof. O

Next, we assume x,, # x,,+1 foralln > 1.
Lemma 3.3. . C C;, NQj, foralln > 1 and {x,4,} is well-defined.

Proof. Obviously, both C;, and Q;, are closed and convex for all n € N. Now we prove that
Z CCj, foralln> 1. For any w € %, we conclude from Lemma 2.4 that

et = wII> + v = wl* = [ 060 + (1 = 0) S, Py, W —wl|* 4[| Py, wn — w?
< 013 = W A+ (1= 0) [ w = W + [[wn = wl|?
< 0[50 = w[1* (2 = 06) (Bulln = wl|* + (1= Ba)l|zw —w?)
< 0l = w1+ (2 = 06) (Bulln = W + (1= o) |xn — wl|?)
= 2|, — w||*.

Hence, .# C Cj, foralln > 1.
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Next, we show that % C Q;, for all n € N by induction. Observe that % C Qj, =V;,. Assume
F C Qj, , forsome n > 2. From x, = Fe, N, X1, we have
(Xn—z,X1 —x,) > 0,Yz€Cj, ,NQj, ,-

Since .# C Cj,_,NQ;j, ,,onehas (x, —z,x1 —x,) > 0forall z€ .%. By the fact that # C V;, and
the definition of Q;,, we have .# C Q;,. Hence .# C Q, for all n € N by induction. Therefore,
F C Cj,NQ;, for all n € N. It follows that C;, N Q;, is nonempty convex and closed for all
n € N, which implies that {x,,,} is well-defined. This completes the proof. 0

Lemma 3.4. If the sequences { o, } and {B,} satisfy the following conditions: limsup,_. ., O, <
1 and 0 < liminf, e B, < limsup,,_,., By < 1, then limy_se ||Xp11 — Xp|| = 0, limy—seo ||zin —
xp|| =0 for each i € {1,... N}, and limy,_e ||S Xy — X || = limy—e ||t — X4|| = O for each
jed{l,....M}.

Proof. From the definition of Q;, , we have x, = Py, x1. Put x* = Pzx;. Lemma 3.3 implies
that x* = Pgx; € # C C;,NQ;, for all n > 1. Hence,

o =0 |2 <l = x| = [l =2 < flx* = |2, > 1 3.1)

It follows that {||x, — x|/} is bounded, so are {x,} and {u,}. Further, we have that {u;,} is
bounded for each j € {1,...,M}. Since x,11 € Qj, and x, = Pp, x1, we have

0 = x11* < Xt = x1 1P = n1 — 2%, 2> 1 (3.2)

Hence, {||x, —x;||} is increasing. It follows that the limit of {|[x, —x||} exists. This fact
together with (3.2) implies that

11 — Xnl| < |xne1 —x1|| = ||xn — x1]] = 0 as n — oo. (3.3)
From x,,11 € Cj,, we have ||uy — X41]|? + [[va — Xns1]|* < 2[J%0 — Xns1]|* — 0 as n — oo, that is,
1im [y x| = lim [y — 1] = 0,
From the definition of j,, we obtain
1im (15— 1[4 [ By — 501 [2) = 0.5 € (1.},
which together with (3.3) yields that
|ujn— x| — 0and ||ijwn —Xy|| > 0asn— oo (3.4)
for each j € {1,...,M}. For any w € .%, by Lemma 2.4 we have
et = wII* < 0l —w]* 4 (1 = 0t) [l wn — >
< 0l = w1+ (1= 06) (Bulln = wl|> + (1= Bo)l|z0 — w?
—Bu(1 _ﬁn)Hxn_Zn”z)
< 0t 3 = wII* + (1= ) [Bulln —wl1* 4 (1 = Ba) (|| Py, 20 — >
— (1 =2pe) [Vipn = Pu, 5l > = (1= 2p2) [¥in = 2all?)
—Ba(1 _ﬁn)Hxn_Zn”z}
< ||xn - W||2 - (1 - O‘n)(l _Bn) [/AL(Hyimn _PU,‘,RCn“2 + ||yin,n _Zn“2)
+ﬁn‘|xn_zn”2}
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where A = min{1 —2pcy,1 —2pc;} > 0. Hence,
(1 - O‘n)(l - Bn) M (Hyimn - PU,'nan2 + ||yin7” - ZnHZ) "‘Bonn _ZnHz]

(3.5)
(lln = wl [l 0 = w])-

< ||xn —Ujn

Since limsup,_,., 0, < 1 and 0 < liminf,_. B, < limsup,,_,., B, < 1, it follows from (3.4) and
(3.5) that

B i, — P, 3l] = i [y, 2l = lim [y 2] = 0, Vi€ {1,....N}.
Hence
|2 _PUin‘an <Alzn =i, | + [li, _PUinan —+0asn—oo

and
lim ||x, —z,]| = 0.
n—soo

By the definition of i, we have

lim [[zin — xa]| =0, Vi € {1,...,N}. (3.6)
n—roo
Since z; , € U;, we have
\|zin — Puxn|| = [|Puzin — Pun|| < ||zin—Xnl| = 0asn — oo, Vie {1,...,N}. (3.7
From Lemma 2.4, we have, foreachi € {1,...,N},

z,nZO.

Izt =Wl < 1|Pupn = wll* = (1= 2pe1) [yin — Puginl]* = (1= 2pe2) |yin —zim
This inequality together with (3.7) implies that

(1=2pc1)|[yin — Pugal* + (1 = 2pc2) |[yin — zinl|*
< ||Puxn = Zin||(|Xn =W + [|zin —w||) = 0asn— oo, Vie {1,...,N}.

Since 1 —2pcy > 0and 1 —2pcy > 0, it follows that
lim ||yi, — Puxa|| =0, Vie {1,...,N}.
n—soo

Using (3.6), we obtain

+

Vin —Xnll < Vin—zinll + ||2in —Xn|| = 0asn — oo, Vi€ {1,...,N}.
On the other hand, we have
[t4j.0 — x| = || O + (1 — an)SjPVjWn — X ||
= (1 =) ||S;Pv;wn —xall, j € {1,...,M}.
Since limsup,_.,, o, < 1, it follows from (3.4) that, for each j € {1,...,M},
R s
This together with (3.4) implies that
10— | < 1180 — Pyl 18w — 3
< [Jxn = Pyywal| + ISPy, wn — x|
—0asn—oo Vje{l,... . M}.

|jn—2xn]| = 0asn— oo

This completes the proof. U
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Theorem 3.5. Let {x,} be the sequence generated by Algorithm 3.1. If the sequences { &, } and
{Bn} satisfy the following conditions: limsup,,_., 0, < 1 and 0 < liminf, ., <limsup,_..., B, <
1, then {x,} converges strongly to the element x* = Pgx].

Proof. Assume that X € H is an any weak limit point of {x,} and the subsequence {x,, } con-
verges weakly to X as k — «. We show that x € .%. First, using Lemma 2.5, we obtain
X € Fix(S;) foreach j € {1,...,M},ie, X € ﬂjj‘-ilFix(Sj). On the other hand, we obtain from
Lemma 2.4 that, for eachi € {1,...,N},

P(fi(PUixnkaY) _ﬁ(PUixnkayi,l’lk)) Z <)’i,nk _PUl‘xn“yi,nk _y> Z 07 V}’ € Ui' (38)

Observe that both {y; », } and {Py,x,, } also converge weakly to X as k — co. Hence, x € U; for
eachie {1,...,N}. Now, we let k — oo in (3.8). In view of p > 0, (i) and (iv), we have, for each
i€{l,...,N}, fi(x,y) >0, Vy € U;. Hence X € NY_ | EP(f;). Therefore, X € .#. Using Lemma
2.6, we can conclude that {x,} converges strongly to x*. This completes the proof. U

Algorithm 3.6. (Parallel Hybrid Halpern-Extragradient Method)

Step 0 Initialization. Choose {0y, },{B,} C (0,1) and p € (O,min{%, ﬁ}) Take x; € H
and setn = 1.

Step 1 Solve the strongly convex problems in parallel:
. .
Yin = argmln{iHy—PU,.x,,H2 +pfi(Puxn,y) :y €U}, i=1,...,N,

! .
lin = argmm{iﬂt — Pyxn|> +pfi(inst) it €Uy i=1,...,N.
Step 2 Find among z; ,, i = 1,...,N, the farthest element from x,, i.e.,

ip = argmax{||zi, — x| :i=1,....,N},z2n = Zj, -

Step 3 Find intermediate approximations u; , in parallel
Wn = ann + (1 - ﬁn)zn;
Ujn = 0pX] + (1 —OCn)SjPVjWn,j =1,...,M.
Step 4 Find among u;,, j = 1...,M, the farthest element from x,, i.e.,
Jn = argmax{||u;, —Xu||> + | Py,wn — xal|* : j = 1,... .M}ty = tj, ;v = Py, W
Step 5 Construct two closed convex subsets
Cjo = {w eV, un —wl? 4 [ve —w* < 0 flxr = wl|* + (2 ata) [Jxa —w]*},
Qj, ={vevV : (x1 —x,,v—x,) <0}
Step 6  Generate next approximation X, by
Xnt1 = Fc; ng;, *1-

Step 7 If yin = X = Sjx, for some n > 1 and each i € {1,...,N} and j € {1,...,M}, then
stop; otherwise, set n =n+1 and go to Step 1.
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Remark 3.7. If y; , = x,, for some n > 1 and each i € {1,...,N}, then x, € U; for each i €
{1,...,N}. By using Lemma 2.4 and condition (i), we have

fi(xnvz) = fi(PUan,Z) _fi(yiJzaPUixn)

1
> —(Vin—PuXn,Yin—2)

— 0

= _<yi7n —Xn,Yin _Z>

=0, VzeU;, Vie{l,...,N}.

©

It follows that x, € NY_ | EP(f;). Therefore, x, € .% if further x, = Sx, for each j{1,...,M}.
Assume that the stop condition in Step 7 can not be satisfied for all n > 1.

Theorem 3.8. Let {x,} be the sequence generated by Algorithm 3.6. If the sequences { &, } and
{B.} satisfy the following conditions: 1lim,_. 0, = 0 and 0 < liminf,_. B, < limsup,_, B <
1, then {x,} converges strongly to the element x* = Pzx;.

Proof. It is easy to see that C;, and Q;, are closed and convex for all n > 1. We show that
Z CCj, foralln> 1. For any w € .%, by using Lemma 2.4 we have

it = w12+ [ =% = s + (1 = 00)S5, By i — ]2+ [y o — v
< bt = wl2+ (1= o) s = wl]2+ [l — ]
< bt = w2+ (1= o) o = ]2+ [ — ]

= aonl _WHZ"‘ (2— O‘n)Hxn _W||2~

Hence .# C C;, forall n > 1. By a similar proof in Lemma 3.3, we can prove that.%# C C;, N Q},
for all n > 1. It follows that C;, N Q;, is nonempty and {x,} is well defined.

Arguing similarly as in the proof of Lemma 3.4, we can conclude that {x,} is bounded and
limy,—yeo [|Xp+1 — X»|| = 0. Since x4 € Cj, and lim,,_,., &, = 0, we have

it = 1|12 4 Vi =217 < ller =241 |17 + (2= 0) [0 — 21 [ — O as = oo,

By the same proof of proving (3.4) in Lemma 3.4, we obtain

14,0 — Xal| = O and ||Py;wy, —x,|| = 0 as n — oo, (3.9)
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Using by Lemma 2.4, we have
it =Wl < aialer —w]* + (1= 0) [ wn —w]>
< 0yl = wl|* 4 (1= ) (Bullxn = wl* + (1 = Ba) |z — >
— Bu(1 = Ba) %0 — zall*)
< allxr = w4 (1= 0) [Bulln — wll> + (1 = B) (I[P, 20 — w?
— (1 =2pe)[Vipn = Pu, xal* = (1= 2p2) [¥in — zall*)
(1= B w2
< e = wl|* + o1 = wl|> = (1= 06,) (1 = Ba) (A (1Yin.n —za|?
+[[Vinn = Pu, 5al|?) + Ballxn — 2all?]
< []xn _WH2 + oMy — (1 —a,)(1 - By) [l (”yimn _ZnHz +|Vip.n _PUin‘anz)
‘f’ﬁn”xn_zn”z}

where M| = sup,,~| [[x; —w||* and A = min{1 —2pc;,1—2pc,} > 0. Hence
(1 =) (1= B) [A (3100 = 2all> + 1yi,0 = Py, %ll?) + Bulln — 2]

< oMy + [l = wl? = [lujn —wl?
< My [P = wjonl|([ben = wil + [luejn = wl]).

Since lim, e &, = 0 and 0 < liminf, e B, < limsup,_ .. B, < 1, we obtain from (3.9) that
im0 || X — zn|| = 0. Arguing similarly again as in the proof of Lemma 3.4, we conclude from
(3.6) and (3.7) that

lim ||zj p — X, || = im ||zi n — Py,Xs|| = im ||y;, — Pyxn|| =0
n—soo n—oo n—soo
foreachi € {1,...,N}. Observe

Hujﬂ —an = Hanxl + (1 - O‘n)SjPVjWn _an
= (1= o) [[SjPv;wn — x| — 0l —xal].

Since lim,, ., o, = 0, it follows from (3.9) that

1
I5Py, = 3nll < [t — | + Gl = 35| > 025 n = oo,
n

which implies that
150 = Xnll < 11820 = SiPyywall + 1S 80 —xa
S ||xﬂ _[)VJWIZH + ||SJI)VJWH _leH - 0 asn— 0, \V/] S {17 te 7M}
Since the rest proof is similar to Theorem 3.5, we omit it here. This completes the proof. [

Corollary 3.9. Let {Ui}i.\; be a family of nonempty closed convex subsets of a real Hilbert
space H. For eachi € {1,--- N}, let f; : U; x U; — R be a bifunction satisfying the conditions
(i)-(iv) and assume that { f, ', enjoy the common Lipschitz constants cy,cy > 0. Assume that
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Q=Y EP(f;) # 0. Define a sequence {x,} by the following manner: x| € H and
( . :
Yin = argmln{EHy_PUianz +pfi(PU,'xn7y) "y E Ui}vl = 17 cee 3N7

1 |
o = argmin( 6~ P> pfiyiant) 11 € Ui= L,
ljti,n:(xnxn‘f’(l—an)zl'?n,'l.:1,...,N, (310)
In = argmaX{Huiﬂ _an = 17 ce 7N}7un = Uj, n,
Ci, ={ve U, : |lun—v| < |[xa—v|},
Qin = {V € Uin : <x1 _xnav_xn> S 0}7

(Xn+1 = PCinﬁQinxlan > 1,

where p € <O,min{2—‘1:1, 2%2}) If limsup,,_,., 0, < 1, then the sequence {x,} generated by

(3.19) converges strongly to element £ = Pgx .
Corollary 3.10. Let {U,-}?L | be a family of nonempty closed convex subsets of a real Hilbert
space H. For eachi € {1,--- N}, let f; : U; x U; — R be a bifunction satisfying the conditions

(i)-(iv) and assume that { f; fV: | enjoy the common Lipschitz constants cy,cy > 0. Assume that
Q=Y |[EP(f;) # 0. Define a sequence {x,} by the following manner: x| € H and
( . ] .
Yin = argm1n{§||y—PUixn||2+pfl~(PUl.xn,y) :yeU}t,i=1,...,N,

.1 ,
Zip = argmm{EHt —PUian2+pf,~(yi7n,t) cteUt,i=1,...,N,
ljti,n:anxl—i_(l_an)zi,nv'i:17-"an (311)
ip = argmax{|[uj, —x,|| :i=1,... N}, uy = tj, n,
Cj, = {v e U, : llun = VI < aallxr —v[[* + (1= o) xa —v|1*},
Qj, ={veU,: (x1 —x,,v—x,) <0},

(Xn+1 = Fe;,no;, X1, 2> 1,

where {a,} C (0,1), p € <0,min{ﬁ, %}) Iflim,, o 0, =0, then the sequence {x,} gener-
ated by (3.11) converges strongly to element X = Pox.

Remark 3.11. If U; = U foreachi=1,...,N and V; =V for each j = 1,...,M in Theorems
3.5 and 3.8, we obtain the related results announced in [16, Theorem 1,Theorem 2].

4. THE NUMERICAL EXPERIMENT

In this section, we give an example to illustrate the algorithms in this paper. We perform the
algorithms by Matlab R2008a running on a PC Desktop with Core(TM) i13CPU M550 3.20GHz
with 4GB Ram.

Example 4.1. Let H = R be a Hilbert space with the standart inner product (x,y) := xy and the
norm ||x|| := |x| for all x,y € H . Consider the bifunctions defined on the set U; = [0,i] C H by

filx,y) =ix(y—x),i=1,...,N.
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Since f;(x,y) + fi(y,x) = —i(x —y)? < 0, each bifunction f; is monotone, and then it is pseu-
domonotone. A straightforward calculation yields that fi(x,y) + fi(y,z) — fi(x,2) = (x —y)(y —
7) > —2(x—y)? —2(y — z)?, which proves the Lipschitz-type continuity of f; with ¢; = ¢ = 2.
It is easy to see ﬂf.\ilEP(fi) = {0}. Let V; = [0,2;] and define the mappings S; : V; — H by
Six = 5—;‘ forall x €V, j=1,...,M. Clearly, §; is nonself-nonexpansive mapping on V;,
Jj=1,...,M. Moreover, "} F(S;) = {0}. Thus, F = (N, EP(f;)) \(N}L,F(S;)) = {0}

In Algorithms 3.1 and 3.6, we put p = %, Oy = 21—n and B, = 0.8(1 —0.8¢ 1) for each n > 1.
The program will stop if ||x, || < 107%. The following figures show the convergence of sequences
generated by Algorithms 3.1 and 3.6 with the different initial point.

FIGURE 1. Convergence of Algorithms 3.1 and 3.6 with (N,M) = (5,20) and x; = 20

FIGURE 2. Convergence of Algorithms 3.1 and 3.6 with (N,M) = (5,20) and x; = 30
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Iteration steps n

FIGURE 3. Convergence of Algorithms 3.1 and 3.6 with (N,M) = (15,40) and
X1 = 20

S50 |

Tteration steps n

FIGURE 4. Convergence of Algorithms 3.1 and 3.6 with (N,M) = (15,40) and
x1 =30
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