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Abstract. The aim of this paper is to investigate weak solutions for a problem involving the fractional
p(x, .)-Laplacian operator with weight. The main tool used for obtaining the existence result is a recent
three critical-points theorem established by Ricceri. Moreover, we establish some new continuous and
compact embedding theorems of the fractional Sobolev spaces with variable exponent into the Hölder
spaces.
Keywords. Fractional p(., .)-Laplacian operator; Weighted variable exponent spaces; Continuous and
compact embeddings; Three critical-points theorem.

1. INTRODUCTION

Recently, the study of partial differential equations and variational problems with nonstan-
dard p(x)-growth conditions has undergone a fast development. The study of such problems
has a strong motivation due to the fact that they can model various phenomena, which arise
in the problem of elastic mechanics [1], electrorheological fluids [2] or image restoration [3].
We know that the p(x)-Laplacian operator, where p(.) is a continuous function, possesses more
complicated properties than the p-Laplacian operator mainly due to the fact that it is not homo-
geneous. There has been many results devoted to the existence of solutions for variable expo-
nent problems; see, e.g., [4, 5, 6] and the references therein. More recently, some researchers
extended the integer case to the fractional one. In particular, many authors generalized the last
operator to the fractional case (fractional p(x, .)-Laplacian operator). Then, they introduced a
suitable functional space to study the problems in which a fractional variable exponent operator
is involved; see, e.g., [7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17] and the reference therein.
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In this paper, we are concerned with the following Dirichlet problem{(
−∆p(x,.)

)s u(x)+w(x)|u|p̄(x)−2u = λ f (x,u)+µg(x,u), in Ω,

u = 0, in RN \Ω,
(Ps

w)

where Ω⊂ RN is a Lipschitz bounded open domain, p : Ω×Ω−→ (1,+∞) is a bounded con-
tinuous functions and p̄(x) = p(x,x) for all x∈Ω, s∈ (0,1), λ , µ are two positive real numbers.
w : Ω−→ (0,+∞) such that w ∈ L1(Ω) with essinf

x∈Ω

w(x) = w0 > 0, and f ,g : Ω×R−→ R are

two Carathéodory functions with subcritical growth conditions. Here, the operator (−∆p(x,.))
s

is the fractional p(x, .)-Laplacian operator defined as follows

(−∆p(x,.))
su(x) = p.v.

∫
RN

|u(x)−u(y)|p(x,y)−2(u(x)−u(y))
|x− y|N+sp(x,y)

dy for all x ∈ RN ,

where p.v. is a commonly used abbreviation in the principal value sense. Note that (−∆p(x,.))
s

is a nonlocal pseudo-differential operator of elliptic type which can be seen as a generaliza-
tion of the fractional p-Laplacian operator (−∆p)

s in the constant exponent case (i.e., when
p(x, .) = p = constant) and is the fractional version of the well-known p(x)-Laplacian operator
∆p(x)u(x) = div

(
|∇u(x)|p(x)−2u(x)

)
(where p(x) = p(x,x)) which is associated with the variable

exponent Sobolev space.
One typical feature of the problem (Ps

w) is the nonlocality in the sense that the value of
(−∆p(x,.))

su(x) at any point x ∈ Ω depends not only on the values of u on Ω, but actually
on the entire space RN . Therefore, the Dirichlet datum given in RN \Ω (which is different
from the classical case of the p(x)-Laplacian) and is not simply on ∂Ω, which implies that
the first equation in (Ps

w) is no longer a pointwise equation. It is no longer a pointwise identity.
Therefore it is often called nonlocal problem. This causes some mathematical difficulties, which
make the study of such a problem particularly interesting and challenging.

Recently, there are many associated results on the existence of solutions for the problem (Ps
w)

with µ = 0. For instance, in the constant case when p(x,y) = p, Afrouzi and Heidarkhani in
[18] obtained the existence of three solutions for the problem{

−∆pu+λ f (x,u) = a(x)|u|p−2u, in Ω,

u = 0, on ∂Ω,

where p > N, λ > 0 and the function f satisfies suitable assumptions. While in [19], Bonanno
and Candito studied the same problem with Neumann boundary conditions, and got the same
results under different assumptions. Mihǎilescu in [20] established the existence of three solu-
tions for the problem {

−∆p(x)u+a(x)|u|p(x)−2u = λ f (x,u), in Ω,
∂u
∂ν

= 0, on ∂Ω,

where inf
x∈Ω

p(x)> N, λ > 0 and f (x,u) = |u|q(x)2u−u with q(x)< infx∈Ω
p(x), see also [21, 22].

In that context, for the fractional case, Azroul, Benkirane and Srati in [23] used the three crit-
ical points theorem to obtain the existence of three weak solutions for a Kirchhff-type problem
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with homogeneous Dirichlet boundary conditions involving the fractional p-Laplacian operator{
M ([u]s,p)(−∆)s

p u(x) = λ f (x,u)+µg(x,u), in Ω,

u = 0, in RN \Ω,
(Ps,p

M )

where Ω⊂ RN is a Lipschitz bounded open domain, 0 < s < 1 < p < ∞, λ and µ are two real
parameters. M : R+ −→ R is a continuous function, which satisfies the (polynomial growth)
condition
(M1) : There exist two constants m0 > 0 and 1 < α <

p∗s
p such that

M(t)> m0tα−1 for all t ∈ R+,

with p∗s =
N p

N−sp , and f satisfies some suitable growth conditions. For more related problems,
we refer the reader to [24, 25].

This paper is organized as follows. In Section 2, we give some definitions and fundamental
properties of generalized Lebesgue spaces Lq(x) and fractional Sobolev spaces with variable
exponent W s,p(x,y). In addition, we prove a continuous and compact embedding of these spaces
into C0(Ω) in the case sp−>N. Moreover, we introduce the weighted fractional Sobolev spaces
with variable exponent W s,p(x,y)

w and establish a continuous and compact embedding theorem of
these spaces into C0(Ω). In Section 3, we study the existence of at least three solutions of
problem (Ps

w) by using as the main tool a variational principle due to Ricceri.
Throughout this paper, for simplicity, we use ci to denote the general nonnegative or positive

constant (the exact value may change from line to line).

2. VARIATOINAL SETTING AND PRELIMINARIES RESULTS

To investigate problem (Ps
w), we need some basic properties of the Lebesgue spaces. Fur-

thermore, we recall and establish some qualitative properties of the new fractional weighted
Sobolev spaces with variable exponent.

2.1. Variable exponent Lebesgue spaces. In this subsection, we recall some useful properties
of variable exponent spaces. For more details, we refer the reader to [26, 27], and the references
therein. Denote by M(Ω) the set of all measurable real functions on Ω and consider the set

C+(Ω) =
{

q ∈C(Ω) : q(x)> 1 for all x ∈Ω
}
.

For all q ∈C+(Ω), we define

q+ = sup
x∈Ω

q(x) and q− = inf
x∈Ω

q(x),

such that
1 < q− 6 q(x)6 q+ <+∞. (2.1)

For any q ∈C+(Ω), we define the variable exponent Lebesgue space as

Lq(x)(Ω) =

{
u ∈M(Ω) :

∫
Ω

|u(x)|q(x)dx <+∞

}
.

This vector space endowed with the Luxemburg norm, which is defined by

‖u‖Lq(x)(Ω) = inf
{

λ > 0 :
∫

Ω

∣∣∣∣u(x)λ

∣∣∣∣q(x)dx6 1
}
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is a separable reflexive Banach space.
Let q̂ ∈ C+(Ω) be the conjugate exponent of q, that is, 1

q(x) +
1

q̂(x) = 1. Then we have the
following Hölder-type inequality.

Lemma 2.1. (Hölder’s inequality). If u ∈ Lq(x)(Ω) and v ∈ Lq̂(x)(Ω), then∣∣∣∣∫
Ω

uvdx
∣∣∣∣6 ( 1

q−
+

1
q̂−

)
‖u‖Lq(x)(Ω)‖v‖Lq̂(x)(Ω) 6 2‖u‖Lq(x)(Ω)‖v‖Lq̂(x)(Ω).

An immediate consequence of the Hölder’s inequality is the following.

Corollary 2.2. If r(.),q(.) ∈C+(Ω), define p(.) ∈C+(Ω) by

1
p(x)

=
1

q(x)
+

1
r(x)

.

Then there exists a positive constant C such that, for all u ∈ Lq(x)(Ω) and v ∈ Lr(x)(Ω), uv ∈
Lp(x)(Ω) and

‖uv‖Lp(x)(Ω) 6C‖u‖Lq(x)(Ω)‖v‖Lr(x)(Ω).

We define the modular of the space Lq(x)(Ω) by

ρq(.) : Lq(x)(Ω)−→ R
u 7−→ ρq(.)(u) =

∫
Ω
|u(x)|q(x)dx.

Proposition 2.3. Let u ∈ Lq(x)(Ω) and {uk} ⊂ Lq(x)(Ω). Then

(i) ‖u‖Lq(x)(Ω) < 1 (resp.= 1,> 1)⇔ ρq(.)(u)< 1 (resp.= 1,> 1),

(ii) ‖u‖Lq(x)(Ω) < 1⇒ ‖u‖q+
Lq(x)(Ω)

6 ρq(.)(u)6 ‖u‖
q−
Lq(x)(Ω)

,

(iii) ‖u‖Lq(x)(Ω) > 1⇒ ‖u‖q−
Lq(x)(Ω)

6 ρq(.)(u)6 ‖u‖
q+
Lq(x)(Ω)

,

(iv) lim
k→+∞

‖uk−u‖Lq(x)(Ω) = 0 ⇔ lim
k→+∞

ρq(.)(uk−u) = 0.

Now, let w ∈M(Ω) with w(x)> 0 for a.e. x ∈Ω. We define the weighted variable exponent
Lebesgue space Lq(x)

w (Ω) by

Lq(x)
w (Ω) =

{
u ∈M(Ω) :

∫
Ω

w(x)|u(x)|q(x)dx <+∞

}
,

with the norm

‖u‖q,w = inf
{

γ > 0 :
∫

Ω

w(x)
∣∣∣∣u(x)γ

∣∣∣∣q(x) dx6 1
}
.

From now on, we suppose that

(w1) : w ∈ L1(Ω) and essinf
x∈Ω

w(x) = w0 > 0.

Then Lq(x)
w (Ω) is a Banach space obviously (see [28, 29] for more details). Moreover, the

weighted modular on Lq(x)
w (Ω) is defined as follows

ρq,w : Lq(x)
w (Ω)−→ R

u 7−→ ρq,w(u) =
∫

Ω
w(x)|u(x)|q(x)dx.
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As an example of w, we can take w(x) = (1+ |x|)α , for all x ∈ Ω, where α ∈ R+, or w(x) =
(1+ |x|)α(x) with α ∈C+(Ω).

The following proposition is similar to Proposition 2.3, and it follows easily from the defini-
tion of ‖u‖q,w and ρq,w.

Proposition 2.4. Let u ∈ Lq(x)
w (Ω) and {un} ⊂ Lq(x)

w (Ω). Then
(i) ‖u‖q,w < 1 (resp.= 1,> 1)⇔ ρq,w(u)< 1 (resp.= 1,> 1),

(ii) ‖u‖q,w < 1⇒ ‖u‖q+
q,w 6 ρq,w(u)6 ‖u‖q−

q,w,
(iii) ‖u‖q,w > 1⇒ ‖u‖q−

q,w 6 ρq,w(u)6 ‖u‖q+
q,w,

(iv) lim
n→+∞

‖un‖q,w = 0 ⇔ lim
n→+∞

ρq,w(un) = 0,

(v) lim
n→+∞

‖un‖q,w = ∞ ⇔ lim
n→+∞

ρq,w(un) = ∞.

2.2. Fractional Sobolev spaces with variable exponent. In this subsection, we present the
definition and some results on fractional Sobolev spaces with variable exponent that was in-
troduced in [8, 10, 14, 17], and prove a continuous and compact embedding of these spaces
into C0(Ω) in the case sp− > N. Moreover, we introduce the new fractional weighted Sobolev
space W s,p(x,y)

w and establish a continuous and compact embedding theorem of these spaces into
C0(Ω).

We first recall some useful results in constant case. Let Ω be an open set in RN . Let s ∈ (0,1)
and p ∈ (1,+∞). Then the fractional Sobolev space is defined as follows

W s,p(Ω) =

{
u ∈ Lp(Ω) :

∫
Ω×Ω

|u(x)−u(y)|p

|x− y|sp+N dxdy <+∞

}
,

endowed with the norm
‖u‖W s,p(Ω) = ‖u‖Lp(Ω)+[u]s,p,

where the term defined by

[u]s,p = [u]s,p(Ω) =

(∫
Ω×Ω

|u(x)−u(y)|p

|x− y|sp+N dxdy
) 1

p

.

is the so-called Gagliardo seminorm of u.
For any nonnegative integer m, let Cm(Ω) be the space of continuous functions whose partial

derivatives up to order m are continuous on Ω. If Ω is open, then the continuous functions on Ω

are not necessarily bounded. The following defines a useful and important subspace of Cm(Ω).

Definition 2.5. For an open subset Ω of RN , let Cm
b (Ω) be the subset of Cm(Ω) consisting of

the functions whose partial derivatives of order m are bounded and uniformly continuous on Ω.
By endowing this subspace with the norm

‖ϕ‖Cm
b (Ω) = sup

|α|6m
sup
x∈Ω

|Dα
ϕ(x)| ,

we obtain a Banach space.

Remark 2.6. Note that when Ω is a bounded open subset, any function on this space (Cm
b (Ω)),

as well as all its partial derivatives, admits a continuous extension to Ω. The space Cm
b (Ω) is

therefore identical to Cm(Ω).

Consider now the following important subspace of Cm
b (Ω).
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Definition 2.7. For θ ∈ (0,1], C0,θ
b (Ω) denotes the space of Hölder continuous functions of

order θ on Ω, defined as follows:

C0,θ
b (Ω) =

{
ϕ ∈Cb(Ω) : ∃c > 0 for all (x,y) ∈Ω

2, |ϕ(x)−ϕ(y)|6 c|x− y|θ
}
,

where Cb(Ω) =C0
b(Ω).

Proposition 2.8. ([30, Corollary 4.53 and Theorem 4.54]). Let s ∈ (0,1) and let p ∈ (1,+∞)
such that sp > N. Then

(i) if Ω be a Lipschitz open set in RN , then W s,p(Ω) ↪→L∞(Ω) and, more precisely, W s,p(Ω) ↪→
C0,s−N/p

b (Ω),

(ii) if Ω be a Lipschitz bounded open set in RN , then the embedding of W s,p(Ω) into C0,θ
b (Ω)

is compact for all θ < s−N/p.

For more details on fractional Sobolev space, we refer the reader to [30, 31].
Now, we assume that Ω is a Lipschitz bounded open set in RN and let p : Ω×Ω−→ (1,+∞)

be a continuous bounded function such that

1 < p− = min
(x,y)∈Ω×Ω

p(x,y)6 p(x,y)6 p+ = max
(x,y)∈Ω×Ω

p(x,y)<+∞ (2.2)

and
p is symmetric, that is, p(x,y) = p(y,x) for all (x,y) ∈Ω×Ω. (2.3)

We set
p̄(x) = p(x,x) for any x ∈Ω.

Throughout this paper, s is a fixed real number such that 0 < s < 1.
We define the fractional Sobolev space with variable exponent via the Gagliardo approach as

follows:

W =W s,p(x,y)(Ω) =

{
u∈ L p̄(x)(Ω) :

∫
Ω×Ω

|u(x)−u(y)|p(x,y)

γ p(x,y)|x− y|sp(x,y)+N
dxdy <+∞, for some γ > 0

}
.

The space W s,p(x,y)(Ω) is a Banach space (see [17]) if it is equipped with the norm

‖u‖W = ‖u‖L p̄(x)(Ω)+[u]s,p(x,y),

where [.]s,p(x,y) is a Gagliardo seminorm with variable exponent, which is defined by

[u]s,p(x,y) := [u]s,p(x,y)(Ω) = inf
{

γ > 0 :
∫

Ω×Ω

|u(x)−u(y)|p(x,y)

γ p(x,y)|x− y|sp(x,y)+N
dxdy6 1

}
.

The space (W,‖.‖W ) is separable reflexive (see, [14, Lemma 3.1]).

In [17], Kaufmann, Rossi and Vidal introduced the variable exponent Sobolev fractional
space as follows

E =W s,q(x),p(x,y)(Ω)=

{
u∈Lq(x)(Ω) :

∫
Ω×Ω

|u(x)−u(y)|p(x,y)

γ p(x,y)|x− y|sp(x,y)+N
dxdy<+∞, for some γ > 0

}
,

where q : Ω−→ (1,+∞) is a continuous function satisfying (2.1).
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We would like to mention that a continuous and compact embedding theorem was proved
in [17] under the assumption q(x)> p̄(x) = p(x,x) for all x ∈ Ω and sp(x,y)< N for all (x,y) ∈
Ω×Ω. The authors in [8] give a slightly different version of continuous and compact embedding
theorem assuming that q(x) = p̄(x) = p(x,x) for all x ∈ Ω and sp+ < N. In this paper, we
establish a new continuous and compact embedding theorem of the space W into C0(Ω), under
the assumption sp− > N.

Theorem 2.9. Let Ω be a Lipschitz bounded domain in RN and let s ∈ (0,1). Let p : Ω×
Ω −→ (1,+∞) be a continuous function satisfying (2.2) and (2.3) with sp− > N. Then W is
continuously embedded in L∞(Ω) and, more precisely,

W ↪→C0,s−N/p−

b (Ω).

Proof. We first need to prove that W ↪→W s,p− , that is, there exists C > 0 such that

‖u‖W s,p−(Ω)
= ‖u‖Lp−(Ω)

+[u]s,p− 6C‖u‖W =C
[
‖u‖L p̄(x)(Ω)+[u]s,p(x,y)

]
.

Since p− 6 p̄(x) for all x ∈ Ω, we have L p̄(x)(Ω) ↪→ Lp−(Ω). That is, there exists c1 > 0 such
that

‖u‖Lp−(Ω)
6 c1‖u‖L p̄(x)(Ω).

Hence, we just need to show that there exists c2 > 0 such that

[u]s,p− 6 c2[u]s,p(x,y). (2.4)

Indeed, let us set

U(x,y) =
|u(x)−u(y)|
|x− y|s+1 .

Let ε ∈ (0,1). Then, by the Hölder inequality in Corollary 2.2, we have

[u]s,p−−ε =

(∫
Ω×Ω

|u(x)−u(y)|p−−ε

|x− y|N+s(p−−ε)
dxdy

) 1
p−−ε

=

(∫
Ω×Ω

(
|u(x)−u(y)|
|x− y|s+1

)p−−ε dxdy
|x− y|N−p−+ε

) 1
p−−ε

=

(∫
Ω×Ω

|U(x,y)|p
−−ε dxdy
|x− y|N−p−+ε

) 1
p−−ε

= ‖U‖Lp−−ε (Ω×Ω,νε )

6 c3‖U‖Lp(x,y)(Ω×Ω,νε )
‖1‖Lr(x,y)(Ω×Ω,νε )

6 c4‖U‖Lp(x,y)(Ω×Ω,νε )
,

where
1

r(x,y)
=

1
p−− ε

− 1
p(x,y)

and dνε(x,y) =
dxdy

|x− y|N−p−+ε
.

Thus, as ε → 0+, we obtain
[u]s,p− 6 c4‖U‖Lp(x,y)(Ω×Ω,ν).
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Next, our aim is to show that

‖U‖Lp(x,y)(Ω×Ω,ν) 6 c5[u]s,p(x,y).

Let η > 0 be such that ∫
Ω×Ω

|u(x)−u(y)|p(x,y)

η p(x,y)|x− y|sp(x,y)+N
dxdy6 1.

Choose

h = sup

{
1, sup

(x,y)∈Ω×Ω

|x− y|
p−−p+

p+

}
and η̄ = ηh.

Then ∫
Ω×Ω

(
|u(x)−u(y)|
η̄ |x−y|s+1

)p(x,y) dxdy
|x−y|N−p− =

∫
Ω×Ω

|x−y|p−

hp(x,y)|x−y|p(x,y)
|u(x)−u(y)|p(x,y)

η p(x,y)|x−y|sp(x,y)+N dxdy

6
∫

Ω×Ω

|u(x)−u(y)|p(x,y)
η p(x,y)|x−y|sp(x,y)+N dxdy6 1.

It follows that
‖U‖Lp(x,y)(Ω×Ω,ν) 6 η̄ = ηh,

which implies the inequality (2.4). Now, since sp− > N, we conclude from Proposition 2.8-(i)
that W s,p−(Ω) ↪→ L∞(Ω). Hence W ↪→ L∞(Ω). Moreover, W s,p−(Ω) ↪→C0,s−N/p−

b (Ω), which

implies that W is continuously embedded in C0,s−N/p−

b (Ω). �

Remark 2.10. For all θ1,θ2 such that 0 < θ1 < θ2 < 1, we have

C0,θ2
b (Ω) ↪→C0,θ1

b (Ω) ↪→C0
b(Ω) ↪→C0(Ω).

Combining Remark 2.10 and Theorem 2.9, we conclude the following embedding result.

Corollary 2.11. Let Ω be a Lipschitz bounded domain in RN and let s∈ (0,1). Let p : Ω×Ω−→
(1,+∞) be a continuous function satisfies (2.2) and (2.3) with sp− > N. Then the space W is
continuously embedded in C0(Ω).

Corollary 2.12. Let Ω be a Lipschitz bounded domain in RN and let s∈ (0,1). Let p : Ω×Ω−→
(1,+∞) be a continuous function satisfies (2.2) and (2.3) with sp− > N. Then embedding of W
into C0,θ

b (Ω) is compact for any θ < s−N/p−.

Proof. From Theorem 2.9, one has W ↪→W s,p− . Now, since sp− > N, one obtains from Propo-
sition 2.8-(ii) that the embedding W s,p−(Ω) ↪→ C0,θ

b (Ω) is compact for any θ < s−N/p−.
Hence, the embedding W ↪→C0,θ

b (Ω) is compact for any θ < s−N/p−. �

Remark 2.13. By use of Remark 2.10 and Corollary 2.12, if sp− > N, we have that the em-
bedding W ↪→C0(Ω) is compact .

Next, we introduce the fractional weighted variable exponent Sobalev space as follows:

Ww =W s,p(x,y)
w (Ω)=

{
u∈ L p̄(x)

w (Ω) :
∫

Ω×Ω

|u(x)−u(y)|p(x,y)

γ p(x,y)|x− y|sp(x,y)+N
dxdy<+∞, for some γ > 0

}
,
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which endowed with the norm

‖u‖w = ‖u‖Ww = inf
{

γ > 0 :
∫

Ω×Ω

|u(x)−u(y)|p(x,y)

γ p(x,y)|x− y|sp(x,y)+N
dxdy+

∫
Ω

w(x)
∣∣∣∣u(x)γ

∣∣∣∣p̄(x) dx6 1
}
.

The norms ‖.‖w and ‖.‖W are equivalent in Ww. Moreover, the space (Ww,‖.‖w) is a separable
reflexive Banach space.
We set

ρ
w
p(.,.)(u) =

∫
Ω×Ω

|u(x)−u(y)|p(x,y)

|x− y|sp(x,y)+N
dxdy+

∫
Ω

w(x) |u(x)|p̄(x) dx,

which is a modular on Ww, and it satisfies the following inequalities.

Proposition 2.14. For all u ∈Ww, we have

(i) ‖u‖w < 1 (resp.= 1,> 1)⇔ ρw
p(.,.)(u)< 1 (resp.= 1,> 1),

(ii) ‖u‖w < 1⇒ ‖u‖p+
w 6 ρw

p(.,.)(u)6 ‖u‖
p−
w ,

(iii) ‖u‖w > 1⇒ ‖u‖p−
w 6 ρw

p(.,.)(u)6 ‖u‖
p+
w .

Lemma 2.15. Let Ω be a Lipschitz bounded domain in RN and let s ∈ (0,1). Let p : Ω×Ω−→
(1,+∞) be a continuous function satisfies (2.2) and (2.3) with sp−>N. Assume that w satisfies
(w1). Then the embedding of Ww into C0(Ω) is continuous and compact. Hence, there exists a
positive constant c0 > 0 such that

‖u‖∞ 6 c0‖u‖w.

Proof. By (w1), we have that L p̄(x)
w (Ω) ↪→ L p̄(x)(Ω). Thus, Ww ↪→W , as sp− > N. By use of

Corollary 2.11 we have Ww ↪→C0(Ω). Furthermore, this embedding is compact. �

To prove the existence of at least three weak solutions for problem (Ps
w), we will use the

Recceri’s theorem of three critical points proved in [32].

Theorem 2.16. Let X be a separable and reflexive real Banach space. Let Φ : X −→ R be a
continuously Gâteaux differentiable and sequentially weakly lower semicontinuous functional
whose Gâteaux derivative admits a continuous inverse on X∗, and let Ψ : X −→ R be a contin-
uously Gâteaux differentiable functional whose Gâteaux derivative is compact. Assume that

(i) lim‖u‖X→+∞ Φ(u)+λΨ(u) = +∞ for all λ > 0,
(ii) there exist r ∈ R and u0,u1 ∈ X such that Φ(u0)< r < Φ(u1),

(iii) infu∈Φ−1((−∞,r])Ψ(u)> (Φ(u1)−r)Ψ(u0)+(r−Φ(u0))Ψ(u1)
Φ(u1)−Φ(u0)

.

Then there exist an open interval Λ ⊂ (0,∞) and a positive real number ξ such that, for each
λ ∈ Λ and every continuously Gâteaux differentiable functional J : X −→ R with compact de-
rivative, there exists µ∗ > 0 such that for each µ ∈ [0,µ∗], the equation

Φ
′(u)+λΨ

′(u)+µJ′(u) = 0

has at least three solutions in X whose norms are less than ξ .
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3. MAIN RESULTS

In this section, we will prove that problem (Ps
w) has at least three weak solutions by means of

the three critical-points theorem. We first denote by A the class of all Carathéodory functions
f : Ω×R−→ R satisfying the following condition:

| f (x, t)|6 c5 + c6|t|α(x)−1 for all (x, t) ∈Ω×R,

where α ∈C+(Ω) such that 1 < α− 6 α+ < p− and c5,c6 are two positive constants.
We assume that there exists a constant t0 ∈ R such that

( f1) :


f (x, t)6 0, when |t| ∈ (0, t0),

f (x, t)> 0, when |t| ∈ (t0,+∞).

Definition 3.1. We say that u ∈Ww is a weak solution of problem (Ps
w) if∫

Ω×Ω

|u(x)−u(y)|p(x,y)−2(u(x)−u(y)
)(

ϕ(x)−ϕ(y)
)

|x− y|N+sp(x,y)
dxdy +

∫
Ω

w(x)|u|p̄(x)−2uϕdx

−λ

∫
Ω

f (x,u)ϕdx−µ

∫
Ω

g(x,u)ϕdx = 0, (3.1)

for all ϕ ∈Ww.

The existence result of this paper is given by the following theorem.

Theorem 3.2. Let Ω be a Lipschitz bounded domain in RN and let s ∈ (0,1). Let p : Ω×Ω−→
(1,+∞) be a continuous function satisfying (2.2) and (2.3) with sp− > N. Assume that w
satisfies (w1) and f ∈A satisfies ( f1). Then there exist an open Λ⊂ (0,+∞) and a positive real
number ξ > 0 such that, for each λ ∈ Λ and every function g ∈A, there exists µ∗ > 0 such that
for any µ ∈ [0,µ∗], problem (Ps

w) has at least three weak solutions whose norms are less than
ξ .

In order to prove Theorem 3.2, we need to show some auxiliary lemmas. But, we first define
the functionals Φ , Ψ , J: Ww −→ R as follows:

Φ(u) =
∫

Ω×Ω

1
p(x,y)

|u(x)−u(y)|p(x,y)

|x− y|N+sp(x,y)
dxdy +

∫
Ω

w(x)
1

p̄(x)
|u(x)|p̄(x)dx,

Ψ(u) =−
∫

Ω

F(x,u)dx and J(u) =−
∫

Ω

G(x,u)dx,

where F(x, t) =
∫ t

0 f (x,τ)dτ and G(x, t) =
∫ t

0 g(x,τ)dτ .

Lemma 3.3. Assume that the assumptions of Theorem 3.2 are satisfied. Then
(i) the functional Φ is sequentially weakly lower semi-continuous, and its Gâteaux deriva-

tive Φ ′ : Ww −→W ∗w is given by

〈Φ ′(u),ϕ〉=
∫

Ω×Ω

|u(x)−u(y)|p(x,y)−2(u(x)−u(y)
)(

ϕ(x)−ϕ(y)
)

|x− y|N+sp(x,y)
dxdy +

∫
Ω

w(x)|u|p̄(x)−2uϕdx,

(ii) the functional Φ ′ : Ww −→W ∗w is a homeomorphism,
where 〈., .〉 denotes the usual duality between Ww and its dual space W ∗w
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Proof. (i)- By a standard argument (see, for instance, [8, Lemma 3.1]), we have that Φ ∈
C1(Ww,R) with the Gâteaux derivative is given by

〈Φ ′(u),ϕ〉= 〈L(u),ϕ〉+
∫

Ω

w(x)|u|p̄(x)−2uϕdx

=
∫

Ω×Ω

|u(x)−u(y)|p(x,y)−2(u(x)−u(y)
)(

ϕ(x)−ϕ(y)
)

|x− y|N+sp(x,y)
dxdy

+
∫

Ω

w(x)|u|p̄(x)−2uϕdx,

for all u,ϕ ∈Ww.
On the other hand, since t −→ |t|p(x,y) is convex, we have that Φ is also convex on Ww. Now,

let {un} ⊂Ww such that un ⇀ u in Ww. By use of the convexity of Φ , we have

Φ(un)−Φ(u)> 〈Φ ′(u),un−u〉.

Hence, by passing to limit, we get

Φ(u)6 liminf
n→+∞

Φ(un),

that is, Φ is sequentially weakly lower semi-continuous.
(ii)- Firstly, we prove that Φ ′ : Ww −→W ∗w has an inverse mapping (Φ ′)−1 : W ∗w −→Ww,

by means of Minty-Browder Theorem (see [33, Theorem 26.A-(c), pp 557]). Indeed, similar
to [14, Lemma 4.2], we obtain that Φ is strictly monotone. Since Φ ∈ C1(Ww,R), the Φ is
hemicontinuous. By Proposition 2.14, for any u ∈Ww with ‖u‖w > 1 , we have

〈Φ ′(u),u〉
‖u‖w

=
ρw

p(x,y)(u)

‖u‖w
> ‖u‖p−−1

w .

Thus, lim‖u‖w→+∞

〈Φ ′(u),u〉
‖u‖w

=+∞, that is, Φ ′ is coercive. Hence, in the light of Minty-Browder
Theorem, Φ ′ has an inverse mapping (Φ ′)−1 : W ∗w −→Ww. Therefore, the continuity of (Φ ′)−1

is sufficient to ensure that Φ ′ is a homeomorphism. By [33, Theorem 26.A-(d), pp 557], we just
need to show that Φ ′ is uniformly monotone. Indeed, using the following elementary inequality(

|ξ |q−2|ξ −|ζ |q−2
ζ
)
.(ξ −ζ )>

1
2q |ξ −ζ |q for all ξ ,ζ ∈ R and q> 2,

for all u,v ∈Ww, we deduce that

< Φ
′(u)−Φ

′(v),u− v >>
ρw

p(.,.)(u− v)

2p+

>
1

2p+

{
‖u− v‖p+−1

w ‖u− v‖w, if ‖u− v‖w < 1,
‖u− v‖p−−1

w ‖u− v‖w, if ‖u− v‖w > 1.

We define the function

κ(t) =

 t p+−1

2p+ , if t < 1,
t p−−1

2p+ , if t > 1.

It is easy to verify that κ is an increasing function. Thus, for all u,v ∈Ww, we get

〈Φ ′(u)−Φ
′(v),u− v〉> κ (‖u− v‖w)‖u− v‖w,
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that is, Φ ′ is uniformly monotone. We conclude that (Φ ′)−1 exists and it is continuous. �

Lemma 3.4. Let f ,g ∈A then Ψ ,J ∈C1(Ww,R) with the derivatives given by

〈Ψ ′(u),v〉=
∫

Ω

f (x,u)vdx and 〈J′(u),v〉=
∫

Ω

g(x,u)vdx,

for all u,v ∈Ww. Moreover, the mappings Ψ ′,J′ : Ww −→W ∗w are compacts.

Proof. We prove the result for the operator Ψ . For J, the proof is similar. First, from f ∈A and
the embedding result, we have that Ψ is well defined on Ww. Using a standard argument as in
[8, Lemma 3.1], we have that

〈Ψ ′(u),v〉=
∫

Ω

f (x,u(x))vdx.

Now, we claim that Ψ ′ is continuous. Indeed, let {un}⊂Ww be a sequence converges strongly to
u∈Ww. By Lemma 2.15, Ww is compactly embedded in L∞(Ω). It follows that Ww is compactly
embedded in Lα(x)(Ω), where α(.) as in the definition of the class A. Hence, we can define the
operator u 7−→ f (.,u(.)) from Lα(x)(Ω) into Lα̂(x)(Ω) with 1

α(x)+
1

α̂(x) = 1. Then, fixing v ∈Ww

with ‖v‖w 6 1, by the Hölder inequality and Lemma 2.15, we get∣∣〈Ψ ′(un)−Ψ
′(u)〉

∣∣= ∣∣∣∣∫
Ω

( f (x,un(x))− f (x,u(x)))v(x)dx
∣∣∣∣

6 ‖ f (.,un(.))− f (.,u(.))‖Lα̂(x)(Ω)‖v‖Lα(x)(Ω)

6 c0‖v‖w‖ f (.,un(.))− f (.,u(.))‖Lα̂(x)(Ω),

where c0 is given in Lemma 2.15. Thus, for ‖v‖w < 1, we obtain

‖Ψ ′(un)−Ψ
′(u)‖W ∗w 6 c0‖ f (.,un(.))− f (.,u(.))‖Lα̂(x)(Ω). (3.2)

On the other hand, since Ww is compactly embedded in Lα(x)(Ω), we have that {un} converges
strongly in Lα(x)(Ω). It follows that there exist a subsequence of {un}, still denoted by {un},
and h ∈ Lα(x)(Ω) such that

un(x) −→
n→+∞

u(x) a.e. x ∈Ω and |un(x)|6 h(x) a.e. x ∈Ω.

This fact combining with f ∈A implies that

f (x,un(x))− f (x,u(x)) −→
n→+∞

0

and
| f (x,un(x))− f (x,u(x))|6 2c5 + c6|u(x)|α(x)−1 + c6|h(x)|α(x)−1 ∈ Lα̂(x)(Ω),

for almost everywhere x ∈ Ω, where α(.), c5 and c6 as in the definition of the class A. Hence,
in the light of the dominated convergence theorem, we conclude that

‖ f (.,un(.))− f (.,u(.))‖Lα̂(x)(Ω) −→n→+∞
0.

Consequently, from (3.2), it follows that

Ψ
′(un) −→

n→+∞
Ψ
′(u) in W ∗w ,

which implies that Ψ ′ is continuous. Now, in order to verify the compactness of Ψ ′, take
{un} ⊂Ww bounded. Then, there exists a subsequence of {un}, still denoted by {un}, weakly
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converges in Ww. Lemma 2.15 implies that {un} converge strongly in L∞(Ω), it follows that Ww
is compactly embedded in Lα(x)(Ω). Using the same argument as above, we deduce that Ψ ′(un)
converge strongly in W ∗w . Consequently, Ψ ′ is compact. �

Now, we are ready to prove our existence result.

Proof of Theorem 3.2 For proving our result, it is enough to verify that Φ , Ψ and J satisfy the
hypotheses of Theorem 2.16. Indeed, By use of Lemma 3.3, we have that Φ ∈ C1(Ww,R) is
sequentially weakly lower semi-continuous, and its Gâteaux derivative Φ ′ : Ww −→W ∗w admits
a continuous inverse (Φ ′)−1 : W ∗w −→Ww. Moreover, Lemma 3.4 implies that Ψ ∈C1(Ww,R)
and its derivative Ψ ′ : Ww −→W ∗w is compact.

Next, we will show that the condition (i) of Theorem 2.16 is fulfilled. Indeed, By Proposition
2.14-(ii), for all ‖u‖w > 1, we have

Φ(u) > 1
p+

{∫
Ω×Ω

|u(x)−u(y)|p(x,y)
|x−y|N+sp(x,y) dxdy +

∫
Ω

w(x)|u(x)|p̄(x)dx
}

= 1
p+ ρw

p(.,.)(u)>
1

p+‖u‖
p−
w .

(3.3)

On the other hand, as f ∈A, it follows that

|F(x, t)|6 c5|t|+ c6
1

α(x)
|t|α(x).

Therefore, by Lemma 2.15, one has

Ψ(u)>−c5

∫
Ω

|u|dx− c6

∫
Ω

1
α(x)

|t|α(x)dx

>−c7‖u‖w−
c6

α+

∫
Ω

(
|u|α

+
+ |u|α

−
)

dx

=−c7‖u‖w−
c6

α+

∫
Ω

(
‖u‖α+

Lα+
(Ω)

+‖u‖α−

Lα−(Ω)

)
.

Since 1 < α− 6 α+ < p−, we have that Ww is continuously embedded in Lα+
(Ω) and Lα−(Ω).

Furthermore, there exist two positive constants c8,c9 > 0 such that

‖u‖Lα+
(Ω)
6 c8‖u‖w and ‖u‖Lα−(Ω)

6 c9‖u‖w.

Hence,

Ψ(u)>−c7‖u‖w−
c6

α+
c8‖u‖α+

w −
c6

α+
c9‖u‖α−

w . (3.4)

From (3.3) and (3.4), for all λ > 0, it follows that

Φ(u)+λΨ(u)>
1

p+
‖u‖p−

w −λc7‖u‖w−λ
c6

α+
c8‖u‖α+

w −λ
c6

α+
c9‖u‖α−

w .

Since 1 < α− 6 α+ < p−, one has

lim
‖u‖w→∞

Φ(u)+λΨ(u) = ∞.

Consequently, the assertion (i) of Theorem 2.16 is verified.
Now, we verify the conditions (ii) and (iii) of Theorem 2.16. As ∂F

∂ t (x, t) = f (x, t) and by
assumption ( f1), it follows that t 7−→ F(x, t) is increasing for all t ∈ (t0,+∞) and decreasing for
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all t ∈ (0, t0) uniformly with respect to x. Obviously, F(x,0) = 0 and F(x, t) −→
t→∞

∞. Thus, by

use of assumption ( f1), there exists a positive number η > 0 such that

F(x, t)> 0 = F(x,0)> F(x,τ) for all x ∈Ω, t > η and τ ∈ (0, t). (3.5)

Let a and b be two real numbers such that 0 < a < min{t0,c0}, with c0 being given in Lemma
2.15, and b > η satisfying

bp−‖w‖L1(Ω) > 1, (3.6)

bp+‖w‖L1(Ω) > 1. (3.7)

Let b > 1. When t ∈ (0,a], we have from (3.5) that F(x, t)6 F(x,0). It follows that∫
Ω

sup
t∈[0,a]

F(x, t)dx6
∫

Ω

F(x,0)dx = 0. (3.8)

Since b > η , we obtain from (3.5) that∫
Ω

F(x,b)dx > 0.

It follows that
1

cp+
0

ap+

bp−

∫
Ω

F(x,b)dx > 0. (3.9)

Combining (3.8) and (3.9), we obtain∫
Ω

sup
t∈[0,a]

F(x, t)dx6 0 <
1

cp+
0

ap+

bp−

∫
Ω

F(x,b)dx. (3.10)

Consider u0,u1 ∈Ww with u0(x) = 0 and u1(x) = b for any x ∈ Ω. We set r = 1
p+

(
a
c0

)p+

.
Clearly, r ∈ (0,1). It is easy to see that

Φ(u0) =Ψ(u0) = 0.

Using (3.6), we get
Φ(u1) =

∫
Ω

1
p̄(x)w(x)b

p̄(x)dx> 1
p+ bp−‖w‖L1(Ω) >

1
p+ > 1

p+

(
a
c0

)p+

= r,

Ψ(u1) = −
∫

Ω
F(x,u1(x))dx =−

∫
Ω

F(x,b)dx.

Similar to the case that b < 1, using (3.7), we get

Φ(u1) =
∫

Ω

1
p̄(x)

w(x)bp̄(x)dx>
1

p+
bp+‖w‖L1(Ω) >

1
p+

>
1

p+

(
a
c0

)p+

= r.

Consequently,
Φ(u0)< r < Φ(u1).

Hence, the condition (ii) in Theorem 2.16 is verified.
On the other hand, we have

− (Φ(u1)−r)Ψ(u0)+(r−Φ(u0))Ψ(u1)
Φ(u1)−Φ(u0)

= −rΨ(u1)
Φ(u1)

= r
∫

Ω
F(x,b)dx∫

Ω
1

p̄(x)w(x)bp̄(x)dx
> 0.

(3.11)
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We consider the case when u ∈Ww with Φ(u)6 r < 1. Since

1
p+

ρ
w
p(.,.)(u)6Φ(u)6 r < 1,

it follows that ρw
p(.,.)(u) 6 p+r =

(
a
c0

)p+

< 1. This fact and Proposition 2.14-(i) imply that
‖u‖Ww < 1. Furthermore, it is clear that

1
p+
‖u‖p+

Ww
6

1
p+

ρ
w
p(.,.)(u)6Φ(u)6 r.

Thus, using Lemma 2.15, we have

|u(x)|6 c0‖u‖w 6 c0(p+r)
1

p+ = a for all x ∈Ω,u ∈Ww and Φ(u)6 r.

By (3.8), it follows that

− inf
u∈Φ−1((−∞,r])

Ψ(u) = sup
u∈Φ−1((−∞,r])

−Ψ(u)6
∫

Ω

sup
06u(x)6a

F(x,u(x))dx6 0.

Combining this inequality with (3.11), we obtain

− inf
u∈Φ−1((−∞,r])

Ψ(u)< r
∫

Ω
F(x,b)dx∫

Ω
1

p̄(x)w(x)b
p̄(x)dx

,

that is,

inf
u∈Φ−1((−∞,r])

Ψ(u)>
(Φ(u1)− r)Ψ(u0)+(r−Φ(u0))Ψ(u1)

Φ(u1)−Φ(u0)
.

which means that condition (iii) in Theorem 2.16 is fulfilled. Consequently, there exist an open
interval Λ ⊂ (0,+∞) and a positive real number ξ > 0 such that for each λ ∈ Λ and every
function g ∈A, there exists µ∗ > 0 such that, for any µ ∈ [0,µ∗], the equation

Φ
′(u)+λΨ

′(u)+µJ′(u) = 0

has at least three weak solutions whose norms are less than ξ .

Remark 3.5. Applying ([34, Theorem 2.1]) in the proof of Theorem 3.2, we have an upper
bound of the interval of parameters λ for which (Ps

w) has at least three weak solutions is ob-
tained when µ = 0. To be precise, from the conclusion of Theorem 3.2, one has

Λ⊂

(
0,k

∫
Ω

1
p̄(x)w(x)b

p̄(x)dx∫
Ω

F(x,b)dx

)
,

for any k > 1, where b is as in the proof of Theorem 3.2 (namely, b satisfies (3.6) and (3.7)
such that F(x,b)> 0 ).
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4. EXAMPLES

In this section, we give two particular cases of the previous results.
• First, we consider the problem (Ps

w) in the case

f (x, t) = f (t) = l|t|q−2t−m|t|r−2t,

where l and m are two positive constants, 2 < r < q < p− and N < sp−. Then problem (Ps
w)

becomes{(
−∆p(x,.)

)s u(x)+w(x)|u|p̄(x)−2u = λ l|t|q−2t−λm|t|r−2t +µg(x, t), in Ω,

u = 0, in RN \Ω.
(P1)

In this case, we obtain

F(x, t) = F(t) =
l
q

tq− m
r

tr for all t ∈ R.

It is easy to see that f ∈A. On the other hand, in assumption ( f1) for t0 =
(m

l

) 1
q−r , we have that

f (x, t)6 0, when |t| ∈
(

0,
(m

l

) 1
q−r
)
,

f (x, t)> 0, when |t| ∈
((m

l

) 1
q−r ,+∞

)
.

Hence, we have the following result.

Corollary 4.1. Assume that 2 < r < q < p− and N < sp−. Then there exist an open interval
Λ ⊂ (0,+∞) and a positive real number ξ > 0 such that, for each λ ∈ Λ and every function
g ∈ A, there exists µ∗ > 0 such that, for any µ ∈ [0,µ∗], problem (P1) has at least three weak
solutions whose norms are less than ξ .

• Second, we consider problem (Ps
w) in the case

f (x, t) = |t|q(x)−2t−|t|r(x)−2t,

where q,r ∈ C+(Ω) such that 2 < r− 6 r+ < q− 6 q+ < p− and sp− > N. Hence, problem
(Ps

w) becomes{(
−∆p(x,.)

)s u(x)+w(x)|u|p̄(x)−2u = λ |t|q(x)−2t−λ |t|r(x)−2t +µg(x, t), in Ω,

u = 0, in RN \Ω.
(P2)

In this case, we obtain

F(x, t) =
1

q(x)
tq(x)− 1

r(x)
tr(x) for all (x, t) ∈Ω× [0,+∞).

It is easy to see that f ∈A. Moreover, in assumption ( f1) for t0 = 1, we have that
f (x, t)6 0 when |t| ∈ (0,1) ,

f (x, t)> 0 when |t| ∈ (1,+∞) .

Then, we obtain the next result.
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Corollary 4.2. Assume that q,r ∈C+(Ω) such that 2 < r− 6 r+ < q− 6 q+ < p− and sp− > N.
Then there exist an open interval Λ ⊂ (0,+∞) and a positive real number ξ > 0 such that, for
each λ ∈Λ and every function g ∈A, there exists µ∗ > 0 such that for any µ ∈ [0,µ∗], problem
(P1) has at least three weak solutions whose norms are less than ξ .
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