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Abstract. Lutwak introduced the notion of i-th mixed affine surface areas and Leng defined the volume
difference functions. In this paper, we establish difference inequalities of Brunn-Minkowski type and
cycle type for i-th mixed affine surface areas. In particular, we obtain the Minkowski type inequality for
the difference of i-th mixed affine surface areas.
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1. INTRODUCTION

Let .#™" denote the set of convex bodies (compact, convex subsets with non-empty interiors)
in Euclidean space R". Further, let . denote the set of star bodies (about the origin) in R".
Let S~ ! denote the unite sphere in R” and V(K) denote the n-dimensional volume of the body
K.

The classic affine surface area is one of the important concepts in affine differential geome-
try. The results regarding the classic affine surface area have some surprising applications. A
number of geometric inequalities obtained by associating with classic affine surface area, such
as, the affine isoperimetric inequality [1] and Petty affine projection inequality [2]. In particular,
Petty [2] obtained an associated result for affine surface area on the shephard type problem for
projection bodies (see [3, 4]).

A body K € J#" is said to have a curvature function f(K,-): S"~! — R, which is defined by
(see [4])

dS(K,-)
d—S_f(K7')7 (1.1)
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where the surface area measure S(K, ) of K is absolutely continuous with respect to spherical
Lebesgue measure S. For convenience, we write f(N,-) = fy. In addition, we write .#" as the
subset of #" that has a positive continuous curvature function.

In 1985, Petty [1], based on the notion of curvature function of convex body, gave the defi-
nition of the affine surface area. If K € .#", then the affine surface area Q(K) of K is defined
by

QK)= [ f(K.u)1dS(). (1.2)
Sn
Based on the classical affine surface area, Lutwak [5] introduced the concept of the mixed
affine surface area. If K1, ---, K, € %", then mixed affine surface area Q(Kj,-- - ,Kj,) is defined
by
e

Q(Kla e 7Kn) = /S"_] [f(K],M) o f(Knvu)] ntl dS(l/t) (13)
LetKj=--=K,—i=K,Ky_j;1=--=K,=L(i=0, ---, n) in (1.3), then Q;(K,L) =
QK, -, K, L---,L)=Q(K,n—1i; L,i), where K appears n — i times and L appears i times.

\W_/ \‘,_/

n—i

Further, if i € R Lutwak [5] gave i-th mixed affine surface areas as follows. For K,L € .%
i, any real number, the i-th mixed affine surface area, Q;(K,L) of K, L is defined by

Qi(K,L) = / K ) (L) dS (). (1.4)

In particular, if L = B in (1.4), we write Q;(K,B) = Q;(K) and notice that f(B, -) = 1. Then
i-th affine surface area, Q;(K) of K is given by (see [5])

n—i

 S(K u)1dS (u). (1.5)
From (1.2) and (1.4), we easily get
QUK. K)=Q(K), QK. L)=Q(K), (K, L)=0(L). (1.6)

It is easy to obtain from (1.2) and (1.5) that Qo (K) = Q(K). Regarding the studies of affine
surface areas, many results were obtained recently; see, e.g., [6, 7, 8, 9, 10, 11, 12, 13] and the
references therein. In 2004, Leng [14] defined the volume difference function of convex bodies
D and K, where D C K,

D,(K,D)=V(K)—-V (D).

Meanwhile, Leng established the following Brunn-Minkowski type inequality for the volume
difference function.

Theorem 1.1. If K, L and D are compact domains, D C K, D' C L, D' is a homothetic copy of
D, then

S=
_|_

(V(K+L) = V(DD > (V(K)— V(D)) +(V(L)— V(D)
equality holds if and only if K and L are homothetic and (V (K),V (D)) = u(V(L),V (D)), where

WU is a constant.

In 2010, Lv [15] introduced the dual volume difference function for star bodies and estab-
lished the following dual cycle type inequality.



DIFFERENCE INEQUALITIES FOR THE i-TH MIXED AFFINE SURFACE AREAS 3
Theorem 1.2. Suppose that M,N,K,L € ./}, if K C M, L C N and N is a dilate of M, then for
LL,keR O0<i<j<k<n,
(Vi(M, N) = Vj(K, L))" > (Vi(M, N) = Vi(K, L))" (Vi(M, N) = Vi(K, L)*,
with equality if and only if K and L are dilates and (M, K) = A(N, L), where A is a constant,
where V;(M,N) denotes the i-th dual mixed volume of M and N (see also [16]).

From further results on the volume differences functions, we refer to [17, 18, 19] and the
references therein.

2. PRELIMINARIES

First, we introduce the Blaschke combination as follows (see [20, 21]). For K,L € " and
A, 1 > 0 (not both zero), the Blaschke combination, A ©® K F u ® L, of K and L is defined by

SAGKFUOL, -)=AS(K,-) +uS(L,),

where “ T denotes the Blaschke addition and “©” denotes the Blaschke scalar multiplication.
From (1.1) and the Blaschke combination, we easily know that if K,L € .#", the Blaschke

addition of K, L satisfies
FKFL )= f(K, )+ (L, ). @.1)

From the Blaschke combination, Lutwak obtained the following result (see [5]).

Lemma 2.1. For K, L€ 7" andi € R, ifi > —1, then

n+l1

n+l ntl n+l
Qi(KFL)mi > Qi(K) 7 +Q(L)n7; (2.2)
ifi < —1, then
ntl ntl ntl
.Q,'(K:FL) n—i < Q.,(K) n—i + .Q.,'(L) n—i, (2.3)
In each case, equality holds if and only if K and L are homothetic.

Lemma 2.2. [22] (Bellman’s inequality) Leta={ay,--- ,a,} andb={by,--- ,b,} be two series
of positive real numbers, and af ¥, af > 0 and bf Y, bf >0. Ifp<Oor0<p<l,
then

(a6 -Lat) + (st-50) = (@ror-Faror)s s
i=2 i=2

i=2
if p>1, then
1 1 1
P\ o)’ P\’ - b
(al—Zai> +<b1—2bi) g((a1+b1)P—Z(a,-+b,~)P) : (2.5)
i=2 i=2 i=2

In each case, equality holds if and only if a = vb, where v is a constant.

Lemma 2.3. [15] Suppose that g;,h; (i = 1, 2) are non-negative continuous functions on §"~!
such that

[ &h@ae= | &
/S,,lh?(éwé > /S - hg(&)de,
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for p > 1,%4—% =1, and
gh (&) =Ah{(&), vE e s" !,

where A is a constant. Then

(/S“(gf(g)_gg(g))dg);(/snl(hi’(é)—hg(g))dg)‘lf
< [ @1EM(E) ~ (sa(E(ENdE,

and “=" holds if and only if g5 (&) = Ah5(E) for any & € S"~1, where A is as above.

Lemma 2.4. [5] IfK;, -+ ,K, € ", and 1 <m < n, then
m—1
H Q(Kh 7anm7ani7"' 7Kn7i) Z Qm(Kla" ' 7Kn)7
i=0

and “="" holds if and only if K, 11, - ,K, are homothetic.

Lemma 2.5. [23] If¢; >0, b; >0, ¢; > b;, i=1,--- ,n, then
1

(fte-o) = (1) (1)

and “=" holds if and only lf;% = }%

— &

=

3. MAIN RESULTS

In this section, we establish the difference inequalities of Brunn-Minkowski type and cycle

type for i-th mixed affine surface areas. Our main results read as follows.

Theorem 3.1. Let K,L,M € #", N be a homothetic copy of M, and fx < fu, fL < fn, i € R.

Ifi> —1andi#n, then

n+1 n+1'

(QW?M_@W¢U> SGMM—QWOM

ifi <—1, then

+ (Qi(N) - Qi(L))

n+1 ntl

(Qi(M¢N)—Q,~(K:FL)) > (Qi(M)—Qi(K)) Ty (Qi(N)—Qi(L))

n+]

n—

1

SN ERY

n+1

n—

1

(3.2)

In each case, equality holds if and only if K and L are homothetic, and (;(K),Q;(M)) =
1(Qi(L),Qi(N)), where l is a constant. Here M & N denotes the Blaschke addition of M and

N.

Proof. Since fx < fu, fr < fn, we get from (2.1) that
JMEN, )=fM, )+ f(N, )
> f(K, )+ f(L, )
=f(KFL, ),
which together with (1.5) entails that
QM) > Qi(K), Qi(N)>Qi(L), Qi(MFN)=>Q(KFL).



DIFFERENCE INEQUALITIES FOR THE i-TH MIXED AFFINE SURFACE AREAS 5

If i > —1, we have from (2.2) that

QKFL)"T > Q(K) ™ + (L), (3.3)
and “=" holds if and only if K and L are homothetic. Since N and M are homothetic, one has
ntl ntl ntl
.Ql'(M:FN) n—i :Q.l'(M) n—i -I-Ql'(N) n—i, (3.4)
Hence, if —1 < i < n, then ﬁ > 0. By (3.3) and (3.4), we obtain that
QiMFN)—Q(KFL)
n n ﬁ n n ﬁ (35)
s(mmoﬂ+nmeQ —GMKVﬂ+QQVﬂ> .
Let Ny Ny
{01’ . ,an} — {QI<M) n—i 7Ql(K)E7O, e ’O}
and

n+1 n+1

{bla T 7bn} = {QI(N)E791<L>E707 o ;0}7
and observe that 0 < p = ﬁ < 1. Then inequality (3.5) and Bellman’s inequality (2.4) yield

n+l

GMM;N%JMK$Q)”

n—i
n+ n+1

+ (sz,(N) —Qi(L))

This is just the inequality (3.1).
If i > n, then ﬁ < 0. From this, (3.3) and (3.4), we have

Q(MFN)—-Qi(KFL)
(3.7)

+1 n+l n+l1 n+l

> (a0 o) i (@ +aw) i

In view of p = ﬁ < 0, we have that (3.7) and (2.4) deduce inequality (3.6), i.e., inequality
(3.1) is also obtained. Similarly, for i < —1, by use of (2.5), (2.3) and their equality conditions,
we get the desired inequality (3.2). From the equality conditions of Lemma 2.1 and Lemma 2.2,
we know that the equality holds in (3.1) and (3.2) if and only if K and L are homothetic, and
(Qi(K),Qi(M)) = u((Qi(L),Q;(N)), where u is a constant. O

Obviously, if i = 0 in Theorem 3.1, then we obtain the Brunn-Minkowski type inequality for
difference of affine surface areas.

Corollary 3.2. If K,L,M € .Z", N is a homothetic copy of M, fx < fu, fr < fn, then

n+1 n+1 n+1

(MMxNy4uK¢m>"g(g@@-g@O"-+me—Q@0",

and “=" holds if and only if K and L are homothetic, and (Q(K),Q(M)) = u(Q(L),Q(N)),
where [l is a constant.
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Theorem 3.3. Let K, L, M € .#", N be a homothetic copy of M, fx < fu, fL < fn, i, j, k€ R.
If0<i< j<k, then
k—i k—j Jj—i
(Qj(M, N)-Q,(K, L)) > (Qi(M, N)—Qi(K, L)) (Qk(M, N)— (K, L)) ,
(3.8)
and “=" holds if and only if K and L are homothetic and (fx, fu) = A(fr, fn), where A is a
constant.

Proof. Fori<j<k,letp=’J‘.—:f,q:,’(‘%;.Thusp>1and%+‘l]:1.Let

+‘»

&=wamﬂmo)a m:meWﬂ ﬂ)i

1

o= (s L) m:(ﬂmwﬁﬂuwﬁ).

From Lemma 2.3, we see that g /h? = (fir/ fN) w1, which is a constant since N is a homothetic
copy of M. Now by use of (1.4) and Lemma 2.3, we obtain

~ o (0t v = sk s ) asto
s
=Q;M,N)—-Q;(K,L).
This obtains (3.8). By the equality condition of Lemma 2.3, the equality in (3.8) holds if and

i—k
only if f¢'' = Af; it , which is equivalent to the fact that K is a homothetic copy of L, and

(fx,fm) = ( L, IN), where A is a constant. This proves the Theorem 3.3 O

In particular, let i = 0 and k = n in Theorem 3.3. From (1.6), we can obtain the following
Minkowski type inequality for difference of i-th mixed affine surface areas.

Corollary 34. Let K,L,M € #", j € R, N be a homothetic copy of M, fx < fu, fL < fn. If
0 < j <n, then

(Qj(M, N)—-Q;(K, L))n > (Q(M) —Q(K))n_j (Q(N) —Q(L))j,
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and the equality holds if and only if K and L are homothetic and (fx, fu) = A(fr, fn), where A
is a constant.

In addition, we also give the following Aleksandrov-Fenchel type inequality for the difference
of mixed affine surface areas.

Theorem 3.5. Let Kj,M; € ", and fx, < fu, (i=1,--- ,n). IfMy_,11,--- ,M, are homothetic,
then, forall 1 <r <n,

(Q(Ml,... My,) —Q(Ky,- - ,Kn))r (3.9)

-
> H (Q(M17 e 7Mn—r:Mn—i+17' o 7Mn—i+1) - Q(Kla T 7Kn—r7Kn—i+17’ o 7Kn—i+1)) )
i=1
and the equality holds if and only if K,,_,11,- - ,K,, are homothetic, and

<Q(M17 7Mn—r7Mn7"' 7Mn)7" ' 7Q(M17"' 7Mn—r7Mn7r+17"' 7Mnr+l>>

= ,LL(-Q(KI; >Kn—raKn7"' 7Kn)7"' 7Q<K1;"' ;Kn—raKn—r—H,"' ,Kn—r—o—])),
where UL is a constant.

Proof. Observe that M,,_,1,---,M, are homothetic. From the equality condition of Lemma
2.4, we obtain

’
HQ(M17 7Mn—raMn—i+17' v 7Mn—i+1) = Qr(Mla"' 7Mn)7
i=1

which together with Lemma 2.4 yields that
Q(Mla' o 7Mn> _Q(Kb' e 7Kn)

r
Z (HQ(M17 7Mn—r7Mnfi+17"' 7Mni+l))
i=1

(3.10)
. 1
- (HQ(KI) e 7Kn7r7Kn—i+la' o 7Kn—i+l)) .
i=1
Since fx, < fu, (i=1,---,n), we conclude from (1.3) that
QMy,--- My,) > Q(Ky, -, Kp). 3.11)

Taking M, yy1 = =M, =M,_i+1, K41 = =K, = K,—i11 1n (3.11), we obtain
QM- My—p, M1, \My_it1) > QK1 Kypy Knoit, o Kpip1). (3.12)
Therefore, from (3.10), (3.11), (3.12) and Lemma 2.5, we get
QM- \My) —Q(Ky, -+, Ky)

1

r G

Z <H(Q(Ml ) 7Mn7raMn—i+l g 7Mn—i+1) - -Q(Kl PR 7Kn7r;Kn—i+l PR ;Kn—i—i-l))) .
j=1

This yields (3.9).
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According to the equality conditions of Lemma 2.4 and Lemma 2.5, we obtain that the equal-
ity holds in (3.9) if and only if K,,_,+ 1, -, K, are homothetic, and

(Q<M1;" My, My, - - 7Mn)7"' 7Q(M17' My, My, 7Mn—r+l))

= .LL(Q(Kla 7Kn—raKn7"' 7Kl’l)7"' 7Q(K1a"' 7Kn—r7Kn7r+17"' 7Knr+1))7
where [ is a constant. U

Recently, affine surface area, which is an important part of convex geometry, received much
attention. Many associated results were obtained. In this paper, we mainly discussed various
kinds of difference inequalities of the affine surface area, which play an important role in further
research, and also promote the development of the affine surface area.
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