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Abstract. In this paper, we study the Langevin equation within the generalized proportional frac-
tional derivative. The proposed equation involves a variable coefficient and subjects to mixed integro-
differential boundary conditions. We introduce the generalized proportional fractional derivative and
expose some of its features. We mainly investigate the existence, uniqueness and different types of Ulam
stability of the solutions via fixed point theorems and inequality techniques. Finally, we provide two
examples to support our main results.
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1. INTRODUCTION

The theory of fractional differential equations (FDEs) is a rich area of research that has wide-
spread applications in science and engineering. Indeed, it describes a large number of nonlinear
phenomena in different fields, such as physics, chemistry, biology, viscoelasticity, control hy-
pothesis, speculation, fluid dynamics, hydrodynamics, aerodynamics, information processing
system networking, notable and picture processing etc. FDEs also provide marvelous tools for
the depiction of memory and inherited properties of many materials and processes. In view
of recent developments, one can consequently conclude that FDEs have emerged significant
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achievements in the last couple of decades; the reader can refer to [1, 2, 3, 4] and the references
cited therein.

Recently, it has been realized that Langevin equation, which was introduced by Langevin in
1908, is an effective tool in the description of the evolution of physical phenomena in fluctuat-
ing environments [5]. Along with the explosion in the study of FDEs in recent years, Langevin
equation has been investigated in the frame of fractional derivative and consequently important
contributions have been reported in this field; see, e.g., [6, 7, 8, 9, 10]. On one hand, one of
the most attractive research areas in the field of FDEs which has engrossed great consideration
from the researchers is dedicated to the existence theory of the solutions of fractional models.
The aforesaid part has been extensively explored for integer order differential equations (DEs).
However, for arbitrary order differential equations, there are still many aspects, which need
to further study and research. Recently, many mathematicians explored the existence of solu-
tions of FDEs via different techniques [11, 12, 13]. On the other hand, an imperative and more
remarkable area of research, which has recently attracted more attention, is committed to the
stability analysis of differential equations of integer and arbitrary order. The first effort was ini-
tiated by Ulam himself and later is confirmed by Hyers in [14]. That is why this type of stability
is referred to as Ulam-Hyers (UH) stability. Rassias introduced the Ulam-Hyers Rassias (UHR)
stability whereas Obloza was the first mathematician who introduced the UH stability for DEs;
see [15, 16, 17, 18, 19] for more details. It is to be noted that the above mentioned areas of
interest (existence and stability) have been fabulously deliberated within Riemann–Liouville,
Caputo, Hilfer or Hadamard derivatives. In [20], Jarad, Abdeljawad and Alzabut introduced
a new type of fractional derivative, so called generalized proportional fractional (GPF) deriv-
ative generated by local derivatives [21, 22], which are considered as the modification of the
conformable derivatives [23, 24]. The peculiarity of the new derivative is that it involves two
fractional order, preserves the semigroup property, possesses nonlocal character and upon lim-
iting cases it converges to the original function and its derivative. The GPF derivative is well
behaved and has a substantial advantageous over the classical derivatives in the sense that it
generalizes previously defined derivatives in the literature. We list here some recent results,
which have been elaborated in frame of GPF derivative [25, 26, 27].

The aim of this paper is to study existence, uniqueness and different types of Ulam stability
for the following generalized proportional fractional Langevin differential equation with vari-
able coefficients and mixed intergo–differential boundary conditions CD

β ,ρ(CDα,ρ
+χ(t)

)
x(t) = f (t,x(t),CDα,ρx(t)), t ∈ [0,1]

x(0) = δ , x(1) = κDγ,ρx(η)+θ Iµ,ρx(ξ ),
(1.1)

where CD
ν ,ρ and Dν ,ρ denote the generalized proportional Caputo and Riemann-Liouvill frac-

tional derivatives of order ν ∈{α,β ,γ}, respectively, 0<α,β ,γ ≤ 1, 1<α+β ≤ 2, ρ > 0, Iµ,ρ

denotes the generalized proportional fractional integral of order µ > 0, ρ > 0, χ ∈C([0,1],R),
the nonlinear function f ∈C([0,1]×R2,R), the given constants δ ,κ,θ ∈ R and η ,ξ ∈ (0,1).
The Banach and Schaefer fixed point theorems are utilized to investigate existence and unique-
ness results for problem (1.1). We also employ inequality techniques to prove the Ulam stability
for problem (1.1). It is to be noted that the most exiting results in the literature, which dealt with
fractional Langevin equations, have been reported in the case of constant coefficient χ . Ahmad,
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Alsaedi and Ntouyas [28] first discussed fractional Langevin equation containing variable coef-
ficient and supplemented with nonlocal-terminal fractional boundary conditions. On the other
hand, we claim that our approach in this paper is totally different from paper [28] in the sense
that the different fractional derivative is accommodated, different boundary conditions are as-
sociated, different fixed point theorems are used, and Ulam stability is discussed, which has not
been investigated in [28].

2. PRELIMINARIES

The notations and terminologies in this section are adopted from [20, 29, 30]. In control
theory, a proportional derivative controller (PDC) for controller output u at time t with two
tuning parameters has the algorithm

u(t) = κpE(t)+κd
d
dt

E(t),

where κp is the proportional gain, κd is the derivative gain, and E is the input deviation or the
error between the state variable and the process variable. The recent investigations have shown
that PDC has direct incorporation in the control of complex networks models; see [31] for more
details.

For ρ ∈ [0,1], let the functions κ0,κ1 : [0,1]×R→ [0,∞) be continuous such that, for all
t ∈ R,

lim
ρ→0+

κ1(ρ, t) = 1, lim
ρ→0+

κ0(ρ, t) = 0, lim
ρ→1−

κ1(ρ, t) = 0, lim
ρ→1−

κ0(ρ, t) = 1,

and κ1(ρ, t) 6= 0, ρ ∈ [0,1), κ0(ρ, t) 6= 0, ρ ∈ (0,1]. Then, Anderson and Ulness [21] defined
the proportional derivative of order ρ by

Dρ
ξ (t) = κ1(ρ, t)ξ (t)+κ0(ρ, t)ξ ′(t) (2.1)

provided that the right had side exists at t ∈R and ξ ′ := d
dt ξ . For the operator given in (2.1), κ1

is a type of proportional gain κp, κ0 is a type of derivative gain κd , ξ is the error, and u =Dρξ

is the controller output. The reader can refer to [22] for more details about the control theory of
the proportional derivative and its component functions. We next restrict ourselves to the case
that κ1(ρ, t) = 1−ρ and κ0(ρ, t) = ρ . Therefore, (2.1) becomes

Dρ
ξ (t) = (1−ρ)ξ (t)+ρξ

′(t). (2.2)

It is easy to figure out that lim
ρ→0+

Dρ
ξ (t) = ξ (t) and lim

ρ→1−
Dρ

ξ (t) = ξ
′(t). Thus, the deriva-

tive (2.2) is somehow considered to be more general than the conformable derivative, which
evidently does not tend to the original functions as ρ tends to 0.

Definition 2.1. [20] For 0 < ρ ≤ 1, α ∈ C and Re(α)> 0, the GPF integral of f of order α is

(aIα,ρ f )(t) =
1

ραΓ(α)

∫ t

a
e

ρ−1
ρ

(t−τ)
(t− τ)α−1 f (τ)dτ = ρ

−αe
ρ−1

ρ
t
aIα

(
e

1−ρ

ρ
t f (t)

)
, (2.3)

where aIα is Riemann–Liouville fractional integral.
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Definition 2.2. [20] For 0 < ρ ≤ 1, α ∈ C with Re(α)≥ 0, the GPF derivative of Caputo type
of f of order α is

(CaD
α,ρ

f )(t) =
1

ρn−αΓ(n−α)

∫ t

a
e

ρ−1
ρ

(t−τ)
(t− τ)n−α−1(Dn,ρ f )(τ)dτ, (2.4)

where n = [Re(α)]+1 and [Re(α)] represents the integer part of the real number α .

Lemma 2.3. [20] For 0 < ρ ≤ 1 and n = [Re(α)]+1, we have (CaD
α,ρ

aIα,ρ f )(t) = f (t), and

(aIα,ρ C
aD

α,ρ f )(t) = f (t)−
n−1

∑
k=0

(Dk,ρ f )(a)
ρkk!

(t−a)ke
ρ−1

ρ
(t−a)

. (2.5)

Proposition 2.4. [20] Let α,β ∈ C be such that Re(α) ≥ 0 and Re(β ) > 0. Then, for any
0 < ρ ≤ 1 and n = [Re(α)]+1, we have

(i)
(

aIα,ρe
ρ−1

ρ
t
(t−a)β−1)(x) = Γ(β )

Γ(β+α)ρα e
ρ−1

ρ
x
(x−a)β+α−1, Re(α)> 0,

(ii)
(C

aD
α,ρe

ρ−1
ρ

t
(t−a)β−1)(x) = ρα Γ(β )

Γ(β−α)e
ρ−1

ρ
x
(x−a)β−α−1, Re(α)> n,

(iii)
(C

aD
α,ρe

ρ−1
ρ

t
(t−a)k)(x) = 0, Re(α)> n, k = 0,1, . . . ,n−1.

We adopt the following stability definitions for problem (1.1).

Definition 2.5. [30] The problem (1.1) is UH stable if there exists a real number ω f > 0 such
that, for ε > 0 and for each solution z ∈ E1 =C1([0,1],R) of the inequality∣∣∣CDβ ,ρ(CDα,ρ

+χ(t)
)
z(t)− f (t,z(t),CD

α,ρ
z(t))

∣∣∣≤ ε, t ∈ [0,1], (2.6)

there exists a solution x ∈ E1 of problem (1.1) with

|z(t)− x(t)| ≤ ω f ε, t ∈ [0,1]. (2.7)

Definition 2.6. [30] The problem (1.1) is generalized UH stable if there exists ψ f ∈C(R+,R+)

with ψ f (0) = 0 such that, for each solution z ∈ E1 of inequality (2.6), there exists a solution
x ∈ E1 of the problem (1.1) with

|z(t)− x(t)| ≤ ψ f (ε), t ∈ [0,1]. (2.8)

Definition 2.7. [30] The problem (1.1) is UHR stable with respect to ψ f ∈C([0,1],R+) if there
exists a real number ωψ, f > 0 such that, for ε > 0 and for each solution z ∈ E1 of the inequality∣∣∣CDβ ,ρ(CDα,ρ

+χ(t)
)
z(t)− f (t,z(t),CD

α,ρ
z(t))

∣∣∣≤ εψ f (t), t ∈ [0,1], (2.9)

there exists a solution x ∈ E1 of the problem (1.1) with

|z(t)− x(t)| ≤ ωψ, f εψ f (t), t ∈ [0,1]. (2.10)

Definition 2.8. [30] The problem (1.1) is generalized UHR stable with respect to ψ f ∈C([0,1],
R+) if there exists a real number ω f ,ψ > 0 such that, for each solution z ∈ E1 of the inequality∣∣∣CDβ ,ρ(CDα,ρ

+χ(t)
)
z(t)− f (t,z(t),CD

α,ρ
z(t))

∣∣∣≤ ψ f (t), t ∈ [0,1], (2.11)

there exists a solution x ∈ E1 of the problem (1.1) with

|z(t)− x(t)| ≤ ωψ, f ψ f (t), t ∈ [0,1]. (2.12)
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Remark 2.9. A function z ∈ E1 is a solution of inequality (2.6) if and only if there exists a
function g ∈C([0,1],R) (dependent on z) such that

(i) |g(t)| ≤ ε , ∀t ∈ [0,1].
(ii) CDβ ,ρ

(CDα,ρ
+χ(t)

)
z(t) = f (t,z(t),CDα,ρz(t))+g(t), t ∈ [0,1].

In order to transform the main problem into a fixed point problem, (1.1) must be converted
to an equivalent integral equation. To do this, we provide the following lemma.

Lemma 2.10. Let h : [0,1]→ R be a continuous function, 0 < α,β ,γ,ρ ≤ 1, 1 < α +β ≤ 2
and µ > 0. Then, the function x ∈C([0,1],R) is the solution to the following linear generalized
proportional fractional Langevin equation equipped with mixed boundary conditions:{ CDβ ,ρ

(CDα,ρ +χ(t)
)
x(t) = h(t), t ∈ [0,1],

x(0) = δ , x(1) = κDγ,ρx(η)+θ Iµ,ρx(ξ ),
(2.13)

if and only if x satisfies the following fractional integral equation

x(t) (2.14)

=
1

ρα+β Γ(α +β )

∫ t

0
e

ρ−1
ρ

(t−s)
(t− s)α+β−1h(s)ds

− 1
ραΓ(α)

∫ t

0
e

ρ−1
ρ

(t−s)
(t− s)α−1

χ(s)x(s)ds+δe
ρ−1

ρ
t

+
tαe

ρ−1
ρ

t

ΩραΓ(α +1)

(
κ

ρα+β−γΓ(α +β − γ)

∫
η

0
e

ρ−1
ρ

(η−s)
(η− s)α+β−γ−1h(s)ds

+
θ

ρα+β+µΓ(α +β +µ)

∫
ξ

0
e

ρ−1
ρ

(ξ−s)
(ξ − s)α+β+µ−1h(s)ds

− 1
ρα+β Γ(α +β )

∫ 1

0
e

ρ−1
ρ

(1−s)
(1− s)α+β−1h(s)ds

− κ

ρα−γΓ(α− γ)

∫
η

0
e

ρ−1
ρ

(η−s)
(η− s)α−γ−1

χ(s)x(s)ds

− θ

ρα+µΓ(α +µ)

∫
ξ

0
e

ρ−1
ρ

(ξ−s)
(ξ − s)α+µ−1

χ(s)x(s)ds

+
1

ραΓ(α)

∫ 1

0
e

ρ−1
ρ

(1−s)
(1− s)α−1

χ(s)x(s)ds+
κδργe

ρ−1
ρ

η

ηγΓ(1− γ)
+

θδξ µe
ρ−1

ρ
ξ

ρµΓ(µ +1)

)
, (2.15)

where

Ω :=
e

ρ−1
ρ

ραΓ(α +1)
− κηα−γe

ρ−1
ρ

η

ρα−γΓ(α− γ +1)
− θξ α+µe

ρ−1
ρ

ξ

ρα+µΓ(α +µ +1)
6= 0. (2.16)

Proof. Let x be a solution of the problem (2.13). By using Lemma 2.3 with Proposition 2.4 (i),
the first equation of (2.13) can be written as

x(t) = Iα+β ,ρh(t)− Iα,ρ
χ(t)x(t)+ c1

tαe
ρ−1

ρ
t

ραΓ(α +1)
+ c2e

ρ−1
ρ

t
, (2.17)
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where c1, c2 ∈ R. From the first condition of (2.13), x(0) = δ , we obtain c2 = δ . Taking the
operators Dγ,ρ and Iµ,ρ into (2.17), we get

Dγ,ρx(t) = Iα+β−γ,ρh(t)− Iα−γ,ρ
χ(t)x(t)+ c1

ργ−αtα−γe
ρ−1

ρ
t

Γ(α− γ +1)
+

δργe
ρ−1

ρ
t

tγΓ(1− γ)
,

Iµ,ρx(t) = Iα+β+µ,ρh(t)− Iα+µ,ρ
χ(t)x(t)+ c1

tα+µe
ρ−1

ρ
t

ρα+µΓ(α +µ +1)
+

δ tµe
ρ−1

ρ
t

ρµΓ(µ +1)
.

From the second condition of (2.13), x(1) = κDγ,ρx(η)+θ Iµ,ρx(ξ ), which leads to

c1 =
1
Ω

(
κIα+β−γ,ρh(η)+θ Iα+β+µ,ρh(ξ )− Iα+β ,ρh(1)−κIα−γ,ρ

χ(η)x(η)

−θ Iα+µ,ρ
χ(ξ )x(ξ )+ Iα,ρ

χ(1)x(1)+
κδργe

ρ−1
ρ

η

ηγΓ(1− γ)
+

θδξ µe
ρ−1

ρ
ξ

ρµΓ(µ +1)

)
,

where Ω is defined by (2.16). Substituting the values of c1 and c2 into (2.17), we get the
fractional integral equation (2.15). Conversely, it is easily to show by direct computation that
the solution x(t) is given by (2.15) satisfies the problem (2.13) under the given conditions. The
proof is completed. �

For the completeness, we recall the following tools [29].

Theorem 2.11. Let B be a non-empty closed subset of a Banach space E. Then any contraction
mapping T from B into itself has a unique fixed point.

Theorem 2.12. Let E be a Banach space and T : E → E is a completely continuous operator
and the set F= {x ∈ E : x = ρT x,0 < ρ ≤ 1} is bounded. Then T has a fixed point in E.

3. EXISTENCE RESULTS VIA FIXED POINT THEOREMS

In this section, we present the existence and uniqueness of solutions to problem (1.1) based
on the Banach’s fixed point theorem and Schaefer’s fixed point theorem.

Let E = C([0,1],R) be the Banach space of all continuous functions from [0,1] into R
equipped with the norm ‖x‖=maxt∈[0,1]{|x(t)|}. Define a linear subspace C= {x : x∈E,CDα,ρx
∈ E}. Then, C becomes a Banach space equipped with the norm ‖x‖C = max

{
‖x‖,‖CDα,ρx‖

}
.

In view of Lemma 2.10, an operator Q : C→ C is defined by

(Qx)(t) =
1

ρα+β Γ(α +β )

∫ t

0
e

ρ−1
ρ

(t−s)
(t− s)α+β−1 f (s,x(s),CD

α,ρ
x(s))ds

− 1
ραΓ(α)

∫ t

0
e

ρ−1
ρ

(t−s)
(t− s)α−1

χ(s)x(s)ds

+
tαe

ρ−1
ρ

t

ΩραΓ(α +1)

(
κ

ρα+β−γΓ(α +β − γ)

×
∫

η

0
e

ρ−1
ρ

(η−s)
(η− s)α+β−γ−1 f (s,x(s),CD

α,ρ
x(s))ds



STABILITY ANALYSIS FOR A GENERALIZED PROPORTIONAL FRACTIONAL LANGEVIN EQUATION 7

+
θ

ρα+β+µΓ(α +β +µ)

∫
ξ

0
e

ρ−1
ρ

(ξ−s)
(ξ − s)α+β+µ−1 f (s,x(s),CD

α,ρ
x(s))ds

− 1
ρα+β Γ(α +β )

∫ 1

0
e

ρ−1
ρ

(1−s)
(1− s)α+β−1 f (s,x(s),CD

α,ρ
x(s))ds

− κ

ρα−γΓ(α− γ)

∫
η

0
e

ρ−1
ρ

(η−s)
(η− s)α−γ−1

χ(s)x(s)ds

− θ

ρα+µΓ(α +µ)

∫
ξ

0
e

ρ−1
ρ

(ξ−s)
(ξ − s)α+µ−1

χ(s)x(s)ds

+
1

ραΓ(α)

∫ 1

0
e

ρ−1
ρ

(1−s)
(1− s)α−1

χ(s)x(s)ds+
κδργe

ρ−1
ρ

η

ηγΓ(1− γ)
+

θδξ µe
ρ−1

ρ
ξ

ρµΓ(µ +1)

)
+δe

ρ−1
ρ

t
, (3.1)

where Ω is defined by (2.16). Moreover, the GPF derivative of operator Q, which will be used
in subsequent sections, is given as follows

(CD
α,ρ

Qx)(t)

=
1

ρβ Γ(β )

∫ t

0
e

ρ−1
ρ

(t−s)
(t− s)β−1 f (s,x(s),CD

α,ρ
x(s))ds−χ(t)x(t)

+
e

ρ−1
ρ

t

Ω

(
κ

ρα+β−γΓ(α +β − γ)

∫
η

0
e

ρ−1
ρ

(η−s)
(η− s)α+β−γ−1 f (s,x(s),CD

α,ρ
x(s))ds

+
θ

ρα+β+µΓ(α +β +µ)

∫
ξ

0
e

ρ−1
ρ

(ξ−s)
(ξ − s)α+β+µ−1 f (s,x(s),CD

α,ρ
x(s))ds

− 1
ρα+β Γ(α +β )

∫ 1

0
e

ρ−1
ρ

(1−s)
(1− s)α+β−1 f (s,x(s),CD

α,ρ
x(s))ds

− κ

ρα−γΓ(α− γ)

∫
η

0
e

ρ−1
ρ

(η−s)
(η− s)α−γ−1

χ(s)x(s)ds

− θ

ρα+µΓ(α +µ)

∫
ξ

0
e

ρ−1
ρ

(ξ−s)
(ξ − s)α+µ−1

χ(s)x(s)ds

+
1

ραΓ(α)

∫ 1

0
e

ρ−1
ρ

(1−s)
(1− s)α−1

χ(s)x(s)ds+
κδργe

ρ−1
ρ

η

ηγΓ(1− γ)
+

θδξ µe
ρ−1

ρ
ξ

ρµΓ(µ +1)

)
. (3.2)

For the sake of computational convenience, we make use of the following constants:

σ
∗ = sup

t∈[0,1]
σ(t), φ

∗ = sup
t∈[0,1]

φ(t), ϕ
∗ = sup

t∈[0,1]
ϕ(t), χ

∗ = sup
t∈[0,1]

|χ(t)|, (3.3)

Λ1 =
1

|Ω|ρ2α+β Γ(α +1)

( |Ω|ραΓ(α +1)+1
Γ(α +β +1)

+
|κ|ργηα+β−γ

Γ(α +β − γ +1)

+
|θ |ξ α+β+µ

ρµΓ(α +β +µ +1)
)
, (3.4)
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Λ2 =
1

|Ω|ραΓ(α +1)

(
(|Ω|ρα

Γ(α +1)+1)Iα,ρ |χ(1)|

+|κ|Iα−γ,ρ |χ(η)|+ |θ |Iα+µ,ρ |χ(ξ )|
)
, (3.5)

Λ3 =
1

ρα+β |Ω|
( |Ω|ρα

Γ(β +1)
+
|κ|ργηα+β−γ

Γ(α +β − γ +1)

+
|θ |ξ α+β+µ

ρµΓ(α +β +µ +1)
+

1
Γ(α +β +1)

)
, (3.6)

Λ4 =
1
|Ω|

(
|Ω|χ∗+ |κ|Iα−γ,ρ |χ(η)|+ |θ |Iα+µ,ρ |χ(ξ )|+ Iα,ρ |χ(1)|

)
, (3.7)

Λ5 =
|δ |

|Ω|ραΓ(α +1)

 |κ|ργe
ρ−1

ρ
η

ηγΓ(1− γ)
+
|θ |ξ µe

ρ−1
ρ

ξ

ρµΓ(µ +1)
+ |Ω|ρα

Γ(α +1)

 , (3.8)

Λ6 =
|δ |
|Ω|

 |κ|ργe
ρ−1

ρ
η

ηγΓ(1− γ)
+
|θ |ξ µe

ρ−1
ρ

ξ

ρµΓ(µ +1)

 . (3.9)

We prove our main results under the following assumptions:

(H1) the function f : [0,1]×R2→ R is continuous,
(H2) there exist non-negative continuous functions a1, a2 ∈ E such that

| f (t,x1,y1)− f (t,x2,y2)| ≤ a1(t)|x1− y1|+a2(t)|x2− y2|,∀ x1,x2,y1,y2 ∈ R, t ∈ [0,1],

with a∗1 = supt∈[0,1] a1(t) and a∗2 = supt∈[0,1] a2(t),
(H3) there exist non-negative continuous functions σ , φ , ϕ ∈ E such that

| f (t,x,y)| ≤ σ(t)+φ(t)|x|+ϕ(t)|y|, (x,y) ∈ R2, t ∈ [0,1],

with σ∗ = supt∈[0,1]σ(t), φ∗ = supt∈[0,1]φ(t), ϕ∗ = supt∈[0,1]ϕ(t),
(H4) there exists a function g ∈ C([0,1],R) and a function ψg ∈ C([0,1],R+) such that, for

any ε > 0, |g(t)| ≤ εψg(t), ∀ t ∈ [0,1]. Moreover,

CDβ ,ρ
(

CD
α,ρ

+χ(t)
)

z(t) = f (t,z(t),CDα,ρz(t))+g(t), t ∈ [0,1].

3.1. Existence and uniqueness results based on the Banach fixed point theorem. The ex-
istence and uniqueness results of a solution for problem (1.1) will be proved by using Banach
fixed point theorem.

Theorem 3.1. Assume that (H1) and (H2) are satisfied. If [(Λ1 +Λ3)(a∗1 +a∗2)+Λ2 +Λ4]< 1,
then problem (1.1) has a unique solution in C, where Λi (i = 1,2,3,4) are given by (3.4)-(3.7),
respectively.
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Proof. Show that Q : C→ C is contraction. For any x, y ∈ C and for each t ∈ [0,1], we have

|(Qx)(t)− (Qy)(t)|

≤ 1
ρα+β Γ(α +β )

∫ t

0
e

ρ−1
ρ

(t−s)
(t− s)α+β−1

∣∣∣ f (s,x(s),CDα,ρ
x(s))− f (s,y(s),CD

α,ρ
y(s))

∣∣∣ds

+
1

ραΓ(α)

∫ t

0
e

ρ−1
ρ

(t−s)
(t− s)α−1|χ(s)||x(s)− y(s)|ds+

tαe
ρ−1

ρ
t

|Ω|ραΓ(α +1)

(
|κ|

ρα+β−γΓ(α +β − γ)

×
∫

η

0
e

ρ−1
ρ

(η−s)
(η− s)α+β−γ−1

∣∣∣ f (s,x(s),CDα,ρ
x(s))− f (s,y(s),CD

α,ρ
y(s))

∣∣∣ds

+
|θ |

ρα+β+µΓ(α +β +µ)

∫
ξ

0
e

ρ−1
ρ

(ξ−s)
(ξ − s)α+β+µ−1∣∣ f (s,x(s),CDα,ρ

x(s))

− f (s,y(s),CD
α,ρ

y(s))
∣∣ds

+
1

ρα+β Γ(α +β )

∫ 1

0
e

ρ−1
ρ

(1−s)
(1− s)α+β−1

∣∣∣ f (s,x(s),CDα,ρ
x(s))− f (s,y(s),CD

α,ρ
y(s))

∣∣∣ds

+
|κ|

ρα−γΓ(α− γ)

∫
η

0
e

ρ−1
ρ

(η−s)
(η− s)α−γ−1|χ(s)||x(s)− y(s)|ds

+
|θ |

ρα+µΓ(α +µ)

∫
ξ

0
e

ρ−1
ρ

(ξ−s)
(ξ − s)α+µ−1|χ(s)||x(s)− y(s)|ds

+
1

ραΓ(α)

∫ 1

0
e

ρ−1
ρ

(1−s)
(1− s)α−1|χ(s)||x(s)− y(s)|ds

)
.

Using the property of e
ρ−1

ρ
(u−s) ≤ 1 for 0≤ s < u < t ≤ 1 and (H2) implies that

|(Qx)(t)− (Qy)(t)|

≤ 1
|Ω|ρ2α+β Γ(α +β )

(
|Ω|ρα +

1
Γ(α +1)

)
×
∫ 1

0
(1− s)α+β−1

(
a1(s)|x(s)− y(s)|+a2(s)|CD

α,ρ
x(s)−CD

α,ρ
y(s)|

)
ds

+
|κ|

|Ω|ρ2α+β−γΓ(α +1)Γ(α +β − γ)

×
∫

η

0
(η− s)α+β−γ−1

(
a1(s)|x(s)− y(s)|+a2(s)|CD

α,ρ
x(s)−CD

α,ρ
y(s)|

)
ds

+
|θ |

|Ω|ρ2α+β+µΓ(α +1)Γ(α +β +µ)

×
∫

ξ

0
(ξ − s)α+β+µ−1

(
a1(s)|x(s)− y(s)|+a2(s)|CD

α,ρ
x(s)−CD

α,ρ
y(s)|

)
ds

+
1

|Ω|ρ2αΓ(α)

(
|Ω|ρα +

1
Γ(α +1)

)∫ 1

0
e

ρ−1
ρ

(1−s)
(1− s)α−1|χ(s)||x(s)− y(s)|ds



10 W. SUDSUTAD, J. ALZABUT, S. NONTASAWATSRI, C. THAIPRAYOON

+
|κ|

|Ω|ρ2α−γΓ(α +1)Γ(α− γ)

∫
η

0
e

ρ−1
ρ

(η−s)
(η− s)α−γ−1|χ(s)||x(s)− y(s)|ds

+
|θ |

|Ω|ρ2α+µΓ(α +1)Γ(α +µ)

∫
ξ

0
e

ρ−1
ρ

(ξ−s)
(ξ − s)α+µ−1|χ(s)||x(s)− y(s)|ds.

Then

‖Qx−Qy‖

≤

{
a∗1

|Ω|ρ2α+β Γ(α +1)

(
|Ω|ραΓ(α +1)+1

Γ(α +β +1)
+
|κ|ργηα+β−γ

Γ(α +β − γ +1)
+

|θ |ξ α+β+µ

ρµΓ(α +β +µ +1)

)

+
1

|Ω|ραΓ(α +1)

(
(|Ω|ρα

Γ(α +1)+1)Iα,ρ |χ(1)|+ |κ|Iα−γ,ρ |χ(η)|

+ |θ |Iα+µ,ρ |χ(ξ )|

)}
‖x− y‖

+
a∗2‖CD

α,ρx−CD
α,ρy‖

|Ω|ρ2α+β Γ(α +1)

{
|Ω|ραΓ(α +1)+1

Γ(α +β +1)
+
|κ|ργηα+β−γ

Γ(α +β − γ +1)
+

|θ |ξ α+β+µ

ρµΓ(α +β +µ +1)

}
= (a∗1Λ1 +Λ2)‖x− y‖+a∗2Λ1‖CD

α,ρ
x−CD

α,ρ
y‖

≤ (Λ1(a∗1 +a∗2)+Λ2)
(
‖x− y‖+‖CDα,ρ

x(s)−CD
α,ρ

y‖
)
.

In view of Lemma 2.3 and Proposition 2.4 (i), we get

|(CDα,ρ
Qx)(t)− (CD

α,ρ
Qy)(t)|

≤ 1
ρβ Γ(β )

∫ 1

0
e

ρ−1
ρ

(1−s)
(1− s)β−1

∣∣∣ f (s,x(s),CDα,ρ
x(s))− f (s,y(s),CD

α,ρ
y(s))

∣∣∣ds

+|χ(t)||x(t)− y(t)|+ 1
|Ω|

(
|κ|

ρα+β−γΓ(α +β − γ)

∫
η

0
e

ρ−1
ρ

(η−s)
(η− s)α+β−γ−1

×
∣∣∣ f (s,x(s),CDα,ρ

x(s))− f (s,y(s),CD
α,ρ

y(s))
∣∣∣ds

+
|θ |

ρα+β+µΓ(α +β +µ)

∫
ξ

0
e

ρ−1
ρ

(ξ−s)
(ξ − s)α+β+µ−1∣∣ f (s,x(s),CDα,ρ

x(s))

− f (s,y(s),CD
α,ρ

y(s))
∣∣ds

+
1

ρα+β Γ(α +β )

∫ 1

0
e

ρ−1
ρ

(1−s)
(1− s)α+β−1

∣∣∣ f (s,x(s),CDα,ρ
x(s))− f (s,y(s),CD

α,ρ
y(s))

∣∣∣ds

+
|κ|

ρα−γΓ(α− γ)

∫
η

0
e

ρ−1
ρ

(η−s)
(η− s)α−γ−1|χ(s)||x(s)− y(s)|ds

+
|θ |

ρα+µΓ(α +µ)

∫
ξ

0
e

ρ−1
ρ

(ξ−s)
(ξ − s)α+µ−1|χ(s)||x(s)− y(s)|ds

+
1

ραΓ(α)

∫ 1

0
e

ρ−1
ρ

(1−s)
(1− s)α−1|χ(s)||x(s)− y(s)|ds

)
.
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Using the property of e
ρ−1

ρ
(u−s) ≤ 1 for 0≤ s < u < t ≤ 1 and (H2), we have

|(CDα,ρ
Qx)(t)− (CD

α,ρ
Qy)(t)|

≤ 1
ρβ Γ(β )

∫ 1

0
(1− s)β−1

(
a1(s)|x(s)− y(s)|+a2(s)|CD

α,ρ
x(s)−CD

α,ρ
y(s)|

)
ds

+|χ(t)||x(t)− y(t)|+ 1
|Ω|

(
|κ|

ρα+β−γΓ(α +β − γ)

∫
η

0
(η− s)α+β−γ−1

×
(

a1(s)|x(s)− y(s)|+a2(s)|CD
α,ρ

x(s)−CD
α,ρ

y(s)|
)

ds

+
|θ |

ρα+β+µΓ(α +β +µ)

∫
ξ

0
(ξ − s)α+β+µ−1(a1(s)|x(s)− y(s)|

+a2(s)|CD
α,ρ

x(s)−CD
α,ρ

y(s)|
)
ds

+
1

ρα+β Γ(α +β )

∫ 1

0
(1− s)α+β−1

(
a1(s)|x(s)− y(s)|+a2(s)|CD

α,ρ
x(s)−CD

α,ρ
y(s)|

)
ds

+
|κ|

ρα−γΓ(α− γ)

∫
η

0
e

ρ−1
ρ

(η−s)
(η− s)α−γ−1|χ(s)||x(s)− y(s)|ds

+
|θ |

ρα+µΓ(α +µ)

∫
ξ

0
e

ρ−1
ρ

(ξ−s)
(ξ − s)α+µ−1|χ(s)||x(s)− y(s)|ds

+
1

ραΓ(α)

∫ 1

0
e

ρ−1
ρ

(1−s)
(1− s)α−1|χ(s)||x(s)− y(s)|ds

)
.

Then

‖CDα,ρ
Qx−CD

α,ρ
Qy‖

≤

{
a∗1

|Ω|ρα+β

(
|Ω|ρα

Γ(β +1)
+
|κ|ργηα+β−γ

Γ(α +β − γ +1)
+

|θ |ξ α+β+µ

ρµΓ(α +β +µ +1)
+

1
Γ(α +β +1)

)

+
1
|Ω|

(
|Ω|χ∗+ |κ|Iα−γ,ρ |χ(η)|+ |θ |Iα+µ,ρ |χ(ξ )|+ Iα,ρ |χ(1)|

)}
‖x− y‖

+
a∗2‖CD

α,ρx−CD
α,ρy‖

|Ω|ρα+β

{ |Ω|ρα

Γ(β +1)
+
|κ|ργηα+β−γ

Γ(α +β − γ +1)
(3.10)

+
|θ |ξ α+β+µ

ρµΓ(α +β +µ +1)
+

1
Γ(α +β +1)

}
= (Λ3a∗1 +Λ4)‖x− y‖+a∗2Λ3‖CD

α,ρ
x−CD

α,ρ
y‖

≤ (Λ3(a∗1 +a∗2)+Λ4)
(
‖x− y‖+‖CDα,ρ

x−CD
α,ρ

y‖
)
. (3.11)

It follows from (3.1) and (3.11) that ‖T x− Ty‖C ≤ [(Λ1 +Λ3)(a∗1 +a∗2)+Λ2 +Λ4]‖x− y‖C,
where Λi (i = 1,2,3,4) are given by (3.4)-(3.7), respectively. Hence, by Banach fixed point
theorem (Theorem 2.11), Q is a contraction. Therefore, it has a unique fixed point, that is, the
unique solution of problem (1.1). �
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3.2. The existence result based on the Schaefer fixed point theorem. The second existence
result is based on Schaefer fixed point theorem.

Theorem 3.2. Assume that (H1) and (H3) are satisfied. Then, problem (1.1) has at least one
solution in C.

Proof. Show that Q has at least a fixed point in C. The proof is split into four steps.
Step I Q is continuous.
By hypothesis (H1), we conclude that Q is continuous.
Step II Q maps bounded sets into bounded sets in C.
For r > 0, there exists a positive constant M such that, for each x ∈ B̄r = {x ∈ C : ‖x‖C ≤ r},
‖Qx‖C ≤M. Then, for any t ∈ [0,1] and x ∈ B̄r, we have

|(Qx)(t)|

≤ 1
ρα+β Γ(α +β )

∫ 1

0
(1− s)α+β−1

(
σ(s)+φ(s)|x(s)|+ϕ(s)|CDα,ρ

x(s)|
)

ds

+
1

ραΓ(α)

∫ 1

0
e

ρ−1
ρ

(1−s)
(1− s)α−1|χ(s)||x(s)|ds+ |δ |+ 1

|Ω|ραΓ(α +1)

×

(
|κ|

ρα+β−γΓ(α +β − γ)

∫
η

0
(η− s)α+β−γ−1

(
σ(s)+φ(s)|x(s)|+ϕ(s)|CDα,ρ

x(s)|
)

ds

+
|θ |

ρα+β+µΓ(α +β +µ)

∫
ξ

0
(ξ − s)α+β+µ−1

(
σ(s)+φ(s)|x(s)|+ϕ(s)|CDα,ρ

x(s)|
)

ds

+
1

ρα+β Γ(α +β )

∫ 1

0
(1− s)α+β−1

(
σ(s)+φ(s)|x(s)|+ϕ(s)|CDα,ρ

x(s)|
)

ds

+
|κ|

ρα−γΓ(α− γ)

∫
η

0
e

ρ−1
ρ

(η−s)
(η− s)α−γ−1|χ(s)||x(s)|ds

+
|θ |

ρα+µΓ(α +µ)

∫
ξ

0
e

ρ−1
ρ

(ξ−s)
(ξ − s)α+µ−1|χ(s)||x(s)|ds

+
1

ραΓ(α)

∫ 1

0
e

ρ−1
ρ

(1−s)
(1− s)α−1|χ(s)||x(s)|ds+

|κ||δ |ργe
ρ−1

ρ
η

ηγΓ(1− γ)
+
|θ ||δ |ξ µe

ρ−1
ρ

ξ

ρµΓ(µ +1)

)
,

Using (H3), we have

|(Qx)(t)|

≤ σ∗+φ∗r+ϕ∗r
|Ω|ρ2α+β Γ(α +1)

(
|Ω|ραΓ(α +1)+1

Γ(α +β +1)
+
|κ|ργηα+β−γ

Γ(α +β − γ +1)
+

|θ |ξ α+β+µ

ρµΓ(α +β +µ +1)

)

+
r

|Ω|ραΓ(α +1)

(
(|Ω|ρα

Γ(α +1)+1)Iα,ρ |χ(1)|+ |κ|Iα−γ,ρ |χ(η)|+ |θ |Iα+µ,ρ |χ(ξ )|

)

+
|δ |

|Ω|ραΓ(α +1)

(
|κ|ργe

ρ−1
ρ

η

ηγΓ(1− γ)
+
|θ |ξ µe

ρ−1
ρ

ξ

ρµΓ(µ +1)
+ |Ω|ρα

Γ(α +1)

)
= Λ1 (σ

∗+φ
∗r+ϕ

∗r)+Λ2r+Λ5. (3.12)
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On the other hand, by (H3), we have

|(CDα,ρ
Qx)(t)|

≤ 1
ρβ Γ(β )

∫ 1

0
e

ρ−1
ρ

(1−s)
(1− s)β−1∣∣ f (s,x(s),CDα,ρ

x(s))
∣∣ds+ |χ(t)||x(t)|

+
1
|Ω|

(
|κ|

ρα+β−γΓ(α +β − γ)

∫
η

0
e

ρ−1
ρ

(η−s)
(η− s)α+β−γ−1∣∣ f (s,x(s),CDα,ρ

x(s))
∣∣ds

+
|θ |

ρα+β+µΓ(α +β +µ)

∫
ξ

0
e

ρ−1
ρ

(ξ−s)
(ξ − s)α+β+µ−1∣∣ f (s,x(s),CDα,ρ

x(s))
∣∣ds

+
1

ρα+β Γ(α +β )

∫ 1

0
e

ρ−1
ρ

(1−s)
(1− s)α+β−1∣∣ f (s,x(s),CDα,ρ

x(s))
∣∣ds

+
|κ|

ρα−γΓ(α− γ)

∫
η

0
e

ρ−1
ρ

(η−s)
(η− s)α−γ−1|χ(s)||x(s)|ds

+
|θ |

ρα+µΓ(α +µ)

∫
ξ

0
e

ρ−1
ρ

(ξ−s)
(ξ − s)α+µ−1|χ(s)||x(s)|ds

+
1

ραΓ(α)

∫ 1

0
e

ρ−1
ρ

(1−s)
(1− s)α−1|χ(s)||x(s)|ds+

|κ||δ |ργe
ρ−1

ρ
η

ηγΓ(1− γ)
+
|θ ||δ |ξ µe

ρ−1
ρ

ξ

ρµΓ(µ +1)

)

≤ 1
ρβ Γ(β )

∫ 1

0
(1− s)β−1

(
σ(s)+φ(s)|x(s)|+ϕ(s)|CDα,ρ

x(s)|
)

ds+ |χ||x(t)|

+
1
|Ω|

(
|κ|

ρα+β−γΓ(α +β − γ)

∫
η

0
(η− s)α+β−γ−1

(
σ(s)+φ(s)|x(s)|+ϕ(s)|CDα,ρ

x(s)|
)

ds

+
|θ |

ρα+β+µΓ(α +β +µ)

∫
ξ

0
(ξ − s)α+β+µ−1

(
σ(s)+φ(s)|x(s)|+ϕ(s)|CDα,ρ

x(s)|
)

ds

+
1

ρα+β Γ(α +β )

∫ 1

0
(1− s)α+β−1

(
σ(s)+φ(s)|x(s)|+ϕ(s)|CDα,ρ

x(s)|
)

ds

+
|κ|

ρα−γΓ(α− γ)

∫
η

0
e

ρ−1
ρ

(η−s)
(η− s)α−γ−1|χ(s)||x(s)|ds

+
|θ |

ρα+µΓ(α +µ)

∫
ξ

0
e

ρ−1
ρ

(ξ−s)
(ξ − s)α+µ−1|χ(s)||x(s)|ds

+
1

ραΓ(α)

∫ 1

0
e

ρ−1
ρ

(1−s)
(1− s)α−1|χ(s)||x(s)|ds+

|κ||δ |ργe
ρ−1

ρ
η

ηγΓ(1− γ)
+
|θ ||δ |ξ µe

ρ−1
ρ

ξ

ρµΓ(µ +1)

)
.

It follows that

‖CDα,ρ
Qx‖ ≤ σ∗+φ∗r+ϕ∗r

|Ω|ρα+β

( |Ω|ρα

Γ(β +1)
+
|κ|ργηα+β−γ

Γ(α +β − γ +1)
+

|θ |ξ α+β+µ

ρµΓ(α +β +µ +1)

+
1

Γ(α +β +1)

)
+

r
|Ω|

(
|Ω|χ∗+ |κ|Iα−γ,ρ |χ(η)|+ |θ |Iα+µ,ρ |χ(ξ )|
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+Iα,ρ |χ(1)|

)
+
|δ |
|Ω|

(
|κ|ργe

ρ−1
ρ

η

ηγΓ(1− γ)
+
|θ |ξ µe

ρ−1
ρ

ξ

ρµΓ(µ +1)

)
≤ Λ3

(
σ
∗+φ

∗r+ϕ
∗r
)
+Λ4r+Λ6. (3.13)

From (3.12) and (3.13), we estimate

‖Qx‖C ≤ (Λ1 +Λ3)(σ
∗+φ

∗
δ +ϕ

∗
δ )+(Λ2 +Λ4)r+Λ5 +Λ6 := M,

where Λi (i = 1,2, . . . ,6) are given by (3.4)-(3.9), respectively.
Step III Q maps bounded sets into equicontinuous sets of C.
For 0 ≤ τ1 < τ2 ≤ 1 and x ∈ B̄r, using the fact property f is bounded on the compact set

[0,1]× B̄r, we have

|(Qx)(τ2)− (Qx)(τ1)|

≤ 1
ρα+β Γ(α +β )

∫
τ1

0

∣∣∣(τ2− s)α+β−1− (τ1− s)α+β−1
∣∣∣(σ(s)+φ(s)|x(s)|

+ϕ(s)|CDα,ρ
x(s)|

)
ds+

1
ραΓ(α)

∫
τ1

0

∣∣(τ2− s)α−1− (τ1− s)α−1∣∣ |χ(s)||x(s)|ds

+
1

ρα+β Γ(α +β )

∫
τ2

τ1

(τ2− s)α+β−1
(

σ(s)+φ(s)|x(s)|+ϕ(s)|CDα,ρ
x(s)|

)
ds

+
1

ραΓ(α)

∫
τ2

τ1

(τ2− s)α−1|χ(s)||x(s)|ds+ |δ |
∣∣∣∣e ρ−1

ρ
τ2− e

ρ−1
ρ

τ1

∣∣∣∣
+

(
|κ|

ρα+β−γΓ(α +β − γ)

∫
η

0
(η− s)α+β−γ−1

(
σ(s)+φ(s)|x(s)|+ϕ(s)|CDα,ρ

x(s)|
)

ds

+
|θ |

ρα+β+µΓ(α +β +µ)

∫
ξ

0
(ξ − s)α+β+µ−1

(
σ(s)+φ(s)|x(s)|+ϕ(s)|CDα,ρ

x(s)|
)

ds

+
1

ρα+β Γ(α +β )

∫ 1

0
(1− s)α+β−1

(
σ(s)+φ(s)|x(s)|+ϕ(s)|CDα,ρ

x(s)|
)

ds

+
|κ|

ρα−γΓ(α− γ)

∫
η

0
e

ρ−1
ρ

(η−s)
(η− s)α−γ−1|χ(s)||x(s)|ds

+
|θ |

ρα+µΓ(α +µ)

∫
ξ

0
e

ρ−1
ρ

(ξ−s)
(ξ − s)α+µ−1|χ(s)||x(s)|ds

+
1

ραΓ(α)

∫ 1

0
e

ρ−1
ρ

(1−s)
(1− s)α−1|χ(s)||x(s)|ds+

|κ||δ |ργe
ρ−1

ρ
η

ηγΓ(1− γ)
+
|θ ||δ |ξ µe

ρ−1
ρ

ξ

ρµΓ(µ +1)

)
∣∣∣∣τα

2 e
ρ−1

ρ
τ2− τα

1 e
ρ−1

ρ
τ1

∣∣∣∣
|Ω|ραΓ(α +1)

,
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or

|(Qx)(τ2)− (Qx)(τ1)|

≤ σ∗+φ∗r+ϕ∗r
ρα+β Γ(α +β +1)

(∣∣∣τα+β

2 − τ
α+β

1 − (τ2− τ1)
α+β

∣∣∣+ |τ2− τ1|α+β
)

+
1

ραΓ(α)

∫
τ1

0

∣∣(τ2− s)α−1− (τ1− s)α−1∣∣ |χ(s)||x(s)|ds

+
1

ραΓ(α)

∫
τ2

τ1

(τ2− s)α−1|χ(s)||x(s)|ds+ |δ |
∣∣∣∣e ρ−1

ρ
τ2− e

ρ−1
ρ

τ1

∣∣∣∣
+

{
σ∗+φ∗r+ϕ∗r

ρα+β

(
|κ|ργηα+β−γ

Γ(α +β − γ +1)
+

|θ |ξ α+β+µ

ρµΓ(α +β +µ +1)
+

1
Γ(α +β +1)

)
+
(
|κ|Iα−γ,ρ |χ(η)|+ |θ |Iα+µ,ρ |χ(ξ )|+ Iα,ρ |χ(1)|

)
r

+
|κ||δ |ργe

ρ−1
ρ

η

ηγΓ(1− γ)
+
|θ ||δ |ξ µe

ρ−1
ρ

ξ

ρµΓ(µ +1)

}∣∣∣∣τα
2 e

ρ−1
ρ

τ2− τα
1 e

ρ−1
ρ

τ1

∣∣∣∣
|Ω|ραΓ(α +1)

,

On the other hand, we get

|(CDα,ρ
Qx)(τ2)− (CD

α,ρ
Qx)(τ1)|

≤ 1
ρβ Γ(β )

∫
τ1

0

∣∣∣(τ2− s)β−1− (τ1− s)β−1
∣∣∣(σ(s)+φ(s)|x(s)|+ϕ(s)|CDα,ρ

x(s)|
)

ds

+
1

ρβ Γ(β )

∫
τ2

τ1

(τ2− s)β−1
(

σ(s)+φ(s)|x(s)|+ϕ(s)|CDα,ρ
x(s)|

)
ds+ |χ(τ2)x(τ2)−χ(τ1)x(τ1)|

+

(
|κ|

ρα+β−γΓ(α +β − γ)

∫
η

0
(η− s)α+β−γ−1

(
σ(s)+φ(s)|x(s)|+ϕ(s)|CDα,ρ

x(s)|
)

ds

+
|θ |

ρα+β+µΓ(α +β +µ)

∫
ξ

0
(ξ − s)α+β+µ−1

(
σ(s)+φ(s)|x(s)|+ϕ(s)|CDα,ρ

x(s)|
)

ds

+
1

ρα+β Γ(α +β )

∫ 1

0
(1− s)α+β−1

(
σ(s)+φ(s)|x(s)|+ϕ(s)|CDα,ρ

x(s)|
)

ds

+
|κ|

ρα−γΓ(α− γ)

∫
η

0
e

ρ−1
ρ

(η−s)
(η− s)α−γ−1|χ(s)||x(s)|ds

+
|θ |

ρα+µΓ(α +µ)

∫
ξ

0
e

ρ−1
ρ

(ξ−s)
(ξ − s)α+µ−1|χ(s)||x(s)|ds

+
1

ραΓ(α)

∫ 1

0
e

ρ−1
ρ

(1−s)
(1− s)α−1|χ(s)||x(s)|ds+

|κ||δ |ργe
ρ−1

ρ
η

ηγΓ(1− γ)
+
|θ ||δ |ξ µe

ρ−1
ρ

ξ

ρµΓ(µ +1)

)
∣∣∣∣e ρ−1

ρ
τ2− e

ρ−1
ρ

τ1

∣∣∣∣
|Ω|
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≤ σ∗+φ∗r+ϕ∗r
ρβ Γ(β +1)

(
|τβ

2 − τ
β

1 − (τ2− τ1)
β |+ |τ2− τ1|β

)
+ |χ(τ2)x(τ2)−χ(τ1)x(τ1)|

+

{
σ∗+φ∗r+ϕ∗r

ρα+β

(
|κ|ργηα+β−γ

Γ(α +β − γ +1)
+

|θ |ξ α+β+µ

ρµΓ(α +β +µ +1)
+

1
Γ(α +β +1)

)

+
(
|κ|Iα−γ,ρ |χ(η)|+ |θ |Iα+µ,ρ |χ(ξ )|+ Iα,ρ |χ(1)|

)
r+
|κ||δ |ργe

ρ−1
ρ

η

ηγΓ(1− γ)
+
|θ ||δ |ξ µe

ρ−1
ρ

ξ

ρµΓ(µ +1)

}
∣∣∣∣e ρ−1

ρ
τ2− e

ρ−1
ρ

τ1

∣∣∣∣
|Ω|

.

Hence,

‖Qx(τ2)−Qx(τ1)‖C

≤ σ∗+φ∗r+ϕ∗r
ρα+β Γ(α +β +1)

(∣∣∣τα+β

2 − τ
α+β

1 − (τ2− τ1)
α+β

∣∣∣+ |τ2− τ1|α+β
)

+
1

ραΓ(α)

∫
τ1

0

∣∣(τ2− s)α−1− (τ1− s)α−1∣∣ |χ(s)||x(s)|ds

+
1

ραΓ(α)

∫
τ2

τ1

(τ2− s)α−1|χ(s)||x(s)|ds+ |δ |
∣∣∣∣e ρ−1

ρ
τ2− e

ρ−1
ρ

τ1

∣∣∣∣
+

{
σ∗+φ∗r+ϕ∗r

ρα+β

(
|κ|ργηα+β−γ

Γ(α +β − γ +1)
+

|θ |ξ α+β+µ

ρµΓ(α +β +µ +1)
+

1
Γ(α +β +1)

)

+
(
|κ|Iα−γ,ρ |χ(η)|+ |θ |Iα+µ,ρ |χ(ξ )|+ Iα,ρ |χ(1)|

)
r+
|κ||δ |ργe

ρ−1
ρ

η

ηγΓ(1− γ)

+
|θ ||δ |ξ µe

ρ−1
ρ

ξ

ρµΓ(µ +1)

}∣∣∣∣τα
2 e

ρ−1
ρ

τ2− τα
1 e

ρ−1
ρ

τ1

∣∣∣∣
|Ω|ραΓ(α +1)

+
σ∗+φ∗r+ϕ∗r

ρβ Γ(β +1)

(
|τβ

2 − τ
β

1 − (τ2− τ1)
β |+ |τ2− τ1|β

)
+|χ(τ2)x(τ2)−χ(τ1)x(τ1)|+

{
σ∗+φ∗r+ϕ∗r

ρα+β

(
|κ|ργηα+β−γ

Γ(α +β − γ +1)
+

|θ |ξ α+β+µ

ρµΓ(α +β +µ +1)

+
1

Γ(α +β +1)

)
+
(
|κ|Iα−γ,ρ |χ(η)|+ |θ |Iα+µ,ρ |χ(ξ )|+ Iα,ρ |χ(1)|

)
r

+
|κ||δ |ργe

ρ−1
ρ

η

ηγΓ(1− γ)
+
|θ ||δ |ξ µe

ρ−1
ρ

ξ

ρµΓ(µ +1)

}∣∣∣∣e ρ−1
ρ

τ2− e
ρ−1

ρ
τ1

∣∣∣∣
|Ω|

The right hand side of the above inequality tend to zero as τ2→ τ1, which implies that ‖Qx(τ2)−
Qx(τ1)‖C → 0 as τ2 → τ1. As a result of Steps I, II and III together with the Arzela-Ascoli
theorem, we conclude that Q is completely continuous.

Step IV ∆ = {x ∈ C : x = υQx, 0≤ υ ≤ 1} is bounded (A priori bounds).
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Let x ∈ ∆. Then x = υQx. From (H3), for any t ∈ [0,1], one can get the estimates

|(Qx)(t)|= |υ(Qx)(t)|

≤ 1
ρα+β Γ(α +β )

∫ 1

0
(1− s)α+β−1

(
σ(s)+φ(s)|x(s)|+ϕ(s)|CDα,ρ

x(s)|
)

ds

+
1

ραΓ(α)

∫ 1

0
e

ρ−1
ρ

(1−s)
(1− s)α−1|χ(s)||x(s)|ds+ |δ |+ 1

|Ω|ραΓ(α +1)

×

(
|κ|

ρα+β−γΓ(α +β − γ)

∫
η

0
(η− s)α+β−γ−1

(
σ(s)+φ(s)|x(s)|+ϕ(s)|CDα,ρ

x(s)|
)

ds

+
|θ |

ρα+β+µΓ(α +β +µ)

∫
ξ

0
(ξ − s)α+β+µ−1

(
σ(s)+φ(s)|x(s)|+ϕ(s)|CDα,ρ

x(s)|
)

ds

+
1

ρα+β Γ(α +β )

∫ 1

0
(1− s)α+β−1

(
σ(s)+φ(s)|x(s)|+ϕ(s)|CDα,ρ

x(s)|
)

ds

+
|κ|

ρα−γΓ(α− γ)

∫
η

0
e

ρ−1
ρ

(η−s)
(η− s)α−γ−1|χ(s)||x(s)|ds

+
|θ |

ρα+µΓ(α +µ)

∫
ξ

0
e

ρ−1
ρ

(ξ−s)
(ξ − s)α+µ−1|χ(s)||x(s)|ds

+
1

ραΓ(α)

∫ 1

0
e

ρ−1
ρ

(1−s)
(1− s)α−1|χ(s)||x(s)|ds+

|κ||δ |ργe
ρ−1

ρ
η

ηγΓ(1− γ)
+
|θ ||δ |ξ µe

ρ−1
ρ

ξ

ρµΓ(µ +1)

)

≤ σ∗+φ∗r+ϕ∗r
|Ω|ρ2α+β Γ(α +1)

(
|Ω|ραΓ(α +1)+1

Γ(α +β +1)
+
|κ|ργηα+β−γ

Γ(α +β − γ +1)
+

|θ |ξ α+β+µ

ρµΓ(α +β +µ +1)

)

+
r

|Ω|ραΓ(α +1)

(
(|Ω|ρα

Γ(α +1)+1)Iα,ρ |χ(1)|+ |κ|Iα−γ,ρ |χ(η)|+ |θ |Iα+µ,ρ |χ(ξ )|

)

+
|δ |

|Ω|ραΓ(α +1)

(
|κ|ργe

ρ−1
ρ

η

ηγΓ(1− γ)
+
|θ |ξ µe

ρ−1
ρ

ξ

ρµΓ(µ +1)
+ |Ω|ρα

Γ(α +1)

)
= Λ1 (σ

∗+φ
∗r+ϕ

∗r)+Λ2r+Λ5, (3.14)

and

|(CDα,ρ
Qx)(t)|= |υ(CDα,ρ

Qx)(t)|

≤ 1
ρβ Γ(β )

∫ 1

0
(1− s)β−1

(
σ(s)+φ(s)|x(s)|+ϕ(s)|CDα,ρ

x(s)|
)

ds+ |χ(t)||x(t)|

+
1
|Ω|

(
|κ|

ρα+β−γΓ(α +β − γ)

∫
η

0
(η− s)α+β−γ−1

(
σ(s)+φ(s)|x(s)|+ϕ(s)|CDα,ρ

x(s)|
)

ds

+
|θ |

ρα+β+µΓ(α +β +µ)

∫
ξ

0
(ξ − s)α+β+µ−1

(
σ(s)+φ(s)|x(s)|+ϕ(s)|CDα,ρ

x(s)|
)

ds

+
1

ρα+β Γ(α +β )

∫ 1

0
(1− s)α+β−1

(
σ(s)+φ(s)|x(s)|+ϕ(s)|CDα,ρ

x(s)|
)

ds
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+
|κ|

ρα−γΓ(α− γ)

∫
η

0
e

ρ−1
ρ

(η−s)
(η− s)α−γ−1|χ(s)||x(s)|ds

+
|θ |

ρα+µΓ(α +µ)

∫
ξ

0
e

ρ−1
ρ

(ξ−s)
(ξ − s)α+µ−1|χ(s)||x(s)|ds

+
1

ραΓ(α)

∫ 1

0
e

ρ−1
ρ

(1−s)
(1− s)α−1|χ(s)||x(s)|ds+

|κ||δ |ργe
ρ−1

ρ
η

ηγΓ(1− γ)
+
|θ ||δ |ξ µe

ρ−1
ρ

ξ

ρµΓ(µ +1)

)

≤ σ∗+φ∗r+ϕ∗r
|Ω|ρα+β

(
|Ω|ρα

Γ(β +1)
+
|κ|ργηα+β−γ

Γ(α +β − γ +1)
+

|θ |ξ α+β+µ

ρµΓ(α +β +µ +1)
+

1
Γ(α +β +1)

)

+
r
|Ω|

(
|Ω|χ∗+ |κ|Iα−γ,ρ |χ(η)|+ |θ |Iα+µ,ρ |χ(ξ )|+ Iα,ρ |χ(1)|

)

+
|δ |
|Ω|

(
|κ|ργe

ρ−1
ρ

η

ηγΓ(1− γ)
+
|θ |ξ µe

ρ−1
ρ

ξ

ρµΓ(µ +1)

)
= Λ3 (σ

∗+φ
∗r+ϕ

∗r)+Λ4r+Λ6. (3.15)

Thus, from (3.14) and (3.15), we obtain

‖Qx‖C ≤ (Λ1 +Λ3)(σ
∗+φ

∗r+ϕ
∗r)+(Λ2 +Λ4)r+Λ5 +Λ6 := N < ∞.

This implies that ∆ is bounded. By use of the assumptions of Theorem 3.2, we conclude that
there exists a positive constant N such that ‖x‖C ≤ N < ∞. By use of the Schaefer fiexd point
theorem (Theorem 2.12), we have that Q has at least one fixed point, which is a solution of
problem (1.1). This completes the proof. �

4. ULAM STABILITY RESULTS

In this section, we investigate some necessary and sufficient conditions for the UH stable,
generalized UH stable, UHR stable and generalized UHR stable of problem (1.1).

First, we present two lemmas that will be used in the proofs of the main theorems.

Lemma 4.1. If z ∈ E1 satisfies inequality (2.6), then z is a solution of the following inequality

|z(t)− (Qz)(t)| ≤ Λ1ε, 0 < ε ≤ 1, (4.1)

where Λ1 is given by (3.4).

Proof. From Remark 2.9, Lemma 2.10 and (3.1), we obtain

|z(t)− (Qz)(t)|

≤ 1
ρα+β Γ(α +β )

∫ 1

0
e

ρ−1
ρ

(1−s)
(1− s)α+β−1|g(s)|ds

+
1

|Ω|ραΓ(α +1)

(
|κ|

ρα+β−γΓ(α +β − γ)

∫
η

0
e

ρ−1
ρ

(η−s)
(η− s)α+β−γ−1|g(s)|ds

+
|θ |

ρα+β+µΓ(α +β +µ)

∫
ξ

0
e

ρ−1
ρ

(ξ−s)
(ξ − s)α+β+µ−1|g(s)|ds
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+
1

ρα+β Γ(α +β )

∫ 1

0
e

ρ−1
ρ

(1−s)
(1− s)α+β−1|g(s)|ds

)

≤ 1
|Ω|ρ2α+β Γ(α +1)

(
|Ω|ραΓ(α +1)+1

Γ(α +β )

∫ 1

0
(1− s)α+β−1|g(s)|ds

+
|κ|ργ

Γ(α +β − γ)

∫
η

0
(η− s)α+β−γ−1|g(s)|ds

+
|θ |

ρµΓ(α +β +µ)

∫
ξ

0
(ξ − s)α+β+µ−1|g(s)|ds

)

≤ ε

|Ω|ρ2α+β Γ(α +1)

(
|Ω|ραΓ(α +1)+1

Γ(α +β +1)
+
|κ|ργηα+β−γ

Γ(α +β − γ +1)
+

|θ |ξ α+β+µ

ρµΓ(α +β +µ +1)

)
,

from which inequality (4.1) is obtained. �

Lemma 4.2. Let z ∈ E1 be a solution of inequality (2.9) and (H4) hold. Then z satisfies the
inequality

|z(t)− (Qz)(t)| ≤ vψg(t)ε, 0 < ε ≤ 1, (4.2)

where

vψg(t) = Iα+β ,ρ
ψg(t)+

tα

(
|κ|Iα+β−γ,ρψg(η)+ |θ |Iα+β+µ,ρψg(ξ )+ Iα+β ,ρψg(1)

)
|Ω|ραΓ(α +1)

. (4.3)

Proof. From Lemma 2.10 and (3.1), we obtain

|z(t)− (Qz)(t)|

≤ 1
ρα+β Γ(α +β )

∫ t

0
e

ρ−1
ρ

(t−s)
(t− s)α+β−1|g(s)|ds

+
tαe

ρ−1
ρ

t

|Ω|ραΓ(α +1)

(
|κ|

ρα+β−γΓ(α +β − γ)

∫
η

0
e

ρ−1
ρ

(η−s)
(η− s)α+β−γ−1|g(s)|ds

+
|θ |

ρα+β+µΓ(α +β +µ)

∫
ξ

0
e

ρ−1
ρ

(ξ−s)
(ξ − s)α+β+µ−1|g(s)|ds

+
1

ρα+β Γ(α +β )

∫ 1

0
e

ρ−1
ρ

(1−s)
(1− s)α+β−1|g(s)|ds

)

≤
[

Iα+β ,ρ
ψg(t)+

tα

|Ω|ραΓ(α +1)
(
|κ|Iα+β−γ,ρ

ψg(η)

+|θ |Iα+β+µ,ρ
ψg(ξ )+ Iα+β ,ρ

ψg(1)
)]

ε,

from which inequality (4.2) is obtained. �

Theorem 4.3. Assume that (H1), (H2) and [(Λ1 +Λ3)(a∗1 +a∗2)+Λ2 +Λ4]< 1 hold, where Λi
(i = 1,2,3,4) are given by (3.4)-(3.7), respectively. Then (1.1) is UH stable and consequently
generalized UH stable.
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Proof. Let z ∈ E1 be a solution of (2.6) and let x be the unique solution of (1.1). By applying
the triangle inequality, |u− v| ≤ |u|+ |v|, and Lemma 4.1, we have

|z(t)− x(t)|

=

∣∣∣∣∣z(t)− 1
ρα+β Γ(α +β )

∫ t

0
e

ρ−1
ρ

(t−s)
(t− s)α+β−1 f (s,x(s),CD

α,ρ
x(s))ds

+
χ

ραΓ(α)

∫ t

0
e

ρ−1
ρ

(t−s)
(t− s)α−1x(s)ds−δe

ρ−1
ρ

t

− tαe
ρ−1

ρ
t

ΩραΓ(α +1)

(
κ

ρα+β−γΓ(α +β − γ)

∫
η

0
e

ρ−1
ρ

(η−s)
(η− s)α+β−γ−1 f (s,x(s),CD

α,ρ
x(s))ds

+
θ

ρα+β+µΓ(α +β +µ)

∫
ξ

0
e

ρ−1
ρ

(ξ−s)
(ξ − s)α+β+µ−1 f (s,x(s),CD

α,ρ
x(s))ds

− 1
ρα+β Γ(α +β )

∫ 1

0
e

ρ−1
ρ

(1−s)
(1− s)α+β−1 f (s,x(s),CD

α,ρ
x(s))ds

− κχ

ρα−γΓ(α− γ)

∫
η

0
e

ρ−1
ρ

(η−s)
(η− s)α−γ−1x(s)ds

− θ χ

ρα+µΓ(α +µ)

∫
ξ

0
e

ρ−1
ρ

(ξ−s)
(ξ − s)α+µ−1x(s)ds

+
χ

ραΓ(α)

∫ 1

0
e

ρ−1
ρ

(1−s)
(1− s)α−1x(s)ds+

κδργe
ρ−1

ρ
η

ηγΓ(1− γ)
+

θδξ µe
ρ−1

ρ
ξ

ρµΓ(µ +1)

)∣∣∣∣∣
= |z(t)− (Qz)(t)+(Qz)(t)− (Qx)(t)|
≤ |z(t)− (Qz)(t)|+ |(Qz)(t)− (Qx)(t)|
≤ Λ1ε +[(Λ1 +Λ3)(a∗1 +a∗2)+Λ2 +Λ4] |z(t)− x(t)|.

This yields that

|z(t)− x(t)| ≤ Λ1ε

1−
[
(Λ1 +Λ3)(a∗1 +a∗2)+Λ2 +Λ4

] .
By setting ω f =

Λ1
1−[(Λ1+Λ3)(a∗1+a∗2)+Λ2+Λ4]

, we end up with

|z(t)− x(t)| ≤ ω f ε.

Hence, problem (1.1) is UH stable. Moreover, if we set ψ f (ε) = ω f ε , with ψ f (0) = 0, then
(1.1) is generalized UH stable. The proof is completed. �

Theorem 4.4. If the assumptions (H1)-(H4) and [(Λ1 +Λ3)(a∗1 +a∗2)+Λ2 +Λ4]< 1 are satis-
fied, where Λi (i = 1,2,3,4) are given by (3.4)-(3.7), respectively, then (1.1) is UHR stable and
consequently generalized UHR stable.
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Proof. Let z ∈ E1 be a solution of (2.9) and let x be the unique solution of (1.1). By applying
the triangle inequality and Lemma 4.1, we get

|z(t)− x(t)|

=

∣∣∣∣∣z(t)− 1
ρα+β Γ(α +β )

∫ t

0
e

ρ−1
ρ

(t−s)
(t− s)α+β−1 f (s,x(s),CD

α,ρ
x(s))ds

+
1

ραΓ(α)

∫ t

0
e

ρ−1
ρ

(t−s)
(t− s)α−1

χ(s)x(s)ds−δe
ρ−1

ρ
t

− tαe
ρ−1

ρ
t

ΩραΓ(α +1)

(
κ

ρα+β−γΓ(α +β − γ)

∫
η

0
e

ρ−1
ρ

(η−s)
(η− s)α+β−γ−1 f (s,x(s),CD

α,ρ
x(s))ds

+
θ

ρα+β+µΓ(α +β +µ)

∫
ξ

0
e

ρ−1
ρ

(ξ−s)
(ξ − s)α+β+µ−1 f (s,x(s),CD

α,ρ
x(s))ds

− 1
ρα+β Γ(α +β )

∫ 1

0
e

ρ−1
ρ

(1−s)
(1− s)α+β−1 f (s,x(s),CD

α,ρ
x(s))ds

− κ

ρα−γΓ(α− γ)

∫
η

0
e

ρ−1
ρ

(η−s)
(η− s)α−γ−1

χ(s)x(s)ds

− θ

ρα+µΓ(α +µ)

∫
ξ

0
e

ρ−1
ρ

(ξ−s)
(ξ − s)α+µ−1

χ(s)x(s)ds

+
1

ραΓ(α)

∫ 1

0
e

ρ−1
ρ

(1−s)
(1− s)α−1

χ(s)x(s)ds+
κδργe

ρ−1
ρ

η

ηγΓ(1− γ)
+

θδξ µe
ρ−1

ρ
ξ

ρµΓ(µ +1)

)∣∣∣∣∣
= |z(t)− (Qz)(t)+(Qz)(t)− (Qx)(t)|
≤ |z(t)− (Qz)(t)|+ |(Qz)(t)− (Qx)(t)|
≤ vψg(t)ε +[(Λ1 +Λ3)(a∗1 +a∗2)+Λ2 +Λ4] |z(t)− x(t)|,

where vψg(t) is defined by (4.3). This implies that

|z(t)− x(t)| ≤
vψg(t)ε

1−
[
(Λ1 +Λ3)(a∗1 +a∗2)+Λ2 +Λ4

]
By setting ωψ, f =

1
1−[(Λ1+Λ3)(a∗1+a∗2)+Λ2+Λ4]

, we get the following inequality

|z(t)− x(t)| ≤ ωψ, f εvψg(t).

Hence, (1.1) is UHR stable. Moreover, if ψ f (t) = εvψg(t) with ψ f (0) = 0, then (1.1) is gener-
alized UHR stable. The proof is completed. �

5. EXAMPLES

In this section, we present two examples, which illustrate the validity and applicability of our
main results.
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Example 5.1. Consider the following problem CD0.5,0.9
(

CD0.7,0.9 + 1
16t2e

ρ−1
ρ

t
)

x(t) = f (t,x(t),CD0.7,0.9x(t)), t ∈ [0,1]

x(0) = 0.2, x(1) = 3D0.4,0.9x(0.3)+5I0.1,0.9x(0.8).
(5.1)

Here α = 0.7, β = 0.5, γ = 0.4, µ = 0.1, ρ = 0.9, δ = 0.2, κ = 3, θ = 5 and η = 0.3, and ξ =
0.8. From the given data, we can utilize Maple to obtain that Ω≈−5.7352 6= 0, Λ1 ≈ 2.2786,
Λ2 ≈ 0.3011, Λ3 ≈ 2.2433, Λ4 ≈ 0.0833 and χ̄ = supt∈[0,1] |χ(t)| ≈ 0.0559. Let f be defined
by

f (t,x,y) = 2t3 +
9e−t

10(t +5)
· |x|

4+ |x|
+

4
5(2+ t)2 ·

|y|
|y|+5

.

For x1, x2, y1, y2 ∈ R, we have

| f (t,x1,y1)− f (t,x2,y2)| ≤
9e−t

40(t +5)
|x1− y1|+

4
25(1+ t)2 |x2− y2| .

Then we have a1(t) = 9e−t

40(t+5) and a2(t) = 4
25(1+t)2 with a∗1 = 0.045, a∗2 = 0.04. Hence

(Λ1 +Λ3)(a∗1 +a∗2)+Λ2 +Λ4 ≈ 0.7687562847 < 1.

This ensures the existence of unique solution for system (5.1) according to Theorem 3.1. Fur-
thermore, we can compute

ω f =
Λ1[

1−
(
(Λ1 +Λ3)(a∗1 +a∗2)+Λ2 +Λ4

)] ≈ 9.853696958 > 0.

Thus, by use of Theorem 4.3, (5.1) is UH stable and consequently generalized UH stable.

Example 5.2. Consider the following problem CD0.4,0.35
(

CD0.8,0.35 + 1
64e

ρ−1
ρ

(t+1)2
)

x(t) = f (t,x(t),CD0.8,0.35x(t)), t ∈ [0,1]

x(0) = 0.5, x(1) = 5D0.45,0.35x(0.25)+4I0.1,0.35x(0.5).
(5.2)

Here α = 0.8, β = 0.4, γ = 0.45, µ = 0.1, ρ = 0.35, δ = 0.5, κ = 5, θ = 4, η = 0.25 and ξ =
0.5. From the given data, we can utilize Maple to obtain that Ω≈−5.0121 6= 0, Λ1 ≈ 9.5876,
Λ2 ≈ 0.5411, Λ3 ≈ 4.2844, Λ4 ≈ 0.0057 and χ̄ = supt∈[0,1] |χ(t)| ≈ 0.0024. Let f be defined
by

f (t,x,y) = 4t2 +
4e−2t

(t +10)2 ·
|x|

2+ |x|
+

5
4(5+ t)2 ·

|y|
|y|+5

.

For x1, x2, y1, y2 ∈ R, it follows that

| f (t,x1,y1)− f (t,x2,y2)| ≤
2e−2t

(t +10)2 |x1− y1|+
1

4(5+ t)2 |x2− y2| .

Then a1(t) = 2e−2t

(t+10)2 and a2(t) = 1
4(5+t)2 with a∗1 = 0.02, a∗2 = 0.01. Hence

(Λ1 +Λ3)(a∗1 +a∗2)+Λ2 +Λ4 ≈ 0.9630031194 < 1.
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The hypothesis (H3) is also valid with σ(t) = 4t2, φ(t) = 2e−2t

(t+10)2 , and ϕ(t) = 1
4(5+t)2 . In virtue

of Theorem 3.2, we have the existence of a solution for (5.2). Furthermore, we can compute

ωψ, f =
1[

1−
(
(Λ1 +Λ3)(a∗1 +a∗2)+Λ2 +Λ4

)] ≈ 27.02930582 > 0.

Thus, by use of Theorem 4.4, (5.2) is UHR stable and consequently generalized UHR stable.
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