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DIFFERENCE INEQUALITIES FOR THE i-TH MIXED AFFINE SURFACE AREAS

XIA ZHAO1, WEIDONG WANG2,∗

1Department of Mathematics, China Three Gorges University, Yichang, China
2Three Gorges Mathematical Research Center, China Three Gorges University, Yichang, China

Abstract. Lutwak introduced the notion of i-th mixed affine surface areas and Leng defined the volume
difference functions. In this paper, we establish difference inequalities of Brunn-Minkowski type and
cycle type for i-th mixed affine surface areas. In particular, we obtain the Minkowski type inequality for
the difference of i-th mixed affine surface areas.
Keywords. i-th mixed affine surface area; Difference; Brunn-Minkowski inequality; Cycle inequality;
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1. INTRODUCTION

Let K n denote the set of convex bodies (compact, convex subsets with non-empty interiors)
in Euclidean space Rn. Further, let S n

o denote the set of star bodies (about the origin) in Rn.
Let Sn−1 denote the unite sphere in Rn and V (K) denote the n-dimensional volume of the body
K.

The classic affine surface area is one of the important concepts in affine differential geome-
try. The results regarding the classic affine surface area have some surprising applications. A
number of geometric inequalities obtained by associating with classic affine surface area, such
as, the affine isoperimetric inequality [1] and Petty affine projection inequality [2]. In particular,
Petty [2] obtained an associated result for affine surface area on the shephard type problem for
projection bodies (see [3, 4]).

A body K ∈K n is said to have a curvature function f (K, ·): Sn−1→ R, which is defined by
(see [4])

dS(K, ·)
dS

= f (K, ·), (1.1)
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where the surface area measure S(K, ·) of K is absolutely continuous with respect to spherical
Lebesgue measure S. For convenience, we write f (N, ·) = fN . In addition, we write F n as the
subset of K n that has a positive continuous curvature function.

In 1985, Petty [1], based on the notion of curvature function of convex body, gave the defi-
nition of the affine surface area. If K ∈F n, then the affine surface area Ω(K) of K is defined
by

Ω(K) =
∫

Sn−1
f (K,u)

n
n+1 dS(u). (1.2)

Based on the classical affine surface area, Lutwak [5] introduced the concept of the mixed
affine surface area. If K1, · · · , Kn ∈F n, then mixed affine surface area Ω(K1, · · · ,Kn) is defined
by

Ω(K1, · · · ,Kn) =
∫

Sn−1
[ f (K1,u) · · · f (Kn,u)]

1
n+1 dS(u). (1.3)

Let K1 = · · · = Kn−i = K, Kn−i+1 = · · · = Kn = L (i = 0, · · · , n) in (1.3), then Ωi(K,L) =
Ω(K, · · · , K︸ ︷︷ ︸

n−i

, L, · · · , L︸ ︷︷ ︸
i

) = Ω(K,n− i; L, i), where K appears n− i times and L appears i times.

Further, if i ∈ R, Lutwak [5] gave i-th mixed affine surface areas as follows. For K,L ∈F n,
i, any real number, the i-th mixed affine surface area, Ωi(K,L) of K,L is defined by

Ωi(K,L) =
∫

Sn−1
f (K,u)

n−i
n+1 f (L,u)

i
n+1 dS(u). (1.4)

In particular, if L = B in (1.4), we write Ωi(K,B) = Ωi(K) and notice that f (B, ·) = 1. Then
i-th affine surface area, Ωi(K) of K is given by (see [5])

Ωi(K) =
∫

Sn−1
f (K,u)

n−i
n+1 dS(u). (1.5)

From (1.2) and (1.4), we easily get

Ωi(K, K) = Ω(K), Ω0(K, L) = Ω(K), Ωn(K, L) = Ω(L). (1.6)

It is easy to obtain from (1.2) and (1.5) that Ω0(K) = Ω(K). Regarding the studies of affine
surface areas, many results were obtained recently; see, e.g., [6, 7, 8, 9, 10, 11, 12, 13] and the
references therein. In 2004, Leng [14] defined the volume difference function of convex bodies
D and K, where D⊆ K,

Dv(K,D) =V (K)−V (D).

Meanwhile, Leng established the following Brunn-Minkowski type inequality for the volume
difference function.

Theorem 1.1. If K,L and D are compact domains, D ⊆ K, D′ ⊆ L, D′ is a homothetic copy of
D, then

(V (K +L)−V (D+D′))
1
n ≥ (V (K)−V (D))

1
n +(V (L)−V (D′))

1
n ,

equality holds if and only if K and L are homothetic and (V (K),V (D))= µ(V (L),V (D′)), where
µ is a constant.

In 2010, Lv [15] introduced the dual volume difference function for star bodies and estab-
lished the following dual cycle type inequality.
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Theorem 1.2. Suppose that M,N,K,L ∈S n
o , if K ⊆M, L⊆ N and N is a dilate of M, then for

i, j,k ∈ R, 0≤ i < j < k ≤ n,

(Ṽj(M, N)−Ṽj(K, L))k−i ≥ (Ṽk(M, N)−Ṽk(K, L)) j−i(Ṽi(M, N)−Ṽi(K, L))k− j,

with equality if and only if K and L are dilates and (M, K) = λ (N, L), where λ is a constant,
where Ṽi(M,N) denotes the i-th dual mixed volume of M and N (see also [16]).

From further results on the volume differences functions, we refer to [17, 18, 19] and the
references therein.

2. PRELIMINARIES

First, we introduce the Blaschke combination as follows (see [20, 21]). For K,L ∈K n and
λ ,µ ≥ 0 (not both zero), the Blaschke combination, λ �K∓µ�L, of K and L is defined by

S(λ �K∓µ�L, ·) = λS(K, ·)+µS(L, ·),

where “∓” denotes the Blaschke addition and “�” denotes the Blaschke scalar multiplication.
From (1.1) and the Blaschke combination, we easily know that if K,L ∈F n, the Blaschke

addition of K, L satisfies
f (K∓L, ·) = f (K, ·)+ f (L, ·). (2.1)

From the Blaschke combination, Lutwak obtained the following result (see [5]).

Lemma 2.1. For K, L ∈F n and i ∈ R, if i >−1, then

Ωi(K∓L)
n+1
n−i ≥Ωi(K)

n+1
n−i +Ωi(L)

n+1
n−i ; (2.2)

if i <−1, then

Ωi(K∓L)
n+1
n−i ≤Ωi(K)

n+1
n−i +Ωi(L)

n+1
n−i . (2.3)

In each case, equality holds if and only if K and L are homothetic.

Lemma 2.2. [22] (Bellman’s inequality) Let a= {a1, · · · ,an} and b= {b1, · · · ,bn} be two series
of positive real numbers, and ap

1 −∑
n
i=2 ap

i > 0 and bp
1 −∑

n
i=2 bp

i > 0. If p < 0 or 0 < p < 1,
then (

ap
1 −

n

∑
i=2

ap
i

) 1
p

+

(
bp

1 −
n

∑
i=2

bp
i

) 1
p

≥
(
(a1 +b1)

p−
n

∑
i=2

(ai +bi)
p
) 1

p

; (2.4)

if p > 1, then(
ap

1 −
n

∑
i=2

ap
i

) 1
p

+

(
bp

1 −
n

∑
i=2

bp
i

) 1
p

≤
(
(a1 +b1)

p−
n

∑
i=2

(ai +bi)
p
) 1

p

. (2.5)

In each case, equality holds if and only if a = vb, where v is a constant.

Lemma 2.3. [15] Suppose that gi,hi (i = 1, 2) are non-negative continuous functions on Sn−1

such that ∫
Sn−1

gp
1(ξ )dξ ≥

∫
Sn−1

gp
2(ξ )dξ ;∫

Sn−1
hq

1(ξ )dξ ≥
∫

Sn−1
hq

2(ξ )dξ ,
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for p > 1, 1
p +

1
q = 1, and

gp
1(ξ ) = λhq

1(ξ ), ∀ξ ∈ Sn−1,

where λ is a constant. Then(∫
Sn−1

(gp
1(ξ )−gp

2(ξ ))dξ

) 1
p
(∫

Sn−1
(hq

1(ξ )−hq
2(ξ ))dξ

) 1
q

≤
∫

Sn−1
(g1(ξ )h1(ξ ))− (g2(ξ )h2(ξ ))dξ ,

and “=” holds if and only if gp
2(ξ ) = λhq

2(ξ ) for any ξ ∈ Sn−1, where λ is as above.

Lemma 2.4. [5] If K1, · · · ,Kn ∈F n, and 1 < m≤ n, then
m−1

∏
i=0

Ω(K1, · · · ,Kn−m,Kn−i, · · · ,Kn−i)≥Ω
m(K1, · · · ,Kn),

and “=” holds if and only if Kn−m+1, · · · ,Kn are homothetic.

Lemma 2.5. [23] If ci > 0, bi > 0, ci > bi, i = 1, · · · ,n, then( n

∏
i=1

(ci−bi)

) 1
n

≤
( n

∏
i=1

ci

) 1
n

−
( n

∏
i=1

bi

) 1
n

,

and “=” holds if and only if c1
b1

= c2
b2

= · · ·= cn
bn

.

3. MAIN RESULTS

In this section, we establish the difference inequalities of Brunn-Minkowski type and cycle
type for i-th mixed affine surface areas. Our main results read as follows.

Theorem 3.1. Let K,L,M ∈F n, N be a homothetic copy of M, and fK ≤ fM, fL ≤ fN , i ∈ R.
If i >−1 and i 6= n, then(

Ωi(M∓N)−Ωi(K∓L)
) n+1

n−i

≤
(

Ωi(M)−Ωi(K)

) n+1
n−i

+

(
Ωi(N)−Ωi(L)

) n+1
n−i

; (3.1)

if i <−1, then(
Ωi(M∓N)−Ωi(K∓L)

) n+1
n−i

≥
(

Ωi(M)−Ωi(K)

) n+1
n−i

+

(
Ωi(N)−Ωi(L)

) n+1
n−i

. (3.2)

In each case, equality holds if and only if K and L are homothetic, and (Ωi(K),Ωi(M)) =
µ(Ωi(L),Ωi(N)), where µ is a constant. Here M∓N denotes the Blaschke addition of M and
N.

Proof. Since fK ≤ fM, fL ≤ fN , we get from (2.1) that
f (M∓N, ·) = f (M, ·)+ f (N, ·)

≥ f (K, ·)+ f (L, ·)
= f (K∓L, ·),

which together with (1.5) entails that

Ωi(M)≥Ωi(K), Ωi(N)≥Ωi( L), Ωi(M∓N)≥Ωi(K∓L).
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If i >−1, we have from (2.2) that

Ωi(K∓L)
n+1
n−i ≥Ωi(K)

n+1
n−i +Ωi(L)

n+1
n−i , (3.3)

and “=” holds if and only if K and L are homothetic. Since N and M are homothetic, one has

Ωi(M∓N)
n+1
n−i = Ωi(M)

n+1
n−i +Ωi(N)

n+1
n−i . (3.4)

Hence, if −1 < i < n, then n−i
n+1 > 0. By (3.3) and (3.4), we obtain that

Ωi(M∓N)−Ωi(K∓L)

≤
(

Ωi(M)
n+1
n−i +Ωi(N)

n+1
n−i

) n−i
n+1

−
(

Ωi(K)
n+1
n−i +Ωi(L)

n+1
n−i

) n−i
n+1

.
(3.5)

Let
{a1, · · · ,an}= {Ωi(M)

n+1
n−i ,Ωi(K)

n+1
n−i ,0, · · · ,0}

and
{b1, · · · ,bn}= {Ωi(N)

n+1
n−i ,Ωi(L)

n+1
n−i ,0, · · · ,0},

and observe that 0 < p = n−i
n+1 < 1. Then inequality (3.5) and Bellman’s inequality (2.4) yield(

Ωi(M∓N)−Ωi(K∓L)
) n+1

n−i

≤
[(

Ωi(M)
n+1
n−i +Ωi(N)

n+1
n−i

) n−i
n+1

−
(

Ωi(K)
n+1
n−i +Ωi(L)

n+1
n−i

) n−i
n+1
] n+1

n−i

≤
(

Ωi(M)−Ωi(K)

) n+1
n−i

+

(
Ωi(N)−Ωi(L)

) n+1
n−i

.

(3.6)

This is just the inequality (3.1).
If i > n, then n−i

n+1 < 0. From this, (3.3) and (3.4), we have

Ωi(M∓N)−Ωi(K∓L)

≥
(

Ωi(M)
n+1
n−i +Ωi(N)

n+1
n−i

) n−i
n+1

−
(

Ωi(K)
n+1
n−i +Ωi(L)

n+1
n−i

) n−i
n+1

.
(3.7)

In view of p = n−i
n+1 < 0, we have that (3.7) and (2.4) deduce inequality (3.6), i.e., inequality

(3.1) is also obtained. Similarly, for i <−1, by use of (2.5), (2.3) and their equality conditions,
we get the desired inequality (3.2). From the equality conditions of Lemma 2.1 and Lemma 2.2,
we know that the equality holds in (3.1) and (3.2) if and only if K and L are homothetic, and
(Ωi(K),Ωi(M)) = µ((Ωi(L),Ωi(N)), where µ is a constant. �

Obviously, if i = 0 in Theorem 3.1, then we obtain the Brunn-Minkowski type inequality for
difference of affine surface areas.

Corollary 3.2. If K,L,M ∈F n, N is a homothetic copy of M, fK ≤ fM, fL ≤ fN , then(
Ω(M∓N)−Ω(K∓L)

) n+1
n

≤
(

Ω(M)−Ω(K)

) n+1
n

+

(
Ω(N)−Ω(L)

) n+1
n

,

and “=” holds if and only if K and L are homothetic, and (Ω(K),Ω(M)) = µ(Ω(L),Ω(N)),
where µ is a constant.
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Theorem 3.3. Let K,L,M ∈F n, N be a homothetic copy of M, fK ≤ fM, fL ≤ fN , i, j, k ∈ R.
If 0≤ i < j < k, then(

Ω j(M, N)−Ω j(K, L)
)k−i

≥
(

Ωi(M, N)−Ωi(K, L)
)k− j(

Ωk(M, N)−Ωk(K, L)
) j−i

,

(3.8)
and “=” holds if and only if K and L are homothetic and ( fK, fM) = λ ( fL, fN), where λ is a
constant.

Proof. For i < j < k, let p = k−i
j−i , q = k−i

k− j . Thus p > 1 and 1
p +

1
q = 1. Let

g1 =

(
f (M,u)

n−k
n+1 f (N,u)

k
n+1

) 1
p

, h1 =

(
f (M,u)

n−i
n+1 f (N,u)

i
n+1

) 1
q

,

g2 =

(
f (K,u)

n−k
n+1 f (L,u)

k
n+1

) 1
p

, h2 =

(
f (K,u)

n−i
n+1 f (L,u)

i
n+1

) 1
q

.

From Lemma 2.3, we see that gp
1/hq

1 = ( fM/ fN)
i−k
n+1 , which is a constant since N is a homothetic

copy of M. Now by use of (1.4) and Lemma 2.3, we obtain(
Ωk(M,N)−Ωk(K,L)

) j−i
k−i
(

Ωi(M,N)−Ωi(K,L)
) k− j

k−i

=

(∫
Sn−1

f (M,u)
n−k
n+1 f (N,u)

k
n+1 − f (K,u)

n−k
n+1 f (L,u)

k
n+1 dS(u)

) j−i
k−i

·
(∫

Sn−1
f (M,u)

n−i
n+1 f (N,u)

i
n+1 − f (K,u)

n−i
n+1 f (L,u)

i
n+1 dS(u)

) k− j
k−i

≤
∫

Sn−1

[(
f (M,u)

n−k
n+1 f (N,u)

k
n+1

) j−i
k−i
(

f (M,u)
n−i
n+1 f (N,u)

i
n+1

) k− j
k−i

−
(

f (K,u)
n−k
n+1 f (L,u)

k
n+1

) j−i
k−i
(

f (K,u)
n−i
n+1 f (L,u)

i
n+1

) k− j
k−i
]

dS(u)

=
∫

Sn−1

(
f (M,u)

n− j
n+1 f (N,u)

j
n+1 − f (K,u)

n− j
n+1 f (L,u)

j
n+1

)
dS(u)

= Ω j(M,N)−Ω j(K,L).

This obtains (3.8). By the equality condition of Lemma 2.3, the equality in (3.8) holds if and

only if f
i−k
n+1

K = λ f
i−k
n+1

L , which is equivalent to the fact that K is a homothetic copy of L, and
( fK, fM) = λ ( fL, fN), where λ is a constant. This proves the Theorem 3.3 �

In particular, let i = 0 and k = n in Theorem 3.3. From (1.6), we can obtain the following
Minkowski type inequality for difference of i-th mixed affine surface areas.

Corollary 3.4. Let K,L,M ∈F n, j ∈ R, N be a homothetic copy of M, fK ≤ fM, fL ≤ fN . If
0 < j < n, then(

Ω j(M, N)−Ω j(K, L)
)n

≥
(

Ω(M)−Ω(K)

)n− j(
Ω(N)−Ω(L)

) j

,
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and the equality holds if and only if K and L are homothetic and ( fK, fM) = λ ( fL, fN), where λ

is a constant.

In addition, we also give the following Aleksandrov-Fenchel type inequality for the difference
of mixed affine surface areas.

Theorem 3.5. Let Ki,Mi ∈F n, and fKi ≤ fMi (i = 1, · · · ,n). If Mn−r+1, · · · ,Mn are homothetic,
then, for all 1≤ r ≤ n,(

Ω(M1, · · · ,Mn)−Ω(K1, · · · ,Kn)

)r

(3.9)

≥
r

∏
i=1

(
Ω(M1, · · · ,Mn−r,Mn−i+1, · · · ,Mn−i+1)−Ω(K1, · · · ,Kn−r,Kn−i+1, · · · ,Kn−i+1)

)
,

and the equality holds if and only if Kn−r+1, · · · ,Kn are homothetic, and(
Ω(M1, · · · ,Mn−r,Mn, · · · ,Mn), · · · ,Ω(M1, · · · ,Mn−r,Mn−r+1, · · · ,Mn−r+1)

)
= µ

(
Ω(K1, · · · ,Kn−r,Kn, · · · ,Kn), · · · ,Ω(K1, · · · ,Kn−r,Kn−r+1, · · · ,Kn−r+1)

)
,

where µ is a constant.

Proof. Observe that Mn−r+1, · · · ,Mn are homothetic. From the equality condition of Lemma
2.4, we obtain

r

∏
i=1

Ω(M1, · · · ,Mn−r,Mn−i+1, · · · ,Mn−i+1) = Ω
r(M1, · · · ,Mn),

which together with Lemma 2.4 yields that

Ω(M1, · · · ,Mn)−Ω(K1, · · · ,Kn)

≥
( r

∏
i=1

Ω(M1, · · · ,Mn−r,Mn−i+1, · · · ,Mn−i+1)

) 1
r

−
( r

∏
i=1

Ω(K1, · · · ,Kn−r,Kn−i+1, · · · ,Kn−i+1)

) 1
r

.

(3.10)

Since fKi ≤ fMi (i = 1, · · · ,n), we conclude from (1.3) that

Ω(M1, · · · ,Mn)≥Ω(K1, · · · ,Kn). (3.11)

Taking Mn−r+1 = · · ·= Mn = Mn−i+1, Kn−r+1 = · · ·= Kn = Kn−i+1 in (3.11), we obtain

Ω(M1, · · · ,Mn−r, Mn−i+1, · · · ,Mn−i+1)≥Ω(K1, · · · ,Kn−r, Kn−i+1, · · · ,Kn−i+1). (3.12)

Therefore, from (3.10), (3.11), (3.12) and Lemma 2.5, we get

Ω(M1, · · · ,Mn)−Ω(K1, · · · ,Kn)

≥
( r

∏
j=1

(Ω(M1, · · · ,Mn−r,Mn−i+1, · · · ,Mn−i+1)−Ω(K1, · · · ,Kn−r,Kn−i+1, · · · ,Kn−i+1))

) 1
r

.

This yields (3.9).
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According to the equality conditions of Lemma 2.4 and Lemma 2.5, we obtain that the equal-
ity holds in (3.9) if and only if Kn−r+1, · · · ,Kn are homothetic, and(

Ω(M1, · · · ,Mn−r,Mn, · · · ,Mn), · · · ,Ω(M1, · · · ,Mn−r,Mn−r+1, · · · ,Mn−r+1)

)

= µ

(
Ω(K1, · · · ,Kn−r,Kn, · · · ,Kn), · · · ,Ω(K1, · · · ,Kn−r,Kn−r+1, · · · ,Kn−r+1)

)
,

where µ is a constant. �

Recently, affine surface area, which is an important part of convex geometry, received much
attention. Many associated results were obtained. In this paper, we mainly discussed various
kinds of difference inequalities of the affine surface area, which play an important role in further
research, and also promote the development of the affine surface area.
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