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Abstract. In this paper, we study the solvability of a third-order periodic boundary value problem with
one-parameter of the form

X (t)+p3x(t) = Aa(t) f(t,x(t)), 0<t<2m,
xD(0)=xD(2m), i=0,1,2,

where p € (0,1A/3) is a constant, and A > 0 is a parameter. By applying the fixed point theorem
of cone compression and expansion of norm type, we establish a series of criteria for the above one-
parameter problems to have one, two, an arbitrary number, and even an infinite number of positive
solutions. Criteria for the nonexistence of positive solutions are also derived.
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1. INTRODUCTION

In this paper, we consider the existence and multiplicity of positive solutions for a nonlinear
third-order periodic boundary value problem with one-parameter of the form

{ X () + p3x(t) = Aa(t) f(t,x(1)), 0<t<2m,

x(l)(()) :x(i)(Zﬂ), i:071727 (11)

where A > 0 is a parameter, p € (0,1A/3), f:[0,27] x [0,4o) — R and a : [0,27] — R are
continuous.

The third-order differential equations arise in many areas of applied mathematics and physics,
such as the deflection of a curved beam with a constant or a varying cross-section, three layer
beam, electromagnetic waves or gravity-driven flows [10]. The third-order periodic boundary

*Corresponding author.
E-mail address: peiminghe @163.com (M. Pei).
Received December 4, 2019; Accepted April 2, 2020.

(©2020 Journal of Nonlinear Functional Analysis



2 D.LL M. PEI, Z. YANG

value problems have been extensively studied by many authors, see, for instance, [1, 2, 3, 4,
5,6,7,8,9, 12, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23] and reference therein. To the best
of our knowledge, there is no work on the third-order periodic boundary value problems with
one-parameter.

Inspired by [13] and the above literature, in this paper, we establish the existence and multi-
plicity of positive solutions to one-parameter third-order periodic boundary value problem (1.1).
Our method is mainly based on the fixed point theorem of cone compression and expansion of
norm type.

The outline of the paper as follows. In Section 2, some lemmas are given for our main results.
In Section 3, by means of the fixed point theorem of cone expansion and compression of norm
type, we establish the existence and multiplicity of positive solutions to one-parameter problem
(1.1). As the applications of our main results, some examples are given in Section 4.

2. PRELIMINARIES

In this section, we give some lemmas, which are needed for our main results. Throughout
this paper, we always assume that f € C([0,27] x [0, 4),[0,+e0)) and a € C([0,27], [0, +o0))
with [;7 a(s)ds > 0.

First, we transform problem (1.1) into a second-order periodic boundary value problem (for
short, PBVP). To do this, we define the following operator

2
(Ju) (1) = /0 ¢(t,s)u(s)ds, VueCl0,27],

where

g(t,s) =

eP(s—1)
e2Pm_1

27+s—
S 0<s<r<om,
0<r<s<2m.

Then, problem (1.1) is equivalent to the following second-order PBVP of the form

u' —pu' +p2u=Aa(t)f(t,Ju), 2.1
u(0) =ul(2m), i=0,1. '
It is easy to verify that if u is a positive solution of second-order PBVP (2.1), then x(z) :=

(Ju)(¢) is a positive solution of third-order PBVP (1.1). Therefore, we only need to consider

second-order PBVP (2.1).

Lemma 2.1. [12] Second-order PBVP (2.1) is equivalent to integral equation

2

u(t) = A A G(t,s)a(s)f(s,(Ju)(s))ds,

where

Ze% (=) [sin ?p (2m+t—s)+e P sin %p (t—s)]

—_ 9 _—

G(I,S) — 00 \/3[)(69”—0—6 P”—Zcosx/gpit) (22)
2e2 (2mH1=5) [sin ?p(l—s)—i—e*p”sin ?p(ZiH—t—s)} $> 7

V3p(ePT+e PT—2cos/3pT) ! =

Remark 2.2. It is easy to show that fomg(t,s)ds =1/p, and fozn G(t,s)ds = 1/p>.
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Lemma 2.3. [12] For the function G(t,s) defined in (2.2), we have the following estimate:
2sin(v/3p7) - 2

= G(t,s) < =M, Vt,s€l0,2m. 2.3
" V3p(ePT+1)2 ~ (1,5) V3psin(v/3pn) s€0.27] 3
Let
m 2r
a=_ B= terﬁ)?z)(n]/() G(t,5)a(s)ds. (2.4)

Remark 2.4. From (2.3), we have 0 < o < 1. If a(t) = 1, then 8 = 1/p? from Remark 2.2.

Let o be defined by (2.4). A cone K C E = C[0,2n] is defined by
K= {u €Cl0,2x]: min u(t) > oc||u|]}.
t€[0,2m]

An operator T : C[0,2r] — C[0, 2] is defined as follows: for each u € C[0,27],
2

(Tu)(t) = A G(t,s)a(s)f(s,(Ju)(s))ds, t€][0,2xm].

For r > 0, let
Q,={uecCl0,2n]: ||u|| <r}.
It is easy to show the following lemma, which is directly followed from Lemma 2.3 and
Arzela-Ascoli theorem.

Lemma 2.5. T(K) C K, and T is completely continuous.

Lemma 2.6. [11] Let E be a Banach space, and K be a cone in E. Assume that 1, y are open
subsets of E with 6 € Q, Q| C Qp, and let T : KN (Q2\ Q1) — K be a completely continuous
operator such that either

(@) [|Tul| < ||ul|,Yu e KNIQy,||Tul| > ||ul|,Yu € KNIQy; or
() [|Tul| > ||u||,Yu € KNI, ||Tu|| < ||lu||,Yu € KNIQ,.

Then T has a fixed point on KN (Q\Q).

3. MAIN RESULTS

In this section, we first establish the existence results of positive solutions for the problem
(1.1) with A = 1 by using the fixed point theorem of cone expansion and compression of norm

type.
Theorem 3.1. Assume that there exist positive numbers r, and r* with r, < or* such that
ft,x) <p(aB)'r., V(r,x)€[0,27] x [r, 0" 1], (3.1)
and
f(t,x)>pB~ 1, Y(r,x) € [0,2x] x [ar*, r¥]. (3.2)

Then problem (1.1) with A = 1 has at least one positive solution x = x(t) satisfying r. < ||x|| <

r*.
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Proof. Tt is sufficient to show that problem (2.1) with A = 1 has at least one positive solution
u = u(t) satisfying

por < lul| < prt.

To do this, we let
rn=palr, mn=pr.
Then, for every u € KNJQ,,,
lul| =r1, orp <u(t)<ry, Vte[0,2n].
From Remark 2.2, it follows that, for all u € KN JQ, ,
re < (Ju)(t) < o', Vre0,2n].
Hence, from (3.1), we obtain that, for every u € KN 89,1 ,

2m
(Tu)(®) = [ Glo,9)a()f(s. () ()ds

<p(aB)~tr, 027r G(t,s)a(s)ds

<p(ap)~'rB = llull, e l0,27].
Therefore,

|Tul| < ||lul], YueKNaQ,,.

On the other hand, for all u € KNJQ,,,
lull =r2, ar <u(t) <r,, Vrel0,2n],
we have
or* < (Ju)(r) <r*, Vte|0,2m].
Let 11 € [0,27] be such that B = [3" G(t1,s)a(s)ds. It follows from (3.2) that
2
(Tue) = [ Glor,s)a(s) (s, () (9)ds

>pB /027r G(t1,s)a(s)ds

=pB B =ul, YueKnaQ,.
Hence,

|Tul| > ||lu], YueKNaQ,,.

It follows from Lemma 2.6 that there exists u € K N (Q,\Q1) such that Tu = u. Obviously, u is
a positive solution of problem (2.1) with A = 1 satisfying po~1r, < ||lu|| < pr*. O
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Theorem 3.2. Assume that there exist positive numbers r, and r* with r* < ar, such that
ft,x)>p(af)~'r*, Y(t,x)€[0,2a] x [r*,a”1r], (3.3)
and
ft,x) <pB~lr., V(t,x)€[0,27] x [ory, 7] (3.4)

Then problem (1.1) with A = 1 has at least one positive solution x = x(t) satisfying r* < ||x|| <
.

Proof. The proof is similar to the proof of Theorem 3.1, and hence is omitted. 0

For the sake of convenience, the following notations are introduced:

fo=1liminf min f(z,x)/x, fo=Iliminf min f(¢,x)/x,

x—07 1€[0,27] X—r+e0 te[0,2m]

O =limsup max f(r,x)/x, f~=Ilimsup max f(¢,x)/x.

X0+ t€[0,27] X—r+oo 1€[0,27]

Corollary 3.3. If f* < pB~"! and f.. > p(aB)~" hold, then problem (1.1) with A = 1 has at
least one positive solution.

Proof. Since f0 < pB~!, there exists r, > 0 such that
f(t,X) < pﬁ_l)c7 v<[,x) c [0727[;] X (O,a—lr*].
Thus

ft,x) < p(aB)'r., V(t,x)€[0,27] x [r, 0" 1]

1

From f. > p(aﬁ)_l, we have that there exists r* > o~ ' r, such that

ft,x) > p(af) " x,  Y(t,x) € [0,27] x [ar*, +oo).
So,
f(t,x) > pB~r*, Y(t,x) € [0,27] x [ar*, r].
Therefore, by Theorem 3.1, problem (1.1) with A = 1 has at least one positive solution. U

Corollary 3.4. Assume that there exists r. > 0 such that (3.1) holds and f.. > p(af3)~!. Then
the problem (1.1) with A = 1 has at least one positive solution x = x(t) satisfying ||x|| > rx.

1

Proof. From f.. > p(af8)~!, we have that there exists 7* > o~ !, such that

ft,x) > p((xﬁ)_lx, V(t,x) € [0,27] x [ar®,+eo),
and hence
ft,x)>pB~ 1, V(r,x) €[0,27] x [ar*, ).

From Theorem 3.1, problem (1.1) with A = 1 has at least one positive solution x = x(¢) satisfying
Il = 7. 0

Corollary 3.5. Assume that there exists r* > 0 such that (3.2) holds and f° < pB~'. Then
problem (1.1) with A = 1 has at least one positive solution x = x(t) satisfying ||x|| < r*.
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Proof. Since f* < pB~!, there exists r, < or* such that
ft,x) < pB~x, V(t,x)€[0,27] x (0,0 7],
and thus
f(t,x) <plof)'r, V(t,x) €10,27] X [re, 00 1]

From Theorem 3.1, problem (1.1) with A = 1 has at least one positive solution x = x(¢) satisfying
|x|| < 7. O

Corollary 3.6. If fo > p(aB)~', f° < pB~', then problem (1.1) with A = 1 has at least one
positive solution.

Corollary 3.7. Assume that there exists r* > 0 such that (3.3) holds and f~ < pB~'. Then
problem (1.1) with A = 1 has at least one positive solution x = x(t) satisfying ||x|| > r*.

Corollary 3.8. Assume that there exists r, > 0 such that (3.4) holds and fo > p(af)~". Then
problem (1.1) with A = 1 has at least one positive solution x = x(t) satisfying ||x|| < r,.

The proofs of Corollary 3.6-3.8 are similar to the proofs of Corollary 3.3-3.5, respectively,
and hence are omitted.

Theorem 3.9. Assume that fo > p(aff)~" and f.. > p(aB)~" hold. Suppose also that there
exists r > 0 such that

f(t,x) < pB~lr, V(t,x)€[0,27] x [or, " 7], (3.5)

Then problem (1.1) with A =1 has at least two positive solutions x1(t) and x;(t) satisfying
el <7 < leafl

Proof. From the continuity of f(¢,x) on [0,27] X [ar,r], there exists ry < r such that
flex) <pB~lro, ¥(1,x) €[0,27] x [or ],

Thus, from the finite covering theorem, there exists 6; > 0 such that, for every r; € (r—9;,r) C
(l’ 0,7 )’

ft,x) < pB~tro, V(t,x) € 0,27 x [aury, 7).
Hence, for every ry € (r—81,r) C (ro,r),
f(t,x)<pB~tr, V(t,x)€0,27] x [otry,ry].
Similarly, there exists 8 > 0 such that, for all r, € (r,r +&) C (r,a”'r),
ft,x)<pBlry<plaB)tr, V(t,x)e[0,2x]x [r,a ).

Therefore, from Corollary 3.8 and 3.4, the problem (1.1) with A = 1 has two positive solutions
x1 =x1(t),x = xo(¢) satisfying

Il <ri, el = .

In view of r; < r < rp, we have ||x;|| < r < ||x2||. This completes the proof. O
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Theorem 3.10. Assume that f° < pB~"' and = < pB~" hold. Suppose also that there exists
r > 0 such that
f(t,x)>p(aB)'r, Y(t,x) € [0,27] x [or, 7] (3.6)
Then problem (1.1) with A = 1 has at least two positive solutions x1(t) and x;(t) satisfying
x| <7 <lx2.
Proof. The proof is similar to proof of the Theorem 3.9, and hence is omitted. 0
Theorem 3.11. Let {r;}"*! C (0,+) be such that
OC_]I‘,' <ariy1, i=12,...,n.
Assume that one of the following conditions holds:
(a) f satisfies (3.5) with r = r; when i is an odd number, and f satisfies (3.6) with r = r;
when i is an even number;
(b) f satisfies (3.5) with r = r; when i is an even number, and f satisfies (3.6) with r = r;
when i is an odd number.
Then problem (1.1) with A = 1 has at least n positive solutions x1,x, .. .,X, satisfying
ri<||x,-||<ri+1, i=1,2,...,n. (3.7)

i
LT

Proof. (a) From the proof of Theorem 3.9, we see that, for each i = 1,2,...,n, there exist r;, 7]

with r} < r; <r/ and Oc_lrg’ < arj, such that if i is an odd number, then f satisfies
ft,x)<pB~tri, Y(t,x) € ([0,2x] x [aurl, ] U ([0,27] x [/, a1 F!]);
if i is an even number, then f satisfies
ft,x) > p(aB)'r, V(t,x) € ([0,27] x [orl, 7)) U ([0,27] x [/, o~ 1F)).
Therefore from Theorem 3.1 and 3.2, problem (1.1) with A = 1 has at least n positive solutions
X1,X2,...,X, satisfying
ri<rl <|xil| <ripy <rig, i=1,2,...n

(b) The proof is similar to Part (a), and hence is omitted. ]

Theorem 3.12. Let {r;}32 | C (0,4o0) be such that

(=)'t (=1 ,
ri<riy1, O zZ <o 2 rig, i=1,2,....

Assume that one of the following conditions holds:
(a) f satisfies (3.1) with r, = r; when i is an odd number, and f satisfies (3.2) with r* = r;
when i is an even number;
(b) f satisfies (3.3) with r* = r; when i is an odd number, and f satisfies (3.4) with r, = r;
when i is an even number.

Then problem (1.1) with A = 1 has an infinite number of positive solutions.

Proof. (a) For each odd number i = 1,3,...,2k+1,..., we let r, = r;,r* = r;+1. Then, from
Theorem 3.1, the problem (1.1) with A = 1 has solutions x; = x;(¢) satisfying

ri=r <|xil| <rf=rip, i=13,...2k+1,....
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Obviously, x; are different from each other. Hence, the problem (1.1) with A = 1 has an infinite
number of positive solutions.

Similarly, case (b) follows from Theorem 3.2. U
Corollary 3.13. Let {r;} | C (0,+o0) be such that

(71>i71 (71)i+171 )
r<riy;, o 2 <o 2 riv1, 1=1,2,....

Assume that one of the following conditions holds:

(a) limsup max f(r,x)/x < pB~! and liminf min f(r,x)/x > p(af)~!

E{>x—00t€[0,27] Er>x—e01€[0,27]
(b) liminf min f(t x)/x> p(af) ! and limsup max f(t,x)/x < pB~',
E|32x—o0tc0,27 Er3x—so0t€[0,27]
where
E; = U[”2i—l;a71’”2i—l]a E, = U[arzi,rzl-].

i=1 i=1

Then problem (1.1) with A = 1 has an infinite number of positive solutions.

Proof. (a) From the assumptions, we see that for sufficiently large i,

f(l’—’“) <pB', V(t.x)€[0,27) x [rai-1, 0 'raii]

and

@ >p(af)™, V(r,x) € 0,27 x [ary, ril.

It follow that, for sufficiently large i,
flt,x) < pﬁ_]x < p(aﬁ)_lrzl;l, V(t,x) € [0,27] x [7’21‘71,06_]1’21‘71]
and
ft,x)>p(aB) x> pB try,  V(t,x) €[0,27] x [, rai].

Therefore, by Theorem 3.12-(a), the problem (1.1) with A = 1 has an infinite number of positive
solutions.
Similarly, case (b) follows from Theorem 3.12-(b). O

Theorem 3.14. Assume that one of the following conditions hold:
@) f(t,%)/x < pB~",¥(t,x) € [0,27] x (0, +o0);
(b) f(t,x)/x > p(aB)~",¥(t,x) € [0,27] x (0, +oo).

Then problem (1.1) with A = 1 has no positive solutions.

Proof. (a) Suppose on the contrary that the problem (1.1) with A = 1 has a positive solution
x(t). Set u(t) =x'(t) + py(t). Then u is a positive solution of the problem (2.1) with A = 1.
Thus, u = Tu € K. It follows that

27
allullp~! < x(t) = (Ju)(r) = /0 g(t,s)u(s)ds < |lulp~", vr € [0,27].
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Consequently,
2r
u(t) = [ 6,9)al)f (s, (u)())ds

2n
<pp! /0 G(t,s)a(s)(Ju)(s)ds
<pB ulp™'B = lull, vre0,27],

which is a contradiction. Therefore, problem (1.1) with A = 1 has no positive solutions.
(b) The proof is similar to Part (a), and hence is omitted. O

Next, we use the above results on the solvability of the problem (1.1) with A = 1 to establish
the existence and multiplicity of positive solutions for one-parameter problem (1.1).

Theorem 3.15. Assume that A > 0 satisfies one of the following conditions:
(@) Af*<pB~'and Afo > p(aP)~;
(b) Afoo > p(aB)~" and there exists r > 0 such that
-1
A< At plap)r

B max, v co2x]x ra-'r f(£:%) ’

(c) Af° < pB~" and there exists r > 0 such that

-1
A> A= pE

- ming yepo.21)x [arr] f(6X)

@) Afo>p(aB) ' and Af~ <pB";
(e) Af* < pB~! and there exists r > 0 such that

PR p(ap)'r

B Min v eo2n]xfra 7] f (%)

) Afo > p(aB)~" and there exists r > O such that

<At pBr _
N mMax x)e(0,2x] x [or,r] f(t7x)

Then problem (1.1) has at least one positive solution.

Proof. (a) It follows from the assumptions that

AN =2f"<pB™", (Af)o=Afo>p(aB)™".
Hence, by Corollary 3.3, one-parameter problem (1.1) has at least one positive solution.
The other Parts of the theorem can be proved similarly. UJ
Theorem 3.16. Assume that A > 0 satisfies one of the following conditions:
(@) Afo>p(aB)~!, Afw > p(aB)~" and there exists r > 0 such that

~1
A <At = pB”r

max £(t,%) ’
(r.x)€[0,2m] x [orr,0 1]
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) Af0 < pB~L, Af° < pB~" and there exists r > 0 such that
~1
IR plaf)r

min f(t,x)
(t,x)€[0,27] x [ar,a~ 7]

Then problem (1.1) has at least two positive solutions.

Proof. (a) It follows from the assumptions that

Afo=2fo>p(aP)™", (Af)w=Afe>p(aB)™,
and, for all (¢,x) € [0,27] x [or, o~ 17,

Af(t,x) <A* max f(t,x)=pB~'r.

(t,x)€[0,27] x [ar,00~ 7]

Hence, by Theorem 3.9, one-parameter problem (1.1) has at least two positive solutions.
(b) The proof is similar to Part (a), and hence is omitted. ]

Theorem 3.17. Let {r;}"*! C (0,+) be such that
Otilr,' <ariy, 1=1,2,...,n.

Assume that one of the following conditions holds:

@ A= POP T BT e
min(t,x)eE2 f(t,x) max; x\ek, f(t,x)
(b) A* = p<aﬁ>7lrn1 pﬁilrz —A*

ming yeg, f(t,x) max; x)ck, f(t,x)
whereny =n+(14+(—=1)")/2, np =n+(1—(-1)")/2, and
np na

E; = U[arZi—lyail”Zi—l]; E, = U[ary,oflrzi].
i=1 i=1

Then, for any A € (A, A*), problem (1.1) has at least n positive solutions.
Proof. (a) Let A € (A, A*). For each fixed i = 1,2,...,ny, if f(t,x) =0 on [0,27] X [&trpi—1,
o~ 'ry_1], then
Af(t,x) <pB i1, V(t,x) €10,27] X [ary_1, 0 roiy];
if £(t,x) 2 0on [0,27] x [otrpi_ 1, rpi_1], then ¥(¢,x) € [0,27] X [otry;_ 1, 'ryiq],
Af(t,x) < A* max f.x)<pB~'ri<pB .

(t,x)€[0,27] x [t 1,00~ ;1]
Similarly, we can show that, for each fixed i = 1,2,...,ny,
Af(t,x) > p(aﬁ)_eri, V(t,x) € [0,27] x [Ochi,Oﬂ_eri].

Hence, by Theorem 3.11, one-parameter problem (1.1) has at least n positive solutions.
(b) The proof is similar to Part (a), and hence is omitted. ]

Theorem 3.18. Let {r;}3> | C (0,4o0) be such that

(—l)i—l (_])i+1_1 )
ri<riy1, O zZ <o z riy, i=1,2,....

Assume that one of the following conditions holds:
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a) limsup max f(t, =0and liminf min f(¢, = oo;
()E19X_>£t€[0727t]f( X)/x an Esz—>00t€[0,2ﬂ]f( X)/x

(b) liminf min ]f(t,x)/x = oo and limsup max f(t,x)/x =0,

Ej3x—o01€0,27 Ep>x—001€[0,27]

where

o) o)

Ey=Jlri-1,a ' rict],  Ex=Jlarai,rai).
i=1 i=1

Then, for any A > 0, problem (1.1) has an infinite number of positive solutions.

Proof. (a) From the assumptions, we have, for any fixed A > 0,

Af(t,x) f(t,%)

limsup max = Alimsup max <pB!
E|>x—00t€[0,27] X E|dx—oot€[02n] X
and
Af(t t
timinf min 2LCY 3 liminf min L0 >plaB)~!.
Ey>x—e0re(0,27)] X Epdx—eore(0,2n] X

Therefore, the conclusion of the theorem follows directly from Corollary 3.13-(a).
(b) Similar to the proof of Part (a), the conclusion of the theorem follows directly from
Corollary 3.13-(b). O

Theorem 3.19. Assume that A > 0 satisfies one of the following conditions:
* . pB~" .
(@ A <A*:= SUP (1 x)€[0,27] x (0, +00) S (£:X) /X

() A > A, = p(ap)”!

inf(; v)e[0,27]x (0, o) £ (1.X) /X
Then problem (1.1) has no positive solutions.

Proof. Without loss of generality, we assume that (a) holds. Then, for all A € (0,1%),

Af(t t
S0 g sup FEX) 0BT (e x) € [0,27] x (0, +o0).
x (t.x)€[0,27] x (0,400) X
Hence, from Theorem 3.14-(a), the one-parameter problem has no positive solutions. U

4. THE EXAMPLES

In this section, some examples will be given to illustrate the effectiveness of the results in
Section 3.

Example 4.1. Consider third-order periodic boundary value problem

K(t)+p3x(t) =xF(r), 0<t<2n,
. | (4.1)
xD(0)=xV(2m), i=0,1,2,

where p € (0,1A/3) and k > 0 are constants.
It is noted that this periodic boundary value problem corresponds to the case when a(t) =
1, f(¢,x) = xF in the problem (1.1) with A = 1.
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If K > 1, then

lim M =0, lim M = oo,

x—0t X X—to X
So, from Corollary 3.3, problem (4.1) has at least one positive solution.
If 0 < k <1, then

f(t,x)

. . t,x
lim =22 = 4o,  lim ALY
x—=0t X X—+oo X

=0.
Hence, by Corollary 3.6, problem (4.1) has at least one positive solution.

Example 4.2. Consider third-order periodic boundary value problem

{x"’<r>+p3x<z> = ft.x(0), 0<i<om, w

xD(0)=xD(2m), i=0,1,2,
where p € (0,1A/3), and
Lo(a™! “x(si
f(t,X):{ Ip(o !+ 1B~ Ix(sin(bInx) +1), x>0,
0, x=0,
with
T—2sin"'§ o' -1

0<b< —— = .
U= In(a=1) a1+1

Let, foreachk € N={1,2,...},
E =exp(b (sin"' 8+ (k— 1)), nr=-exp(b ! (kx—sin~!§)).
Then
S<m<&<m< - <§G<m< .

In addition, for each k € N, we have

M _ exp(b~!(m—2sin"'8)) > exp(ln(a™!)) =«

Sk

-1

So,
a & <mn, keN.
Setk=2i+1,i € N. Forall x € [&, a '&] C [&, M|, we have
6 := (k—1)m+sin" '8 <blnx < km —sin" ' § =: 6,.
Since 6; belongs to the first quadrant, 6, — 0; € [0,27] and sin6; = sinf, = 5, we have
sin(bInx) > sin(sin~! §) = §. It follows that
Fe) > spla 4 D& +1) = plah) & Y(x) € 0,27 x G a &,

that is, (3.3) with r* = & holds.

Set k = 2i, i € N. In this case, by a similar argument, we can show that (3.4) with r, = 1,
holds.

In summary, by Theorem 3.12-(b), problem (4.2) has an infinite number of positive solutions.
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Example 4.3. Consider one-parameter third-order periodic boundary value problem

(1) + p3x(t) = AR () xR (r)), 0<t<2m, “3)
xXD(0)=xD(2m), i=0,1,2, '
where p € (0, 1/\/§), 0<k <1<ky<+o,and A > 0 is a parameter.
Obviously, f(t,x) = xX1 4 x* is strictly increasing with respect to x on [0,27] x (0, +o0), and

t t
x—=0t X X—+oo X
Let
1
r= (e, n=pB (e b (o ),

ro=pB (M )T = p(aB) ()

Then r is the minimum point of f(z,x)/x on [0,27] X (0,+4o0), and r| < r, < r3. There are three
cases to consider.
Case (1) 0 < A < ry. In this case, since A fy > p(af8)~" and

pB'r _ PR _
max(f,x)G[O,Zﬂ]X[ar,r] f(t,x) rkl + rk2

we have from Theorem 3.15-(f) that one-parameter problem (4.3) has at least one positive solu-
tion.
Case (2) 0 < A < ry. In this case, notice that A fo > p(aB)~!, A fo > p(aB)~! and

‘ pB~'r pB~'r
O<A<A* = = =r.
max ; gepo2nxfara- 1] f(EX) (@7 1r)k 4+ (a~lr)k ]

Then, from Theorem 3.16-(a), one-parameter problem (4.3) has at least two positive solutions.
Case (3) A > r3. In this case, because of

= p(af)” _ plap)”t

A> A =- _ P ) _
lnf(z7x)e[0,27r}><(0,+oo)f(t,x)/x (r L4 r 2)/,,

we have from Theorem 3.19-(b) that one-parameter problem (4.3) has no positive solutions.

O<A§)L*: ra,

rs,

Example 4.4. Consider one-parameter third-order periodic boundary value problem

{x’”(t) +p3x(t) = Af(t,x(1)), 0<t<2m,

. . 4.4
A0(0) =2 (27), i=0,1,2, "

where p € (0,1A/3), A > 0 is a parameter, and

1
f(t,x):{ e ¥ >0

0, x=0,
with k£ > 1.
Clearly, f(,x) is strictly increasing with respect to x on [0,27] x (0, +e0), and
lim M: lim M:O.

x—=0t X X—+teo X
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Let
r=(k=1)t, r=pB (' +7),
ro=p(aB) 1 (r 4 r), s =p(a?B)((ar)! K4 ar),

Notice that r is the maximum point of f(¢,x)/x on [0,27] x (0,4-e0), and r| < rp < r3. Then by
a similar argument of Example 4.3, we obtain following conclusion:

(1) If A > ry, then one-parameter problem (4.4) has at least one positive solution from The-
orem 3.15-(e).

(2) If A > r3, then one-parameter problem (4.4) has at least two positive solutions from
Theorem 3.16-(b).

(3) If 0 < A < ry, then one-parameter problem (4.4) has no positive solutions from Theorem
3.19-(a).
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