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Abstract. In this paper, optimality conditions and duality for E-differentiable semi-infinite program-
ming with multiple interval-valued objective functions are investigated. We first establish Karush-
Kuhn-Tucker necessary and sufficient optimality conditions for some types of efficient solutions of
E-differentiable semi-infinite programming with multiple interval-valued objective functions. Then, we
propose E-Wolfe and E-Mond-Weir type duality for the E-differentiable semi-infinite programming with
multiple interval-valued objective functions, and explore weak and strong duality relations under gener-
alized E-convexity.
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1. INTRODUCTION

Some multiobjective optimization problems in practice deal with the infinite number of con-
straints. These problems are called the multiobjective semi-infinite programming problems.
Because of their important meanings not only for theoretical aspect, but also for practical ap-
plication, multiobjective semi-infinite programming problems have been studied by many re-
searchers. For some recent results in this direction, we refer to, e.g., [1, 2, 3,4,5,6,7, 8, 9, 10]
and references therein. As the coefficients of objective functions in some optimization prob-
lems in socio-economic are used to be uncertain or imprecise data, the interval-valued, or the
range of coefficients, of the objective functions are employed in these models. To find the solu-
tion of these problems, optimality conditions and duality for optimization problems with one or
multiple interval-valued objective functions have been considered recently in many papers; see,
e.g., [11, 12,13, 14, 15, 16]. The generalized convexity is often used in establishing optimality
conditions and investigating duality problems; see, e.g., [17, 18] and references therein. In [19],
the classes of nonconvex sets and nonconvex functions, called E-convex sets and E-convex
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functions, were proposed. Some important properties and applications of these classes were
developed in [18, 20, 21, 22, 23]. Recently, Megahed, Gomma and Youness [24] introduced
the concept of E-differentiable convex functions and established the optimality conditions for
mathematical programming. By utilizing the E-differentiable convexity, the optimality condi-
tions and duality problems were considered for vector optimization problems with inequality
and equality constraints in [25] and for multiobjective fractional programming problems in
[26]. In [27], the optimality conditions for the E-differentiable vector optimization problem
with the multiple interval-valued objective functions were given. However, to the best of our
knowledge, there is no paper dealing with E-differentiable semi-infinite programming with the
multiple interval-valued objective functions.

Motivated by the above observations, in this paper, we establish Karush-Kuhn-Tucker opti-
mality conditions and investigate duality problems for E-differentiable semi-infinite program-
ming with multiple interval-valued objective functions. The organization of the paper is as
follows. Section 2 recalls basic notions and presents the differentiable E-convexity notion.
Karush-Kuhn-Tucker necessary and sufficient optimality conditions for the E-differentiable
semi-infinite programming with multiple interval-valued objective functions are discussed in
Section 3. Section 4 is devoted to exploring E-Mond-Weir and E-Wolfe dual problems of semi-
infinite programming with multiple interval-valued objective functions. Some examples are
provided to illuminate the outcomes of the paper.

2. PRELIMINARIES

The following notations and definitions will be used throughout the paper. Let R" be an
Euclidean space. The notation (-,-) is utilized to denote the inner product. The notion B(x,d)
stands for the open ball with center x € R” and radius 8. For a subset X C R”, intX, clX, affX,
and coX stand for its interior, closure, affine hull, convex hull of X, respectively (shortly resp).
The cone and the convex cone (containing the origin) generated by X are demonstrated resp by
coneX, posX. The negative polar cone and strictly negative polar cone of X are defined resp by

X~ = {x* € R"|(x*,x) <OVx€ X}, X* = {x* € R"|(x",x) < OVx € X\ {O}}.

It is easy to check that X* C X~ and if X* # 0, then c1X® = X . Moreover, the bipolar theorem
(see, e.g., [28]) states that X~ = cl coneX. The contingent cone [28] of X at X € clX is

T(X,x):={xeR"|3t | 0,3x; — x, Vk € N, X+ Tpx; € X }.

Definition 2.1. [19] A set X C R” is said to be E-convex with respect to (shortly wrt) an operator
E:R" 5 R"if AE(x)+ (1 —A)E(X) € X forall x,x’ € X and A € [0, 1].

Note that every convex set is E-convex in the case that E is the identity map. If E(X) is a
convex set and E(X) C X, then X is E-convex. Moreover, if X is E-convex, then E(X) C X.

Definition 2.2. Let E : R” — R". Let X be an E-convex set in R” and ¢ : R" — R.
(1) [19] @ is said to be E-convex wrt E on X if and only if (shortly iff)

PAE(x)+(1-2)E(X)) < A@(E(x)) +(1-2)p(E(x)),
forall x,x’ € X and A € [0, 1].
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(1) [19] @ is said to be strictly E-convex wrt E on A iff
PAE(x)+(1-1)E(X)) <A@(E(x)) + (1 - 2)p(E()),
forall x,x' € X,E(x) # E(x') and A € (0,1).

For an E-convex function ¢ and an E-convex set X, the function (¢ o E) : X — R is defined
by (9o E)(x) = ¢(E(x)) forall x € X.

Definition 2.3. [24] Let E : R" — R”". Let X be an open E-convex set in R”, ¢ : R” — R and
x € R". ¢ is said to be E-differentiable at X iff ¢ o E is differentiable at X and
(9oE)(x) = (9o E)®) + (V(9oE) (),x — %) + 0(%,x— 9)||x .
where 0(%,x —X) — 0 as x — X.
Definition 2.4. Let £ : R” — R". Let X be an open E-convex set in R", ¥ € R", ¢ : R" - R
and @ is E-differentiable at x.
(i) ¢ is said to be differentiable E-convex at X on X iff
P(E(x)) —@(E(X)) = (V(poE)(X),x—X),Vx € X, (2.1

and, ¢ is said to be differentiable E-convex on X if ¢ is differentiable E-convex at each
xeX.
(i1) ¢ is said to be strictly differentiable E-convex at X on X iff

P(E(x)) = @(E(x)) > (V(@oE)(X),x—X),Vx € X \ {X}.
and, ¢ is said to be strictly differentiable E-convex on X if ¢ is strictly differentiable
E-convex at each x € X.
Proposition 2.5. Let E : R" — R" be a linear operator. Let X be an open E-convex set in R"
and ¢ : R" — R.
(i) If X is a convex set, ¢ is E-differentiable at each point x € X and @ is differentiable
E-convex on X, then @ is E-convex on X.
(ii) If @ is E-convex at X € X and @ is differentiable at E(X), then @ is differentiable E-
convex at X on X.

(iii) If X is a convex set, @ is strictly E-convex at X € X and @ is differentiable at E(X), then
o is strictly differentiable E-convex at X on X.

Proof. (i)Letx',x" € X and A € [0,1]. Setting x = x',x = (1 — )X’ + Ax” € X, one derives from
(2.1) that

PE()) = 9(E((1=2)¥ +Ax")) = (V(9o E)((1 = A)¥ +Ax"), ¥ — (1 = A)¥ +42")).
This together with the linearity of E implies that
PER)) —@((1-MEW)+AEX")) 2 A(V(@oE)((1-A)x + Ax"),x' =x").  (2.2)
Setting x =x”, X = (1 — 1)x’ + Ax”, one implies from (2.1) that
P(E(X") = 9(E((1— AW +42")) = (V(o E)((1— AW +Ax") 2" — (1= A +Ax")),
which leads to
PE()) = 9((1—-2EE) +AER")) = (1= A)(V(poE)((1 - A)X +A"),¢" —¥). (23)
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Multiplying (2.2) and (2.3) with A and 1 — A, resp, and adding them up, one has

QAEX)+(1-2)ER") SA@(E(X))+(1-21)p(E(X")),

for all x',x” € X and A € [0, 1].
(i) Since X be an open E-convex, there exists 0 > 0 such that

AE(x)+(1—A)E(x) € B(E(X),d) C X,
forall x € X and A € (0, 1). By using the E-convexity of ¢ at X, one has
P(AE(x)+ (1 -A)E(X)) SAQ(E(x))+ (1 -2)p(E(x)),
or equivalently,

_ O(E@+AEN ~ER@) - 9ER)

P(E(x)) —@(E(X) = 7 ) (0,1).
Letting A | 0, we deduce from the differentiability of ¢ at E(X), the linearity of E and the chain
rule that
@(E(x)) —@(E(X)) = (VQ(E(Y)),E(x) — E(X))
= (Vo(E(x)), VE(X)(x— X))
= Vo(E(x))(VE(x)(x—x))
= (Vo(E(x)).VE(x))(x—X)
= (V(@oE)(x),x—X)

(ii1) It follows from (ii) that

P(E(x)) — @(E(x)) = (V(QoE)(X),x — X),Vx € X. (2.4)

Next, we prove that the inequality in (2.4) is strict if x # X. Suppose to the contrary that there
exists x € X with x # X and

P(E(X)) —@(E(X)) = (V(poE)(x), x—%). (2.5)
From (2.5), the linearity of E, the strictly E-convexity of ¢ at X and X # X, one has, for A € (0, 1),
P(E(AX+(1-24)%)) = @(AE(@ﬂL(l—l)E(f))
< A@(E(x))+(1-2)9(E(x))
X)) +A(@(E(X)) — 9(E(X)))
¥)) +A(V(poE)(x),x—%)
¥)) +(V(poE)(x),(Ax+ (1 - A)x) —X).

This, taking into account the fact on Ax+ (1 —A)x € X and Ax+ (1 — A)X # &, gives us that
PEMAX+(1-2)%) = (E(X)) < (V(@oE)(X),(Ax+ (1 - A)%) - %),
which contradicts (2.4). O

P(E(
= @(E(
= (E(

(
¥)

Example 2.6. Let X = (—1,1), ¢ : X — R and E : X — X be defined by
2

x7, ifx >0, X
o(x) = { 0, otherwise, ’ E(x) = 2’
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Then, E(X) = (—1,
Since

) is a convex set and E(X) C X. This shows that X is a E-convex set.

(PoE)(x) = { 2. ifx>0,

0, otherwise,
¢ is E-differentiable at any X € X. Taking ¥ =0, one has ¢(E (X)) = E(X) =0and V(@oFE)(x) =
0. Hence, for x = —4—11 € X and x # &,
P(E(x)) — @(E(x)) =0 # (V(@oE)(¥),x —%).
Thus, @ is not strictly differentiable E-convex at X. However, for all x € X,
P(E(x)) — 9(E(X)) = (V(@oE)(¥),x — %),

which implies that @ is differentiable E-convex at x.

DI—

Let %¢ denote the class of all closed and bounded intervals in R, i.e.,
Jc ={l¢,¢] | ¢,c € Rand ¢ < ¢},

where ¢ and ¢ means the lower and upper bound of [c,¢|, resp. Let A = [a,a| and B = [b,b] be
in ¢ and A € R. Then, by definition, one has

[Aa,Ad], if A >0,

A+B:={a+b|acAbcB}=atbat+b]AA ;:z[c_z,a]:{ A, A <0

Hence, —A = [~d,—a] and A — B = [a— b,a — b).

Definition 2.7. Let A = [a,a], B = [b,b] be two sets in 7.
(i) A<py Bifa<banda<b.
(i) A <py Bif A <;y B and A # B, or equivalently, A <y B if

a<b or a<b or a<b
a<b, a<b, a<b.
Let X be a nonempty open subset of R”. A function H : X — J#¢ is called an interval-valued
function if H(x) = [H(x),H(x)] with H,H : X — R such that H(x) < H(x) for each x € X.

Definition 2.8. Let £ : R” — R”, X be an E-convex set in R” and H : X — .#¢ be an interval-
valued function.

(i) H is said to be LU-E-convex [27] at X € X if, for all x € X and A € [0,1], H(AE(x) +
(1-A)E(x)) <pyv AH(E(x))+ (1 —A)H(E(x)). H is said to be LU-E-convex on X if H is
LU-E-convex at each x € X.

(ii) H is said to be strictly LU-E-convex [27] at ¥ if, for all x € X with E(x) # E(X) and A €
(0,1), HAE(x)+ (1 =A)E(X)) <y AH(E(x))+ (1 —A)H(E(X)). H is called strictly LU-E-
convex on X if H is strictly LU-E-convex at each x € X.

Definition 2.9. [27] Let E : R” — R”". Let X be an open E-convex set in R”, H : R" — J#¢ and
x € R". H is said to be E-differentiable at x iff H o E and H o E is differentiable at ¥ and
(HoE)(x) = (HoE) (%) + (V(H o E)(%),x — %) + 0(%,x — 9)||x — 7,
(Ao E)(x) = (Ao E)(®)+ (V(H o E) (5),x —%) + 85,5 —0) jr— 7.

where 6(%,x —x),0(X,x —X) — 0 as x — *.
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Definition 2.10. Let £ : R” — R”". Let X be an open E-convex set in R", ¥ € X and the interval-
valued function H : X — % be E-differentiable at x.
(1) H is said to be differentiable LU-E-convex at X on X iff

H(E(x)) —H(E(X)) > (V(HoE)(X),x—%),H(E(x)) — H(E(X)) > (V(H 0 E)(%),x — %),
forall x € X. If X = R", we say that H is differentiable LU-E-convex at x.
(i1) H is said to be strongly differentiable LU-E-convex at X on X iff

H(E(x)) —H(E(%)) > (V(HoE)(%),x — %), H(E(x)) — H(E(X)) > (V(H 0 E)(%),x — %),
Vx € X with x # X.

Lemma 2.11. [29] Let {C,|t € T} be an arbitrary collection of nonempty convex sets in R" and

K :=pos | U C; |. Then, every nonzero vector of K can be expressed as a non-negative linear
tel’
combination of n or fewer linear independent vectors, each belonging to a different C;.

Lemma 2.12. [30] Suppose that S,P are arbitrary (possibly infinite) index sets, a; = a(s) =
(ai(s),...,an(s)) maps S onto R", and so does a,,. Suppose that the set co{ay,s € S} +pos{a,,p €
P} is closed. Then, the following statements are equivalent:

;. [ {asx) <0.s€8,5#0
"\ (apx) <0,peP
II: 0 € co{ay,s € S} +pos{a,,p € P}.

has no solution x € R";

Lemma 2.13. [31] If X is a nonempty compact subset of R", then

(i) coX is a compact set;
(i1) If 0 & coX, then posX is a closed cone.

3. KKT OPTIMALITY CONDITIONS

In this section, we consider the following semi-infinite programming with multiple interval-
valued objective functions:
(P): LU—min.Z (x) := (F1(x), ..., Fp(x)) = ([E1(x),F1(x)], .oy [Ep (%), Fn(x)])

s.t. g(x) <0, teT,

where F; : R" — ¢ are interval-valued functions fori € I := {1,...,m} and g;(r € T') are func-
tions from R” to R. The index set T is an arbitrary nonempty set, not necessary finite. Denote
by Q:={x € R"| g(x) <0, t € T} the feasible solution set of (P). Let RE‘ denote the collec-
tion of all the functions A : T — R taking values A,’s positive only at finitely many points of 7,
and equal to zero at the other points. For a given X € Q, denote T'(x) := {t € T|g,(x) = 0} the
index set of all active constraints at X. The set of active constraint multipliers at X € Q is

AE) = {2 eR g ) =0, eT}.

Notice that A € A(%) if there exists a finite index set J C T'(X) such that A, > 0 for all # € J and
A =0forallr eT\J.

Definition 3.1. Let x € Q.



OPTIMALITY CONDITIONS AND DUALITY 7

(i) xis a type-1 (Pareto) optimal solution [15] of (P), denoted by x € E(P, 1), if there is no
x € Q satisfying

E(x) <wu F,'(X), Viel,
F;,(x) < F; (%), for atleast oneip € /.
(i) x is a weakly type-1 optimal solution [15] of (P), denoted by ¥ € WE(P, 1), if there is
no x € Q satisfying F;(x) <y F(x),Vi € I.

We can check that E(P,1) C WE(P, 1). In the sequel, we always assume that E : R" — R" is
an one-to-one and onto operator, and F;(i € I),g;(t € T) are E-differentiable on the R”. Let us
consider the associated E-multiobjective semi-infinite programming (Pg) of (P) as follows:
(Pg) : LU—min(.% oE)(z) := ((F1 0E)(2),..., (FnoE)(2))

st.  (g:0E)(z) <0, teT.
Denote by Qf := {z € R" | (g;0E)(z) <0, t € T} the feasible solution set of (Pg) and the index
set of all active constraints at 7 € Qg is Tg(Z) := {r € T|(g; o E)(Z) = 0}. Proving similar to the
proof of Lemma 3.5 in [27], we obtain that E(Qg) = Q. The set of active constraint multipliers
atz € Qp is
Ae(@) ={A eRT A (g 0E)(2) =0, V1 e T}

Definition 3.2. Let 7 € Qf.
(i) Zis a type-1 (Pareto) E-optimal solution [27] of (Pg), denoted by 7 € E(Pg, 1), if there
is no z € Q satisfying
(FioE)(z) <pv (FoE)(z), Viel,
(FiyoE)(z) <pu (Fj,oE)(Z), for atleastoneip € I.
(ii) zis a weakly type-1 E-optimal solution [27] of (Pg), denoted by 7 € WE(Pg, 1), if there
is no z € Qp satisfying (F;oE)(z) <pv (F;oE)(Z),Vi€ I

Lemma 3.3. [27] Let E : R" — R" be a given one-to-one and onto operator, X € Q and 7 € Q.
(i) If € WE(Pg,1) (Z€ E(Pg,1), resp), then E(Z) € WE(P,1) (E(Z) € E(P, 1), resp).
(ii) If x € WE(P,1) (x € E(P, 1), resp), then there exists 7 € Qg such that X = E(Z) and
z7€ WE(Pg,1) (7€ E(Pg,1), resp).

Proposition 3.4. The (ACQg) holds at 7 € Qg if ( U V(g oE)(Z)) C T(QE,Z) and the
teTe (3)
set Ap :=pos | V(g oE)(Z) is closed.
ZETE(Z)

Proposition 3.5. Suppose that 7 € WE(Pg, 1) and (ACQg) holds at 7. Then, there exist (aX,aV) €
m

R x R with .Zl(aiL +aY)=1and A € Ag(Z) such that
=

Ttas

OFV(EE)() + L ol V(FioE)(D)+ T 4V(5oE)(E) =0,

i teT

Proof. Since Z € WE(Pg, 1), there is no z € Qg satisfying
(FioE)(z) <w (FioE)(2),Vi€l,
(F;0E)(2) < (E;0F)(2) m{@m@(

or equivalently, { (i_o E)(z) < (Fi0E)(2),

) < (E;°E)(2)

F 2) <
(FioE)(z) < (FioE)(2),



8 L.T. TUNG

or { (FioE)(z) < (E;oE)(Z) 3.1
(FioE)(z) < (FioE)(2). '
We first justify that
(U(V(E,'OE)(Z) UV(EOE)(Z))) NT(Qg,z) =0. (3.2)
iel

N

If otherwise, there exists d € (U (V(F;0E)(Z)UV(F; oE)(Z))) NT(Qg,Zz). Hence, one has
icl

(V(F;0E)(Z),d) <0,Vi € Iland (V(F;0E)(Z),d) <0,Vi € I. Since d € T(Qg,?), there exist

T 4 0 and dy — d such that 7+ i d), € Qp for all k. We derive from F;(i € I) are E-differentiable

at x that

(E;0E)(Z+ idy) = (E;0 E)(2) + t(V(E; 0 E)(2), di) + 8,(Z wd) | Taddi |, Vi € 1.
Consequently, for all i € 1,

(Ei0E)(Z+ 7di) — (E;°E)(2)
Tk

= (V(E;0E)(2),di) + 8;(Z, Tudy) || di|

k—> (V(F;oFE)(2),d) <O.

—>00

Thus, for each i € I, there is k¥ > 0 such that Tik((ﬂi oE)(Z+ ndyx) — (F;0E)(Z)) <0, for

all k > kk. Setting K= malxkiL, we have (F,; 0 E)(Z+ Tdy) < (F;0E)(Z), Yk > K-, Vi € I.
S

Similarly, there exists &’ > 0 such that (FioE)(Z+tdy) < (FioE)(Z),Vk > %U,Vi € I. Setting

k= max{%L,%U}, we assure the existence of k > k large enough such that 7+ 7;d; € Qf and

foralliel,

(F;0E)(zZ+tdy) < (F;0E)(Z) and (F;0E)(Z+ mdy) < (Fi0E)(%),Vi €1,
which contradicts (3.1). Hence, (3.2) holds. We derive from (3.22 and (ACQg) that
(UFEB@UYFCR@) ( U Vi oE><z>)

teTE(2)

N

c (U EBOUIFEEE)) N7 -0
icl

This implies that there is no d € R such that

(V(E;0E)(2),d) <0, Viel,
(V(FioE)(z),d) <0, Viel,
(V(gioE)(2),d) <0, VieTg(2)

Moreover, we deduce from Lemma 2.13 that co |J(V(F;0E)(Z) UV(F;0oE)(Z)) is a compact

iel
set. Hence, co |J(V(F;0E)(Z)UV(F;0E)(Z)) + Ag is closed. According to Lemma 2.12, one
icl
gets l
0€col J(V ZUV(FioE)(2)+pos | V(goE) Q).

il teTe(2)
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In view of Lemma 2.11, there exist (af,aV) := ((af,...,ak), (oY, ...,al)) € R” x R" with
m
Y (e +aY)=1and A € Ag(Z) such that
i=1
m m .
Y afV(F0E)(2)+ Y o V(FioE)(2)+ Y, 4V (g0 E)(Z) =0.
i=1 i=1 t€T

The conclusion is obtained. O

Proposition 3.6. Let 7 € Qg. Assume that there exist (oF,aV) € R™ x R with Z (af+aV)=

1 and A € Ag(Z) such that

i oFV(F;0E)(Z)+ f‘, o V(FioE)(Z)+ Y. 4V (g oE)(Z) =0. (3.3)
i=1 i=1 teT

IfF;(i € I) are strongly differentiable LU -E-convex at 7 and g;(t € T) are differentiable E-convex
at 7, then 7 € E(Pg,1) and E(Z) € E(P,1).

Proof. Since 7 € QF satisfying (3.3), we have that there exists a finite subset Jg of Tg(Z) such
that

Y AV(goE)(z (Z oV (F )(z)+ia,UV(f,~oE)(z)>. (3.4)

telJg i=1

Arguing by contradiction, suppose that 7 € E(Pg, 1). Then, there exists a 7 € Qp satisfying
(F;oE)(z) <pv (F;oE)(Z),Vieland (F, oE)(Z) <pv (F, o E)(Z) for at least one iy € 1,
(EioE)(2) < (E;0E)(z)
(FioE)(z) < (FioE)(3)
{(QOOE)@) (Eiy0E)(2) Or{ (E;, 0E)(2) < (£;,0E)(2)
(FiyoE)(2) < (FiyoE)(2), (FiyoE)(2) < (FiyoE)(2),
-4 (EioE)(2) < (E; 0E)(2)
) { (FiyoE)() < (FiyoE)(2).

Hence, 7 # Z. The above inequalities together with a’, aV € R’ satisfying Z ( + al.U) =1

i=1

or equivalently, { for all i € I, and, for at least one iy € 1,

imply that

m

Y oF(FioE) () —( +Zoc ((FioE)(Z)— (FioE)(2)) <0. (3.5)

i=1
We deduce from the strongly LU-E-convexity of F;(i € I) at Z that

(FioE)(z) = (E;0E)(Z) > (V(E;0E)(2),z-2),i €1,
(FioE)@) — (FioE)(2) > (V(FioE)(2),Z-2)i € 1.
Hence, we derive from the above inequalities, (3.5) and (3.4) that

Y M(V(gioE)(z),2—2) <ZO€LV _)+iaiUV(F,-oE)(Z),/Z\—Z> >0. (3.6)

teJg i=1
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Asz€ Qg and (g;0E)(z) =0forall 7 € Jg, we get (g:oE)(z) < (g1 oE)(Z),Vt € Jg. Thus, by
the differentiable E-convexity of g,(tr € T') at Z, we have

Y M(V(goE)(2),2-2) < Y} A((&0E) () — (% 0E)(2) <0,

teJ teJ
contradicting with (3.6). ]

Example 3.7. Consider the following nonconvex and nonsmooth multiobjective semi-infinite
programming
(P): LU —min.Z (x) = (Fi(x), F2(x)) = ([/x1 +x3, /&1 +2x3], [x3 +x2,2x3 + x2])
st gx)=—tym+(t—1)x<0, teT=]0,1].
We can check that Q = R?. Let E : R? — R? be defined by E(x1,x2) = (x7,x2). Hence, E is an
one-to-one and onto map. Then,
(Pg): LU —min(F oE)(z) = ((F10E)(z),(F20E)(2))
= ([;1+ 3,21 +223), (3 + 22,283+ 22))
st. (goE)(z)=—tz1+(t—1)22 <0, t €T =]0,1].
Therefore, Qp = R% and E(Qg) = Q. Let us take Z = (0,0) € Q. We can check that 7 €
WE(Pg,1). Moreover, by some calculations, one has
V(E|0E)(Z) = V(F10E)(Z) = (1,0),V(E,0E) 0 E)(z) = V(F20E)(2) = (0,1),

Te(2) =T(E) =T,V(goE)(z) =(—t,t— 1)Vt €T, | J V(goE)(Z)=[-1,0]x[~1,0]
teTg(2)

pos |J VigoE)®)=-RB2,| | V(goE)) | =R T(Q2)=R%.
1€Tg(2) 1€T(2)

Thus, (ACQEg) holds at Z and all assumptions in Proposition 3.5 are satisfied. Now, let ol =
oV = (4,1)and A : T — R be defined by A(¢) equal to 1 if = 1/2; and equal to zero otherwise.

Then, al,aV € RZ with z(aL+aU)_1 A € Ag(Z) and

i=1

Z of V(E;0E)(2) + Z o V(FioE)(2)+ ), A Vg(7)
i=1

i=1 teT
1 1 1 1

1.e., the conclusion of Proposition 3.5 is satisfied.

Moreover, we can check that Fj(i = 1,2) are strongly differentiable LU-E-convex at Z and
g:/(t € T) are differentiable E-convex at Z. Hence, all assumptions in Proposition 3.6 hold.
Then, it follows that 7 € E(Pg,1). By virtue of Lemma 3.3, one concludes that ¥ = E(Z) =
(0,0) € E(P,1).

4. DUALITY

Let A;,B; be in #¢ for all i =1,....m and & := (A1,Az,....,Ap), B = (B1,B2,...,Bp). In
what follows, we use the following notations for the sake of convenience:

Ai<w Bi, Vi€l
=
%—LU‘%Jﬁ{ Ay <pu By, foratleastonek €1,

o/ Ay A is the negation of &7 <1y A.
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Note that X € E(P,1) if there is no x € Q satisfying .7 (x) <py Z ().

4.1. E-Mond-Weir duality. For u € R, (ak,aV) € R x R\ {(0,0)} and A € R'7!, denote
Li(u,0-,aY 2) = (F 0E) () = (Fi 0 E) (), .., (0 E) ().

We consider the E-Mond-Weir [32] dual problem (Dyw;.) of (P) as follows
LU—maX.,fE(u, OCL? OCle) = ([(El OE)(M), (Fl OE)(”)]? 0y [(Em OE)(”)vfm OE)(”)])

St El ALV (F;0E)(u) + § QVV(FioE)(w) + T AV (g0 E) ) =0.
Y l,ég,oE)( )>0,u € R (ocL al) e R XR’"\{(O 0)}. 2 eR
Thtee ?easible set of (Dpyw;) 18

Quw, == {(u, ok, al 1) e R x R” x R” x R | (ot a¥) # (0,0),
L aFV(ERE)w) + ¥ o V(FioE)(w) + T AV(5i0E)(w) =0. ¥ A(g o E)(w) > 0.
and its projection on R" is Yyw, := {u € R" | (u, ok, aY, 1) € Quw, }.

Definition 4.1. The point (i, écL,_écU,Z) € Qpuw, is said to be a type-1 E-optimal solution of
(Dmw), denoted by (4, al,aV, 1) € E(Duw,,1), if there is no (u,ak, aV, 1) € Qyw, such
that gE(ﬁ, (YL, QU,)») <Lu XE(u, OCL, OCU,A,).

Proposition 4.2. (Weak duality between (Pg) and (Dyw,)) Let z € Qp and (u,oF,aV, 1) €
Quw,. If Fi(i € I) are strongly differentiable LU -E-convex at u on Qapw, UYyw, and g;(t € T)
are differentiable E-convex at u on Qyw, UYyw,, then (F oE)(z) 2 Lk (u,al, oV ).

Proof. Since z € Qg and (u, oF, V1) € Qpw,, we have

(groE)(z) <OVt eT, 4.1)
Y Ai(gioE)(u) >0, (42)
teT
i OCiLV(Ei oFE)(u)+ i OCiUV(fi oFE)(u)+ Z AV(goE)(u)=0. 4.3)
i=1 i=1 teT

Suppose to the contrary that (F oE)(z) <y L (u,al, oV, 1) = (F oE)(u), i.e.,

{( E)(2) < (FioE)(uw), Viel,

(FiyoE)(2) (Fj,0E)(u), for atleastone i € I.

<Lu
This implies that (F; 0 E)(z) < (F,0E)(u), (FioE)(x) < (F;oE)(u) for all i € I, and for at
least one iy € I, we have

(B <EeoB0 o[ (EyoB < Lok
(FigoE)(z) < Fiyo E)(u), (FigoE)(z) < FiyoE)(u),
Or{ (FiyoE)(2) <Ej o E)(u)

(Fi E)(z) <FiooE)(”)

Y ol (F0E) @)+ Y of (FroE)) < Y. at (o E)u)+ Y ol (FioE) (). (44)

i=1
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Since F;, F;(i € I) are strictly differentiable E-convex and z # u, we have
(Ej0E)(z) = (E;0E)(u) > (V(E; 0 E)(u),z—u),i €1,
(FioE)(z) = (FioE)(u) > (V(FioE)(u),z—u),i €1

In view of the above inequalities and (4.4), we arrive at

<Z ofV(F;oE)(u)+ Y of V(FioE)(u),z— u> <0. (4.5)
i=1 i=1
In addition, from (4.1), (4.2), one has ¥ A (g;0E)(z) <0< ¥ A(g o E)(u). This along with
teT teT
the differentiable E-convexity of g, (¢ € T') leads that
Y A(V(gioE)(u),z—u) <0. (4.6)
teT

By adding (4.5) and (4.6), we have

<iafv<ﬁioE><u>+faﬁvmom(uw Z%V(gtoE><u>,z—u> <o,
i=1

i=1 teT
which contradicts (4.3). O

Corollary 4.3. (Weak duality between (P) and (Dyw,)) Let x € Q and (u, o*,aV | 1) € Quw,.
If Fi(i € I) are strongly differentiable LU-E-convex at u on Quw, UYyw, and g/(t € T) are
differentiable E-convex at u on Qypw, UYyw,, then F (x) 2 Le(u, ok, a¥ ) 1).

Proof. Let x € Q and (u,al, oV 1) € Quw,. Since E(Qg) = Q, there exists z € Qg such that
x = E(z) and # (x) = (F o E)(z). The conclusion follows from Proposition 4.2. O

Proposition 4.4. (Strong duality between (Pg) and (Dyw,)) Let 7 € WE (Pg, 1) and (ACQg) hold
atZ. Then, there exist (aF,aV) € (R x R")\ {(0,0)} and A € Ag(Z) such that (z,a",av, 1) €
Quw, and (F oE)(Z) = L& (Z, b, &Y | A). Furthermore, if F(i € I) are strongly differentiable
LU-E-convex at u on Qpw, UYyw, and g;(t € T) are differentiable E-convex at u on Qppy, U
Yaw,, then (Z,a",aV, 1) € E(Dyw,, 1).

m
Proof. By Proposition 3.5, we have that there exist (&, @V) € R” x R with .Zl(éciL +a’)=1
1=

and A € Ag(Z) such that

Y GEV(F0E)E) + Y aUV(FioE)(E) + Y AV (g o E)(E) =0,
i=1 i=1 teT

Since A € Ag(2), A(g:0E)(Z) =0forallr € T, wehave ¥ 2,(g;0E)(z)=0. Thus, (z,a",aV,1) €
teT

Quw, and (F oE)(Z) = L (z,al,al, ). If (z,ar,aV, 1) & E(Dyw,, 1), then there exists
(u, o, Y, 1) € Quw, such that

(ﬁOEXZ) = XE(Zu aL’ (_ani) = gE(”? aLv aUa)L)7
which contradicts Proposition 4.2. Therefore, (Z, &%, &V, 1) € E(Dyw,, 1). O

Corollary 4.5. (Strong E-duality between (P) and (Dyw,)) Let X € WE(P,1) and E(Z) = X with
7€ WE(Pg,1) as in Lemma 3.3. Suppose that (AC Qk) holds at 7. Then, there exist (aX,aY) €
R” x R™\ {(0,0)} and A € Ag(Z) such that (Z,&",aV, 1) € Quw,. Furthermore, if F(i € I)
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are strongly differentiable LU -E-convex at u on Quw, UYuw, and g /(t € T) are differentiable
E-convex at u on Quw, UYyw,, then (z,al,aY 1) € E(Dyw,, 1).
m
4.2. E-Wolfe duality. For u € R" ol al € R" with .zl(af +aly=1,2eR M and e =
1=

(1, ;,Jl) € R™ we denote
Lr(u, ok, L) = (FoE)(u)+ ¥ A(goE)(u)e
teT

:Qﬂﬁmw+%&@N@W%wmemﬁi§%@me0-

Note that, for b € R, [(F;0E)(u),(F;oE)(u)]+b = [(F;0E)(u) +b,(F;oE)(u) + b],Vi € I.
We define the E-Wolfe [33] type dual problem as follows:
(Dw,): LU —max Zg(u,al, oV, L) := (FoE)(u)+ ¥ X(g oE)(u)e
teT
m m _
st. Y alV(EoE)u)+ Y o/ V(Fi0E)(u)+ ¥ 4V(goE)(u)=0
i=1 i=1 teT
m
ueR ol aV eRY, Y (af +aY)=1,1 € R'f'.
i=1
The feasible set of (D, ) is
m
Q. = {(u,aL,aU,A) eR" xR xR xR | ¥ (ol +a¥) =1,
i=1

E .

Y ofV(F;0F) )+ ¥ o/ V(FioE)(w)+ ¥, 4V(g0E)(u) =0}
i=1 i=1 t€T
and its projection on R" is Yy, := {u € R" | (u, ok, oV, 1) € Qy, }.

Definition 4.6. The point (@,at aV, 1) € Qw, is said to be a type-1 E-optimal solution of
(Dw), denoted by (i, G al, aV 7L) € E(Dy,, 1), if there is no (u,ak,aV,1) € Qy, such that
Ze(a,al,al 1) < Le(u,ak,al,1).

Proposition 4.7. (Weak duality between (Pg) and (D, )) Let z € Qg and (u,ak,aV, 1) € Qy,.
If F;(i € I) are strongly differentiable LU -E-convex at u on Qy, UYw, and g;(t € T) are differ-
entiable E-convex at u on Qy, UYy,, then (. oE)(z) 2 ,S?fg(u, al,al2).

Proof. Since z € Qp and (u, 0, A) € Qy,, one has

(gl‘ OE)(Z) S O7VI S T7 (47)
and o, .
Y ofV(FoE)u)+ Y ol V(FioE)(u)+ Y 4V (g oE)(u) = 0. (4.8)
i=1 i=1 teT

Suppose to the contrary that (% oE)(z) <ru z(u, al,aV ). This implies that (F,;0E)(z) <
(F;oE)(u)+ ¥ X(gioE)(u), and (F;0E)(x) < (FioE)(u)+ ¥ X(goE)(u) foralli € I, and
teT teT

for at least one i € 1,
(£ 2B < £y o))+ 3 o)
(FigoE)(z) < (FiyoE)(u )+I)€:le(groE)(u)7
(FiyoE)(z) < OE)(M)+t€ZTMgtoE)(u)
)

(FiyoE)(@) < (Fy o))+ % AlsroE)(a),

or
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(Fi,oE)(z) < F; o E)(u) +t)€:TMgtoE)(u)
(FiyoE)(z) < (FiyoE)(u) +IEZTMgt oE)(u).
Then, z # u. If not,

or

_ (Z A,r(gtoE)(u)> e j O,

teT
which is impossible since A € R‘I‘ and (g;0F)(u) = (g, 0E)(z) <0 for all t € T. Moreover,
m
for (af,aV) e R™ x R7\ {(0,0)} with ¥ (aF+ aY) = 1, we obtain
i=1

m

of (F;oE)(2)+ ) o (FioE)(z) + ) A(gi0E)(2)

i=1 tel

s

I
—_

m

af (F;oE)(z)+ ) o (FioE)(z)
i=1

IN

N
I
—_

4.9)

oM (FoE) )+ Y af (FroE)u)+ Y (o +a). T A(g o E)u)
i=1 =1 teT
A (FoE) )+ Y o (FroE)u)+ Y Au(g0 o E) w).

i=1 teT

AN

N
I
—_

Il
agE

~.

~ =

Since F;,F (i € I) are strictly differentiable E-convex and z # u, we have
(EjoE)(2) = (Ej0E)(u) > (V(E; 0 E)(u), z—u),i €1,
(FiOE)(Z) — (I_VioE)(u) > (V(F,-oE)(u),z— I/t>,l el,

and

(80 E)(z) = (&0 E)(u) = (V(g 0 E)(u),z—u),t €T.
Taking into account the above inequalities and (4.9), we arrive at

(f dH(FoE)(2) + Y o (FioE)(2) + ZM&OE)(Z))
i=1

i=1 teT

R

Y al(F,0E)w)+ Y al (Fro E)(u) + zugtoE)(u)) (4.10)

i=1 i=1 teT

(ngE

of V(E;0E)(u)+ f%UV(EOE)(MH ) A4V(gzOE)(M),Z—M> :

>
1 i=1 teT

Combining (4.9) and (4.10), one obtains

i=1 teT

<iafv<£ioE><u> +Y A V(FoE) )+ mv<gtoE><u>,z—u> <0
i=1

contradicting 4.8). U

Corollary 4.8. (Weak E-duality between (P) and (D)) Let x € Q and (u,aF,aV, 1) € Qy,.
If F;(i € I) are strongly differentiable LU -E-convex at u on Qy, UYyw, and g;(t € T) are differ-
entiable E-convex at u on Qy, U Yy, then F (x) 2 L (u, of, oV 1).
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Proposition 4.9. (Strong duality between (Pg) and (Dw,)) Let 7 € WE(Pg,1) and (ACQE)
m —

hold at 7. Then, there exist aF,aV € R™ with ¥ (& + @”) =1 and A € Ag(Z) such that
i=1

(z,al,aV, 1) e Qp,, and (F oE)(Z) = %(Z, al, aV ). Furthermore, if Fy(i € I) are strongly
differentiable LU -E-convex at u on Qy, UYw, and g/(t € T) are differentiable E-convex at u on
Qw, UYy,, then (z,al,aV, 1) € E(Dw,,1).

m —
Proof. By Proposition 3.5, there exist (aF,aV) € R x R? with ¥ (& +a/)=1and A €
i=1
Ag(Z) such that
Y. G{V(Fi0E)@) + Y& V(FioE)(2) + Y, AV(gi 0 E)(2) =0.

icl icl teT

Since A € Ag(Z), we have A;(g;0E)(Z) =0 forall t € T. Thus,

(FoE)(2) = (FE)()+ (Z MgzoE)(Z)> e=Zp(za"a" 1),

i.e.,
and

Suppose to the contrary that (Z, &",
Qy,; such that

(FoE)() = Zp(z.a"a" 2) X Lp(u, ot o 2),
which contradicts Proposition 4.7. So, (Z,&",a",A) € E(Dw,,1). O

Corollary 4.10. (Strong E-duality between (P) and (D, )) Let X € WE(P,1) and E(Z) = X with
Z€ WE(Pg,1) as in Lemma 3.3. Assume that (ACQg) holds at Z. Then, there exist (Q GCU)

m
R™ x R™ with ¥, (F + &Y ) = 1 and A € Ag(Z) such that (z,at,aV, 1) € Qu, and F (%) =
i=1

G‘ZZ(Z, al.aY,d). Furthermore, if Fi(i € I) are strongly differentiable LU-E-convex at uon
Qu, UYy, and g,(t € T) are differentiable E-convex at u on Qy, UYy,, then (Z,al,aV 1) €
E(Dw,, 1).

Example 4.11. Consider the following nonconvex and nonsmooth multiobjective semi-infinite
programming
(P): LU —min.Z (x) = (F(x), F2(x)) = ([¢/x1 +x3, /1 + 2x3], [x3 +x2,2x3 + x2])
st g(x)=—tyxi+(t—1)x <0, reT=][0,1].
We can check that Q = R?. Let E : R? — R? be defined by E(x1,x2) = (x],x2). Hence, E is an
one-to-one and onto map. Then,
(Pg): LU —min(F o E)(z) = ([z1 + 23,21 + 223, |73 + 22,223 + 22])
st. (goE)(z) = —tz1 +(t—1)z22 <0, teT =][0,1].
Hence, QF = R% and E(Q E)
(Dw,): LU — max.,%(u, al OcU ) = ([ur +ud,uy +2u3], [u3 + w2, 2u3 + us))
+ X A(—tur+ (1 —1)uz)(1,1)

teT



16 L.T. TUNG

s.t. aﬂmm+%%@m%+%%m®+a§®M%ﬂgﬂA—n%4)=0

ueR? alaV e R% ,Z( Lyal)=1, /leRm

Let us take Z = (0,0) € Q. We can check that 7 € WE(Pg,1). In view of Example 3.7, all
the assumptions in Proposition 3.5 are satisfied. Now, let aF = aV = (4 T 4) and A :T — Rbe
defined by A(¢) equal to 1 if # = 1/2; and equal to zero otherwise. Then, of, ¥ € R2 with

.f( LraV)=1,2 € Ag(Z) and

i=1
i <FoE><>+2aUV<FoE><>+MVgt<> (0,0),

e., (z,ak,aV A) € Q. Moreover we can check that F (z = 1,2) are strongly differentiable
LU E-convex at 7 and g;(¢ € T) are differentiable £-convex at Z. Hence, all the assumptions in
Proposition 4.4 hold. Then, it follows that (Z,&%,aY, 1) € E(Dw;, 1).
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